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Abstract

This dissertation investigates the role of disorder in quantum many-body systems, focusing on

strange metals and spin glass systems.

For strange metals, we analyze the low-frequency spectra of complex Sachdev-Ye-Kitaev (SYK)

models at arbitrary densities, combining analytical and numerical methods. Building on these in-

sights, we study the overdoped random t−Jmodel, demonstrating that strangemetal behavior persists

across the entire doping range. We also show that the critical metal develops an instability to a low-

doping spin-glass phase, and compute the critical doping value. Furthermore, we explore the chaotic

properties of a distinct strange metal model—the large N theory of a critical Fermi surface—and es-

tablish that it exhibits maximal quantum chaos.

For spin glass systems, we examine the low-energy spectrum and Parisi replica-symmetry-breaking

function in the quantum Isingmodelwith infinite-range random exchange interactionswith the pres-

ence of transverse and longitudinal fields. In the spin glass phase, we find that the local spin spectra are

gapless and provide a detailed analysis of the phase diagram. Additionally, we investigate the quantum

spherical p-rotor model in an external field, showing that the spin glass phase remains robust across a

wide range of field strengths. The potential experimental applications of these findings are also dis-

cussed.
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1
Introduction

1.1 Phases of the high temperature superconducting materials

Since the 1980s, the phenomenon of high-temperature superconductivity has captured the attention

of the condensed matter physics community. The experimental discovery of these materials, begin-

ning with the cuprates, revolutionized our understanding of superconductivity and initiated intense

theoretical and experimental efforts to uncover the underlying mechanisms. Over the decades, signif-
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Figure 1.1: Schematic cuprate phase diagram as a function of hole doping. The figure is taken from167.

icant progress has beenmade, and high-temperature superconductors continue to serve as a source of

inspiration for much of modern condensed matter physics. These materials have deepened our un-

derstanding of quantum phase transitions, strongly correlated electron systems, and emergent phe-

nomena. For instance, studies of high-temperature superconductors have influenced research into

quantum criticality, strange metals, and topological phases of matter. The phase diagram of high-

temperature superconducting materials (see Fig. 1.1) is intricate and rich in physical phenomena. It

features a variety of distinct phases, including the Mott insulating phase, the pseudogap phase, the

superconducting dome, and the strange metal regime.

This dissertation is primarily concernedwith studyingmean-fieldmodels that capture the keyprop-

erties of the strangemetal regime, the conventional Fermi liquid phase, and the spin glass phases. This

chapter introduces the essential concepts underlying conventional and strange metals from the per-

spective ofmean-field theorymodels. Additionally, we discuss the fundamental aspects of spin glasses.

These theoretical approaches aim to illuminate emergent behaviors in high-temperature supercon-

ductors and related systems, contributing to a broader understanding of strongly correlated electron

systems.
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1.2 Conventional and strange metals

1.2.1 Fermi liquid

The Landau Fermi liquid theory provides a foundational framework for understanding the behav-

ior of conventional metals. This theory elegantly captures the properties of strongly correlated elec-

tronic systems by introducing the concept of quasiparticles— effective particles that behave like non-

interacting fermions but embody the collective excitations of a many-body system. In the low tem-

perature limit, the real part of the self-energy behaves as ReΣ(ω) ∼ ω, and the quasiparticle decay rate

behaves as

ImΣ(ω) ∼ ω2 + T2 (1.1)

which in turn implies that the resistivity of the Fermi liquid grows quadratically with temperature

ρ(T) = A+ BT2 (1.2)

as T → 0. Deviations from this behavior in resistivity and in quasiparticle decay rate lead to theories

of non-Fermi liquid which we briefly discuss below.

1.2.2 Non-Fermi liquid

Theories of non-Fermi liquid arise when the behavior of the metal at low temperatures cannot be

explained by the Fermi liquid theory. Strange metal is a metallic state and is within a subclass of non-

Fermi liquids. An important property of a strange metal that strongly deviates from the Fermi liquid

is its linear-in-temperature resistivity. DC resistivity in strange metals behaves as ρ(T) ∼ A + BT as

T → 0.

There have been a vast amount of proposals to explain why certain compounds do not behave as

3



predicted by the theory of normal metals in certain regimes of the phase diagram. In this section we

focus on several models of non-Fermi liquid and discuss their main properties.

Sachdev-Ye model.

The Sachdev-Ye (SY) model156 is the model of SU(M) spins with the interactions of the following

form

H = − 1√
NM

∑
i<j

JijSi · Sj, (1.3)

where Si and Sj are the spin-operators in the SU(M) group and Jij is the random interactions between

the operators taken from the normal distribution of the form

P(Jij) ∼ exp

(
−

J2ij
2J2

)
. (1.4)

The model has intrigued scientists in recent years especially with the development of the Sachdev-Ye-

Kitaev model105,121, specifically, its connection to the black hole physics.

From the condensed matter prospective, the SY model provides deep insights into the physics of

metals that do not behave ‘normal’, i.e. those that do not show the resistivity to grow quadratically

with temperature at temperatures much lower than the Debye temperature. The original discovery

of this model was in the presence of the gapless state produced by the quantum fluctuations on top

of the spin glass state. In the leading order, the local dynamic spin-susceptibility in the gapless state

behaves as

χ(ω) ∼ log(1/|ω|) + iπ/2 sgn(ω). (1.5)

A notable feature of the form of the susceptibility above is that it matches the phenomenologically

proposed marginal Fermi liquid178 - the behavior that was experimentally observed in many cuprate

compounds. This theory generally assumes that the real and imaginary parts of electron self-energy

in the system behave as ReΣ(ω) ∼ ω log |ω| and ImΣ(ω) ∼ |ω|, respectively, in contrast to the Fermi

4



liquid self-energy (1.1).

In Chapter 2, we investigate corrections to the leading order in this model. We show not only that

they can be computed analytically, but also that they match the numerical solution at small frequen-

cies.

Random t− J model.

The random t− Jmodel is described by the following Hamiltonian:

H =
∑
⟨ij⟩,l,α

tijc†ilαcjlα + h.c.+
∑
⟨ij⟩,αβ

Jij
(
SiαβSjβα −

1
M

SiααSjββ
)
, (1.6)

where the interactions between the electron operators cilα have the form

tij =
t√
Mz

, (1.7)

and z is the coordination number of the Bethe lattice. The spin operators Siαβ are coupled by Jij which

are random variables taken from the Gaussian distribution with Jij = 0 and J2ij = J2/Mz.

In Chapter 3 we study this model and, similarly to Chapter 2, analytically compute the subleading

corrections to the low frequency behavior of the spectral density and optical conductivity. We show

that the subleading corrections match the full numerical solution of the model for a range of low

frequencies.

Large-N theory of critical Fermi surface.

The third model that is discussed in this thesis is a 2-dimensional model with Yukawa interactions

5



that can be described by the following Lagrangian density:

L =
∑
r=±

N∑
j=1

ψ†r,j(∂τ − ir∂x − ∂2
y )ψr,j

+
∑
r=±

M∑
l=1

N∑
ij=1

gijl
N

rsψ†r,iψr,jφl +
1
2

M∑
i=1

(∂yφi)
2 , (1.8)

where fermions ψr,i and bosons φl are coupled via Yukawa interactions gijl = g∗jil. Fermions have a

Fermi surface and the number of flavors isN, while bosons haveM flavors. r denotes a specific patch

of the Fermi surface.

In Chapter 4 we study this model in the large N limit from a prospective of quantum chaos. We

compute the out-of-time-ordered correlation function and show that thismodel ismaximally chaotic.

Recent advances in the theoretical understanding of strange metals, particularly through investi-

gations of the two-dimensional Yukawa-SYKmodel, have been remarkable. In141, the authors devel-

oped a theory that captures the universal properties of strange metals. Specifically, they proposed a

physically viable framework to explain the presence of the strange metal regime in high-temperature

superconducting materials.

More recently, numerical studies at large scales of the model were performed, usingHybridMonte

Carlo method142,143. In these studies, the authors observed well-defined signatures of strange metal

regime, such as linear-in-temperature resistivity, and the ‘plankian’ transport scattering rate in an ex-

tended regime away from the quantum critical point. These findings offer profound insights into

the physics of high-temperature superconductors and further establish the relevance of SYK-family

models as a robust framework for exploring the behavior of cuprates and strange metals.

Furthermore, in117, the authors examined the instabilities of the strangemetal regime to supercon-

ductivity, providing deeper insight into the physics of cuprates.
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1.2.3 From strange metal to spin glass

Finally, in Chapter 5, we expand on the analysis of the random t-Jmodel introduced in Section 1.2.2.

Using a combination of numerical and analytical techniques, we demonstrate that the critical solution

persists across the entire overdoped region. Itwas later shown innumerical studies of theYukawa-SYK

model142,143 that the critical behavior of the model persists over a large region of the phase diagram

providing additional evidence for the presence of critical regime in the overdoped part of the cuprate

phase diagram.

We identify a well-defined phase transition separating the non-Fermi liquid phase from the spin

glass phase. Our results show that the Fermi liquid phase is not a viable solution within this model

which confirms the experimental observations34,70,11.

The systemwe studied is the overdoped random t− Jmodel, characterized by the followingHamil-

tonian:

H =
1√
N

N∑
i ̸=j=1

tijc†iαcjα +
1√
N

N∑
i<j=1

Jij⃗Si · S⃗j − μ
∑
i
c†iαciα , (1.9)

where, as before, Si are operators in SU(M) groupwith random interactions Jij that follow aGaussian

distribution as defined in. Operator ciα is the electron annihilation operator and tij is the complex

random hopping (1.7), and μ is the chemical potential.

By fixing the interaction parameters while varying the temperatureT and doping p, we aim to iden-

tify the critical parameter values that signify the transition between the non-Fermi liquid and spin glass

phases. To achieve this, we represent spins Si and electrons ciα as fractional particles

ciα = b†fiα , Sai = f†iα
σaαβ
2
fiβ , (1.10)

with the constraint, f†iαfiα + b†i bi = 1. Doping p is defined as the value that allows to satisfy the
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self-consistency equations

⟨f†f⟩ = 1
2
− 1

2
p, ⟨b†b⟩ = p, (1.11)

where compared to Chapter 5, we chose the specific physical values for k = 1/2 and κ = 1/2.

Doping, in this context, is defined as the relative density of fractionalized particles. Within this

framework, we observe that the spin correlation exponent varies continuously with doping, and the

resistivity displays a linear dependence on temperature.

Additionally, we investigated the instability of the non-Fermi liquid regime toward the spin glass

phase. Our analysis revealed that the spin glass phase remains stable in the low-doping regime, with

the doping value at which the transition occurs depending on the interaction strength J at a fixed

temperature.

1.3 Spin glasses

Spin glass systems, characterized by their intrinsic disorder, have been extensively studied across vari-

ous scientific disciplines. Their applications span fields such as economics118,18, quantum optics112,

neuroscience58, andmachine learning87. Spin glass behavior has also been proposed in the context of

experimental investigations of cuprates55,138. From the perspective of quantum information science,

a recent experiment on themaximal independent set problem48 has drawn intriguing parallels to spin

glass dynamics.

Despite their broad relevance,many fundamental questions about spin glasses remain unanswered,

presenting opportunities for further exploration through traditional approaches of condensedmatter

theory.

Spin glasses are systems of spins with random interactions, which lead to complex behavior. These

interactionspresent significant challenges for analysis, particularly infinite-dimensional systems. How-

ever, in the systems where the range of interactions becomes infinite, the complexity is reduced, and
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many spin glass systems become solvable.

In this dissertation, we focus on two distinct spin glass systems: the infinite-range Ising spin glass

model in transverse and longitudinal fields, and the quantum spherical p-rotor model. We explore

their fundamental properties, analyze their behavior, and discuss the experimental motivation.

1.3.1 Sherrington-Kirkpatrick model

Before discussing the quantum Ising spin glass model, it is helpful to introduce the Sherrington-

Kirkpatrick (SK) model161. It is one of the most well-studied models among spin glass systems. The

Hamiltonian of the model has the following form:

H = − 1√
N

∑
ij

JijSiSj, (1.12)

whereN is the total number of spins in the system. The couplings Jij are randomly sampled from the

Gaussian distribution

P(Jij) =

√
N

2πJ2
exp

(
− N
2J2

(
Jij −

J0
2N

)2
)

(1.13)

with J0 and J2 being the mean and variance of the distribution respectively. This model can be solved

using the replica method.

The replicamethod is a useful technique in solvingmodelswith infinite range random interactions.

The approach is to evaluate the free energy using the following formula:

logZ = lim
n→0

1
n
logZn. (1.14)

This method allows us to evaluate the free energy by computing the averaged value of the partition

function, instead of the averaged value of the logarithm of the partition function.
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The solution of themodel is the phase diagramwhen the system is exposed to the externalmagnetic

fieldH. The phase diagram is presented in Fig. 1.2. The curve separating the two phases is obtained

by studying the stability of the SK model43. The curve represents the transition between the two

states: stable (paramagnet) and unstable (spin glass). The spin glass phase is described by the replica

symmetry breaking (RSB) solution. It is important to note that the RSB solution is present for a large

range of the external magnetic fields and for a large range of temperatures.

The spin glass phase has different notable properties that are important to mention:

• The spin glass phase has a complex energy landscape that consists of many local minima. The

number of the minima grows exponentially with the system size

N ∼ eNΣ, (1.15)

where Σ is the complexity (configurational entropy)26.

• The barriers between these minima are infinite for the infinite-range model in the thermody-

namic limit and, therefore, the system would never equilibrate. Ergodicity is broken in this

case. However, in a finite dimensional system the barriers betweenmetastable states are always

finite.

• ‘Glassy dynamics’ usually refers to systems that take an extremely long time to reach equilib-

rium. Glassy dynamics is usually observed slightly above and below the glass transition.

Motivated by these phenomena and the capabilities of modern quantum simulators to investigate

the dynamics of disordered many-body systems, in Chapter 6 we explored the impact of adding a

longitudinal field term to the SK model. This addition allows us to study its phase diagram with

the additional parameter. The inclusion of the longitudinal field is particularly relevant, as quantum

simulators inherently exhibit a longitudinal field component that cannot be entirely eliminated. We
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Figure 1.2: Almeida‐Thouless line. The line represents the phase transition in the SK model in the external magnetic
fieldH. The figure is taken from 43.

find that the external field does not eliminate the spin glass phase, opening up possibilities for a variety

of applications.

1.3.2 Infinite range quantum Ising spin glass

InChapter 6we examine the equilibriumdynamics of the infinite-range Ising spin glass that is exposed

to the external field h. The Hamiltonian of the system

H =
∑
i<j

JijZiZj − g
∑
i
Xi − h

∑
i
Zi, (1.16)

where i, j = 1 . . .N denote the lattice sites. The interaction between the spin sites is given by Jij which

is taken as independent random numbers drawn from the distribution

P(Jij) ∝ exp

[
−N

2
J2ij
J2

]
. (1.17)
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In Chapter 6 we investigate the behavior of the bilocal field in imaginary time

Qab(τ1, τ2) ∼
1
N
∑
i
Zia(τ1)Zib(τ2), (1.18)

where a, b are replica indecies. We show that even for h ̸= 0, the spectrum of the model is gapless

ImQr(ω) ∼ ω (1.19)

which is further explored in detail. Additionally, we compute the phase diagram and demonstrate that

the spin glass phase persists across a wide range of external field values.

1.3.3 Spherical quantum p-rotor model

The spherical quantum p-rotormodel has been extensively studied due to its ability to capture out-of-

equilibrium dynamics, a challenging task in many systems. However, it is also valuable to investigate

this model in equilibrium, as it provides important insights into its fundamental behavior.

The spherical p-rotor model in external field h is described by the following partition function

Z[Ji1...ip ] =
∫

Dσi(τ) exp

[
−
∫ β

0
dτ

(
1
2g

σ̇i(τ)σ̇i(τ) (1.20)

+
∑

i1<...<ip

Ji1...ipσi1(τ) . . . σip(τ)− h
∑
i
σi(τ)

)]
. (1.21)

Each σi(τ) is a real continuous variable and σ̇i(τ) ≡ dσi/dτ. The spherical constraint in this model

reads
N∑
i=1

σi(τ) σi(τ) = N . (1.22)

The interaction couplings between the rotors are Ji1...ip , and similarly to the SK model, all of these
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Figure 1.3: The phase diagram of the spherical p = 3‐spin model. The parameter Γ = ℏ2/(MJ). The solid lines depict
the second‐order phase transition between the paramagnetic (PM) phase and spin glass (SG) phase, and the dashed lines
represent the first‐order phase transition. The figure is taken from38.

couplings are taken to be independent random variables with distribution

P(Ji1...ip) ∝ exp

[
−Np−1

p!
J2i1...ip
J2

]
, (1.23)

where p is the number of the coupled rotors and J2 is themean of theGaussian distribution. Although

the local constraint does not have a direct physical interpretation, themodel can providewith valuable

insights into the physics of spin glasses.

Numerical studies of the model without an external field (h = 0) have been conducted previ-

ously38,7 and the phase diagram of the p = 3 model is shown in Fig. 1.3.

In Chapter 6, we extend these investigations by incorporating a longitudinal field, demonstrating

that the phase diagram of this modified model includes a finite region corresponding to the spin glass

phase. We also emphasize the relevance of these findings for advancing the study of spin glass systems

using quantum simulators.
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1.4 Organization of the thesis

The thesis is organized as follows. In Chapter 2 we study a class of SYK models. Specifically, we

analytically find power-law corrections to the leading order in susceptibility and compare them to the

exact numerical solution. In Chapter 3 we study the power-law corrections in a random t − Jmodel

by extending the analysis fromChapter 2. In Chapter 4 we analyze a chaotic theory non-Fermi liquid

and study its chaotic properties with an emphasis on computing the out-of-time-ordered correlation

function. In Chapter 5 we return to studying the random t− Jmodel with an emphasis on describing

the phase diagram in themodel. Finally, inChapter 6, we study and describe a set of spin glassmodels:

SK model and p-spherical spin glass model. We analyze their phases while varying parameters in the

Hamiltonians.
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2
Excitation spectra of Sachdev-Ye-Kitaev

models

2.1 Introduction

There has beenmuch recent interest in solvablemodels156,105,154 in the Sachdev-Ye-Kitaev (SYK) class

as descriptions of compressible quantummany body systemswithout quasiparticle excitations. These
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aremodels with random and all-to-all interactions, and their low energy limit has the structure of 0+1

dimensional conformal field theory139. Instead of quasiparticles, there are infinite towers of primary

operators147,121,104,75, all but a few of which have irrational scaling dimensions and these describe the

long time dynamics of all local observables. We will examine a number of models of bosons and/or

fermions in this paper, and the boson or fermion, a = b, f, has a zero temperature (T = 0) spec-

tral density as a function of frequency, ω, of the form (for the case with q = 4-particle terms in the

Hamiltonian)

ρa(ω) =


ga+(ω)√

ω
, ω > 0

ga−(−ω)√
−ω

, ω < 0
. (2.1)

Here ga±(ω → 0) = constant, and the main purpose of the present article is to describe the small

ω expansions of ga±(ω) for a number of models of physical interest. These expansions depend upon

the scaling dimensions and operator product expansions of the irrelevant primary operators, and are

also constrained by Luttinger-like theorems63,42,78 and an emergent time reparameterization symme-

try121,104. We will compare conformal theory predictions with accurate numerical solutions of the

SYK equations carried out directly on the real ω axis at T = 0 (as in the original paper of Ref.156),

and find excellent agreement.

A related analysis has been carried out byMaldacena and Stanford121. They examined the particle-

hole symmetric Majorana SYK model, using numerical solutions of the SYK equations in imaginary

time. All of our numerical analysis will be carried out in real time, using real frequency spectral func-

tions: we will show that this allows higher precision, and enables us to identify various subleading

and non-linear corrections. We also examine fermionic and bosonic models without particle-hole

symmetry—the scaling dimensions for the particle-hole asymmetric fermionic models were obtained

in Ref.78.
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Our results will also apply to the random quantum magnets with SU(M) symmetry which were

studied in Ref.156 in the limit of largeM. Suchmodels are of interest to condensedmatter physics be-

cause of their ‘Mottness’: they have constraints associated with strong on-site interactions, in contrast

to the infinite-range interactions of the SYK models. For these magnets, we compute the dynamic

local spin susceptibility χL(ω). This quantity is potentially of experimental interest as a description

of a quantum critical point in a disordered magnetic system studied by neutron scattering96,8,2,159,59.

The time reparameterization mode is the leading irrelevant operator determining the frequency de-

pendence of χL, and we find

ImχL(ω) ∼ tanh
( ω
2T

) [
1− Cγ ω tanh

( ω
2T

)
− . . .

]
, (2.2)

where the specific heat per spin component = γT, and C is a dimensionless number which is spec-

ified in (2.107) and (2.108) for our models. The leading term in (2.2) has been obtained earlier139.

We obtain here the term proportional to C: this is the contribution of the time reparameterization

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor of ω

without a corresponding factor of 1/T: this indicates the violation of scaling induced by an irrelevant

operator. We show a plot of ImχL in Fig. 2.1; it is curious that this resembles observations in Refs.8,2,

and it would be worthwhile to investigate this further, especially in systems with greater random-

ness. Similar spectra should also apply to anomalous density fluctuations in the model of Ref.93, and

density fluctuations have been investigated in momentum-resolved electron energy-loss spectroscopy

(M-EELS)132,88 but for ω ≫ T.

In the limit of T → 0, (2.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (2.105))

ImχL(ω) ∼ sgn(ω)
[
1− Cγ|ω| − 7

16
(Cγ)2|ω|2 − C′|ω|2.77354... + 37

48
(Cγ)3|ω|3 − . . .

]
, (2.3)
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Figure 2.1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of the
Schwinger‐Dyson equations (2.16) for T/J = 0.1. The black dashed line is analytical result in (2.2) for CγT ≃ 0.05
with three higher order terms in (2.3) included with their T = 0 expressions.

where the |ω|2 and |ω|3 terms are non-linear corrections from the time reparameterization mode,

and C′ mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C′ term can be deduced from imaginary part of (A.55).

We have attempted to write this paper in a self-contained manner for condensed matter physicists.

We will begin in Section 2.2 by defining the models of interest, and recalling the leading conformally

invariant results. A diagrammatic analysis of the conformal perturbation theory is presented in Sec-

tion 2.3, where we obtain the scaling dimensions of all primary operators, and identify the operators

associated with time reparameterization and an emergent U(1) gauge invariance. Section 2.4 employs

an alternative functional approach of Kitaev and Suh104 which allows efficient treatment of particle-

hole asymmetry, non-linear corrections and non-zero temperatures. Section 2.5 transforms our re-

sults from imaginary time to the spectral densities on the real frequency axis. Section 2.6 extends our

analysis to models of bosonic random rotors, which has appeared in some recent studies of quantum

phase transitions. Finally, our main numerical results are presented in Section 2.7, where we com-

pare numerical solutions of the SYK equations on the real frequency axis with the predictions of the

conformal perturbation analysis.
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The formalism developed in this paper for the SYKmodels will be applied to the t-J in a companion

paper175. We will dope the largeM SU(M) insulating quantummagnets described in the present pa-

per bymobile charge carriers. The resulting theory of fractionalized particles, the spinons and holons,

is described92 by a set of Schwinger-Dyson equations similar to those presented in Section 2.2. The

companion paper175 presents the conformal corrections to a variety of gauge-invariant observables,

including the electron spectral functions and the optical conductivity.

2.2 Conformal solutions for the SYK models

We begin by recalling the less-familiar models considered originally in Ref.156, as these will connect

directly to the t-Jmodels considered in the companion paper175. These are SU(M) spin models with

Hamiltonian

HJ =
∑
⟨ij⟩,αβ

Jij
(
SiαβSjβα −

1
M

SiααSjββ
)
. (2.4)

Here α = 1 . . .M is a SU(M) spin index, Siαβ = S†iβα is the spin operator on site i, and the 1/M term

(which will be dropped in large M limit) is added to ensure it transform in the adjoint of SU(M).

Here, we have chosen139 to place the sites i on a high-dimensional lattice with co-ordination number

z, and the Jij are nearest-neighbor exchange interactions and Gaussian random variables with

Jij = 0, J2ij =
J2

Mz
(2.5)

We will examine the modelHJ in the limit of large z, followed by largeM. Alternatively, we can con-

sider the model on aN-site cluster, with all-to-all random exchange interactions; this was the model

considered inRef.156, and the largeN limit leads to the same saddle-point equations as the large z limit.

However, the large z limit allows us to consider transport properties of electrons in a lattice139,81 using

a t-Jmodel, which we will described in paper II.
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The properties of the SU(M) spin models depend upon the representation of SU(M) realized by

the states on each site, i. The most common choices correspond to the formulations in terms of

fermionic and bosonic spinons. The fermionic spinon case corresponds to the representation with

a single column of boxes in the SU(M) Young tableaux, with the spin operator

Siαβ = f†iαfiβ. (2.6)

expressed in terms of fermionic spinons fiα. This induces a U(1) gauge symmetry

fiα(τ) → fiα(τ)eiφi(τ), (2.7)

The physical Hilbert space must be U(1) gauge-symmetric, which implies that the gauge charge is

conserved, and we consider the representation

∑
α

f†iαfiα = κM, (2.8)

with κM boxes in the Young tableaux. We will take the largeM limit at fixed κ.

Similarly, the bosonic spinon case corresponds to a different SU(M) representation with a Young

tableaux of a single row of boxes, and the spin operator

Siαβ = b†iαbiβ, (2.9)

with the U(1) gauge charge constraint

∑
α

b†iαbiα = κM . (2.10)

The fermionic spinon representation definedby (2.6) and (2.8) and the bosonic spinon representation
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defined by (2.9) and (2.10) are the same only for κM = 1.

Alongwith the SU(M) spinmodels recalled above, our results apply also to the complex SYKmodel

(with a q = 4 fermion Hamiltonian)

HSYK =
1

2N3/2

N∑
i,j,k,ℓ=1

Jij;kℓf†i f
†
j fkfℓ − μf

∑
i
f†i fi (2.11)

where Jij;kℓ are independent random numbers with |Jij;kℓ|2 = J2. The advantage of this model is

that only a single large N limit is required, and there is no analog of the subsequent large M limit

required for the models above. But, as we discussed in Section 2.1, this simplicity comes at a cost: we

loose theMottness that is present in the spin (and t-J) models, and is important for condensed matter

applications. The analog of the fermion constraint in (2.8) is now

⟨f†i fi⟩ = κ , (2.12)

with no sum over i. Analogously to the fermionic SYKmodel we can define bosonic SYKmodel as

HSYK =
1

2N3/2

N∑
i,j,k,ℓ=1

Jij;kℓb†i b
†
j bkbℓ − μb

∑
i
b†i bi , (2.13)

along with the constraint

⟨b†i bi⟩ = κ . (2.14)

We remark that the bosonic models defined above have b†∂τb kinetic term in the Lagrangian formal-

ism.

All of the above models have a common set of saddle point equations, which we now describe. We
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introduce two-point Green’s function in imaginary time, τ, at a finite temperature T:

Gf(τ) = −⟨Tτ
(
f(τ)f†(0)

)
⟩ , Gb(τ) = −⟨Tτ

(
b(τ)b†(0)

)
⟩ . (2.15)

In both cases the largeNDyson-Schwinger equations look identical and read for τ ∈ (0, β)

Ga(iωn) =
1

iωn + μa − Σa(iωn)
, Σa(τ) = J2Ga(τ)q/2Ga(β− τ)q/2−1 , (2.16)

where the index a = f, b denotes fermions or bosons, β = 1/T is the inverse temperature, μa is the

chemical potential and we assume that q is even integer. The models described above have q = 4, but

we will also present some results for general q. For the fermionic case the Matsubara frequencies is

ωn = 2π
β (n + 1

2) and for the bosonic ωn = 2π
β n. The two-point Green’s function satisfies the KMS

(Kubo-Martin-Schwinger) conditionsGa(τ) = ζaGa(β+ τ), where ζb = 1 and ζf = −1.

It is well-known that the equations (2.16) admit conformal solution in the IR region, where 1/J ≪

τ ≪ β− 1/J

Gc
a(τ) = −bΔa

(
βJ
π
sin

πτ
β

)−2Δ
e2πEa(

1
2−

τ
β ) ,

Σc
a(τ) = −J2b1−Δ

a

(
βJ
π
sin

πτ
β

)−2(1−Δ)
e2πEa(

1
2−

τ
β ) , (2.17)

where Δ = 1/q, Ea is the asymmetry parameter which implicitly depends on μ, and the dimensionless

constant prefactor ba is

bf =
(1− 2Δ) sin 2πΔ

4π cos
(
π(Δ + iEf)

)
cos
(
π(Δ − iEf)

) , bb =
(1− 2Δ) sin 2πΔ

4π sin(π(Δ + iEb)) sin(π(Δ − iEb))
.

(2.18)

Whenwework in frequency space, it turns out to be convenient to use the asymmetry angles θa related
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to Ea by

e2πEa = ζa
sin(θa + πΔ)
sin(θa − πΔ)

, e−2iθf =
cos
(
π(Δ + iEf)

)
cos
(
π(Δ − iEf)

) , e−2iθb = − sin(π(Δ + iEb))
sin(π(Δ − iEb))

, (2.19)

therefore we can find

ba = ζa
(1− 2Δ)

π
sin(θa + πΔ) sin(θa − πΔ)

sin 2πΔ
. (2.20)

Notice that Eb = 0 for θb = π/2 and Ef = 0 for θf = 0. Also πΔ < θb < π/2 and−πΔ < θf <

πΔ.

Below, we will study the structure of the conformal corrections to the large z and largeM saddle

point of HJ in (2.4), and the large N saddle-point of HSYK in (2.11). The Schwinger-Dyson equa-

tions at the saddle point are identical in the two models, so the conformal corrections will also be the

same. However, once we go beyond the saddle point, and examine four-point correlators, there will

be differences between the two models. We will not address these differences here.

2.3 Conformal perturbations

In this section we describe a useful view point on the SYK models as a conformal field theory (CFT)

perturbed by infinite set of irrelevant operators. Although this approach is not rigorous and has

caveats, which we mention below, it clarifies understanding of some results and can correctly pre-

dict 1/(βJ) and 1/(βJ)2 corrections to the free energy (see Appendix A.1). We will turn to a more

complete approach to similar results in Section 2.4.

For simplicity, in this section we consider only the fermionic SYK model (2.11) with zero chem-

ical potential μ = 0, as the generalization to μ ̸= 0 is described in Section 2.4. It was shown in

Refs.73,108,106 that thismodel has an infinite set of bilinear primaryoperatorsOA
h (τ) andO

S
h(τ) , which
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Figure 2.2: Diagrammatic representation of the Dyson‐Schwinger equations (2.22), after dropping the bare terms. The
internal loop has q− 2 powers ofGc (this diagram is for q = 6).

can be schematically represented asOA
hn = f†i ∂2n+1

τ fi andOS
hn = f†i ∂2n

τ fi for n = 0, 1, 2, . . . . To com-

pute the scaling dimensions of the operatorsOA/S
h (τ)we consider three point functions

vA/Sh (τ1, τ2, τ0) = ⟨f(τ1)f†(τ2)OA/S
h (τ0)⟩ . (2.21)

Then we can derive the Dyson-Schwinger equations for the three point functions in the IR region,

and we can drop the bare terms to obtain73

vA/Sh (τ1, τ2, τ0) =
∫

dτ3dτ4KA/S(τ1, τ2; τ3, τ4)v
A/S
h (τ3, τ4, τ0) , (2.22)

where the kernelsKA/S are

KA/S(τ1, τ2; τ3, τ4) = −
(q
2
±
(q
2
− 1
))

J2Gc(τ13)Gc(τ24)Gc(τ34)q−2 . (2.23)

Diagramatically the equations (2.22) are represented in Fig.2.2. Emergent conformal symmetry in the

IR region fixes the functional form of the three-point functions up to the structure constants cAh and

cSh

vAh (τ1, τ2, τ0) =
cAh b

Δ sgn(τ12)
|Jτ12|2Δ−h|Jτ10|h|Jτ20|h

, vSh(τ1, τ2, τ0) =
cShb

Δ sgn(τ10)sgn(τ20)
|Jτ12|2Δ−h|Jτ10|h|Jτ20|h

. (2.24)
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It can be shown that for arbitrary h the three-point functions vA/Sh satisfy the equation121,104,108,106

∫
dτ3dτ4KA/S(τ1, τ2; τ3, τ4)v

A/S
h (τ3, τ4, τ0) = kA/S(h)v

A/S
h (τ1, τ2, τ0) , (2.25)

where kA/S(h) are given by the formulas

kA(h) =
Γ(2Δ − h)Γ(2Δ + h− 1)
Γ(2Δ − 2)Γ(2Δ + 1)

(
1− sin(πh)

sin(2πΔ)

)
,

kS(h) =
Γ(2Δ − h)Γ(2Δ + h− 1)

Γ(2Δ − 1)Γ(2Δ)

(
1+

sin(πh)
sin(2πΔ)

)
. (2.26)

This formula can be verified by taking the limit |τ0| → ∞ in (2.25) and then evaluating the integrals

over τ3,4. Therefore comparing (2.25) with (2.22), we have to set

kA(h) = 1, kS(h) = 1 , (2.27)

and these equations define the anomalous scaling dimensions of the operatorsOA/S
h (τ).

The SYK model can be viewed as some conformal field theory perturbed by this infinite set of

irrelevant primary operators. In the case of zero chemical potential μ = 0 there is an exact particle-

hole symmetry and thus onlyOA
h operators can appear in the action. This situation exactly coincides

with the case of the Majorana SYK model, where instead of complex fermions fi we have Majorana

fermions χi. Therefore in what followswe omit letter “A” for brevity andwrite for the effective action

of the Majorana SYKmodel

SSYK = SCFT +
∑
h

gh
∫ β

0
dτOh(τ) , (2.28)

whereOh have anomalous dimensions h = h0, h1, h2, h3, . . . and h0 = 2, h1 ≃ 3.77, h2 ≃ 5.68, etc,

which are found from the equation kA(h) = 1. (A notational aside: we will often use the subscript i
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to represent the subscript hi e.g. gh2 ≡ g2.)

The expression for the full two point function reads

G(τ12) = − 1
Z

∫
Dχ

1
N
χi(τ1)χi(τ2)e

−SSYK , (2.29)

therefore using conformal perturbation theory we find

G(τ12) =Gc(τ12) +
∑
h

gh
∫

dτ3
1
N
⟨χi(τ1)χi(τ2)Oh(τ3)⟩

− 1
2
∑
h,h′

ghgh′
∫

dτ3dτ4
1
N
⟨χi(τ1)χi(τ2)Oh(τ3)Oh′(τ4)⟩+ . . . , (2.30)

where we used that Gc(τ12) = − 1
N⟨χi(τ1)χi(τ2)⟩ and averaging of the correlation functions is im-

plicitly performed with SCFT action and involves only connected diagrams. The higher correlation

functions are fixed by conformal invariance up to the structure constants ch and ch1h2h3 :

1
N
⟨χi(τ1)χi(τ2)Oh(τ3)⟩ =

chbΔ sgn(τ12)
|Jτ12|2Δ−h|Jτ13|h|Jτ23|h

,

1
N
⟨χi(τ1)χi(τ2)Oh1(τ3)Oh2(τ4)⟩ =

∑
h

chchh1h2bΔsgn(τ12)|τ14|h12
|Jτ12|2Δ|Jτ34|h1+h2 |τ13|h12

xh 2F1(h, h+ h12, 2h, x) ,

(2.31)

where h12 = h1 − h2 and x = τ12τ34
τ13τ24 . Alternatively they can be found from the Operator Product

Expansion (OPE)

1
N
χi(τ1)χ

†
i (τ2) =

bΔ sgn(τ12)
|Jτ12|2Δ

+
1
N
∑
h

chbΔ sgn(τ12)
|Jτ12|2Δ−h Ch(τ12, ∂2)Oh(τ2) ,

Oh1(τ1)Oh2(τ2) =
Nδhh′
|Jτ12|2h

+
∑
h′′

ch1h2h3 |Jτ12|h3−h1−h2C123(τ12, ∂2)Oh3(τ2) , (2.32)
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where b = 1
2π (1−2Δ) tan(πΔ) and the operators Ch and C123 generate all descendants and are deter-

mined by the functional form of the three-point functions. The structure constants ch are121

c2h =
1

(q− 1)bΔ
· (h− 1/2)
π tan(πh/2)

Γ(h)2

Γ(2h)
· 1
k′A(h)

, (2.33)

and chh′h′′ have much more complicated form and were computed in Refs.76,75. The OPE formulas

(2.32) should not include h0 = 2 operator, since it was shown in121 that this operator breaks confor-

mal symmetry in the SYK model. Moreover we notice that ch is divergent for h0 = 2. Nevertheless

let us assume that we deal with unbroken CFT and can include Oh0 operator in the OPE formulas

assuming limit h0 → 2 *.

For the first order correction to the two point function at zero temperature β = ∞we find

δGh(τ12) = gh
∫ +∞

−∞
dτ3

chbΔ sgn(τ12)
|Jτ12|2Δ−h|Jτ13|h|Jτ23|h

= −Gc(τ12)
αh

|Jτ12|h−1 , (2.34)

where αh and gh are related as

g2h = J2(q− 1)bΔk′A(h)
(h− 1/2)
π tan(πh/2)

Γ(h)2

Γ(2h)
α2h . (2.35)

We notice that g0 has to be divergent for h0 = 2 in order for α0 to be finite. Also we remark that all

gh ∝ J are dimensionful couplings,whereasαh are dimensionless constants. The analysis in Section2.4

establishes that α0 is indeed finite, and we will confirm this in our numerical results.

*Perhaps this approach can be justified if the SYK model is considered as a limit of some conformal SYK
model for which h0 = 2− ε0 and ε0 → 0, see74 and Appendix H in121.
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For the second order correction we find using (2.31)

δ2Ghh′(τ12) = − 1
2
ghgh′

∫
dτ3dτ4

1
N
⟨χi(τ1)χi(τ2)Oh(τ3)Oh′(τ4)⟩ (2.36)

= −Gc(τ12)
ahh′αhαh′

2|Jτ12|h+h′−2 , (2.37)

where the coefficients ahh′ are functions of h, h′ and Δ and we will find some of them explicitly in the

Section 2.4 using resonance theory.

It is instructive to use these conformal perturbation methods to also compute the free energy. We

describe this in Appendix A.1; one term is at variance with another discussion35.

2.4 Kitaev-Suh resonance theory

In this section, wewill review the renormalization and resonance formalism developed in104,78,81, and

extend it to nonlinear order. The theory provides a framework for understanding the corrections due

to physics at higher energy scales in SYK-type models.

To linear order, the corrected Green’s function in (2.30) G(τ) = −⟨Tτf(τ)f†(0)⟩ can be written

as

G(τ) = Gc(τ)

(
1−

∑
h

αh
(βJ)h−1Fh(τ/β) + . . .

)
. (2.38)

Here recall thatGc(τ) is the conformal Green’s function, β is inverse temperature and J denotes some

UV energy scale, which is usually taken to be the SYK coupling. Fh is some universal scaling func-

tions that will be computed later in (2.92). The sum runs over a set of discrete numbers {hi} that

will be determined in Section 2.4.1. Although the resonance formalism is a direct consequence of

Schwinger-Dyson equations, the structure of the corrections is consistent with the CFT interpreta-

tion of SYK-type model. The numbers {hi} can be interpreted as the scaling dimensions of primary

operators {Oh} in the SYKCFT that appears in theOPE of f(τ)f†(0). The dimensionless coefficients
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αh parameterize the deformation away from the SYK CFT, as in (2.28).

The exact values of αh’s require solving the full Schwinger-Dyson equations in the UV, and they

are usually extracted from numerics.

In SYK-type models, operators OS
0 (there may be several) of scaling dimension hS0 = 1 and OA

0 of

scaling dimension hA0 = 2 are special: they are conserved charges ofU(1) and time-reparameterization

symmetry respectively. These symmetries are emergent and spontaneously broken in the IR, but also

explicitly broken by the deformation δS which lives in the UV. Therefore δS provides the effective

action for the these pseudo-Nambu-Goldstone modes. For the time-reparameterization symmetry,

this is the well-known Schwarzian action.

The resonance formalismwas first developed in104 forMajorana SYK, where the Green’s function

is always antisymmetric in time andFh is obtained for generic temperature. In78, the formalism was

extended to complex SYKmodel which has aU(1) symmetry, andFh is obtained at zero temperature

for generic U(1) charge. In81, the theory was further extended to the t-J model, a couple system of

both fermions and bosons, and the scaling function Fh was obtained for generic temperature and

U(1) charge. In all these previous works, the correction is only calculated for linear order in αh, which

only provides information about the spectral weight ρa(ω) around ω = 0. In this paper, we will

extend the formalism to arbitrary nonlinear order in αh, which shows excellent agreement with large-

q expansion and numerics at finite q: it can now extrapolate the spectral weight ρa(ω) up to finite

ω/J.

2.4.1 Linear order correction

We summarize previous works on linear order resonance theory104,78,81. Our discussion will be based

on the Schwinger-Dyson equation, abstractly written as

G = G∗[Σ], Σ = Σ∗[G] + σ. (2.39)
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Here G and Σ are regarded as bi-local fields and G∗ and Σ∗ are functionals that define the saddle

point. σ is a bi-local field referred as the UV source. The conformal solution (Gc,Σc) is exact if

σ = 0. In the bosonic and fermionic SYKq models, G∗[Σ](τ1, τ2) = −(1/Σ)(τ1, τ2) (in the sense

of functional inverse), and Σ∗[G](τ1, τ2) = (−)εa J2G(τ1, τ2)q/2 (−G(τ2, τ1))q/2−1, and σ(τ1, τ2) =

(∂τ1−μ)δ(τ1−τ2). σ is referred asUV source because it contains high frequency Fourier components.

We also note that the self-energy Σ is shifted from the usual definition by σ.

If we are interested in the IR physics J−1 ≪ |τ| ≲ β, the UV source σ can be treated as small

perturbation, the small parameter being the ratio between IR and UV scales 1/(βJ)h−1 or 1/|Jτ|h−1.

To calculate the linear response, we expand the SD equations (2.39) around the conformal saddle

point (Gc,Σc) to linear order:

G = Gc + δG, Σ = Σc + δΣ. (2.40)

and obtain

δG = WΣδΣ, δΣ = WGδG+ σ (2.41)

where we definedWΣ andWG as

WΣ =
δG∗
δΣ

∣∣∣∣
Σc
, WG =

δΣ∗
δG

∣∣∣∣
Gc
. (2.42)

Finally a simple analysis yields78:

δG = (1−WΣWG︸ ︷︷ ︸
KG

)−1WΣσ , δΣ = (1−WGWΣ︸ ︷︷ ︸
KΣ

)−1σ . (2.43)

Herewedefined twokernelsKG = WΣWG andKΣ = WGWΣ. We remark thatKG is exactly the one-

rung diagrams that one needs to sum to compute the four-point functions121,104. By construction the
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nonzero spectra ofKG andKΣ are the same.

In what follows we are going to adopt a convenient notation used in Ref.78 for writing functions

which have discontinuity at τ = 0 and different behaviour for negative and positive τ. Namely, we

write all functions as two component vectors, where the first component is for τ > 0 and the second

one is for τ < 0. We refer to this as a plus/minus basis. For example the conformal solution for the

Green’s functionGc
a(τ) and self-energy Σc

a(τ) at zero temperature can be written as

Gc
a(τ) = −

 eπEa , τ > 0

ζae−πEa , τ < 0

 bΔa
|Jτ|2Δ

, Σc
a(τ) = −

 eπEa , τ > 0

ζae−πEa , τ < 0

 J2b1−Δ
a

|Jτ|2(1−Δ) , (2.44)

where the constant ba is given in (2.20) and ζb = 1 and ζf = −1. In what follows we suppress index

a = f, b in various functions for brevity and only keep ζ factors where it’s needed.

To proceed in analysis, we notice that the conformal saddle point possesses SL(2,R) symmetry,

and therefore we can break up (2.43) into irreducible representations of SL(2,R) labelled by h, and a

convenient basis for this purpose at zero temperature is

δG(τ) = δG⃗|Jτ|1−hGc(τ), δΣ(τ) = δΣ⃗|Jτ|1−hΣc(τ), σ(τ) =
∑
h

σ⃗h|Jτ|1−hΣc(τ)u(τ) , (2.45)

where δG⃗ = (δG+, δG−)
T, δΣ⃗ = (δΣ+, δΣ−)

T and σ⃗h = (σh+, σh−)T are all two components

columns according to our new notations and the source σ(τ) is written in the IR region with the

window function u(τ) and positive real numbers h (for details about this representation of the soruce

σ see Ref.104). In this basis, WΣ, WG and KG, KΣ become 2 × 2 dimensional matrices. So for the

fermionic and bosonic SYKq models (2.16), we can find

δΣ∗(τ)|Gc =

(
q
2
δG(τ)
Gc(τ)

+
(q
2
− 1
)δG(−τ)
Gc(−τ)

)
Σc(τ) (2.46)

31



and using the basis (2.45) we write it as

δΣ∗(τ)|Gc = WGδG⃗|Jτ|1−hΣc(τ) , (2.47)

whereWG becomes a 2× 2 matrix given by the formula

WG =

 q/2 q/2− 1

q/2− 1 q/2

 . (2.48)

To find expression for the operator WΣ we are going to use the Fourier transform written in our

convenient plus/minus basis

a+|τ|−α, τ > 0

a−|τ|−α, τ < 0

 eiωτdτ =

a′+|ω|α−1, ω > 0

a′−|ω|α−1, ω < 0

 ,

a′+

a′−

 = M(α)

a+

a−

 , (2.49)

where the 2× 2 matrixM(α) has the form

M(α) = Γ(1− α)

i1−α iα−1

iα−1 i1−α

 , M(α)−1 =
Γ(α)
2π

i−α iα

iα i−α

 . (2.50)

In the Fourier space the basis (2.45) takes the form

δG(iω) = F(h)δG⃗|ω/J|h−1Gc(iω), δΣ(iω) = Φ(h)δΣ⃗|ω/J|h−1Σc(iω) , (2.51)
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where the matrices F(h) and Φ(h) are

F(h) = −i

√
Γ(2Δ)

Γ(2− 2Δ)
b

1
2

 eiθ 0

0 −e−iθ

M(2Δ − 1+ h)

 eπE 0

0 ζe−πE

 ,

Φ(h) = −i

√
Γ(2− 2Δ)
Γ(2Δ)

b
1
2

 e−iθ 0

0 −eiθ

M(1− 2Δ + h)

 eπE 0

0 ζe−πE

 . (2.52)

and we used formulas forGc(iω) and Σc(iω) in the Fourier space at zero temperature:

Gc(iω) = − iC
J

e−iθ

−eiθ

 |ω/J|2Δ−1 , Σc(iω) = − iJ
C

 eiθ

−e−iθ

 |ω/J|1−2Δ , (2.53)

where we defined C ≡
√

Γ(2− 2Δ)/Γ(2Δ)bΔ−
1
2 . Notice that there are no ζ factors in (2.53). The

operator WΣ connects linear corrections δΣ and δG as δG = WΣδΣ and has a simple form in the

Fourier space

δG∗(iω)|Σc = Gc(iω)2δΣ(iω) . (2.54)

Thus using (2.51) andGc(iω)Σc(iω) = −1 we find

F(h)δG⃗ = −Φ(h)δΣ⃗ (2.55)

and thereforeWΣ acts on δΣ⃗ as a matrixWΣ(h) = −F(h)−1Φ(h) and is given by the formula78:

WΣ(h) =
Γ(2Δ − 1+ h)Γ(2Δ − h)
Γ(2Δ)Γ(2Δ − 1) sin(2πΔ)

 sin(πh+ 2θ) − sin(2πΔ) + sin(2θ)

− sin(2πΔ)− sin(2θ) sin(πh− 2θ)

 .

(2.56)
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We notice that the matrixWΣ(h) has the same form for bosonic and fermionic SYK models and the

only difference is the range of asymmetry angle θ in these two cases. ThematrixKG(h) is a product of

two matricesWΣ(h) andWG, soKG(h) = WΣ(h)WG. Therefore (2.43) reads

δG =
1

1− KG(h)
WΣ(h)σ. (2.57)

For generic h, 1 − KG(h) is non-singular and therefore the response δG is negligible at IR scales. We

need to remember that a physical source σ is supported only in the UV, and we expect a non-singular

response δG is also constrained in theUV region. To get an IR response, 1−KG(h) should be singular,

so the possible h’s that appear in (2.38) is selected by the condition

det(1− KG(h)) = 0 . (2.58)

For the particle-hole symmetric case, μ = 0, this equation is equivalent to kA/S(h) = 1 where kA/S(h)

are defined in (2.26).

For the resonant values of h = h∗, the apparent singluarity in (2.57) is regulated by the window

function u(τ)which restricts σ to be supported only on UV scales. Following104,78 we obtain

δG(τ) =
∑
h=h∗

1
K′
G(h)

WΣ(h)⃗σh|Jτ|1−hGc(τ) , (2.59)

where the sum goes over all resonances h∗ which are the solutions of (2.58). The derivative of matrix

K′
G(h) is

1
K′
G(h)

=
vhwh
k′G(h)

, (2.60)

where vh and wh are the corresponding right and left eigenvectors of KG(h) respectively which have
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eigenvalue kG(h) = 1 and normalized as whvh = 1. Finally, we can rewrite (2.59) into the form

δG(τ) = −
∑
h=h∗

αhvh
Gc(τ)
|Jτ|h−1 ,

αh = −whWΣ(h)⃗σh
k′G(h)

.

(2.61)

We remark that the values of σ⃗h and thus αh are not accessible in the IR because a physical UV source

such as σ(τ) = (∂τ− μ)δ(τ) is highly singular and the task of decomposing it into asymptotic power-

laws perhaps is equivalent to solving the full Schwinger-Dyson equations. Below in the Section 2.7we

present numerical results for αh of the first few resonances in the bosonic and fermionic SYK4models.

The UV parameters αh depend on the asymmetry angle θ and q †. Below we present explicit formulas

for the eigenvalues and eigenvectors of the matrixKG(h):

kA/S(h, θ) =
Γ(2Δ − h)Γ(2Δ + h− 1)
Γ(2Δ + 1)Γ(2Δ − 1)

(
2Δ − 1+

cos(2θ) sin(πh)
sin(2πΔ)

∓
√
P

)
,

vA/Sh (θ) =
1

1+ (2Δ − 1) sin(πh)
sin(2πΔ)

 sin(2θ)
sin(2πΔ)(2Δ − 1− cos(πh))±

√
P

1+ sin(2θ)
sin(2πΔ) + (2Δ − 1) sin(πh−2θ)

sin(2πΔ)

 , (2.62)

where

P = sin(2θ)2
(
1− sin(πh)2

sin(2πΔ)2
)
+
(
cos(2θ) + (2Δ − 1)

sin(πh)
sin(2πΔ)

)2
. (2.63)

Also wA/S
h (θ) can be expressed through vS/Ah (θ) as wA/S

h (θ) = vS/Ah (−θ)Tσz/(v
S/A
h (−θ)Tσzv

A/S
h (θ)),

where σz is the third Pauli matrix and one can check that wA/S
h vS/Ah = 0. We notice that for θ = 0 the

eigenvalues kA/S(h) in (2.62) coincide with definition (2.26). Though for non-zero asymmetry angle

θ there is no symmetry under τ → −τwe still label eigenvalues and eigenvectors withA/S indices. We

†We notice that α0 for h0 = 2 resonance in theMajorana SYKmodel was computed numerically in Ref. 121
and denoted there as αG. Moreover αG was defined with respect to J = 2(1−q)/2√qJ and therefore for q = 4
we have α0 =

√
2αG
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denote by hA/S solutions of the equations kA/S(h, θ) = 1 andnumerate them as hA/S0 , hA/S1 , hA/S2 , . . . .

For these solutions we denote αh as α
A/S
0 , αA/S1 , . . . and similarly vA/S0 , vA/S1 , . . . . In Fig.2.3 we plot

hA/S and corresponding k′A/S(h
A/S) for the fermionic and bosonic SYK4 models as functions of the

asymmetry angles θf and θb. We remark that in the fermionic model for θf = π/6 some solutions

of the equation kS(h) = 1 (red lines) go into solutions of kA(h) = 1 (blue lines), nevertheless we

still denote the dimension of the whole line by hA. In bosonic case this happens for θb = π/3. The

resonances hA0 = 2 and hS0 = 1 are related to reparametrization andU(1) symmetries respectively and

don’t depend on the asymmetry angles θf or θb. According to the eq. (2.61) the mode hS0 = 1 gives a

constant correction to the Green’s function and represents a response of the asymmetry parameter E

(or θ) to a change of the chemical potential μ. Therefore in the conformal two-point function (2.44)

this mode is already taken into account. Moreover it was shown in78 that the hS0 = 1 resonance leads

to the Luttinger relations:

Q ≡ 1
2
− 1

NM
∑
iα

⟨f†iαfiα⟩ =
θf
π
+
( 1
2
− Δ

) sin
(
2θf
)

sin(2πΔ)
,

S ≡ 1
NM

∑
iα

⟨b†iαbiα⟩ =
θb
π

+
( 1
2
− Δ

) sin(2θb)
sin(2πΔ)

− 1
2
. (2.64)

We notice an interesting behaviour of the operator hA1 in the bosonic SYK model. For θb > 0.284π

(exact value θb1 = 1
2 cos

−1(−2
3π )) the resonance h

A
1 is less than hA0 = 2 mode and becomes the leading

contribution to the Green’s function. At θb = π/3 we have hA1 = 3/2 and for θb = 0.360π (exact

value θb2 = 1
2 cos

−1(−2
π )) we find that hA1 = 1 and therefore we should expect violation of the

Luttinger relations (2.64). We indeed confirm this numerically below in the Section 2.7. For θb >

0.360π the resonance hA1 becomes less than one and therefore gives divergent contribution to the

Green’s function for large τ. In terms of the discussion of the Section 2.3 this means that the operator

OhA1
becomes relevant and thus it violates basis of the analysis of the Sections 2.3 and 2.4. Interestingly
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Figure 2.3: Plots of the resonance values hA/S and corresponding k′A/S(h
A/S) for the fermionic and bosonic q = 4

SYK models as functions of the asymmetry angles θf and θb. hA/S are solutions of the equations kA/S(h, θ) = 1,
where kA/S are defined in (2.62). The red and blue lines are solutions of the equation kS(h) = 1 and kA(h) = 1
respectively.
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for θb > 0.360πwe see that another operator of dimension 1−hA1 appears and both operators merge

at θb = 0.369π (exact value θb3 = 1
2 cos

−1( 12 −
3
8π )) and h = 1/2 and go to the complex plane. This

is a well-known scenario, discussed in94,65,68. In the context of the SYK-like models it was also found

in64.

We chose normalization of vA/Sh in (2.62) such that at θ = 0 it is vA/Sh = (±1, 1)T and wA/S
h =

1
2(±1, 1) for arbitrary h and thus the value of α0 for hA0 = 2 mode is in agreement with the previous

works121,104.

We remark that for the fermionic SYKmodel at zero chemical potential μ = 0 (θf = 0) we have

αSh =
σSh+ − σSh−

k′S(h)
= 0 , (2.65)

where we used that the source σ(τ) has to be antisymmetric under τ → −τ due to the particle-hole

symmetry. Thus in this case only hA operators contribute to the two-point function.

2.4.2 Nonlinear order corrections

In this sectionwe present the generalization of the above resonance formalism to linear in αh order. In

the CFT interpretation, we are computing corrections to Green’s functions due to double insertion

of irrelevant operators, for example
∫∫

dτ3dτ4⟨f(τ1)f†(τ2)Oh(τ3)Oh′(τ4)⟩, which is expected to be

proportional to 1/|τ12|2Δ+h+h′−2. In terms of the Schwinger-Dyson equation, this corresponds to

double insertion of the UV source σ. We will develop a recursive procedure that enables computation

of correction up to arbitrary order.

For simplicity, we will restrict to zero temperature and comment on finite temperature later. Our
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strategy is to treat (2.39) as a perturbation problem and expandG,Σ to n-th order in σ:

G = Gc + δG+ δ2G+ · · ·+ δnG ,

Σ = Σc + δΣ+ δ2Σ+ · · ·+ δnΣ .

(2.66)

Expand (2.39) accordingly and match order by order, we have

δkG = δkG∗[Σ] , δkΣ = δkΣ∗[G], k ≥ 2. (2.67)

We can calculate δkG and δkΣ order by order recursively. To do so we rewrite the above equation as

δkG = WΣδkΣ+ δ̄kG∗[Σ] , δkΣ = WGδkG+ δ̄kΣ∗[G] , (2.68)

where we have explicitly separated out the pieces depending on δkG and δkΣ, which are all linear. The

rest are written as δ̄kG∗ and δ̄
kΣ∗, and they depend nonlinearly on the corrections of order 1 through

k− 1. We can readily write down the solution for δkG, δkΣ:

δkG =
1

1−WΣWG

[
WΣδ̄

kΣ∗[G] + δ̄kG∗[Σ]
]
, (2.69)

δkΣ =
1

1−WGWΣ

[
WGδ̄

kG∗[Σ] + δ̄kΣ∗[G]
]
. (2.70)

The starting point of the recursion is the δG, δΣ computed from linear resonance theory. Because all

δkG and δkΣ are powerlaws in both time and frequency domain, the expansion of δ̄kG∗, δ̄kΣ∗ and the

action ofWΣ, WG can be carried out analytically and automated on a computer. At finite tempera-

ture, the recursion is harder to implement because δkG and δkΣ are usually hypergeometric functions

whose complexity increases with k.

As an example, we find the second order correction for the bosonic and fermionic SYKq model.
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The Schwinger-Dyson equations (2.39) take the form

G∗[Σ](iω) =
−1

Σ(iω)
, Σ∗[G](τ) = (−)εa J2G(τ)q/2G(−τ)q/2−1. (2.71)

In the subsection (2.4.1) we derive the linear order response for the resonance h

δhG(τ) = −αhvh
Gc(τ)
|Jτ|h−1 , (2.72)

where vh = (vh+, vh−) is the right eigenvector of thematrixKG(h) = WΣ(h)WGwith the eigenvalue

kG(h) = 1, soKG(h)vh = vh. Using (2.71) we can calculate

δ̄2G∗ = −
∑
h,h′

δhΣ(iω)δh′Σ(iω)
Σc(iω)3

=
∑
h,h′

δhG(iω)δh′G(iω)
Gc(iω)

, (2.73)

where we used that Gc(iω)Σc(iω) = −1 and δhG(iω) = Gc(iω)2δhΣ(iω) and the sum over h and h′

goes over all resonances. Using (2.51) we find for the linear order response in the Fourier space

δhG(iω) = −αhF(h)vh|ω/J|h−1Gc(iω) , (2.74)

where the matrix F(h) is given in (2.52) and acts on the vector vh. Therefore we find

δhG(iω)δh′G(iω)
Gc(iω)

= αhαh′
(
F(h)vh · F(h′)vh′

)
|ω/J|h+h′−2Gc(iω) , (2.75)

where we introduced a special notation vh · vh′ ≡ (vh+vh′+, vh−vh′−). Finally we go back to the

coordinate space and obtain for the second variation of δ̄2G∗:

δ̄2G∗(τ)
Gc(τ)

=
∑
h,h′

F(h+ h′ − 1)−1(F(h)vh · F(h′)vh′) αhαh′
|Jτ|h+h′−2 . (2.76)
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The second variation of Σ∗[Gc] reads

δ̄2Σ∗(τ)
Σc(τ)

=
q− 2
8

(
q
δhG(τ)δh′G(τ)
Gc(τ)Gc(τ)

+ (q− 4)
δhG(−τ)δh′G(−τ)
Gc(−τ)Gc(−τ)

+ q
δhG(τ)δh′G(−τ)
Gc(τ)Gc(−τ)

+ q
δhG(−τ)δh′G(τ)
Gc(−τ)Gc(τ)

)
(2.77)

and using our vector notations for vh = (vh+, vh−) and v̄h = (vh−, vh+)we obtain

δ̄2Σ∗(τ)
Σc(τ)

=
∑
h,h′

1
8
(q− 2)

(
q(vh + v̄h) · (vh′ + v̄h′)− 4v̄h · v̄h′

) αhαh′
|Jτ|h+h′−2 . (2.78)

Therefore the full second correction toG(τ) reads

δ2G(τ)
Gc(τ)

= − ahh′αhαh′
|Jτ|h+h′−2 , (2.79)

where the two component vector ahh′ is given by the formula

ahh′ =−
(
1−WΣ(h+ h′ − 1)WG

)−1
(
F(h+ h′ − 1)−1(F(h)vh · F(h′)vh′)

+
1
8
(q− 2)WΣ(h+ h′ − 1)

(
q(vh + v̄h) · (vh′ + v̄h′)− 4v̄h · v̄h′

))
. (2.80)

The general formula for the two point function can be written as

G(τ) = Gc(τ)
(
1−

∑
h

αhvh
|Jτ|h−1 −

∑
h,h′

ahh′αhαh′
|Jτ|h+h′−2 −

∑
h,h′,h′′

ahh′h′′αhαh′αh′′
|Jτ|h+h′+h′′−3 − . . .

)
, (2.81)

where vh, ahh′ , ahh′h′′ , etc are two-component vectors. For example for hA0 = 2 mode and q = 4 case
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we find

vA0 =

1− 3
2 sin(2θ)

1+ 3
2 sin(2θ)

 , aA00 =

 3
16(17 cos(4θ)− 5+ 24 sin(2θ))

3
16(17 cos(4θ)− 5− 24 sin(2θ))

 . (2.82)

For the fermionic SYKq model at zero chemical potential we have θ = 0 and we omit all upper

subscripts A for brevity, since as we explained in (2.65) modes hS don’t contribute to the two-point

function in this case. Then vh = (1, 1)T and also ahh′ ∝ (1, 1)T, ahh′h′′ ∝ (1, 1)T etc, and we can

omit vector notations so the coefficientsahh′ , ahh′h′′ , etc become just real numbers and thus the leading

terms for the two-point function can be written as

G(τ) = Gc(τ)
(
1− α0

|Jτ|
− α1

|Jτ|h1−1 −
a00α20
|Jτ|2

− 2a01α0α1
|Jτ|h1

− a11α21
|Jτ|2h1−2 − a000α30

|Jτ|3
+ . . .

)
,

(2.83)

where h0 = 2 and h1 ≃ 3.77. Using (2.80) for vh = (1, 1) and θ = 0 we find explicitly

a00 =
(2Δ + 1)(2− 2Δ − cos(2πΔ))

8Δ cos2(πΔ)
. (2.84)

In general it is possible to obtain corrections up to an arbitrary order. As an example for the cubic

order in α0 the result takes the form for θ = 0

a000 =
(Δ + 1)(2Δ + 1)(6Δ − 8+ cos(2πΔ))

24Δ2 cos2(πΔ)
. (2.85)

We checked that the results for ahh′ and a000 in (2.80) and (2.85) for θ = 0 exactly match with the

large q and q → 2 expansions discussed in Appendices A.2 and A.3.
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2.4.3 Finite Temperature Generalization

The results described above are only applicable at zero temperature. To generalize to finite tempera-

ture, we use theU(1) and time-reparameterization symmetry of the conformal saddle point equations.

In presence of the symmetry, G, Σ,WG, WΣ are all covariant under time-reparameterization and

U(1). Therefore, the coefficients αh should be temperature independent, and all we need is the finite

temperature form of the scaling functionFh.

Aswe already discussed in the Section 2.3 in general for the complex fermionswith the particle-hole

symmetry the three-point function has two independent structures108,99

〈
f(τ1)f†(τ2)Oh(τ0)

〉
=

bΔ
(
cAh sgn(τ12) + cSh sgn(τ10)sgn(τ20)

)
| βJπ sin πτ12

β |2Δ−h| βJπ sin πτ10
β |h| βJπ sin πτ20

β |h
, (2.86)

where cAh and cSh are independent structure constants and the sign function is antiperiodic on the ther-

mal circle sgn(τ + β) = −sgn(τ). This form is consistent with higher-dimensional CFT results for

fermions (see for example137,89) and gives correct statistics for the fermionic and bosonic fields, when

one of the field is moved over the full thermal circle. For non-zero chemical potential this result was

generalized in81 and takes the form

〈
f(τ1)f†(τ2)Oh(τ0)

〉
= −Gc

f(τ12)
cAh + cSh sgn(τ12)sgn(τ10)sgn(τ20)
| sin πτ12

β |−h| βJπ sin πτ10
β sin πτ20

β |h
, (2.87)

where we used conformal Green’s functions Gc
f(τ) to write the three-point function compactly. For

the bosonic case we have to replace Gc
f(τ) by G

c
b(τ). For a domain τ ∈ [−β, β] the formulas for the

conformal two-point functions are

Gf(τ) = −eπEfsgn(τ)
bΔf sgn(τ)

| βJπ sin πτ
β |2Δ

e−
2πEf
β τ

, Gb(τ) = −eπEbsgn(τ)
bΔb

| βJπ sin πτ
β |2Δ

e−
2πEb

β τ
. (2.88)
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Appearance of the factors exp
(
−2πE

β τ
)
in the three-point functions can be derived by applyingU(1)

transformation on f and f†, assuming Oh is neutral under U(1). One can check that the expression

(2.87) agrees with (2.31) upon taking β → ∞ limit and setting Ef = cSh = 0. We also remark that the

three-point functions (2.87) represent a basis for the kernelKG. This A/S basis is related to previously

used plus/minus basis by some transformation matix.

Analogously to the discussion in the Section 2.3 the linear correction to the two-point function

can be computed as

δhG(τ12) = gh
∫ β

0
dτ0
〈
f(τ1)f†(τ2)Oh(τ0)

〉
, (2.89)

where we recall that gh ∝ J is dimensionful coupling. The correction is split on two parts δhG(τ) =

δhGA(τ) + sgn(τ)δhGS(τ) and to match our result (2.61) for zero-temperature we have

δhGA(τ)
Gc(τ)

= − 1
2
(vh+ + vh−)

αh
(βJ)h−1 f

A
h (τ),

δhGS(τ)
Gc(τ)

= − 1
2
(vh+ − vh−)

αh
(βJ)h−1 f

S
h(τ) , (2.90)

where

fAh (τ12) ∝
∫ β

0
dτ0

| sin πτ12
β |h

| sin πτ10
β sin πτ20

β |h
, fSh(τ12) ∝

∫ β

0
dτ0

| sin πτ12
β |hsgn(τ10)sgn(τ20)

| sin πτ10
β sin πτ20

β |h
. (2.91)

The functionFh(τ/β) defined in (2.38) reads

Fh(τ/β) =
1
2
(vh+ + vh−)fAh (τ) +

1
2
(vh+ − vh−)fSh(τ)sgn(τ) . (2.92)

Using results from104,81 for the integrals in (2.91) and fixing proportionality constants such that
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fA/Sh (τ) → (β/|τ|)h−1 in the limit β → ∞we obtain

fAh (τ) =
(2π)h−1Γ(h)2

2 sin πh
2 Γ(2h− 1)

(
Ah(e

i 2πτβ ) + Ah(e
−i 2πτβ )

)
, (2.93)

fSh(τ) =
(2π)h−1Γ(h)2

2 cos πh
2 Γ(2h− 1)

(
iAh(e

i 2πτβ )− iAh(e
−i 2πτβ )

)
, (2.94)

whereAh(u) = (1−u)hF(h, h, 1; u) andF is the regularized hypergeometric function. Our definition

ofAh coincides withA±
h,0 defined in

104 and103, and we have dropped the± notation because the two

definitions in the references agree for our choice of parameter. Inside the unit circle |u| ≤ 1 we can

compute Ah(u) using series expansion. We list results for hA0 = 2 mode

fA0 (τ) = 2+
π − 2π|τ|

β

tan π|τ|
β

, fS0(τ) =
π

tan π|τ|
β

. (2.95)

One has to be careful computing fA0 (τ) function since the prefactor in (2.93) diverges and we need to

expandAh(u) to the next order in h, so for h → 2 we haveAh(u) = (1+ u)/(1− u)− (h− 2)((1+

u) log(1− u)− 2u)/(1− u) + . . . .

The above procedure is relatively simple for linear in αh order. For nonlinear order the computation

involves complicated products of hypergeometric functions and we leave it for future investigation.

2.5 Spectral densities

To numerically study the models discussed above, it is convenient to work with spectral density ρ(ω)

instead of the Green’s function. For the fermionic and bosonic SYKmodels we define it as follows

G(iωn) =
∫ +∞

−∞
dω

ρ(ω)
iωn − ω

. (2.96)
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This definition implies that
∫ +∞
−∞ dωρ(ω) = 1 and the spectral density can be found as

ρ(ω) = − 1
π
ImGR(ω) , (2.97)

whereGR(ω) is the retarded Green’s function. It is related toMatsubara functionG(iωn) by analytic

continuation from the upper-half complex ω plane, namely we have GR(ω) = G(iωn = ω + i0),

where ωn ≥ 0. Using (2.53) we find for the conformalGc
R and ρc, written in the plus/minus basis:

Gc
R(ω) =

C
J

e−iπΔ−iθ

−eiπΔ−iθ

 |ω/J|2Δ−1, ρc(ω) =
C
πJ

sin(πΔ + θ)

sin(πΔ − θ)

 |ω/J|2Δ−1 . (2.98)

Next using the Fourier transform (2.74) for the eq. (2.81) and making analytical continuation to the

real frequencies we find the general formula for the retarded Green’s function. Then using formula

(2.97) we obtain the following expansion of the spectral density at low frequencies

ρ(ω) = ρc(ω)

1−
∑
h

Γ(2Δ)αhvh|ω/J|h−1

Γ(2Δ + h− 1)
−
∑
h,h′

Γ(2Δ)αhαh′ahh′ |ω/J|h+h′−2

Γ(2Δ + h+ h′ − 2)
− . . .

 .

(2.99)

At the end of this section we derive an expression for the spin spectral density. The spin-spin cor-

relator in imaginarty time isQ(τ) = −⟨Tτ(S(τ)S(0))⟩ and using that S = f†f or S = b†b in the large

M limit we find

Q(τ) = −ζG(τ)G(−τ) . (2.100)

Expressing Green’s function G(τ) through the spectral density and using a similar formula for Q(τ)
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we find expression for the spin spectral density

ρQ(ω) =
∫ ∞

−∞
dνρ(ν)ρ(ν− ω)(n(ν− ω)− n(ν)) , (2.101)

where n(ω) = 1/(eβω − ζ) is the Fermi or Bose distribution. At zero temperature we have n(ω) =

−ζθ(−ω) and we obtain

ρQ(ω) = −ζ
∫ ω

0
dνρ(ν)ρ(ν− ω) , (2.102)

where it is valid for both positive and negative frequencies ω. Using (2.98) and (2.99) we find

ρQ(ω) =ρcQ(ω)
(
1−

∑
h

Γ(4Δ)αh(vh+ + vh−)|ω/J|h−1

Γ(4Δ + h− 1)

−
∑
h,h′

Γ(4Δ)αhαh′(ahh′+ + ahh′− − vh+vh′−)|ω/J|h+h′−2

Γ(4Δ + h+ h′ − 2)
− . . .

)
, (2.103)

and the conformal spin spectral density is

ρcQ(ω) = sgn(ω)
b2Δ

JΓ(4Δ)
|ω/J|4Δ−1 . (2.104)

For comparison to numerical results, we can find for q = 4 fermionic SYK at θf = 0 that the first

few terms in ρQf
for ω > 0 are

ρQf
(ω) = ρcQf

(ω)
(
1− 2αA0

(ω
J

)
− 7

4
(αA0 )2

(ω
J

)2
− 0.44αA1

(ω
J

)2.77
+

37
6
(αA0 )3

(ω
J

)3
+ . . .

)
,

(2.105)

where we used values of a00 and a000 from (2.84) and (2.85) and hA1 ≃ 3.77.

We generalize results for the spectral densities at finite temperature in the Appendix A.4. Here we

only present finite temperature generalization of the eq. (2.103) for Δ = 1/4, where only hA0 = 2
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mode is retained

ρQ(ω) =
b1/2

J
tanh

(βω
2
)(

1− 2αA0 ω
J

tanh
(βω
2
)
− . . .

)
, (2.106)

and we used that v0+ + v0− = 2. The coefficient of the correction term 2αA0 /J can be related to the

coefficient γ in specific heat C = γT by the Schwarzian action argument in81, with the result

Cf =
2αA0 /J
γ

=
24

π
[
2 cos 2θf + 3π cos2 2θf

] . (2.107)

For bosonic spinon theory, there is an extra sign because bosonic action differs from the fermionic

version by a minus sign:

Cb =
2αA0 /J
γ

= − 24
π [2 cos 2θb + 3π cos2 2θb]

. (2.108)

2.6 RandomQuantumRotor model

In this section we consider random quantum q-rotor model (or also known as quantum spherical

q-spin model), where q is a positive integer number. The Hamiltonian of this model has the form

H =
N∑
i=1

π2i
2M

+
N∑

i1,...,iq

Ji1...iqφi1 . . . φiq , (2.109)

where M is the mass, πi is the conjugate momentum to a real scalar spin variable φi so [φi, πj] =

iδij and there is the spherical constraint 1/N
∑N

i=1⟨φ2
i ⟩ = 1. The couplings Ji1...iq are independent

Gaussian variables with zero mean and variance

J2i1...iq =
J̃2

qNq−1 . (2.110)
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This model was first studied in37,38 and similar models were considered in135,66,176,57,124. We define

imaginary time Green’s function at finite temperature

G(τ) =
1
N

N∑
i=1

⟨Tτ(φi(τ)φi(0))⟩ . (2.111)

Introducing replicas and averaging over disorder it is possible to derive Schwinger-Dyson equations

for the functionG(τ) in the largeN limit

G(iωn) =
1

ω2n + λ − Σ(iωn)
, Σ(τ) = J2G(τ)q−1 , (2.112)

where ωn = 2πn/β are Matsubara frequencies and λ is the Lagrange multiplier imposing the spher-

ical constraint, also we assumed replica symmetric solution and made rescaling φ → φ/
√
M, so the

spherical constraint takes the formG(τ = 0) = M and also J = J̃/Mq/2. Similarly to the SYKmod-

els the equations (2.112) admit conformal solution in the IR region for a given J upon tuningM and

thus λ to a critical value. The conformal solution reads

Gc(τ) =
bΔ

|(βJ/π) sin(πτ/β)|2Δ
, (2.113)

where Δ = 1/q and dimensionless constant b coincides with bb in (2.20) computed for θb = π/2.

The analysis from the Section 2.4 can be applied to the random rotor model. The only difference is

that the source term now is σ(τ) = ∂2
τ . The correction to the conformal Green’s function comes

from hA(θ) modes computed at θb = π/2. For q = 4 these modes are represented by blue lines

in Fig. 2.3 and for θb = π/2 we find hA0 = 2, hA1 ≃ 4.26, hA2 ≃ 6.34, etc. Symmetric modes hS

don’t contribute to the two-point function due to the exact particle-hole symmetry (see discussion

around eq. (2.65)). We notice that for θb = π/2 there is a complex mode in the symmetric sector66.

Though the complex mode formally does not affect the large N two-point function it presumably
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makes the replica diagonal solution unstable and leads to replica symmetry breaking ‡. We also remark

that appearance of the complexmodes in some non-Fermi liquid theories was noticed in1. In any case

it is interesting to study conformal solution of the Schwinger-Dyson equations (2.112). The leading

analytical corrections to the Green’s function at zero temperature read

G(τ) = Gc(τ)
(
1− α0

|Jτ|
− a00α20

|Jτ|2
− a000α30

|Jτ|3
− α1

|Jτ|h1−1 − . . .

)
, (2.114)

where we omitted subscripts A for brevity and for q = 4 we find a00 = 9/4 and a000 = −65/4

from (2.84) and (2.85) which are also valid for θb = π/2 and Δ = 1/4. We notice that in this case

quadratic and cubic non-linear terms of h0 = 2mode aremore dominant than linear correction of h1

mode. In the Section 2.7 we will verify (2.114) numerically for q = 4 by computing spectral density

at zero temperature. The spectral density ρ(ω) is defined as

G(iωn) =
∫ +∞

−∞
dω

ρ(ω)
ω− iωn

(2.115)

and due to the particle-hole symmetry the spectral density is an odd function ρ(−ω) = −ρ(ω). Using

this we can write (2.115) in the form

G(iωn) =
∫ +∞

−∞
dω

ωρ(ω)
ω2 + ω2n

, (2.116)

and taking the large z limit we find
∫ +∞
−∞ dωωρ(ω) = 1. We also notice that unitarity implies that

ρ(ω) > 0 for ω > 0. We will find numerically that α0 ≃ −0.556 for q = 4 case. We notice that it is

negative, whereas for bosonic and fermionic SYKmodels α0 is positive.

‡We thank Igor Klebanov for discussion of these issues and for pointing out to us the references37,176.
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2.7 Numerical results for spinon spectra

In this section we present numerical solutions of the real time Schwinger-Dyson equations at zero

temperature for the bosonic and fermionic spinonmodels and also the random rotormodel in case of

q = 4. We study the corrections found analytically in the section 2.4 and provide numerical evidence

that the conformal solutions and the corrections to the conformal solutions work very well for all pa-

rameters in fermionicmodel and for some range of parameters in bosonicmodel. We also numerically

find values of the dimensionless coefficients αh for the first terms in the sum (2.99) for a range of as-

symetry angles θf and θb and argue that the numerically found spectra of operators agree with the ones

found analytically.

The first Schwinger-Dyson equation for bosonic and fermionic spinon models is

GR(ω)−1 = ω+ i0+ μ− ΣR(ω) , (2.117)

andusing the secondSchwinger-Dyson equationwecan express the retarded self energyΣR(ω) though

the spectral density ρ(ω), which is in turn related to GR(ω) as ρ(ω) = − 1
π ImGR(ω). We solve these

equations at zero temperature using iterations. The detailed derivation of the equations above and

numerical technique is discussed in theAppendixA.5 andwenotice that a similar numerical approach

was used in156.

At zero temperature we expect for the spectral density to diverge at small frequencies, therefore,

the quantity of interest in this

ρ(ω) =


g+(ω)√

ω/J
, ω > 0

g−(−ω)√
−ω/J

, ω < 0
. (2.118)
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We are interested to find a solution of the SD equations that at zero frequency approaches the

conformal solution. Therefore the function of interest g±(ω) should approach a constant

g±(0) =
C
πJ

sin(π/4± θ), C =
( −ζπ
cos 2θ

)1/4
(2.119)

according to eqs. (2.98) and (2.99). We remark that these boundary conditions at ω = 0 determine

asymmetry angle θ of the numerical solution and the chemical potential is fixed to be μ = ΣR(0)

and is not an input parameter at zero temperature numerics. In contrast for the finite temperature

numerics one fixes μ first and then can infer θ by analyzing numerical solution.

We are interested in the low frequency behavior of the numerical solution that is theoretically de-

scribed in the section 2.4, for both fermionic and bosonic spinon models. We use the expansion of

the spectral density at small frequencies (2.99) and rewrite the expression at Δ = 1/q = 1/4 for the

function g±(ω) as follows

g±(ω) = g±(0)

1−
∑
h

√
παhvh±(ω/J)h−1

Γ(h− 1/2)
−
∑
h,h′

√
παhαh′ahh′±(ω/J)h+h′−2

Γ(h+ h′ − 3/2)
− . . .

 ,

(2.120)

where g±(0) is given in (2.119). The coefficients αh depend on asymmetry angles θf and θb and are

different for fermionic and bosonic models. The eigenvectors vh = (vh+, vh−) of the matrix KG

and vectors ahh′ , ahh′h′′ , . . . also depend on the asymmetry angles and are given by eqs. (2.62) and

(2.80). For given asymmetry angle there are first few leading modes in (2.120) which dominate the

low frequency expansion.

Let us start with the fermionic SYK model at zero chemical potential. In this case θf = 0 and due

to particle-hole symmetry all hS modes don’t contribute and also g+ = g− = g and the leading terms
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Figure 2.4: Plot of the fermionic SYK4 spectral density for θf = 0 at zero temperature. The red solid line is the numeri‐
cal result obtained by solving the Schwinger‐Dyson equations using iterations. The black dashed line is theoretical curve
(2.121) ploted for αA0 = 0.2643 and αA1 = 0.31.

in (2.120) are

gf(ω) =
1

(4π3)
1
4 J

(
1− 2αA0

ω
J
− 3(αA0 )2

(ω
J

)2
− 0.68αA1

(ω
J

)2.77
+

26
3
(αA0 )3

(ω
J

)3
− . . .

)
,

(2.121)

where we used that vAh = (1, 1) and hA1 ≃ 3.77 and also aA00 = 9/4 and aA000 = −65/4 (see eqs.

(2.84) and (2.85)) for Δ = 1/4 and θf = 0. Fitting numerical data we can find αA0 = 0.2643 and

αA1 ≃ 0.31 − 0.36. We plot numerical result and theory (2.121) in Fig.2.4. One can see a really

good agreement between theory and numerics at low frequencies. We notice that since αA1 term is

subleading we can not fix it with good precision, in contrast αA0 can be fixed with high accuracy and

our result agrees well with previous computation of this term in121.

For non-zero chemical potential and thus non-zero asymmetry angle θf modes from the symmetric

sector contribute to the spectral density and sincehS1 < 3 the leading terms in low frequency expansion
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of g±(ω) are

gf±(ω) =
sin
( π
4 ± θf

)
J(π3 cos 2θf)

1
4

(
1− 2αA0 vA0±

ω
J
−

√
παS1vS1±

Γ(hS1 − 1
2)

(ω
J

)hS1−1
− 4

3
(αA0 )2aA00±

(ω
J

)2
− . . .

)
,

(2.122)

where explicit expressions for vectors vA0 and aA00 are given in (2.82) and vector vS1 can be computed

from (2.62) for a given value of hS1 . The θf angle dependence of hS1 is represented in Fig. 2.3.

We remark that since the series (2.120) is asymptotic § the relevance of higher order terms depends

on the range of ω ∈ [0, ωmax] for which we approximate the exact result. That means that if we

truncate series at order pmax themaximal frequency ωmax for which this series gives reasonable approx-

imation to the exact result is roughly determined by the condition that the term (ωmax/J)pmax becomes

comparable with the lower order terms in the series. Based on this and approximate values of the

coefficients αh for the fermionic SYK4 model we keep only 2 or 3 leading terms written in (2.122).

We also notice that the coefficient αA0 can be found by fitting the numerical curve by the linear

correction

glin± (ω) = g±(0)
(
1− 2αA0

(
1∓ 3

2
sin 2θa

)
ω
J

)
. (2.123)

We present the solutions of the equations (A.69) - (A.75) and the corresponding fitting of the ana-

lytical formula (2.122) in the Fig.2.5 for the fermionic spinonmodel and in the Fig.2.6 for the bosonic

spinon model.

§This can be seen from q = 2 case, where the explicit formula (A.27) forG(τ) is available.
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(a) (b)

Figure 2.5: Spectral density plots at zero temperature for the fermionic spinon model. Main plots: the red solid lines are
the numerical solution of the equations (A.69) ‐ (A.75) for fermionic case at the value of the asymmetry parameter (a)
θf = 0.05π and (b) θf = 0.15π. The dashed lines are the fitting given by theoretical formula (2.122). The pink dashed
lines are the linear fit given by (2.123) with (a) αA0 ≃ 0.29 and (b) α0 ≃ 0.68. The black dashed lines are the fitting

with the first four terms (nonlinear fitting is included) g±(ω) = g±(0)(1+aω+ bωhS1−1+ cω2) where (a) hS1 ≃ 2.63,
αS1 ≃ 0.05, and (b) hS1 ≃ 2.53, αS1 ≃ 0.06; and c is a coefficient that depends on αS0. Insets: zoomed in views of g±f at
small frequencies. The legend shows the powers of frequencies at which the series is terminated.

For the bosonic case the leading two operators are hA0 = 2 and hA1 therefore we have

gb±(ω) =
sin
( π
4 ± θb

)
J(−π3 cos 2θb)

1
4

(
1− 2αA0 vA0±

ω
J
−

√
παA1 vA1±

Γ(hA1 − 1
2)

(ω
J

)hA1 −1
− 4

3
(αA0 )2aA00±

(ω
J

)2
−

2
√
παA0 αA1 aA01±

Γ(hA1 + 1
2)

(ω
J

)hA1 − √
π(αA1 )2aA11±

Γ(2hA1 − 3
2)

(ω
J

)2hA1 −2
− . . .

)
. (2.124)

For θb > 0.284π anomalous dimension hA1 becomes less than hA0 = 2 and thus start dominating the

expansion in (2.124).

The numerical approach we use in this section allows us to compute the coefficients αh in the for-

mula (2.122) with a very good precision. We use the function (2.122) as a fitting polynomial and

find the dimensionless coefficients of each term. The results for the fermionic case are presented in

the Fig.2.7 and for the bosonic case in the Fig.2.8. For the bosonic model, we see that the values of

αh becomes very large at some value of θb. This value is close to θb = 0.284π where hA0 = hA1 and

k′A(h) = 0. We do not include the region where hA1 ≤ hS0 = 1 since the numerical solution is not
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(a) (b)

Figure 2.6: Spectral density plots at zero temperature for the bosonic spinon model. Main plots: the red solid lines are
the numerical solution of the equations (A.69) ‐ (A.75) for bosonic case at the value of the asymmetry parameter (a)
θb = 0.26π and (b) θb = 0.3π. The dashed lines are the fitting given by (2.122). The blue dashed line is the linear fit
given by (2.123) with (a) αA0 ≃ 21.9 and (b) αA0 ≃ 17.3. The black dashed lines are the fitting of the function (2.122)
with the first three terms g±(ω) = g±(0)(1+ aω + bωhA1 −1) with (a) hA1 = 2.16, αA1 ≃ −12.2 and (b) hA1 = 1.87,
αA1 ≃ −8.5. Insets: zoomed in views of gb± at small frequencies.

described by the conformal theory and is probably non-physical.

Even though the coefficients αh cannot be computed analytically as discussed in the section 2.4,

and therefore, the fitting functions cannot be exactly determined and has to include numerical re-

sults, there are ways to understand how well numerical solutions work by comparing them with pure

theoretical predictions. Oneway to do this is to compute the ratio of coefficients in front of each term

in (2.122). The general formula of the ratio of each term reads

rh(θa) =
sin(πΔ − θa)
sin(πΔ + θa)

vh−
vh+

. (2.125)

where vh are the eigenvectors found in section 2.4, therefore, vh± are the components of the eigenvec-

tor that correspond to the positive and negative frequencies. We can compute this ratio both analyti-

cally and numerically (using the analytically found resonance values of h). The results of the first two

terms are presented in the Fig.2.9 for the fermionic and bosonic models. We again note that for the

bosonic model we do not include the region where hA1 becomes less than one, since we cannot trust
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Figure 2.7: Numerically computed coefficients αh (2.122) and theoretical values of the anomalous dimension ofOhS1
operator in fermionic SYK. (a) The red circles are the numerical values of αS1 – the coefficient die to the new operator
with the anomalous dimension hS1 , computed at different θf parameters; blue triangles are the numerical values of the
coefficient αA0 representing the linear correction, computed at different θf parameters. The lines are the linear interpo‐
lation between points. (b) Red dashed line is the plot of hS1 given by the theoretical prediction, as a function of θf. The
blue line is hA0 = 2.
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Figure 2.8: Numerically computed coefficients (absolute values) αh and analytical values of the anomalous dimension of
OhA1 operator in Bosonic SYK. Same as in the Fig.2.7 except: the left plot if in logarithmic scale. In the bosonic SYK case

we notice that hA1 = hA0 at θb ≃ 0.284π. Near this value, the peak on the upper plot becomes prominent.
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Figure 2.9: Plot of the function rh(θ) defined in (2.125) for the bosonic and fermionic models. The blue and red solid
lines are analytical relations of the coefficients of the positive and negative frequencies due to the hA0 = 2 and hA1
terms respectively, and are given by the relation (2.125). (a) The red circles and blue triangles are numerical relations
rhA0 (θb) and rhA1 (θb). (b) The blue circles are the numerical relation rhA0 at different θb. Both: for the numerical fitting,

we use ωmax = 7× 10−3 to obtain the closest to the theory result.

the solution in this region.

Anotherway to compare the numerical and theoretical results is to compute the Luttinger relations

(2.64) for both models. Numerically we find Q(θf) and S(θb) from the spectral density at zero tem-

perature as S = −
∫ 0
−∞ dωρb(ω) and Q =

∫∞
0 dωρf(ω) − 1/2 and compare them with the theory.

The results for bothmodels are presented in the Fig.2.10. We note that both solutions are close to the

theoretical curves within ΔS, ΔQ ∼ 10−6 for each numerical point. As it was discussed in the section

2.4.1, at the asymmetry angle θb ≃ 0.36π where the anomalous dimension hA1 ≤ 1 for the bosonic

model, the Luttinger relation stops working. As we can see in the Fig.2.10(a), this indeed happens

around θb ≃ 0.36π as predicted from the theory. It is unclear if solutions for angles θb > 0.36π are

physical. Also one can provide a general argument why there is no conformal solution of the bosonic

SYK at θb = π/2. For the conformal solution at this angle we have S = −
∫ 0
−∞ dωρb(ω) = 0 and

thus from unitarity ρb(ω) ≤ 0 for ω < 0 we should conclude that ρb(ω) = 0 for ω < 0, but the

conformal solution implies that g−(0) = −1/((4π3)1/4J) at θb = π/2.

It is also instructive to find values of the chargeQ and spin S as a function of the chemical potential

μf and μb respectively rather than the asymmetry angle θf and θb. Numerically we compute μ using
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Figure 2.10: S as a function of θb for the bosonic model andQ as a function of θf for the fermionic model. The dashed
lines are given by relations (2.64) and the red and blue points are obtained from numerical solution for the spectral
density at zero temperature. For bosonic case we see that numerics deviates from theory at θb ≃ 0.36π, this is the
angle after which the anomalous dimension hA1 is less than 1 and thus corresponds to relevant perturbation.

that μ = ReΣR(ω = 0) and the Kramers-Kronig relation

μ = −
∫ +∞

−∞

dν
π
Im(ΣR(ν)− ΣR(0))

ν
. (2.126)

Plot of the charge Q as the function of μf for the fermionic SYK is shown in the Fig.2.11(a) and we

see that there is a maximum absolute value of the chemical potential |μfmax| ≃ 0.245J. At this value

|Qmax| ≃ 0.358. A similar dependence of Q as a function of μf was found in
12,52¶. In12,52 a general

phasediagram in (T, μf) spacewas investigated. Itwas showed that atT = 0 theSYKsolutionbecomes

unstable already whenQ ≳ 0.26 and there is a first order phase transition to a low entropy phase. In

the Fig.2.11(b) we plotted compressibilityK = dQ/dμf as a function of Q. We see that it diverges at

Qmax. For the bosonic SYK case we plotted θb as a function of μb in Fig. 2.12.

¶We thank Yingfei Gu for discussing his unpublished work with us.
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(a) (b)

Figure 2.11: (a) Charge as a function of the chemical potential for the fermionic SYK at zero temperature. The blue line
is the numerical solution of the Schwinger‐Dyson equations (A.69) ‐ (A.75) for the fermionic SYK at zero termperature
for different values of the asymmetry angle. There is a maximal value of the chemical potential at which the value of the
chargeQmax ≃ 0.358. (b) CompressibilityK as a function of charge for the fermionic spinon model at zero temperature
(here we set J = 1). Compressibility diverges atQmax ≃ 0.358 (θf ≃ 0.153π). Inset: compressibility growth as small
Q.

Figure 2.12: Asymmetry angle θb as a function of the chemical potential for the bosonic SYK at zero temperature.
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Figure 2.13: Plot of spectral density at zero temperature for the random quantum q = 4 rotor model. The red solid
line is the numerical result obtained by solving the Schwinger‐Dyson equations using iterations. The black dashed line is
analytical curve (2.127) with only two leading terms ω and ω2 plotted for αA0 = −0.556.

Finally for the random quantum rotor model discussed in the Section 2.6 we use expansion

g±(ω) = ± 1
(4π3)

1
4 J

(
1− 2αA0

ω
J
− 3(αA0 )2

(ω
J

)2
+

26
3
(αA0 )3

(ω
J

)3
− . . .

)
. (2.127)

Weplot numerical result and analytical fit in Fig. 2.13. For the fitweusedonly two leading termsω and

ω2. As we mentioned at the end of the Section 2.6 in this case the value of αA0 ≃ −0.556 is negative.

We also found thatMcrit =
∫ +∞
0 dωρ(ω) ≃ 0.88 and we checked that

∫ +∞
−∞ dωωρ(ω) = 0.9988

which confirms validity of the numerical solution.

We conclude this section by finding numerically the spin spin spectral density ρQa
(ω) using the

spectral density representation (2.118) in (2.102). Changing variables in order to eliminate diver-

gences of the integrand, we find a formula suitable for numerical evaluation

ρQ(ω) = 2sgn(ω)
∫ 1/

√
2

0

dx√
1− x2

(
g+(|ω|x2)g−(|ω|(1− x2)) + g−(|ω|x2)g+(|ω|(1− x2))

)
.

(2.128)
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Figure 2.14: Plot of the fermionic spin spectral density for θf = 0. The red solid line is the numerical result. The black
dashed line is theoretical curve (2.105) ploted for αA0 = 0.2643 and αA1 = 0.31.

For the fermionic SYK model at θf = 0 we plot both numerical solution and analytical formula for

the spin spin spectral density in Fig.2.14, where for the black dashed line we used analytical formula

(2.105)with αA0 ≃ 0.2643 and αA1 ≃ 0.31. Wenotice that the analytical fittingworks verywell at some

range of frequencies where ω < 1. Numerical solutions for the spin spin spectral densities for both

fermionic and bosonic spinon models for various asymmetry angles θf and θb without the theoretical

fitting are presented in the Fig.2.15.

2.8 Conclusions

The SYK equations in (2.16) describe the largeN limit of the SYK models, and the largeN limit fol-

lowed by the largeM limit of the SU(M) spinmodels described in Section 2.2. Despite their apparent

simplicity, these equations contain a great deal of subtle scaling structure which we have reviewed

and extended here. The predictions of the conformal perturbation theory agree very well with the

real-frequency numerical analyses, including the cases with particle-hole asymmetry. Thus the low

frequency behavior of the solutions of (2.16) can be declared to be well understood. Specifically, we
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(a) (b)

Figure 2.15: Plots of the numerically computed spin spectral densities (2.128) for (a) fermionic and (b) bosonic spinon
models at different values of asymmetry angles.

have confirmed the Luttinger relations between the spectral asymmetry and the density; and we have

shown that the low frequency corrections to the spectral density are controlled by the leading irrele-

vant operators, the most important of which is the time reparameterization operator.

All the analysis of the present paper is at N = ∞, and many other works14,121,104,127,109,113 have

addressed the nature of the 1/N corrections to the SYK saddle point. These are dominated by the

fluctuations of a quantum ‘graviton’ associated with the time reparameterization mode, which leads

to a breakdown of the conformal invariance described here at energy scales lower than J/N. We expect

this breakdown to also apply to the SU(M) spin models.

From the condensed matter standpoint, it will be worthwhile to address the 1/M fluctuations of

the SU(M)magnets in theN = ∞ theory. Upon considering the SYKmodel as a dynamicmean-field

theory of correlated electrons, the 1/N corrections are finite size corrections which are not of interest

in the thermodynamic limit. On the other hand, physical systems usually have only a SU(2) symmetry,

and so the 1/M corrections are of greater interest. We expect that the conformal structure is preserved

in the 1/M expansion, and the ‘protected’ scaling dimensions of the time-reparameterization mode

(hA0 = 2) and of theU(1) gauge symmetrymode (hS0 = 1) hold to all orders in 1/M. Renormalization

group computations180,153,92 have been used to argue that the gauge-invariant spin operator also has
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a protected scaling dimension, and so none of the exponents in (2.2) will be modified in the 1/M

expansion. It would be of interest to examine these conclusions directly in the 1/M expansion, and

also determine the scaling dimensions of other possible gauge-invariant operators.

Finally, we note that we have extended the analyses of the present paper to the doped magnet, de-

scribed by the SU(M) t-Jmodel studied in Ref.92. These results will be described in paper II.

64



3
Excitation spectra of random t− Jmodels

3.1 Introduction

This paper extends our recent analysis in Ref.174 from insulating spin models to metallic states of a

random t-Jmodel. This yields a rare solvable model of a metallic system without quasiparticle excita-

tions, and so it is worthwhile to explore its properties in detail.

In the condensed matter literature, extensions of the Sachdev-Ye-Kitaev (SYK) models156,105,154
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provide solvable theories of ‘strange’ and ‘bad’ metal behavior. Extensions which include single par-

ticle hopping165,186,31,144,146 have regimes of intermediate temperature (T) with the paradigmatic

linear-in-T resistivity, but with a bad metal resistivity i.e. larger than the quantum of resistance h/e2

(in two dimensions). Upon lowering T, these models enter a disordered Fermi liquid regime with

resistivity ∼ T2 and well-defined quasiparticles, once the resistivity becomes smaller than h/e2. A

strange metal regime, i.e. a linear-in-T resistivity smaller than h/e2, only appears possible in special

models with ‘resonant’ interactions146.

In recent work, Joshi et al.92 argued that a shortcoming of the above SYK models165,186,31,144,146

is the absence of ‘Mottness’ i.e. a strong local repulsion between electrons that allows an interaction-

driven insulator at commensurate densities. Mottnesswas present in the original Sachdev-Yemodel156

of an insulator, and this can be extended to metals by considering a SYK-like version of the t-Jmodel

with random exchange interactions139,92,81,160. Ref.92 argued that upon tuning the electron density,

such t-J models have critical points or phases in which the SYK criticality extends down to T = 0.

They noted that such quantum critical theories provide an attractive description of the optimally

doped cuprates, realizing deconfined criticality between an underdoped phase with spin glass order,

and a Fermi liquid at large doping.

Ref.92 also proposed a largeM limit of a t-Jmodel with SU(M) symmetry, when the solution re-

duces to a set of SYK-like saddle-point equations for the Green’s functions of fractionalized particles

carrying emergent U(1) gauge charges: these are the spinons and holons carrying the spin and charge

of the underlying electrons, and they realize a deconfined critical state. The leading low frequency

behaviors of the Green’s functions were determined in Ref.92. Here, we shall provide a full numeri-

cal analysis of the saddle-point equations, and show that solutions with the proposed low frequency

singularities do exist over some range of parameters. We shall also analytically compute the subleading

corrections to the low frequency behavior, along the lines of Refs.81,174, and show that it is consistent

with our numerical results. We focus on gauge-invariant observables related to experimental probes
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of the optimally doped cuprates.

With the knowledge of the Green’s functions of the fractionalized particles, we can compute vari-

ous physical gauge-invariant observables. We list the properties of the electron spectral weight, ρe(ω),

the spin spectral density ρQ(ω), and the optical conductivity σ(ω) at frequency ω and at temperature

T = 0 (J is the root-mean-square exchange interaction):

ρe(ω) = A±

(
1−

∑
h

A±
h |ω/J|

h−1 −
∑
hh′

A±
hh′ |ω/J|

h+h′−2 + . . .

)
,

ρQ(ω) = B±
(
1−

∑
h

Bh|ω/J|h−1 −
∑
hh′

Bhh′ |ω/J|h+h′−2 + . . .

)
,

Re σ(ω) = σ0

(
1−

∑
h

Ch|ω/J|h−1 −
∑
hh′

Chh′ |ω/J|h+h′−2 + . . .

)
, (3.1)

where± superscripts refer toω ≷ 0. Here the summation is over the spectrumof irrelevant operators,

and A,B,C, σ0’s are coefficients that will be given in the main text in (3.69), (3.88) and (3.78). In the

above expressions, we include the leading term arising from the conformal solution (theω = 0 result),

and the subleading corrections organized according to conformal perturbation theory. Example of the

latter includes a leading irrelevant operator with scaling dimension h1 < 2 (see Fig. 3.3), and the time

reparameterization mode (i.e. the boundary graviton in dual models of two-dimensional quantum

gravity121,122,104) with scaling dimension h0 = 2. We note that the presence of themode with h1 < 2

is a new feature of the doped t-Jmodel, andwas not present in the undoped antiferromagnet examined

earlier174; the leading irrelevant operator in the latter case was the h0 = 2 boundary graviton.

We can also extend the results in (3.1) to non-zero T: each term will be multiplied by a scaling

function of ω/T. The expressions for these scaling functions are rather complicated at general scaling

dimension h and are given in the body of the paper. But the scaling functions do simplify for the

h0 = 2 case. Including only these T-dependent corrections, the non-zero T form of (3.1) is, for

ω,T ≪ J (β ≡ 1/T)
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Figure 3.1: Plots of the functions in Eq. (E.91). We used βJ = 20, θf = 0.1π, θb = 0.3π, α0 = 0.05.

Finally, we present the results for the d.c. resistivity, ρ(T). Note from (3.1) that the zero frequency

conductivity from the scaling limit solution is a constant i.e. the conformal solution yields a residual

resistivity. So all theT dependence arises from corrections to conformality, and these are (from (3.83))

ρ(T) =
1
σ0

(
1+

∑
h

αh(vhf+ + vhf− + vhb+ + vhb−)R(h)
(
T
J

)h−1
+ . . .

)
. (3.2)

HereR(h) is a known numerical function given in the main text. Note that the time reparameteriza-

tion mode, with h0 = 2, yields a linear-in-temperature correction. Further results on the numerical

values of the coefficients in (3.1) and (3.2) appear in Section 3.5.

The outline of our paper is as follows. We define the t-Jmodel in Section 3.2, along with its large

M limit using fractionalized spinons and holons. We also present the SYK-like saddle-point equations

and their conformal solutions. Section 3.3 turns to our new results on the operator spectrum and

the associated corrections to conformality for the spinon and holon Green’s functions. We also find

regimes where the conformal solutions are unstable: this can happen by the appearance of operators

with scaling dimension h < 1, and by complex values of h. Section 3.4 combines the fractionalized

results of Section 3.3 to compute the spectral functions of various gauge invariant observables and

their corrections to conformality. Finally, Section 3.5 computes the full numerical solution of the

68



saddle-point equations and compares them with our conformal expansions.

3.2 t− Jmodel and fractionalization

3.2.1 Model Hamiltonian

We consider the following Hamiltonian of the t-Jmodel

H =
∑
⟨ij⟩,l,α

tijc†ilαcjlα + h.c.+
∑
⟨ij⟩,αβ

Jij
(
SiαβSjβα −

1
M

SiααSjββ
)
. (3.3)

Here cilα is electron operator, with i denoting site, l denotes an auxiliary SU(M′) orbital label, and

α denotes SU(M) spin. The Siαβ = S†iβα is the spin operator on site i, and the 1/M term (which will

be dropped in largeM limit) is added to ensure it transform in the adjoint of SU(M).

We assume the system lives on a Bethe lattice of coordination number zwith

tij =
t√
Mz

, (3.4)

and Jij’s are Gaussian random variables with

Jij = 0, J2ij =
J2

Mz
. (3.5)

Implementingdynamicalmean-field approximation (z → ∞), and assuming a diagonalmean-field

ansatz, the Hamiltonian induces the following interaction terms in the single-site action

S ⊃ t2

M
∑
lα

∫ 1/T

0
dτdτ′

∑
lα

c†lαGc(τ, τ′)clα(τ′)−
J2

2M
∑
αβ

∫ 1/T

0
dτdτ′Sαβ(τ)Q(τ, τ′)Sβα(τ′) .

(3.6)
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Here the mean-field ansatzGe andQ should satisfy the following self-consistency equations

Ge(τ, τ′) =
−1

MM′

∑
lα

⟨clα(τ)c†lα(τ
′)⟩ , Q(τ, τ′) =

1
M2

∑
αβ

〈
Sβα(τ)Sαβ(τ′)

〉
. (3.7)

We also assume largeM,M′ limit with fixed

k =
M′

M
. (3.8)

Taking a largeM limit at fixed k ensures that we obtain saddle-point equations with a SYK-like struc-

ture for both fermionic and bosonic partons: consequently a critical state is realized in which the

bosonic partons do not condense. In contrast, the largeM limit withM′ = 1 was studied in Ref.139,

and at low temperatures their bosonic partons condensed so that the ground state was always a Fermi

liquid at non-zero doping.

The full action also contains WZW terms for slave particles and Langrangian multipliers, which

will be detailed shortly.

3.2.2 Fermionic spinon + Bosonic holon

We fractionalize the model by introducing fermionic spinon and bosonic holon:

cilα = fiαb†il, Siαβ = f†iαfiβ . (3.9)

Here the boson bil transforms in anti-fundamental of SU(M′) such that the electron cilα transforms

in fundamental of SU(M′). This induces a U(1) gauge symmetry

fiα(τ) → fiα(τ)eiφi(τ), bil(τ) → bil(τ)eiφi(τ). (3.10)
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For the theory to be consistent, the physical Hilbert space must be U(1) gauge-symmetric, which im-

plies that the gauge charge is conserved, and we consider the representation

∑
α

f†iαfiα +
∑
l

b†ilbil = κM. (3.11)

We also implement the doping density p by

1
M′

∑
l

⟨b†ilbil⟩ = p. (3.12)

The full action is thus

S[f, b, λ] =

∫ 1/T

0
dτ

[∑
ℓ

b†ℓ

(
∂

∂τ
+ iλ

)
bℓ +

∑
α

f†α

(
∂

∂τ
+ ε0 + iλ

)
fα − iλ

M
2

]

+
t2

M
∑
ℓ,α

∫ 1/T

0
dτdτ′f†α(τ)bℓ(τ)Gc(τ− τ′)b†ℓ(τ

′)fα(τ′)

− J2

2M
∑
α,β

∫ 1/T

0
dτdτ′Q(τ− τ′)f†α(τ)fβ(τ)f

†
β(τ

′)fα(τ′) . (3.13)

Introducing bilocal fields

Gf(τ, τ′) =
−1
M
∑
α

fα(τ)f†α(τ′), Gb(τ, τ′) =
−1
M′

∑
l

bl(τ)b†l (τ
′) (3.14)

the saddle-point equations for the slave particles bℓ and fα are given as follows,

Gb(iωn) =
1

iωn + μb − Σb(iωn)
, (3.15)

Σb(τ) = −t2Gf(τ)Gf(−τ)Gb(τ), (3.16)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
, (3.17)

Σf(τ) = −J2Gf(τ)2Gf(−τ) + kt2Gf(τ)Gb(τ)Gb(−τ). (3.18)
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Here μf and μb are chemical potentials, determined by ε0 and the saddle point value of λ, and chosen

to satisfy 〈
f†f
〉
= κ − kp ,

〈
b†b
〉
= p . (3.19)

The electron Green’s functions is a product

Ge(τ) = −Gf(τ)Gb(−τ) .

Eqs.(3.15)-(3.18) admit the following infra-red (IR) conformal saddle point solution at zero tem-

perature92

Gc
a(τ) = −

 eπEa

ζe−πEa

 bΔa
a

|Jτ|2Δa
, Gc

a(iω) = − iCa

J

e−iθa

−eiθa

 |ω/J|2Δa−1 , (3.20)

where c in the superscript means conformal and subscript a = b, f indexes boson and fermion re-

spectively. We are following the convention of writing functions as two component vectors, where

the first component is for τ > 0 or ω > 0, and the second one is for τ < 0 or ω < 0. Also Eb, Ef

and θb, θf are asymmetry parameters and angles and ζ factor is ζb = 1 and ζf = −1. To pass from the

coordinate space to the frequency one we use the Fourier transform in our plus/minus basis

a+

a−

 |τ|−αeiωτdτ = M(α)

a+

a−

 |ω|α−1 , M(α) = Γ(1− α)

i1−α iα−1

iα−1 i1−α

 . (3.21)

We will restrict our attention here to the the case where the boson and fermion scaling dimensions

are Δf = Δb = 1/4, which is the case proposed for the deconfined critical point in Ref.92. The large

M equations also admit a solution in a critical phase92 with 1/4 < Δf < 1/2, Δf + Δb = 1/2 which

we will not explicitly consider here: we expect similar results to also apply to this critical phase. For
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the case Δf = Δb = 1/4, the pre-factors satisfy

(t2/J2)C2
fC

2
b cos

(
2θf
)
= π,

C4
f cos

(
2θf
)
− k(t2/J2)C2

fC
2
b cos(2θb) = π

(3.22)

and we can find

Cf =
(π(1− η)
cos
(
2θf
))1/4, Cb =

J
t

( π
cos
(
2θf
)
(1− η)

)1/4
, η ≡ −k

cos(2θb)
cos
(
2θf
) . (3.23)

Positivity constraints on the spectral densities impose restrictions on asymmetry angles: −πΔf <

θf < πΔf, πΔb < θb < π/2. Therefore we see that η > 0 and since Cb and Cf are defined to be real

positive numbers, we find another constraint for θb and θf:

η < 1 . (3.24)

For completeness we also list expressions for bf and bb:

bf =
cos
(
2θf
)

4π
(1− η), bb =

cos
(
2θf
)

4π
η2J4/t4

k2(1− η)
(3.25)

and the asymmetry parameters Ea are related to asymmetry angles θa as

e2πEa =
sin(θa + πΔa)

sin(θa − πΔa)
ζ, e−2iθa =

sin π(iẼa + Δa)

sin π(iẼa − Δa)
, (3.26)

where Ẽb = Eb, Ẽf = Ef + 1/2.

Thus all parameters of the IR solution are fully determined by the two asymmetry angles θf and

θb. We can relate these angles to the boson and fermion densities by Luttinger constraints. According
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to63,78, for a SYK-type model with UV source σ we can define a U(1) charge at zero temperature

Q = −
∫ ∞

−∞
dττσ(τ)G(−τ) . (3.27)

For the case of our model, σ(τ) = δ′(τ)− μδ(τ), which yields

Q =
G(0+) + G(0−)

2
. (3.28)

Matching this with the definition of Green’s functions, we get

Qf =
〈
f†f
〉
− 1

2
, Qb = −

〈
b†b
〉
− 1

2
. (3.29)

Also the charge can be calculated entirely from the IR asymptotics, related to θ-parameter by

Q(θ) = − θ
π
−
(
1
2
− Δ

)
sin(2θ)
sin(2πΔ)

. (3.30)

Therefore, from (3.19), θf, θb satisfy the following Luttinger constraints63,78

θf
π
+

(
1
2
− Δf

) sin
(
2θf
)

sin
(
2πΔf

) =
1
2
− κ + kp, (3.31)

θb
π
+

(
1
2
− Δb

)
sin(2θb)
sin(2πΔb)

=
1
2
+ p . (3.32)

3.2.3 Bosonic Spinon + Fermionic holon

We now discuss a fractionalization scheme that consists of bosonic spinons and fermionic holons,

cilα = biαf
†
il, Siαβ = b†iαbiβ , (3.33)
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with the gauge charge constraint

∑
α

b†iαbiα +
∑
l

f†ilfil = κM, (3.34)

and filling density
1
M′

∑
l

⟨f†ilfil⟩ = p . (3.35)

Butmost of our analysis will be carried out in the fractionalization scheme in Section 3.2.2. Following

the similar discussion of the other scheme, we can now derive the action to be

S[f, b, λ] =
∫ 1/T

0
dτ

[∑
α

b†α

(
∂

∂τ
+ iλ

)
bα +

∑
α

fl

(
∂

∂τ
+ ε0 + iλ

)
fl − iλ

M
2

]

+
t2

M
∑
lα

∫ 1/T

0
dτdτ′f(τ)b†α(τ)Gc(τ, τ′)bα(τ′)f†l (τ

′)

− J2

2M
∑
αβ

∫ 1/T

0
dτdτ′b†α(τ)bβ(τ)Q(τ, τ′)b

†
β(τ

′)bα(τ′) . (3.36)

The self consistency relations are

Ge(τ, τ′) =
−1

MM′

∑
lα

⟨clα(τ)c†lα(τ
′)⟩ = −1

MM′

∑
lα

〈
bα(τ)f†l (τ)fl(τ

′)b†α(τ′)
〉
, (3.37)

Q(τ, τ′) =
1

M2

∑
αβ

〈
Sβα(τ)Sαβ(τ′)

〉
=

1
M2

∑
αβ

〈
b†β(τ)bα(τ)b

†
α(τ′)bβ(τ′)

〉
. (3.38)

Introducing bilocal fields

Gb(τ, τ′) =
−1
M
∑
α

bα(τ)b†α(τ′), Gf(τ, τ′) =
−1
M′

∑
l

fl(τ)f†l (τ
′) , (3.39)
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and the corresponding self-energies Σb(τ, τ′), Σf(τ, τ′), we can obtain the saddle point equations

Gb(iωn) =
1

iωn + μb − Σb(iωn)
, (3.40)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
, (3.41)

Σb(τ) = −kt2Gf(τ)Gf(−τ)Gb(τ) + J2Gb(τ)2Gb(−τ) , (3.42)

Σf(τ) = t2Gf(τ)Gb(−τ)Gb(τ) , (3.43)

where we have substituted the self consistent relations

Ge(τ) = Gf(−τ)Gb(τ), Q(τ) = Gb(τ)Gb(−τ) . (3.44)

The chemical potentials should be adjusted to satisfy

〈
f†f
〉
= p,

〈
b†b
〉
= κ − kp . (3.45)

Again we assume a conformal ansatz for the solution

Gc
a(τ) = −

 eπEa

ζe−πEa

 bΔa
a

|Jτ|2Δa
, Gc

a(iω) = − iCa

J

e−iθa

−eiθa

 |ω/J|2Δa−1 , (3.46)

where c in the superscript means conformal and subscript a = b, f indexes boson and fermion respec-

tively. Assuming Δf = Δb = 1/4, the coefficients Cb and Cf satisfy

(t2/J2)C2
fC

2
b cos(2θb) = −π ,

C4
b cos(2θb)− k(t2/J2)C2

bC
2
f cos(2θf) = −π

(3.47)
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and we find

Cb =
( π(1− η)
− cos(2θb)

)1/4
, Cf =

J
t

( π
− cos(2θb)(1− η)

)1/4
, η ≡ −k

cos(2θf)
cos(2θb)

. (3.48)

The unitarity constraints are −πΔf < θf < πΔf, πΔb < θb < π/2 and the condition for real Cb

and Cf is η < 1 as before.

The Luttinger constraints for θf, θb are

θf
π
+

(
1
2
− Δf

)
sin(2θf)
sin(2πΔf)

=
1
2
− p , (3.49)

θb
π

+

(
1
2
− Δb

)
sin(2θb)
sin(2πΔb)

=
1
2
+ κ − kp . (3.50)

If we ignore the Luttinger constraints, the saddle point equations above are identical to that of the

other fractionalization scheme by substitution

Gf(τ) ↔ Gb(τ), Gb(τ) ↔ Gf(τ), 0 < τ < 1/T , (3.51)

and we transform τ < 0 into 0 < τ < β using KMS relation. In particular, when Δf = Δb = Δb =

Δf = 1/4, we could identify the Green’s functions in the two schemes by

θf =
π
2
− θb, θb =

π
2
− θf, Cf = Cb, Cb = Cf. (3.52)

However, we point out that (3.52) is incompatible with Luttinger constraints. For example, we can

add (3.32) and (3.49) together and using (3.52) to see sin(2θb) = 1, which leads to p = 0, but (3.50)

has no solution for p = 0. This reflects fact that at largeM limit the two fractionalization schemes

are two different theories, and they are identical only atM = 2,M′ = 1.
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3.3 Operator Spectrum and Corrections to Conformality

3.3.1 Corrections to Conformality

The saddle point solutions Gf and Gb of the t-J model can be viewed as a correlation functions in

conformal field theory, which is deformed by infinite series of irrelevant operators73,108,106. Therefore

the two-point functions receive corrections from these operators. We shall focus here on the fermionic

spinon+ bosonic holonmodel and the results can be easily generalized to the other case. The general

expression for the two-point function at zero temperature reads

G(τ) = Gc(τ)

1−
∑
h

αhvh
|Jτ|h−1 −

∑
h,h′

ahh′αhαh′
|Jτ|h+h′−2 −

∑
h,h′,h′′

ahh′h′′αhαh′αh′′
|Jτ|h+h′+h′′−3 − . . .

 , (3.53)

where vh, ahh′ , ahh′h′′ , etc are four-component vectors in b/f and+/− basis, so

vh = (vhb+, vhb−, vhf+, vhf−)T.

For instance the fermionic Green’s function for τ > 0 reads

Gf(τ) = Gc
f(τ)

1−
∑
h

αhvhf+
|Jτ|h−1 −

∑
h,h′

ahh′f+αhαh′
|Jτ|h+h′−2 −

∑
h,h′,h′′

ahh′h′′f+αhαh′αh′′
|Jτ|h+h′+h′′−3 − . . .

 . (3.54)

The real numbers αh are the same for all components b/f and+/−. We are able to find these num-

bers only numerically. On the other hand the vectors vh and anomalous dimensions h can be found

analytically from solving the equation

KG(h)vh = vh , (3.55)
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where the 4× 4 matixKG(h) = WΣ(h)WG(h) is a product of two matricesWΣ(h) andWG which

in the (b/f)× (+/−) basis are given by formulas

WΣ(h) =
sec(πh)
(1− 2h)

 sin(πh+ 2θb) sin(2θb)− 1

− sin(2θb)− 1 sin(πh− 2θb)

⊕

 sin
(
πh+ 2θf

)
sin
(
2θf
)
− 1

− sin
(
2θf
)
− 1 sin

(
πh− 2θf

)
 ,

(3.56)

WG =



1 0 1 1

0 1 1 1

η η 2− η 1− η

η η 1− η 2− η


, (3.57)

and we remind that η = −k cos(2θb)/ cos
(
2θf
)
. We notice that the matrixWΣ(h) is block-diagonal

in b/f space andWG does not depend on h. For η = 0 the fermionic sector is independent on the

bosonic one and its Green’s function is exactly the same as in the complex SYKmodel.

The results described above are based on the Kitaev-Suh theory104,81,174. The derivation of the

kernel KG is done in81. The kernel KG for bosonic spinon + fermionic holon case is obtained by

substitution θf → θb, θb → θf, for details see Appendix B.2. The coefficients ahh′ , ahh′h′′ can be

calculated using the recursion procedure described in174. We present explicit derivation of ahh′ for

the t-Jmodel in Appendix B.2.

The linear order zero-temperature correction (3.53) was generalized to finite temperature in81,174.

The result takes the form on the interval τ ∈ (0, β):

Ga(τ) = Gc
a(τ)

(
1− vha+ + vha−

2
αh

(βJ)h−1 f
A
h (τ)−

vha+ − vha−
2

αh
(βJ)h−1 f

S
h(τ)

)
, (3.58)
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whereGc
a(τ) is the finite temperature conformal Green’s function

Gc
a(τ) = −b

1
4a

(
βJ
π
sin

πτ
β

)− 1
2
e2πEa(

1
2−

τ
β ) , (3.59)

and the functions fA/Sh (τ) are given by the formula

fAh (τ) =
(2π)h−1Γ(h)2

Γ(2h− 1) cos
( πh

2
) (Ah(e

i 2πτβ ) + Ah(e
−i 2πτβ )

)
,

fSh(τ) =
(2π)h−1Γ(h)2

Γ(2h− 1) sin
( πh

2
) (iAh(e

i 2πτβ )− iAh(e
−i 2πτβ )

)
, (3.60)

whereAh(u) = (1− u)hF(h, h, 1; u) and F is the regularized hypergeometric function. We stress that

there are no vectors in the formula (3.58) and it is correct for both bosons and fermions a = b, fwith

their corresponding conformal two-point functionsGc(τ) and components vh±.

3.3.2 Operator Spectrum

In this subsection we describe solutions h of the equation (3.55). Such values of h correspond to

scaling dimensions of the bilinear operatorsOh in the t-Jmodel174. We can rewrite the equation for

h in the form

det(1− KG(h)) = 0 .

We label positive solutions of the above equation by h0, h1, h2, . . . and notice that the sums in ((3.53))

are taken over this series. Several remarks are in order. First we notice that there are always two h = 1

solutions which are related toU(1) global symmetry andU(1) gauge symmetry. The h = 1 modes are

not included in the series h0, h1, h2, . . . . The effect of these modes is already taken into account in

the asymmetry parameters Ef and Eb in Gc
f and G

c
b
78,81. Second there is another parameter-invariant

solution h = 2 which corresponds to emergent time-reparametrization symmetry of the Eqs.(3.15)-
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(3.18). We label this solution by h0, so we always have h0 = 2. The rest of the modes are ordered and

their values depend on k, θf, θb, so we have

h0 = 2, h1 ≤ h2 ≤ h3 ≤ h4 ≤ . . . . (3.61)

We will use notation αi for αhi and vi for vhi . The eigenvector v0 has a simple form

v0 =



1− 3
2 sin(2θb)

1+ 3
2 sin(2θb)

1− 3
2 sin

(
2θf
)

1+ 3
2 sin

(
2θf
)


(3.62)

and is not normalized to unity. We assume that all other vectors are normalized to unity, so vTi vi = 1

for i = 1, 2, 3, . . . .

Our interest is in modes which can be potentially smaller than the time-reparameterization mode

h0 = 2. In the t-Jmodel themode h1 is less than 3/2 for arbitrary parameters and thus it is alwaysmore

relevant than h0 = 2mode. In addition, the mode h2 can become smaller than h0 for some regions of

parameters. A qualitative plot of these potentially relevant operators for the fermionic spinon case of

Section 3.2.2 is shown in Fig. 3.2 (the derivation is in Appendix. B.3). We remind the readers that θf

and θb are constrained by unitarity−π/4 < θf < π/4, π/4 < θb < π/2. The mode h1 (see Fig. 3.3)

has h1 = 3/2 at zero doping p = 0, and its scaling dimensions decreases as p grows, and it can become

relevant h1 < 1 or complex h1 = 1/2 + is, s ∈ R. At first glance, it seems that the low-energy

properties would be dominated by this operator. However, as we will see in Section 3.5, the prefactor

α1 accompanying this mode is small compared to α0 of the h0 = 2 mode when doping p is small. A

partial explanation is the coefficient α1 is proportional to k′G(h1)−1 (see (B.34)), andwhen p is small, h1

is close to the pole at kG(3/2), so k′G(h1) is large. Therefore, we expect time reparameterization mode
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Figure 3.2: Scaling dimensions h of potentially dominant operators in the (θf, θb) plane. Here k = 0.2. Regions
corresponding to different ranges of h are coded with different colors, with boundaries given by Eqs.(B.46),(B.47)‐
(B.50). There is a region dubbed “No conformality” meaning (3.24) is violated. On the right side, we also label differ‐
ent values of p obtained from the Luttinger constraint (3.32). In particular, the maximal pmax ≃ 0.053 is reached
when θb = 1

2 arccos
(−2

π
)
. The colored lines are constant κ contours calculated from the Luttinger constraints

(3.31),(3.32). Generally, the numerical solutions do not converge when h1 < 1 or complex.
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Figure 3.3: The scaling dimension h1 plotted versus doping density p. The plot is obtained by taking three vertical cuts
from Fig. 3.2 at θf = 0, 0.1π, 0.2π. The scaling dimension h1 = 3/2 when p = 0 and reaches h1 = 1 when
p = pmax ≃ 0.053. Then h1 starts to decrease with p until it reaches h1 = 1/2 and becomes complex. Here we used
k = 0.2.

h0 = 2 to be important above some threshold temperature T > T1(p), where T1(p) → 0 as p → 0.

There is another potentially relevant operator h2 which can move below 2, but it only appears in a

restricted range of parameters.

The analysis of conformal corrections and operator spectrum in the bosonic spinon+ fermionic

holon case of Section 3.2.3 is very similar to the fermionic spinon + bosonic holonmodel. The kernel

KG can be obtained from the previousmodel by changing θf → θb, θb → θf (see Appendix. B.2). The

discussions of operators at h = 1 and h = 2 in the previous subsection still applie here. The analysis

of other potentially relevant operators is shown in Fig. 3.4. In this case the second potentially relevant

operator h2 appears in a larger region of parameter space.

3.4 Gauge Invariant Observables

In this sectionwe present results for some gauge invariant observables including electron spectral den-

sity ρe(ω), spin spectral density ρQ(ω) and optical conductivity Re σ(ω). We shall be focusing here on

the fermionic spinon + bosonic holon fractionalization of Section 3.2.2.
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Figure 3.4: As in Fig. 3.2, but now for the bosonic spinon model.

3.4.1 Electron Spectral Density

The electron Green’s function is a product of the spinon and holon Green’s functions

Ge(τ) = −Gf(τ)Gb(−τ) . (3.63)

Toobtain the electron spectral density,we shall first analytically continue to retarded-Green’s function

from imaginary time to the real one

Ge,R(t) = iθ(t)(Ge(it+ 0)− Ge(it− 0)) , (3.64)
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where θ(t) is theHeaviside step function. Thenwe canfindGe,R(ω) in the frequency space and extract

the spectral density as

ρe(ω) = − 1
π
ImGe,R(ω) . (3.65)

The electron spectral density can also be written in terms of the spectral densities of spinon ρf =

− 1
π ImGf,R and holon ρb = − 1

π ImGb,R as

ρe(Ω) =

∫ +∞

−∞
dν(nF(Ω + ν) + nB(ν))ρf(Ω + ν)ρb(ν) , (3.66)

where nF/B(ω) = 1/(eβω − ζ) is the Fermi or Bose distribution. We will perform the calculation at

both zero temperature at finite temperature. At zero temperature we include nonlinear corrections,

and at finite temperature we will restrict expressions to linear order corrections.

Zero temperature

Using (3.53) and (3.63), we can write the electron Green’s function as

Ge(τ) = Gc
e(τ)
(
1−
∑
h

αh
|Jτ|h−1 (vhf+ v̄hb)−

∑
hh′

αhαh′
|Jτ|h+h′−2 (ahh′f+ āhh′b−vhfv̄h′b)−. . .

)
. (3.67)

Here vhf(b) means taking the fermionic (bosonic) component of the 4-component vector vh, and sim-

ilar meanings apply to ahh′f(b). v̄hb means switching the ± components of vhb and similar for āhh′b.

Gc
e(τ) is the conformal electron Green’s function

Gc
e(τ) = −

 eπEe

−e−πEe

 Ce

|Jτ|
, Ce =

J
t

(− cos(2θb)
4π

)1/2
, (3.68)
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where Ee = Ef − Eb and we have used that Δf = Δb = 1/4. Analytically continuing to real-time and

extract the spectral density, we obtain

ρe(ω) = ρce(ω)
(
1−

∑
h

αh(vhf + v̄hb)
Γ(h)

∣∣∣∣ωJ
∣∣∣∣h−1

(3.69)

−
∑
hh′

αhαh′(ahh′f + āhh′b − vhf · v̄h′b)
Γ(h+ h′ − 1)

∣∣∣∣ωJ
∣∣∣∣h+h′−2

− . . .

)
.

Here ρce(ω) is the electron-spectral weight of the conformal solution

ρce(ω) =
Ce

J

 eπEe

e−πEe

 , (3.70)

where Ce is defined in (3.68).

Finite Temperature

Wewill work on the interval 0 < τ < β. The electron Green’s function to linear order in αh is

Ge(τ) =Gc
e(τ)
(
1−

∑
h

αh
2(βJ)h−1

(
(vhf+ + vhf− + vhb+ + vhb−)fAh (τ)

+ (vhf+ − vhf− − vhb+ + vhb−)fSh(τ)
)
− . . .

)
, (3.71)

where the conformal electron Green’s function at finite temperature is

Gc
e(τ) = −Ce

(βJ
π
sin

πτ
β

)−1
e2πEe(

1
2−

τ
β ) , (3.72)

and the functions fAh (τ) and f
S
h(τ) are given in (3.60).

To find electron spectral density at finite temperature we analytically continue Ge(τ) to real time
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using (3.64) and then take the Fourier transform to findGe,R(ω) in the frequency space. Finally using

(3.65) we find for the electron spectral density

ρe(ω) =ρce(ω)
(
1−

∑
h

αh
2(βJ)h−1

(
(vhf+ + vhf− + vhb+ + vhb−)RA

h
(βω
2π

− Ee
)

+ (vhf+ − vhf− − vhb+ + vhb−)RS
h
(βω
2π

− Ee
))

− . . .

)
, (3.73)

where the conformal electron spectral density is

ρce(ω) =
Ce cosh

(
βω
2

)
J cosh

(
βω
2 − πEe

) , (3.74)

and the functionsRA
h (ω) andRS

h(ω) are

RA
h (ω) =

2
( π
2
)h Γ(h)

√
π sin

( πh
2
)
Γ
(
h− 1

2
)Re 3F2(h, 1− h, 1

2 + iω
1, 1

; 1
)
,

RS
h(ω) =

2
( π
2
)h Γ(h)

√
π cos

( πh
2
)
Γ
(
h− 1

2
) Im 3F2

(
h, 1− h, 1

2 + iω
1, 1

; 1
)
,

(3.75)

where 3F2 is the regularizedhypergeometric function. Forderivationof similar to (3.73) results see174.

Retaining only h0 = 2 mode in (3.73) we find

ρe(ω) =
Ce cosh

(
βω
2

)
J cosh

(
βω
2 − πEe

)
×
(
1− πα0

βJ

(βω
2π

− Ee
)(

4 tanh
(
βω
2

− πEe
)
− 3(sin

(
2θf
)
− sin(2θb))

))
, (3.76)

where we have used the explicit expression (3.62) for the eigenvector v0.
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3.4.2 Conductivity

The Kubo formula for conductivity on Bethe lattice is derived in81:

Re σ(ω) =
2πM′e2t2a2−d

z

∫ +∞

−∞
dΩρe(Ω)ρe(Ω + ω)

nF(Ω)− nF(Ω + ω)
ω

, (3.77)

where a is lattice constant and d is spatial dimension. We can evaluate the expression in three scenarios

as below:

Zero temperature Optical conductivity

At zero temperature, we can evaluate the conductivity to nonlinear order in αh using (3.69), the result

is

Re σ(ω) = σ0

(
1−

∑
h

2αh
Γ(h+ 1)

(vhf+ + vhf− + vhb+ + vhb−)|ω/J|h−1

−
∑
hh′

2αhαh′ |ω/J|h+h′−2

Γ(h+ h′)
[ahh′f+ + ahh′f− + ahh′b+ + ahh′b−

− vhf+vh′b− − vhf−vh′b+ − (vhf+ + vhb−)(vh′f− + vh′b+)/2]

)
.

(3.78)

Here σ0 is the T = 0 DC conductivity given by

σ0 = −M′e2a2−d cos(2θb)
2z

, (3.79)

where we used (3.70) for ρce(Ω).
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Finite temperature optical conductivity at linear order

For theoptical conductivity at finite temperature,we can analytically determine the contribution from

the αh correction. The result is

Reσ(ω) = σ0

(
1−

∑
h

αh
(βJ)h

(vhf+ + vhf− + vhb+ + vhb−)Σh

(
βω
2π

)
− . . .

)
, (3.80)

where

Σh(x) =
2
( π
2
)h Γ(h)

√
π sin

( πh
2
)
Γ
(
h− 1

2
)Re 3F2(h 1− h 1− ix

1 2
; 1
)
. (3.81)

In particular, for the h0 = 2 mode we have

Reσ(ω) = σ0
(
1− 2α0ω

J
coth

(
βω
2

)
− . . .

)
. (3.82)

Here we have used the eigenvectors (3.62). The detail of the calculation is in Appendix B.4.

Finite temperature DC conductivity

Using (3.80) we find for the finite temperature DC conductivity is

σDC = σ0

(
1−

∑
h

αh(vhf+ + vhf− + vhb+ + vhb−)R(h)
(
T
J

)h−1
− . . .

)
, (3.83)

whereR(h) = Σh(0) and given by the formula

R(h) = −
2
( π
2
)h−1 cos

( πh
2
)
Γ(h− 1)

√
πhΓ

(
h− 1

2
) . (3.84)

A numerical plot of R(h) is shown in Fig. 3.5. In particular, from the h0 = 2 mode we can recover
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Figure 3.5: The functionR(h) defined in (3.84). Some special values areR(1) = R(2) = 1.

the linear resistivity obtained in81

ρDC =
1
σ0

(
1+

4α0T
J

− . . .

)
, (3.85)

where we have used the eigenvector (3.62). There is a factor of two difference from81 because we have

normalized the eigenvector differently.

3.4.3 Spin Spectral Density

In the largeM limit, the spin-spin correlator factorizes asQ(τ) = Gf(τ)Gf(−τ), and the spin spectral

density is defined as ρQ = − 1
π ImQR(ω). It can be expressed in terms of spinon spectral weight ρf as

ρQ(ω) =
∫ ∞

−∞
dνρf(ν)ρf(ν− ω)(nF(ν− ω)− nF(ν)) . (3.86)

The computation of this quantity is the same as the previous paper174, and we report the results here.
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Zero temperature

At zero temperature, the conformal spin spectral density is

ρcQ(ω) =
CQ

J
sgnω, CQ =

(cos(2θf)
4π

(1− η)
)1/2

. (3.87)

Including the conformal corrections, we have

ρQ(ω) =ρcQ(ω)
(
1−

∑
h

αh(vhf+ + vhf−)
Γ(h)

∣∣∣∣ωJ
∣∣∣∣h−1

−
∑
h,h′

αhαh′(ahh′f+ + ahh′f− − vhf+vh′f−)
Γ(h+ h′ − 1)

∣∣∣∣ωJ
∣∣∣∣h+h′−2

− . . .

)
, (3.88)

Finite temperature

At finite temperature, we write the spin spectral weight to linear order in αh as

ρQ(Ω) = ρcQ(ω)
(
1−

∑
h

(vfh+ + vfh−)
αh

(βJ)h−1R
A
h
(βω
2π
)
− . . .

)
, (3.89)

where the conformal contribution to spin spectral weight is

ρcQ(ω) =
CQ

J
tanh

(
βω
2

)
. (3.90)

and the functionRA
h (ω) defined in (3.75). Considering only the correction from h0 = 2 mode, we

have

ρQ(ω) =
CQ

J
tanh

(βω
2
)(

1− 2α0ω
J

tanh
(βω
2
)
− . . .

)
. (3.91)
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3.5 Numerical results for the t− Jmodel

In this sectionwenumerically study the saddle point equations at zero temperature for the t−Jmodel,

and use the solutions to constrain the coefficients of the conformal perturbations. We find that the

contribution of the linear term from the h0 = 2mode dominates in the IR limit for the spin spectral

density, but that the h1 and h0 modes are comparable in other observables. We focus on the case of

fermionic spinon and bosonic holon model discussed in the Section 3.2.2. The solution in the case

of bosonic spinon and fermonic holon can be derived and solved in a straightforward way using the

approach discussed here by changing asymmetry angles θf → θb and θb → θf.

The saddle point equations of interest at zero temperature are those in (3.15)-(3.18). To solve these

equations numerically, we use an approach similar to the one used in the previous paper174. The

detailed treatment of the equations is discussed in the Appendix B.1. Our focus is to solve the saddle

point equations for bosonic and fermionic spectral densities first, and then present results for gauge

invariant observables such as electron and spin spectral densities, and optical conductivity.

We focus on the asymmetry parameters of themodel θf, θb that satisfy the Luttinger constraints. In

this sectionwe are interested in a particular case of Δb = Δf = 1/4, and thuswe assume it everywhere.

Therefore, we can write the Luttinger constraints (3.32) in the following form

θf
π
+

1
4
sin
(
2θf
)

=
1
2
− κ + kp, (3.92)

θb
π
+

1
4
sin(2θb) =

1
2
+ p . (3.93)

The solutions with the constrains will correspond to the region crossed by one of the lines at chosen κ

in the Fig. 3.2. Although there is a large region of asymmetry parameters where an analytical solution

approximates a numerical result well, in this section we analyze only a portion of the full parameter

space. We choose the asymmetry angles in the region of θb = 0.26π, 0.32π and 0 < θf ≤ 0.15π.
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(a) (b)

Figure 3.6: Fermioic (a) and bosonic (b) spectral densities as solutions of the equations (3.15)‐(3.18). In both plots the
chosen parameters: θb = 0.26π, θf = 0.03π. Solid magenta lines are the numerical solution for these parameters.
Black dashed lines are given by analytical solution with nonlinear corrections. The values of the fitting parameters are
given in the Fig. 3.8.

(a) (b)

Figure 3.7: Fermioic (a) and bosonic (b) spectral densities as solutions of the equations (3.15)‐(3.18). As in the Fig. 3.6
except the chosen parameters are θb = 0.32π, θf = 0.15π.
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Figure 3.8: Approximate values of exponents h and coefficients αh for different asymmetry angles θf, θb obtain by fits to
the numerical solution.

We now show that the numerical solution with the constraints implied in small enough ω-region

has behavior given by the results of the theoretical approach in the previous section. We discuss the

behavior of fermionic and bosonic spectral densities as solutions of the saddle point equations (3.15)-

(3.18) as well as gauge invariant observables such as electron, spin spectral densities and optical con-

ductivity at zero temperature.

We first find the solution for bosonic ρb(ω) and fermionic ρf(ω) spectral densities of the equations

(3.15)-(3.18) at zero temperature at various sets of parameters θf and θb and fixed k = 0.2, t = J = 1.

Themethod of solving the equations at zero temperature is explained in detail inAppendix B.1 as well

as in174. Amongst the range of parameters for which we solve the equations, we show two solutions

that represent the behavior of the spectral densities at large (θb = 0.32π, θf = 0.15π) and small

(θb = 0.26π, θf = 0.03π) asymmetry angles. The solutions are presented in Figs. 3.6,3.7, respectively.

The solutions found in this section compared to an analytical fit at small frequencies described in

the previous sections and inRef.174. Using the numerical solutions, we find the threshold of asymme-
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try angles where it is still possible to get the solution as discussed in Appendix B.1. Below we describe

a behavior of the gauge invariant observables and show that an analytical solution follows a numerical

curve well enough at small frequencies.

Let us first rewrite the analytical expressions of the polynomials from section 3.4 that, as we show

below, approximate the exact numerical solution at small frequencies. Following the notations in the

previous sections, we use h1, h2 to denote the exponents in the fitting functions. We consider the poly-

nomials for each of the gauge invariant observables truncated at the order of h2− 1 in frequency with

all non-linear corrections included. A truncated expression for electron and spin spectral densities

(3.69), (3.88) can be written as

ρe,Q(ω) = ρce,Q(ω)

(
1−

h2∑
h

αhA
e,Q
h |ω/J|h−1 −

h2∑
hh′

αhαh′A
e,Q
hh′ |ω/J|

h+h′−2

)
. (3.94)

We write the similar expression for optical conductivity σ(ω) truncating the full series (3.78) in a sim-

ilar way

σ(ω) = σ0(ω)

(
1−

h2∑
h

αhAσ
h|ω/J|

h−1 −
h2∑
hh′

αhαh′Aσ
hh′ |ω/J|

h+h′−2

)
(3.95)

with different coefficients Aσ
h. In the above, ρce,Q(ω) are the electron and spin spectral weights of the

conformal solutions (3.70), (3.87), and σ0 is given by (3.79). The coefficientsAe,Q,σ
h are known exactly

and have analytical forms for electron spectral density (3.69), for spin spectral density (3.88) and for

conductivity (3.78).

We note that the analytical solution has unfixed parameters αh. In the series we consider, there

are three parameters the values of which can be obtained by fitting an analytical expression into to a

numerical curve at corresponding parameters. For a range of parameters we discuss in this section, the

values of coefficients αh as well as exponents h are presented in Fig. 3.8.

Using the values of the coefficients αh we obtain analytical solutions with all parameters fixed. The
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Figure 3.9: Table of computed analytical expressions of spin and electron spectral densities (3.94) with all parameters
fixed for a range of asymmetry angles (θf, θb). The polynomials approximate a corresponding numerical solution at
small frequencies. The exponents are given by h− 1 where h are presented in the Fig. 3.8.

(a) (b)

Figure 3.10: Spin (a) and electron (b) spectral densities. Solid magenta lines are numerical solutions. Black dashed lines
are given by analytical solution (3.94). Here θb = 0.26π and θf = 0.03π. The exponents and fitting functions are
given in Figs. 3.8, 3.9 respectively.
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(a) (b)

Figure 3.11: Spin (a) and electron (b) spectral densities. Same as in the Fig.3.10 except the parameters θb = 0.32π and
θf = 0.15π.

analytical formulas for spin and electron spectral densities are presented in the Figs. 3.9, 3.12. From

the polynomials in the tables we notice that increasing the asymmetry angles leads to an increasing a

linear coefficient compared to the coefficient of the h1 − 1 exponent and coefficients of its non-linear

corrections. Increasing the asymmetry angles up to the maximally allowed values, we observe that

the linear coefficient is still comparable with all other terms. We show two examples of fitting the

corresponding analytical expressions of the spin and electron spectral densities in the Figs. 3.10,3.11

for different asymmetry angles.

We conclude this section by discussing the optical and d.c. conductivity. In the Table 3.12 we

present the analytical expressions for optical conductivity at zero temperature and finite temperature

d.c. conductivity with all parameters fixed. We note that even though we do not discuss the finite

temperature exact numerical solution in this paper, the coefficients αh are fixed to their zero tempera-

ture values, and therefore, we can write down the analytical formulas at finite temperature as well. We

again notice increasing the asymmetry angles leads to increasing the linear coefficient. Within the al-

lowed range of asymmetry angles (θf ≤ 0.15π, as discussed in the Appendix B.1) the linear coefficient

becomes larger but not large enough to neglect other terms. We explicitly show a behavior of optical

conductivity at zero temperature in Fig. 3.13 for different asymmetry angles.
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Figure 3.12: Table of computed analytical expressions of optical conductivity (3.95) at zero temperature (second
column) and DC conductivity (3.83) at finite temperature with all parameters fixed for a range of asymmetry angles
(θf, θb). The polynomials approximate a corresponding numerical solution at small frequencies. The exponents are
given by h− 1 where the values of h are presented in the Fig. 3.8.

(a) (b)

Figure 3.13: Optical conductivity for (a) θb = 0.26π and θf = 0.03π and (b) θb = 0.32π and θf = 0.15π.
Numerical solutions in both plots are given by the solid magenta lines and the black dashed lines are the analytical
solutions presented in Fig. 3.12.
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3.6 Conclusions

We have presented detailed numerical and analytic solutions of a critical non-Fermi liquid phase of

random t-Jmodels without quasiparticle excitations. This non-Fermi liquid phase of the t-Jmodel has

been proposed as amodel for optimal doping criticality in the cuprates92. In this phase, fractionalized

holons and spinons realize a deconfined critical state between twoconventional states. At large doping,

we use bosonic chargons which condense to realize a conventional Fermi liquid. At small doping, the

pseudogap phase is realized by condensing bosonic spinons to form a metallic spin glass. In between

these phases, lies the critical non-Fermi liquid studied in the present paper.

The solutions were obtained the largeM limit of a model with SU(M) spin symmetry, and follow

our previous analyses of the undoped insulator in Ref.174. The theory has the structure of the SYK

model for fractionalized spinons and holons carrying gauge charges, which have random q = 4 body

interaction terms between them. Note, however, that expressed in terms of the underlying gauge-

invariant electrons, the interactions are not of the q = 4 SYK form. We found good agreement be-

tween the numerical and analytic approaches.

Section 3.2 derived the saddle point of a large dimension t-Jmodels with random nearest-neighbor

exchange and global SU(M) spin rotation symmetry. This approach helps define transport observ-

ables, including the conductivity, whose properties we have examined here. However, the same saddle

point equations also apply to the model with all-to-all and random hopping and exchange for which

the connection to SYKmodels is more direct.

Our attention focused on the leading and sub-leading singularities of several gauge-invariant phys-

ical observables at low frequencies and temperatures. These are controlled by operators with scaling

dimension hwhich perturb the leading conformally invariant solution. As the theory is in 0+1 space-

time dimensions, we require h > 1 for the operator to be irrelevant in the infrared, and contribute to

the sub-leading singularities.
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An important operator that appears in all the subleading corrections is the time-reparameterization

mode, or the boundary graviton of the holographic dual. This operator is universal in SYK criticality,

and has h0 = 2 exactly; no corrections are expected to this scaling dimension at all orders in 1/M.

It was also present in the previous analysis of the insulating model174. This operator leads to relative

corrections in observables which scale ωh0−1 or Th0−1 in the IR. In particular, as the leading contri-

bution to the resistivity is T-independent in the t-J, the first contribution from the graviton mode is a

linear-in-T resistivity81.

We also found that the t-Jmodel has an irrelevant operator with scaling dimension 1 < h1 < 2 over

the regime where scaling solutions were found numerically (see Fig. 3.8). No such operator appears

in the insulating J model examined in the earlier paper174. This new operator will therefore lead to

corrections which scale as ωh1−1 or Th1−1 in the IR, which are more singular than those from the

gravitonmode. However, it should be noted that this operator is not protected, andwedo expect 1/M

corrections to the value of h1. We have not studied these corrections, and the possibility remains that

such corrections will increase the value of h1 above 2, and return the graviton mode as the dominant

correction. Moreover, we found that the numerical co-efficient of the h1 correction was quite small in

the spin spectral density, and significantly smaller than that of the h0 correction (see Fig. 3.9).

We note from Figs. 3.9 and 3.12 that the contributions of h1 mode are more significant for the

other observables, including the d.c. resistivity, and can be comparable to the h0 = 2 contribution.

It would be interesting to study the relative contributions of these modes at higher order in 1/M to

understand the situation for SU(2) better.

A recent exact-diagonalization study of the random t-Jmodel with SU(2) spin symmetry160 com-

puted the spin spectral density and found that itmatched the spectral density similar to Fig. 3.10a over

a wide range of frequencies near the critical doping where the spin-glass order vanished (spin-glass or-

der is present at M = 2 for low doping). The numerics show ρQ(ω) ∼ sgn(ω) [c0 − c1|ω|+ . . .]

at small ω, consistent with the numerical results in Table 3.9 where the h1 contribution is small. It is
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quite remarkable and encouraging that this numerical result at the physical valuesM = 2 andM′ = 1

matches well with the largeM,M′ (with k = M′/M fixed) theory considered in the present paper.
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4
Maximal quantum chaos of the critical

Fermi surface

The study of relaxational and thermalization phenomena in quantum many body systems has long

relied on the quasiparticle decomposition of many body states, and the collisions of quasiparticles de-

scribed by the Boltzmann equation and its generalizations. However, this powerful method is not

reliable when we address similar phenomena in non-Fermi liquids without any quasiparticle excita-
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tions. General arguments have been presented that such dissipative phenomena cannot occur at a rate

which is parametrically larger than kBT/ℏ as the absolute temperature T → 0 (so such a rate can-

not vanish as Ta, with an exponent a < 1), and systems without quasiparticles have a rate of order

kBT/ℏ84,29,152,20,185,71.

New insights into such issues have emerged from recent advances in the study ofmany-body quan-

tum chaos and out-of-time-order correlators (OTOCs), for which the bounds on dissipative rates

can be made precise. Inspired by holographic connections to the quantum dynamics of black holes,

Maldacena, Shenker and Stanford120 established that the Lyapunov exponent, λL, characterizing the

temporal growth of theOTOCmust be smaller than 2πkBT/ℏ. We can expect that any systemwhich

is close to this bound as T → 0 cannot have a quasiparticle description, and this conclusion is sup-

ported by computations on the Sachdev-Ye-Kitaev (SYK)model121,104. Although difficult tomeasure

in experiments, OTOCs have therefore emerged as an alternative to the Boltzmann equation, and are

a valuable diagnostic of the physics of non-quasiparticle systems.

In this paper, we address the OTOC of a class of non-Fermi liquids most relevant to correlated

electron systems115. We consider a Fermi surface coupled to a U(1) gauge field in two spatial dimen-

sions, but our theory also applies to Fermi surfaces coupled to other critical bosons, as are realized

near symmetry-breaking quantum phase transitions in metals with a zero momentum order param-

eter. The OTOC of such a system was addressed in previous work145 in an uncontrolled analysis: it

was found that λL = αkBT/ℏ as T → 0 with the constant α < 2π. The present paper will present

new results on this model which build on two recent developments:

(i) Gu and Kitaev (GK)77 have shed new light on the structure of OTOCs in spatially extended sys-

tems. They established a ladder identity which shows that there is an additional contribution to the

OTOC that arises from a pole at imaginary momentum, in the complex momentum plane. Provided

the chaos butterfly velocity, vB, is large enough, the pole contribution dominates at large spatial dis-

tances, and the resulting growth of the OTOCwith time has exponent λL exactly equal to 2πkBT/ℏ.
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(ii) A systematic approach to the study of the two-dimensional non-Fermi liquid state has been pro-

posed49,4. This approach obtains the non-Fermi liquid as the largeN saddle-point of a path integral

over bilocal Green’s functions and self energies. The new idea here is to study an ensemble of theo-

ries with different random couplings (but without spatial randomness), under the hypothesis that all

of them flow to the same universal fixed point theory at low energies. Such a largeN saddle-point is

ideally suited to develop a systematic computation of the OTOC, along the lines of computations on

the SYKmodel.

In our largeN analysis of the two-dimensional non-Fermi liquid, we find that the butterfly velocity

does indeed satisfy the needed inequality of GK. This leads to our main result: that the Lyapunov

exponent of this system equals the maximal value of 2πT (ℏ = kB = 1 henceforth).

4.1 The model

Our results are obtained within the ‘patch’ theory of the two-dimensional non-Fermi liquid114,128,

which describes the low energy properties of the Fermi surface without quasiparticles. Each point

on the Fermi surface is characterized by a Fermi velocity vF, and Fermi surface curvature κ/vF. We

introduce fermion fields ψ±,j (j = 1 . . .N) defined in patches (±) near antipodal points, using the

coordinate system shown in Fig. 4.1. The dispersion of the fermions in this co-ordinate system is

εk = ±vFkx + (κ/2)k2y , and we will henceforth use length scales in which vF = 1 and κ = 2. These

fermions are coupled to bosons φl (l = 1 . . .M), which is the transverse component of the gauge

field, or a symmetry breaking order parameter. The universal properties of the critical Fermi surface
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Figure 4.1: Antipodal patches± on the Fermi surface.

in this patch theory are then described by the Lagrangian density

L =
∑
r=±

N∑
j=1

ψ†r,j(∂τ − ir∂x − ∂2
y )ψr,j

+
∑
r=±

M∑
l=1

N∑
ij=1

gijl
N

rsψ†r,iψr,jφl +
1
2

M∑
i=1

(∂yφi)
2 . (4.1)

Here s = 0 for the nematic order parameter, and s = 1 for the gauge field; the value of s will not be

important for any results here. The large N limit49 is taken at fixed M/N, and for an ensemble of

theories with spatially uniform (but flavor random) Yukawa couplings gijl which have zero mean and

root mean square value g (|gijl|2 = g2). The scaling limit of the boson (D(k)) and fermion (Gr(k))

Green’s functions can be computed exactly in the largeN limit (k = (k, k0) = (kx, ky, k0), where k0

is an imaginary Matsubara frequency)

D(k) =
|ky|

|ky|3 + cb|k0|+m2 ,

[Gr(k)]−1 = rkx + k2y − iμ(T)sgn(k0) (4.2)

− icfsgn(k0)T2/3H1/3

(
|k0| − πTsgn(k0)

2πT

)
,
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where H1/3(z) = ζ(1/3) − ζ(1/3, z + 1) the analytically continued harmonic number function of

order 1/3, and cf and cb are coupling dependent constants:

cf =
M
N

24/3g4/3

33/2
, cb =

g2

4π
. (4.3)

We have also introduced a finite but small massm2 in the boson Green’s function as an infrared reg-

ulator, and μ(T) = g2T/(3
√
3m2/3). We will eventually take them → 0 limit, and obtain a finite

answer for theOTOC.To solve for theOTOCwe use retarded andWightmanGreen’s functions, the

forms of which we discuss in the Supplementary Information. For simplicity, we will also henceforth

consider only the + patch on the Fermi surface and drop the patch indices *: in the Supplementary

Information, we show that the interactions between antipodal patches do not change the behavior of

the OTOC.

4.2 The OTOC

We will be interested in the OTOC contianed within the squared anticommutator of fermionic op-

erators

Cx(t, 0) =
1
N2 θ(t)

N∑
i,j=1

Tr
[
e−βH/2{ψi(x, t), ψ

†
j (0)} e−βH/2{ψi(x, t), ψ

†
j (0)}†

]
, (4.4)

The function in (4.4) contains the OTOC ⟨ψi(x, t)ψ
†
j (0)ψ

†
i (x, t)ψj(0)⟩ (up to insertions of e

−βH/2),

which describes chaos in the system and grows exponentially as∼ eλLt+ . . . . We are interested in the

spatial structure of (4.4) in the long time limit at large |x|. After Fourier transforming the spatial argu-

ments tomomentum space, and considering 4 distinct times for the fermion operators (see Fig. C.1 in

*For the theory with only one patch, the values of cf, cb are given by cf = (M/N)25/3g4/3/33/2 and cb =
g2/(8π).
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the Supplementary Information), we generalize the construction of Kitaev and Suh104 to argue that

the early time OTOC can be written using a single mode ansatz

OTOCp(t1, t2, t3, t4; k, k′) ≃
eλL(p)(t1+t2−t3−t4)/2

C(p)
ΥR

p (t12, k)ΥA
p (t34, k

′). (4.5)

Here the Υ’s are vertex functions which only modify the overall magnitude of the OTOC. It was

later shown by GK that the behavior of C(p) is important for determining λL. As we review in the

Supplementary Information, C(p) has the important factor

C(p) ∼ cos
λL(p)
4T

. (4.6)

which vanishes at the maximal value of λL(p) = 2πT. The resulting pole in (4.5) will ultimately be

responsible for the maximal chaos in the non-Fermi liquid.

Now we can transform back to position space and obtain

OTOCx(t1, t2, t3, t4) ∼
u(x, t)
N

∫
k,k′
ΥR

p (t12, k)ΥA
p (t34, k

′) ,

where t = (t1 + t2 − t3 − t4)/2 and

u(x, t) ∼
∫
p

eλL(p)t+ip·x

cos(λL(p)/(4T))
. (4.7)

In the previous work145, the chaos exponent was identified with λL(0). GK performed a careful eval-

uation of the integral in (4.7) in one spatial dimension, and gave conditions under which it was dom-

inated by the saddle point (λ′L(p = ps)t+ ix = 0) or the pole (λL(p = p1) = 2πT). Both the saddle

point and the pole appear for purely imaginary values of momenta, with p = i|p|. When |ps| > |p1|,

GK showed that the pole dominates, leading to a region of spacetime in whichmaximal chaos occurs.
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Figure 4.2: The Bethe‐Salpeter equation for C(k0, ω, i|px|), which is exact at largeN. Solid lines are fermion propaga‐
tors, wavy lines are boson propagators and dashed lines are averaging over the flavor random couplings. The horizontal
lines represent the retarded Green’s functions and vertical lines are Wightman propagators.

Conversely, when |ps| < |p1|, the saddle point dominates, and there is no maximal chaos.

At first sight, it is not clearwhether this one-dimensional analysis canbe extended to the anisotropic

two-dimensional non-Fermi liquid theory in (4.1). However, the theory in (4.1) has a ‘sliding symme-

try’128, which implies that λL is a function only of px + p2y . This reduces the momentum integral in

(4.7) to effectively a one-dimensional integral, and we can replace p · r by pxx and directly apply the

results of GK.

4.3 The Lyapunov exponent

The remaining missing ingredient in determining whether the saddle point or the pole dominates for

the critical Fermi surface is a knowledge of λL(p) for imaginary p. For this we need to solve the Bethe-

Salpeter equation for the squared anticommutator C in Fig. 4.2, with an imaginary external momen-

tum. This leads to the following eigenvalue equation, extending the previously obtained equation145

to an imaginary external momentum px = i|px|

[
cfT2/3

(
H1/3

(
−ik0 − πT

2πT

)
+H1/3

(
−i(ω− k0)− πT

2πT

))
− |px|+ 2μ(T)

]
C(k0, ω, i|px|)

= g2
M
N

∫ dk′0dk′y
(2π)2

cb(k0 − k′0)|k′y|
(|k′y|3 +m2)2 + c2b(k0 − k′0)2

C(k′0, ω, i|px|)
sinh k0−k′0

2T

+
g4/34π4/3

3
√
3

M
N

∫
dk′0dk01
(2π)2

(ik01 + (−ik01)2/3(i(k01 − ω)))
k01(i(k01 − ω))1/3(2k01 − ω)

C(k′0, ω, i|px|)
cosh k0−k01

2T cosh k′0−k01
2T

. (4.8)

We note that the factors ofM/N on the RHS of (4.8) cancel with those in the definition of cf in

108



them → 0 limit, up to a rescaling of px → (N/M)px. Therefore, consideringM ̸= Nwill not affect

any of our conclusions, and we will henceforth considerM = N for simplicity.

4.4 Maximal chaos

Upon solving the eigenvalue equation (4.8), we obtain the Lyapunov exponent as a function of the

external imaginarymomentum px = i|px|. FromFig. 4.3, the values of the pole (p1 = i|p1|) and saddle

point (ps = i|ps|) momenta can be obtained. The pole follows from λL(p = p1) = 2πT, whereas

for the saddle point, one needs to consider an additional condition, since the saddle point equation

λ′L(p = ps)t+ ix = 0 does not define the value of |ps|. This condition follows from the fact that the

ansatz (4.7) is valid only in the regime where initial correlations and non-linear effects can be ignored,

which is when OTOCx(t1, t2, t3, t4) ≫ 1/N, and therefore u(x, t) ∼ 1. This gives the condition on

the saddle point value λL(p = ps)t + ipsx = 077. Combining this equation with the saddle point

equation, we can then obtain |ps| from the graphical solution of λ′L(p = ps) = λL(p = ps)/|ps|.

As shown in Fig. 4.3, |p1| is significantly smaller than |ps|. Specifically, we find |p1| ≃ 0.65 g4/3T2/3

and |ps| ≃ 1.04 g4/3T2/3 > |p1|, which confirms the dominance of the pole contribution according

to GK. The chaos wavefront therefore travels with a butterfly velocity vB = 2πT/|p1| set by the pole

contribution. We note that λL(px) does not depend upon the coupling g, as g can be removed by

rescaling the external momentum px → px/g4/3. With no other dimensionful parameters in (4.8),

this also implies that λL is proportional to temperature.

4.5 Phenomenological models

We extend our analysis to non-Fermi liquids with dynamical critical exponent 2 < z ≤ 3, in which

quasiparticle excitations are still absent, and compute the Lyapunov exponents. For those theories,
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|ps|
Figure 4.3: Plot of the Lyapunov exponent λL/T as a function of |px|. |px| is presented in units of g4/3T2/3. We find
|p1| ≃ 0.65 g4/3T2/3 and |ps| ≃ 1.04 g4/3T2/3. Since |ps| > |p1|, the butterfly velocity is given by vB =
2πT/|p1| ≃ 9.67g−4/3T1/3 (slope of the black solid line). We also find the value of the velocity at the saddle point
vs = 9.01 g−4/3T1/3 (slope of the blue solid line). As expected from previous work145, we find λL(0) = 2.48T.

the boson Green’s function has the form49

D(k) =
|ky|

|ky|z + cb|k0|+m2 ,

and the fermion self energy scales as Σ ∼ isgn(k0)|k0|2/z (z = 3 for the original theory discussed

earlier). Since |Σ| ≫ |k0|, quasiparticle excitations are notwell defined in termsof the fermion spectral

function.

The form of the eigenvalue equation for the OTOC changes slightly, and is discussed in the Sup-

plementary Information. As we show in the Fig. 4.4, for each of these theories the butterfly velocity

is also given by vB = 2πT/|p1|, and the Lyapunov exponent is maximal. To show this, we first solve

the eigenvalue equations up to the pole momentum p1. We then compare the instantaneous slope at

p1, which we call v∗, and the velocity v1 = 2πT/|p1|. For each plot we obtain v1 > v∗. Since each of

the curves in Fig. 4.4 is a positive, monotonically increasing, and convex function, this implies that
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Figure 4.4: Main plot: resulting plots of the Lyapunov exponent λL/T as a function of |px|, for different values of the
dynamical critical exponent 2 < z ≤ 3. The slopes of the black dashed lines are the butterfly velocities vB. Inset:
difference between v1 = vB and the instantaneous slopes at px = p1 (i.e. v∗). The difference is always positive, i.e.
λL(i|p1|)/|p1| > λ′L(i|p1|), which shows that the value of |ps|, where λL(i|ps|)/|ps| = λ′L(i|ps|), must be larger than
|p1|, leading to maximal chaos according to GK.

|ps| > |p1|, and the pole contribution therefore dominates with maximal chaos just like in the z = 3

case. We can further find the behavior of the exponent in the Fermi liquid case of 1 < z < 2, in which

quasiparticles are present. In this regime, |Σ| ∼ |k0|2/z ≪ |k0|, and therefore the quasiparticle peak

in the fermion spectral function is well defined. Similar to the discussion above, we can compute the

Lyapunov exponent as a function of external momentum on imaginary axis and explicitly find |ps|

and |p1|. For a particular case of z = 3/2 †, we find that the saddle point dominates as |ps| ≃ 4.32 ,

which is smaller than |p1| ≃ 7.84. The resulting butterfly velocity in this case is vB ≃ 0.8 vF, where

vF = 1 is the Fermi velocity. This result is expected from a general point of view: for a free fermion

theory the exponent is a simply linear function of the external momentum λL(i|px|) = |px| leading to

the saddle point contribution at |ps| = 0. We therefore expect that for any theory with quasiparticles,

the pole contribution is negligible compared to a saddle point contribution, and the maximal chaos is

†The numerical values of |ps| and |p1| are provided for chosen parameters g = 0.5, Λ = 50, T = 1, and
z = 3/2. See Supplementary Information for more details.
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x

t

t = x/vB

t = x/vB + tscr
t = x/v∗

R

Figure 4.5: (Adapted from GK) Maximal chaos is present in the spacetime region denoted byR, which is bounded by
the three solid lines. Here v∗ = λ′L(i|p1|), and tscr ∼ lnN. As z is reduced from 3 to 2, v∗ approaches vB = v1 from
below (Fig. 4.4), and the size of the maximally chaotic regionR is therefore squeezed to zero by the falling slope of the
black line as z → 2. For z < 2, there is consequently no maximally chaotic region.

no longer present (Supplementary Information).

4.6 Discussion

It is quite remarkable that the generic low energy theory of Fermi surfaces without quasiparticles in

two spatial dimensions displays maximal chaos in the largeN limit. Other spatially extended models

connected to the SYKmodel (e.g.80,98), and certain conformal field theories177,83,82, have been shown

to display maximal chaos, but none of them have spatially dependent Green’s functions and live in

more than one spatial dimension. It is also remarkable that the critical Fermi surface displays maxi-

mal chaos without the presence of conformal symmetry, which also sets it apart from the previously

mentioned examples that have conformal symmetry.

We believe that the maximal chaos of the Fermi surface is linked to the local nature of the singu-

lar self energy of the fermion at largeN i.e. the self energy is frequency dependent, but independent

of momentum, a feature the Fermi surface theory shares with the SYK model (along with the local

frequency-only dependence of the fermion pairing vertex49). There are small contributions to the

fermion anomalous dimension at 3-loop order128, which are expected to make the self energy non-

local, and it remains to be seen if such effects could reduce the maximal Lyapunov exponent. How-

ever, since |ps| − |p1| is O(1) at large N (Fig. 4.3), we expect that the small O(1/N) corrections to
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this quantity will not immediately be able to change its sign and thus reduce the maximal Lyapunov

exponent.

We also examined a phenomenological model of a critical Fermi surface with dynamic critical ex-

ponent z ≤ 3; quasiparticles re-emerge in such a model for z < 2. We found that the maximal chaos

was retained for precisely the regime where quasiparticles are absent, 2 < z ≤ 3, although the size

of the spacetime region for which it occurs shrinks to zero as z → 2 (Fig. 4.5). It is also remarkable

that the acceleration of chaos to the maximal rate by the butterfly effect is tied to the destruction of

quasiparticles in this model. When quasiparticles are present, we found that the saddle-point con-

tribution dominated with λL ∼ T2/z ≪ T, which is parametrically smaller than the maximal rate

(Appendix C).
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5
Critical metallic phase in the overdoped

random t− Jmodel

5.1 Introduction

Recent experimental works have highlighted certain fundamental properties of cuprate superconduc-

tors and their complex and rich phase diagrams. One of the key aspects is a transformation in the
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normal state near an optimal doping p = pc 148,130,13,28 indicatedmost recently by thermal-Hall trans-

port measurements148,13 and by photoemission experiments28. While much attention has focused

on the anomalous properties of the underdoped regime (p < pc), it is often assumed that the over-

doped regime (p > pc) is a conventional Fermi liquid, and thus the latter has not attracted as much

attention. However, careful experimental studies have reported significant strange-metal anomalies in

transport properties also on the overdoped side34,70,11. These observations indicate the presence of a

non-Fermi-liquidmetal in an extendeddoping region aboveoptimal doping. On theunderdoped side,

recent experiments have established that there is a spin glass phase138,55 in the La-based compounds.

Concordant with these observations, we present here a theoretical model with an extended non-

Fermi-liquid phase at large dopings, and a spin-glass phase at low doping.

Models with random interactions on a fully connected lattice in the Sachdev-Ye-Kitaev class156,105

yield a systematic route to studying non-Fermi liquids: the exact solutions of suchmodels serve as dy-

namicmean-field theories ofmore realisticmicroscopicmodels85,86,29. In this paperwe report numer-

ical and analytic solutions of a t-Jmodel (Eq. (5.1)) with random and all-to-all hopping and exchange

interactions across a wide range of doping. The model has a global SU(M) spin rotation symmetry,

and we study a particular SYK-like largeM limit with fermionic spinons. A previous study92 found

possible critical solutions of non-Fermi liquid metals by an analytic study of the low energy limit of

the saddle point equations of this largeM limit. From renormalization group arguments it appeared

that these possible critical solutions only described a critical point or a small range of intermediate

doping, and that a Fermi liquid solution would appear in the overdoped regime.

The present paper will present a full numerical solution of these largeM saddle point equations

for a wide range of doping. The solutions are obtained on both the real and imaginary frequency axes,

with mutually consistent results. We also supplement the numerical results with asymptotic analytic

analyses. Our main results are that the Fermi liquid is never the solution of the large-M saddle-point

equations, and that one of the low energy critical solutions obtained earlier92 extends to an all-energy
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Figure 5.1: (A) Phase diagram as a function of doping p and temperture T obtained from numerically solving the
fermionic spinon largeM saddle‐point equations of the random t‐J model in Eq. (5.1) for t = J = 1. The red cir‐
cles are critical doping value (pc(T)) at a given temperature, obtained by looking at the spin‐glass instability in the
non‐Fermi‐liquid solution. The uncertainty for each pc is within 0.003. The critical doping at T = 0 is obtained by di‐
rectly solving the saddle‐point equations on the real‐frequency axis. (B) Properties of the T = 0 states. The low‐doping
spin‐glass phase and large‐doping critical‐metal phase are separated by a quantum critical point at pc. The critical metal
has doping‐dependent exponents Δf,b, and a linear‐T resistivity.
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solution of the large-M equations in the entire overdoped regime. We further show that there is a

phase transition to a low-doping spin-glass phase and construct a phase diagram (see Fig. 5.1).

Notable features of the novel critical non-Fermi liquid phase in Fig. 5.1 are

(i) spin correlations decay with an exponent which varies continuously with doping (unlike a Fermi

liquid),

(ii) the electron correlators have the∼ 1/τ decay with imaginary time (as in a Fermi liquid), but with

a pronounced particle-hole asymmetry (which is weak in a Fermi liquid), and

(iii) themechanismofRef.81 applies across the entire overdoped critical phase, and the resistivity has a

linear-T contribution asT → 0 at all dopings in this phase (unlike theT2 resistivity in a Fermi liquid).

We also note here that there is a distinct large M limit of the random t-J model139 which yields

a Fermi liquid ground state at all non-zero doping. We will discuss the relation to this limit in Sec-

tion 5.5.

The plan of the paper is as follows. In Section 5.2 we introduce the model and discuss its gen-

eral properties. In Section 5.3 we consider the critical solutions of the model introduced in Eq. (5.1),

and show that there is a critical solution with doping-dependent exponents in the overdoped region.

We then solve this model at zero temperature (Section 2.5.3.1), as well as finite temperature (Sec-

tion 2.5.3.2), and show that it has an instability to a spin-glass phase. The results for spectral functions

in the spin-glass phase are presented in Section 5.4 using an alternative bosonic spinon largeM limit.

In both phases we report physical observables such as electron and spin spectral densities at both zero

and finite temperatures. We conclude with a discussion and implication of our results in Section 5.5.

Technical details and additional results are presented in the appendices.
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5.2 Model

We consider a model of electrons with random and all-to-all hopping and exchange interaction with

double occupancy being prohibited. This is the random t-Jmodel which considers doping a random

Heisenberg magnet156. It is in the class of SYK models156,105 and is suitable for studying metallic

phases obtained upon doping a Mott insulator. The Hamiltonian is

H =
1√
N

N∑
i ̸=j=1

tijc†iαcjα +
1√
N

N∑
i<j=1

Jij⃗Si · S⃗j − μ
∑
i
c†iαciα , (5.1)

with the constraint,
∑

α c
†
iαciα ≤ 1, since double occupancy is not allowed. In the aboveHamiltonian,

cα is the electron annihilation operator with α =↑ , ↓, the spin operator is Sai = c†iασaαβciβ/2, and μ is

the chemical potential. The complex hoppings tij and real exchange interactions Jij are independent

random numbers with zero mean and mean-square values t2 and J2 respectively.

Note that one could also consider a t-J model with non-random nearest-neighbor hopping and

nearest-neighbor random exchange interactions on a large dimensional lattice. The on-site dynamical

mean-field equations for such a model are the same as those obtained for the model in Eq. (5.1). It

also allows for a definition of transport quantities such as resistivity.

We will consider the problem at finite hole doping (p). This was recently studied both analyti-

cally92,175 and numerically160,46. In particular, a deconfined critical point scenario was proposed in

Ref.92 to describe a quantum phase transition between a spin-glass phase at low doping with carrier

density p and a Fermi-liquid phase at large doping with carrier density 1 + p. The deconfined criti-

cal point proposed therein had the property that the local spin susceptibility was marginal as in the

SYK models156,105. This was based on renormalization group arguments. However, a large-M anal-

ysis92 led to two types of critical metallic solutions. One of the critical solutions corresponds to the

deconfined critical point (although it is a phase in large-M limit), while the other was believed to be
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suppressed in favor of a Fermi-liquid phase.

In this work we find that, in fact, the second critical solution is stable, and a Fermi-liquid phase is

never achievedwithin a large-M approach at the saddle-point level. This critical phase has the property

thatwhile the exponent of the spin correlation continuously varieswith doping, the linear-T resistivity

is present over the entire overdoped phase. This makes it an attractive candidate for the overdoped

phase of cuprate in the light of recent experiments34,11. In the underdoped region, below a critical

doping pc, we find a spin-glass phase. Thus, the critical metal at large doping and spin-glass phase at

small doping are separated by a quantum critical point at a finite doping pc, as shown in Fig. 5.1.

As a result of the double-occupancy constraint each site has three states, namely empty (|0⟩) and

singly-occupied (|↑⟩ and |↓⟩) states. These can be conveniently described using holon and spinon

operators. The electron is thus fractionalized into holon and spinons. The critical metallic solutions

in the overdoped region has gapless and critical fermionic spinons and bosonic holons (Section 5.3),

while the underdoped spin-glass phase will be described by a fermionic holon and bosonic spinons

(Section 5.4).

5.3 Critical non-Fermi-liquid metal phase

In this section, we show that our model in Eq. (5.1) admits a critical metallic solution. This phase is

described by fermionic spinon (fα) and bosonic holon (b) operators. The electron and spin operators

can be then written in terms of these fractional particles as

ciα = b†fiα , Sai = f†iα
σaαβ
2
fiβ , (5.2)

with the constraint, f†iαfiα + b†i bi = 1. This theory realizes a SU(1|2) superalgebra. The strategy

to solve the model in Eq. (5.1) is to generalize to a larger symmetry. The spin index on the spinon

operator (fα) is generalized to α = 1, . . . ,M and there is an additional orbital index for holon (bℓ)
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such that ℓ = 1, . . . ,M′. This theory realizes a SU(M′|M) superalgebra. In this larger symmetry the

electron and spin operators take the form,

cℓα = b†ℓfiα , Sa = f†αTa
αβfβ , (5.3)

where the matrices Ta obey SU(M) algebra. The constraint now takes the general form,

f†αfα + b†ℓbℓ = κM . (5.4)

The idea is to take a large-M′,M limit such that k = M′/M is finite. This largeM limit is taken after

we have performed a disorder average, and taken the large-volume limit. Note that this largeM limit

is distinct from the largeM limit in Ref.139, which hadM′ = 1; the latter limit leads to a Fermi liquid

phase at T = 0 at all non-zero doping.

A detailed analysis of our largeM limit can be found in Refs.92,175 and here we simply recall the

saddle-point equations derived therein, which are

Gb(iωn) =
1

iωn + μb − Σb(iωn)
, (5.5)

Σb(τ) = −t2Gf(τ)Gf(−τ)Gb(τ), (5.6)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
, (5.7)

Σf(τ) = −J2Gf(τ)2Gf(−τ) + kt2Gf(τ)Gb(τ)Gb(−τ), (5.8)

where Gb and Gf are the boson and fermion Green’s function respectively, while Σb and Σf are the

boson and fermion self energies respectively. Here τ is the imaginary time and ωn are the Matsubara
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frequencies. The chemical potentials μf and μb are chosen to satisfy

〈
f†f
〉
= κ − kp ,

〈
b†b
〉
= p .

We will restrict our attention to the physical case, κ = 1/2 and k = 1/2. In terms of the holon and

spinon Green’s functions, the electron Green’s functions and the spin correlator are,

Gc(τ) = −⟨Tτcα(τ)c†(0)⟩ = −Gf(τ)Gb(−τ) (5.9)

χ(τ) = ⟨⃗S(τ) · S⃗(0)⟩ = −Gf(τ)Gf(−τ) . (5.10)

Similar equations have been obtained by a dynamic mean field theory of a non-random t-Jmodel on

the square lattice using a ‘non-crossing’ approximation, and studied numerically85,86.

To solve the saddle-point equations on the imaginary-frequency axis, it is convenient to define

βr = −Gb(iωn = 0) . (5.11)

Then we can eliminate μb and obtain the following set of equations to solve

Gb(iωn) =
1

iωn − 1/(βr)− Σb(iωn) + Σb(iωn = 0)
(5.12)

Σb(τ) = −t2Gf(τ)Gf(−τ)Gb(τ) (5.13)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
(5.14)

Σf(τ) = −J2Gf(τ)2Gf(−τ) + kt2Gf(τ)Gb(τ)Gb(−τ) (5.15)

− Gb(τ = 0−) = p (5.16)

Gf(τ = 0−) = κ − kp (5.17)
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Thus we have 6 equations to solve for the 6 variables r, μf, Gf, Gb, Σf, Σb. Note that Eq. (5.12) holds

for all ωn.

5.3.1 Real-frequency solution at zero temperature

In this section we discuss the solutions of the saddle-point equations on the real-frequency axis at

T = 0. The details of real-frequency equations corresponding to Eqs. (5.12)-(5.17) can be found in

SIAppendixD.1. We look for a low-frequency conformal solution for the fermion and bosonGreen’s

functions with the following form:

Ga(iωn) = −iCa

e−iθa

−eiθa

 1
|ω|1−2Δa

, (5.18)

where the subscript a = f, b corresponds to the fermion and boson Green’s function respectively. In

the above ansatz, Ca is a constant, θa is an asymmetry parameter, and Δa is the exponent determin-

ing the critical solution. Below we shall discuss the relation between these parameters and different

possible solutions. The vector notation is introduced to denote the positive and negative frequency

parts of the solution. Using this form of the Green’s function it is then straightforward to write the

corresponding spectral densities,

ρa(ω) = − 1
π
Im[Ga(iωn = ω+ i0+)]

=
Ca

π

sin(πΔa + θa)

sin(πΔa − θa)

 1
|ω|1−2Δa

. (5.19)

The exponents of the fermion and boson Green’s functions satisfy the constraint Δf + Δb = 1/2.

The ansataz considered in Eq. (5.18) admits three types of solutions92:
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(i) Δf = Δb = 1/4: This is the solution that leads to a marginal spin correlation, i.e., a 1/τ decay

as in the SY spin liquid156 found in the insulating case. In Ref.175 it was shown that such a solution

exists only in a very small doping range near p = 0. This is also the solution that corresponds to the

deconfined critical point discussed in Ref.92. We will not discuss this solution any further here, be-

cause we believe the actual ground state at very low doping is a spin glass.

(ii) Δb = 0 ,Δf = 1/2: Such a solution would be the analog of the Fermi liquid solution found in

the large M limit of Ref.139. However, it turns out that such a solution is not a valid solution of

the saddle-point equations of the largeM limit considered here. We provide more details in SI Ap-

pendix D.1.2 in this regard.

(iii) 1/4 < Δf < 1/2: Here the J term in the fermion self-energy in Eq. (5.15) is sub-dominant at

low energies, although it does have contributions at higher energies. This solution results in doping-

dependent exponents. Aswe shall see below,wefind this solution tobepresent for all values of doping,

and it will be a valid solution in the overdoped region. Our subsequent analyses in this section will

focus on this solution.

We now briefly discuss our strategy to find the solution (iii) and more details can be found in SI Ap-

pendix D.1. The conformal solution ansataz introduced in Eq. (5.18) satisfies two Luttinger con-

straints92,175,

θf
π
+

(
1
2
− Δf

) sin
(
2θf
)

sin
(
2πΔf

) =
1
2
− κ + kp ,

θb
π
+

(
1
2
− Δb

)
sin(2θb)
sin(2πΔb)

=
1
2
+ p . (5.20)
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For solution (iii) the constants Cf and Cb can not be determined individually but their product is a

constant. This leads to another constraint involving θ′s and Δ′s as shown in Ref.92,

k = −
Γ(2− 2Δf)Γ(2Δf) sin

(
πΔf + θf

)
sin
(
πΔf − θf

)
Γ(2− 2Δb)Γ(2Δb) sin(πΔb + θb) sin(πΔb − θb)

, (5.21)

where k = 1/2 in our case. Together with the constraint Δf + Δb = 1/2 and Eqs. (5.20)-(5.21),

there are four equations to solve for four variables, namely Δf, Δb, θf, and θb, at a fixed doping p.

Solving these equations gives us these parameters as a function of doping, as shown in Fig. 5.2 and

Fig. D.3. Determination of the constantsCf andCb requires full solution of the saddle point equation

at all frequencies, and the resulting values are shown in Fig. D.3. Of particular interest is the doping

dependence of Δb, shown in Fig. 5.2.

In the large-M limit, from Eq. (5.10) it is clear that the anomalous dimension of the electron op-

erator is ηc = 2(Δf + Δb) = 1 and that of the spin operator is ηS = 4Δf = 2 − 4Δb. Therefore,

from Eq. (5.10), as a function of the imaginary time the electron Green’s function and the local spin

correlation have the form,

Gc(τ) ∼
1
τ
, χ(τ) ∼ 1

τ2−4Δb
. (5.22)

Thus we find that although the electron Green’s function is Fermi-liquid like the spin correlation

is not. Therefore the solution we have found is a critical metallic phase with a doping-dependent

exponent of the spin correlation. Only in the limit p → 1 we have Δb → 0, leading to a Fermi-liquid

like spin correction with a 1/τ2 decay.

Having established the presence of solution (iii), we now solve the saddle-point equations on the

real-frequency axis numerically to obtain the full ω dependence of the boson and fermion spectral

densities. Using these we can also obtain the electron and spin spectral densities. Fig. D.1 shows the

full ω-dependent solution for the fermion and boson spectral densities, while in Fig. 5.3 we plot the

electron and spin spectral densities. The boson and fermion spectral densities have the form ρa(ω) ∼
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ω2Δa−1 with a = f, b. Since Δa < 1/2, we plot the rescaled spectral densities in Fig. D.1. Note that

the fermion and boson spectral densities are not observable quantities. However, the electron and

spin spectral densities are observable in photoemission and neutron scattering experiments. These are

defined as follows:

ρc = − 1
π
Im[Gc(iω → ω+ i0+)] (5.23)

ρs =
1
π
Im[χ(iω → ω+ i0+)] =

1
π
χ′′(ω) . (5.24)

In SI Appendix D.1 we present more details on evaluating these spectral densities.

As noted above, themost striking feature of our solution is a continuously varying spin-correlation

exponent. This is clearly seen in Fig. 5.2A which shows the exponent of the spin correlator χ(τ) ∼

1/|τ|ηs where ηs = 4Δf, and in Fig. 5.3B, where χ′′(ω) ∼ sgn(ω)|ω|4Δf−1 at low frequencies. Only in

the limit p → 1, we see a Fermi-liquid like behavior, χ′′(ω) ∼ ω, as Δf → 1/2. The electron spectral

density is a constant in the low-frequency limit with different values for ω → 0+ and ω → 0− (see

Fig. 5.3A), thus resulting in a discontinuity at ω = 0. It clearly displays a particle-hole asymmetry

throughout this phase, which is relevant in the context of understanding themeasurement of Seebeck

coefficient in recent experiments69,61.

As for the SYK model29, the conformal solutions to Eqs. (5.5)-(5.8) have time reparameterization

symmetry when the self-energies are singular so that Gf,b(iωn)Σf,b(iωn) ≃ −1. Ref.81 discussed a

mechanism relating the time reparameterization symmetry to a linear-T contribution to the resistivity,

and the same mechanism applies to the cases (i) and (iii) above. Briefly, to obtain a model with spatial

structure, we consider the t-J model on a large dimension lattice with non-random tij but random

nearest-neighbor Jij. In the limit of large dimension, the self-energies become local, and the Green’s

functions and self-energies obey equations closely related to Eqs. (5.5)-(5.8). The conductivity in

this large dimension model is given by the Kubo formula applied at one loop to the electron Green’s
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Figure 5.2: (A) We plot the doping dependence of the exponent ηs of the spin correlation χ(τ) ∼ 1/|τ|ηs . We compute
ηs = 2 − 4Δb in two independent ways, one by solving the Luttinger relations and the zero‐frequency saddle point
equations at T = 0 as explained in the text (black curve) and by computing ηs from the value of Δb obtained from the
imaginary‐frequency numerics (red curve), as discussed in Section 2.5.3.2. We find the two results in good agreement.
At p = 0 we obtain ηs = 4/3, with ηs increasing monotonically with increasing doping such that ηs → 2 as p → 1.
(B) We plot the doping dependence of Δb as obtained independently from the luttinger relations and T = 0 zero‐
frequency saddle point equations and from solving the imaginary frequency saddle point equations. We find at p = 0
Δb = 1/6 and Δb → 0 as p → 1. Consequently, this means Δf = 1/3 at p = 0 and Δf → 1/2 as p → 1.

function. The identity Δf + Δb = 1/2 implies that Gc ∼ 1/τ, and inserting this leading scaling

behavior into the Kubo formula leads to a T-independent residual resistivity. To obtain temperature

dependence, we consider the corrections to scaling from the time reparameterization operator, whose

scaling dimension h = 2 leads to corrections which depend linearly on T or ω. Applying such a

correction to the residual resistivity, we obtain a linear-in-T resistivity. The critical metal phase found

here is therefore an attractive candidate for the overdoped cuprates. We also note that our solution is

consistent with the findings of recent numerical work on a similar model46, as we will discuss further

in Section 5.5.
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Figure 5.3: Plot of the electron spectral density (left) and spin spectral density (right) obtained at t = J = 1. The
electron spectral density which discontinuously approaches two different constants ω = 0, leading to 1/τ decay of
the electron density in imaginary time. The spin spectral density goes as sgn(ω)|ω|4Δf−1 as ω → 0. Only for large p
do we have Δf approach 1/4, which implies a linear frequency dependence and 1/τ2 decay behavior in imaginary time
characteristic of a Fermi liquid.
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5.3.2 Imaginary-frequency solution

Wealsonumerically solveEqs. (5.12)-(5.17) on the imaginary-frequency axis at finite temperatures and

for different doping values. A critical metallic solution is found for all values of doping. We calculate

the partonGreen’s functions aswell as gauge-invariant observables, namely, electronGreen’s function

and spin correlation. These are shown in Fig. 5.4. The exponent of the bosonic Green’s function, Δb,

introduced in Eq. (5.18) can be determined from the temperature dependence ofGb(iω = 0). In the

low-temperature limit, the bosonic Green’s function of the critical metallic solution has a conformal

form at low frequencies, which follows the relation

Gb(iω = 0) = C0T−1+2Δb , (5.25)

where C0 is some constant and T is the temperature. In order to extract Δb from the data, we plot

log(Gb(iω = 0)) as a function of log(T) and perform a linear fit. The slope of this linear fit then

determines Δb. In Fig. 5.2 we plot Δb determined from this procedure as a function of doping. It is

in good agreement with the result obtained from analytic solution (shown as black curve in Fig. 5.2)

discussed in Section 2.5.3.1. The lowest temperature that we used for the procedure is T = 0.01.

In the SI Appendix D.2 we present additional results obtained from solving the saddle-point equa-

tions on the imaginary-frequency axis. In particular, we calculate the electron Green’s function and

the spin correlation, which are physical observables. We find that the spin correlation χ(τ) fits the

conformal form to a very high accuracy and this allows us to extract the corresponding exponent.

Moreover, using Pade approximation, we also perform a numerical analytic continuation to the real-

frequency axis toobtain the electron and spin spectral densities. These are discussed inSIAppendixD.2.3,

and are in remarkable agreementwith those obtained fromreal-frequency analysis at zero temperature.
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Figure 5.4: (A) Imaginary part of the electron Green’s function on the Matsubara‐frequency axis at T = 0.01 for
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5.3.3 Instability to spin-glass phase/quantum critical point

The critical metallic solution discussed above is expected to be stable at large doping values. In the

low doping region we expect a spin-glass phase, which is connected to the spin-glass phase found in

the insulating case32. The critical metallic phase and the spin-glass phase are separated by a quantum

critical point at a finite doping. The critical value of doping canbe estimatedusing aGinzburg-Landau

type free energy considered in Ref.32. It was derived by considering fluctuations over the saddle point

leading to a 1/M correction and it has a form,

F =

[
1− J2

M
χ2(iω = 0)

]
Ψ2 + . . . , (5.26)

where χ(iω = 0) =
∫ β
0 χ(τ)dτ is the local spin susceptiblity and Ψ is the spin-glass order parameter.

In the insulating p = 0 phase studied in Ref.32, it was found that χ(iω = 0) diverged logarithmically

at T = 0 because the spin exponent has the ‘marginal’ value ηs = 1. Consequently the co-efficient

of Ψ2 is always negative as T → 0, and spin glass order is present at T = 0. In our non-Fermi liquid

solution, ηs < 1, and so χ(iω = 0) is finite at T = 0: this allows the possibility of Ψ = 0 and no spin

glass order at T = 0. We find in the overdoped region the coefficient of the quadratic term is positive

and the free energy is thus minimized by Ψ = 0. On the other hand, in the underdoped region this

coefficient is negative leading to a non-zero spin-glass order parameter. A change in the sign of the

coefficient of Ψ2 at T = 0 thus indicates a quantum phase transition to a spin-glass phase and can be

used to estimate the critical value of doping. We plot this coefficient at zero temperature in Fig. 5.5A

as a function of doping for different values of J atM = 2. We clearly see that for larger values of J

there is a quantum phase transition at a finite doping. In particular, for J = 1 we find pc ≃ 0.33

and for J = 0.5 we get pc ≃ 0.25. Similarly, in Fig. 5.5B we plot the coefficient in Eq. (5.26) as a

function of doping for different values ofM at a fixed J = 1 at zero temperature. It is clear that for

large values of M there is no phase transition. We also plot the critical value of M as a function of

130



0.3 0.4 0.5 0.6 0.7 0.8

p

°1.00

°0.75

°0.50

°0.25

0.00

0.25

0.50

0.75

1.00
(1

°
J

2
¬

0 (
0)

2
/M

)

J = 0

J = .1

J = .2

J = .3

J = .4

J = .5

J = .6

J = .7

J = .8

J = .9

J = 10.3 0.4 0.5 0.6 0.7 0.8

p

°3.0

°2.5

°2.0

°1.5

°1.0

°0.5

0.0

0.5

1.0

(1
°

J
2
¬

0 (
0)

2
/M

)

M = 18

M = 14

M = 10

M = 6

M = 4

M = 3

M = 2

M = 1

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A <latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p
<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

Figure 5.5: Plots of the coefficient of the quadratic term in the free energy in Eq. (5.26) as a function of doping for (A)
different values of J with t = 1 andM = 2; (B) different values ofM with t = J = 1. In both plots, T = 0.

doping in Fig. 5.6 at zero temperature. We perform a similar analysis at finite temperature to obtain

the critical doping as a function of temperature (see Fig.D.8). The resulting phase diagram is shown in

Fig. 5.1A. The spin-glass susceptibility increases with decreasing temperature and thus the spin-glass

phase is found upon cooling the non-Fermi liquid at low doping. However, note that unlike in the

case of the randomHeisenberg model156,63 (where the solution (i) with Δf = Δb = 1/4 is present)

the spin-glass susceptibility does not diverge at low temperature in the present case. This is one of

the important reasons for a stable critical solution at zero temperature in a broad doping region. We

also note that while 1/M corrections are used in deriving the form of Eq. (5.26), we have used the

M → ∞ solution for the critical metal to compute χ′(0) as it appears in Eq. (5.26). While a more

accurate estimate of pc may be obtained by adding 1/M corrections to the critical metal solution,

we emphasize that the M → ∞ solution is sufficient to capture existence of a finite doping phase

transition between the spin glass and critical metal.
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Figure 5.6: Plot showing critical value ofM for which coefficient of quadratic term in free energy Eq. (5.26) changes
sign at zero temperature.

5.4 Spin-glass phase

In this section we discuss the spin-glass phase present at lower dopings. In this case, we shall use the

representation where spinons are bosonic (s) and holon is a fermion operator (f). In terms of these

operators,

cα = f†sα , S⃗ = s†α
σ⃗αβ
2
sβ , (5.27)

and we realize a SU(2|1) superalgebra. Just as before, we shall now enlarge the symmetry here to

SU(M|M′), which means α = 1, . . . ,M and the holon operator acquires an index ℓ = 1, . . . ,M′.

Note that this bosonic spinon largeM limit is distinct from the fermionic spinon largeM limit fol-

lowed in Section 5.3, and the twomodels are the same only forM = 2; so there is no reason to expect

quantitive agreement between the results of the present section and those of Section 5.4.

The strategy to obtain the saddle-point equations is similar to that discussed earlier in Section 5.3.
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From Refs.92,175, we have

Gs(iωn) =
1

iωn + μs − Σs(iωn)
,

Gf(iωn) =
1

iωn + μf − Σf(iωn)
,

Σs(τ) = −kt2Gf(τ)Gf(−τ)Gs(τ) + J2Gs(τ)2Gs(−τ) ,

Σf(τ) = t2Gf(τ)Gs(−τ)Gs(τ) ,

Gs(τ = 0−) = −κ + kp ,

Gf(τ = 0−) = p .

Physically, the spin-glass phase can be understood as a condensation of bosonic spinons. Contrary

to the earlier case, since we are interested in the spin-glass phase we need to retain the replica off-

diagonal terms in the action upon disorder averaging. There is however some simplification and only

replica off-diagonal components of the bosonic Green’s function at iωn = 0 are relevant. These are

captured via the parameter g which is related to the spin-glass order parameter, as discussed in detail

in SI Appendix D.3. After incorporating the spin-glass order in Gs(τ) = Gr(τ) − g, we obtain the
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following saddle-point equations:

[Gr(iωn)]−1 = iωn −
Jg
Θ

− [Σr(iωn)− Σr(iωn = 0)] (5.28)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
, (5.29)

Σr(τ) = J2
(
[Gr(τ)]2 Gr(−τ)− 2gGr(τ)Gr(−τ)− g [Gr(τ)]2

+ 2g2Gr(τ) + g2Gr(−τ)
)
− kt2Gf(τ)Gf(−τ)

(
−g+ Gr(τ)

)
, (5.30)

Σf(τ) = t2Gf(τ)
(
g2 − gGr(τ)− gGr(−τ) + Gr(−τ)Gr(τ)

)
, (5.31)

g− Gr(τ = 0−) = κ − kp (5.32)

Gf(τ = 0−) = p . (5.33)

The dimensionless parameter Θ = 1/
√
3, as detailed in SI Appendix D.3. We solve the above equa-

tions on real and imaginary-frequency axes. The main observable in this phase is the spin-glass order

parameter, which we plot as a function of doping in Fig. 5.7 at zero temperature. The spin-glass order

parameter is finite at lower dopings and decreases upon increasing doping. We show results for the

order parameter computed for small but finite temperature obtained using the imaginary frequency

analysis in SI Appendix D.4. We also calculate the holon and spinon Green’s functions as well as the

electron Green’s function and spin correlation at finite temperature. These quantities are detailed in

the same SI Appendix D.4.

We solve the saddle-point equations Eqs. (5.28)-(5.33) at zero temperature to obtain the fermion

and boson spectral functions, as well as the electron and spin spectral functions for a range of doping.

In terms of the spinon and holon spectral functions the electron spectral function has the following

form:

ρc(ω) =
∫ ω

0
dω1ρr(ω1)ρf(ω1 − ω) + gρf(−ω) . (5.34)
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Similarly, we obtain the expression for the spin spectral function,

ρs(ω) = g2βωδ(ω) + g
[
ρr(ω)− ρr(−ω)

]
−
∫ ω

0
dω1 ρr(ω1)ρr(ω− ω1) , (5.35)

as in Ref.63. The spectral functions at zero temperature for different values of doping are shown in

Fig. 5.8. Wenote that theboson spectral functionbehaves linearlywith frequency at small frequencies.

Consequently, the spin spectral function also depends linearly on ω at small frequencies. We also

note the double peak structure in the electron spectral function ρc(ω) in Fig. 5.8B. Recall that the

electron spectral function is a convolution of the spinon and holon spectral functions, as well as a

term proportional to gρf(−ω). At small dopings the value of g is larger and hence there is a dominant

peak coming from fermion spectral function. As g decreases with increasing doping the contribution

from the boson spectral function increases leading to the second peak at positive frequencies. All the

spectral functions satisfy the respective sum rules, which are detailed in SI Appendix D.4.2.

Apart from the numerical analysis at zero temperature, we also perform a Pade-approximation

based numerical analytic continuation of the imaginary-axis solution obtained at finite temperature.

We evaluate the holon, spinon, electron, and spin spectral densities at finite temperature. These are

discussed in SI Appendix D.2.3, and are consistent with those obtained from real-frequency calcula-

tion at zero temperature for some range of doping.

5.5 Discussion

Wehave presented a large-M solution for the random t-Jmodel for the entire doping range. Ourmain

finding is a critical non-Fermi-liquidmetal phase at large dopings. This phase is characterized by a spin

correlation exponent which varies continuously with doping, a linear in temperature contribution to

the resistivity asT → 0, and an electron spectral function with a Fermi-liquid-like decay at long time,
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Figure 5.7: Plot of spin‐glass order parameter, q = g2, as a function of doping obtained by solving the bosonic spinon
saddle‐point Eqs. (5.28)‐(5.33) on the real‐frequency axis at T = 0. The point at p = 0 is obtained by solving
Eqs. (D.66)‐(D.68) at zero temperature on the real frequency axis. The parameters of the model are J = t = 1.
The critical doping pc at which the spin glass order vanishes in the present bosonic spinon computation need not be the
same as that in the fermionic spinon computation in Section 2.5.3.3 because the models are identical only forM = 2.

but with a pronounced particle-hole asymmetry. This critical phase captures many aspects of experi-

mental observations in the overdoped cuprates. It has been observed that in the overdoped region of

cupratematerials there is a broad range of dopingwhere the resistivity display a linear-T behavior34,11.

Our findings propose a possiblemechanism for this observation. Also, recent Seebeck coefficientmea-

surements69,61 hint towards a particle-hole asymmetric electron spectral density, which our solution

also displays. It turns out that in our solution the electron Green’s function appears Fermi-liquid

like although the spin correlation does not. This may also explain the fact that experiments on over-

doped cuprates probing electron Green’s function directly, such as photoemission28, may observe a

Fermi-liquid behavior and can not access the critical phase. However, transport measurements obtain

properties such as linear-T resistivity which is starkly in contrast to a Fermi liquid.

We also show that the overdoped critical phase has an instability towards a spin-glass phase at lower

dopings. The spin-glass phase is characterized by a spin-glass order parameter, which we calculate

using bosonic spinons. We show that this order parameter decreases upon increasing doping. In the

context of cuprates, recent experiments have reported the presence of spin-glass phase at lowdoping55.
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Figure 5.8: (A) Spin spectral function and (B) electron spectral function obtained at zero temperature via real frequency
analysis for several values of doping. Note the linear in frequency behavior at small frequencies for ρS(ω). Parameters
are J = t = 1.

Our work therefore presents a comprehensive analysis of model in Eq. (5.1) at variable doping and

captures the quantum phase transition between the spin-glass phase and a critical non-Fermi-liquid

metal. We also note that our results are consistent with recent numerical work on a related model46.

A notable feature of our results is that we never find a Fermi-liquid phase in our largeM limit of the

t-Jmodel, as discussed in SIAppendixD.1.2. This is in contrast to the distinct largeM limit ofRef.139,

in which the boson b condenses at all non-zero p, leading to a Fermi-liquid phase at all doping. The

two largeM limits co-incide only for the physical valueM = 2, and it is an open questionwhich large

M limit yields the correct picture atM = 2 for the random t-Jmodel. However, we will note that the
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numerical study of theM = 2 case in Ref.46 does show indications of non-Fermi liquid behavior in

the overdoped regime over theT range studied, as their measured spin exponent ηs varies with doping

in a manner consistent with Fig. 5.2A. Thus, although a Fermi liquid phase may eventually appear at

very low T in the overdoped regime for M = 2, it does appear that our non-Fermi liquid solution

is an attractive description of the physics over a wide range of temperatures and dopings accessible in

numerics and experiments.

In conclusion, our work presents a critical metallic phase as an attractive candidate for the over-

doped cuprates which matches observations over a significant temperature range. This phase is ob-

tained for a model with random and all-to-all interactions. Although such a model is far from the

microscopic Hamiltonian of the cuprates, the saddle point equations solved are closely related to dy-

namic mean field equations of more realistic models in finite dimensions85,86, as has been extensively

discussed in a recent review29. At very low temperatures, we ultimately expect a crossover to behavior

characteristic of finite-dimensional systems, and describing this crossover remains an important topic

for future research.
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6
Equilibrium dynamics of infinite-range

quantum spin glasses in a field

6.1 Introduction

Modern advances in the development and control of programmable quantum simulators48,101,119,47

have led to remarkable implementations of the idea of solving classical optimization problems by
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quantum tunnelling19,50. In a recent experiment, for instance,48 used a two-dimensional Rydberg

atom array to investigate quantum optimization algorithms and demonstrated a superlinear quan-

tum speedup in finding exact solutions.

In such a setup, each atom can be either in the atomic ground state or in a highly excited Rydberg

state (with a large principal quantum number), thus realizing a quantum two-level system, which can

be represented by the eigenstates of the Pauli operatorZi on atom i. The laser-inducedRabi flipping is

then described by the operator g
∑

i Xi, while the laser detuning is given byΔ
∑

i Zi. The long-ranged

van der Waals interactions between two atoms are active only when both are in the Rydberg state, so

an interaction Jij between atoms i and j, Jij(1 + Zi)(1 + Zj)/4, provides a route to implementing

pairwise constraints on the optimization problems48,100,22,136,91. The atoms, which are trapped in

optical tweezers, can be arranged in arbitrary geometries, and positioning them on randomly site-

diluted lattices—as in Ref.48—introduces an element of spatial disorder in the Hamiltonian.

Inspired by the success of random, infinite-range models in understanding classical optimization

problems129, we will examine here the equilibrium dynamics of the infinite-range Ising spin glass in a

field, h, with the Hamiltonian

H =
∑
i<j

JijZiZj − g
∑
i
Xi − h

∑
i
Zi (6.1)

where i, j = 1 . . .N denote the lattice sites, and the interactions between them, Jij, are taken as inde-

pendent random numbers drawn from the probability distribution

P(Jij) ∝ exp

[
−N

2
J2ij
J2

]
. (6.2)

This model has been much studied in the quantum spin glass literature182,110,149,21,131,183,150,151, as

well as97,9,168,6,133,134,184,116,102, but only a few results havebeenobtained for themodelwith anonzero
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field, h ̸= 0150,184,123,158,102, which is an essential ingredient in the optimization toolbox of Rydberg

quantum simulators. Here, we shall provide exact results for the equilibrium long-time dynamics of

the N = ∞ model with h nonzero. Our results here are a prelude to the study of the experimental

case where the couplings are time-dependent, but nonequilibrium results will not be presented here.

The equilibrium solution for theN = ∞ quantum Ising model with independent random inter-

actions requires the self-consistent solution of a (0+1)-dimensional replicated Ising model with long-

range interactions184,102. Such a model is not exactly solvable, so a full solution at all times requires

Monte Carlo simulations. However, it was argued in Ref.150 that a Landau-theory-like strategy of ex-

panding the quantum action functional in powers of an appropriately subtracted Z autocorrelation

function (which is also a matrix in replica space) can provide the exact form of the long-time correla-

tions in theN = ∞model. Here, we shall implement this strategy for the h ̸= 0 model, and obtain

the low-frequency dynamic spin spectrum, along with the Parisi spin glass order parameter with full

replica symmetry breaking.

Given the difficulty in obtaining the exact solutionof theN = ∞quantumIsingmodel at all times,

we will also study a cousin of the quantum Ising model which has been the focus of some attention

in the literature, but only at zero field: this is the ‘spherical quantum p-rotor model’38,41,97,7,172,181.

Modernquantum simulation experiments have begun to examinemultiple-qubit interactions126, and

so it is of interest to also study these models with p > 2. Moreover, it is for p > 2 that there are no

efficient classical algorithms for low energy states of p-spin classical models, and so there is greater

scope for impact from quantum simulation15.

In the literature, this model has been referred to as a ‘p-spin’ model rather than a ‘p-rotor’ model.

While the distinction between spins and rotors is not important for classical systems, it is crucial for

quantum systems. ‘Spin’ usually refers to a quantum degree of freedom whose components do not

commutewith each other, while the components of a rotor all commute. Accordingly, wewill use the

‘p-rotor’ terminology in this paper.
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As an aside, we also note studies of the Heisenberg spin glass model29,156,139,62,63,17,10,24,160,46,32,

which will not be considered in the present paper. In the Heisenberg model, the states on each site

i have a twofold degeneracy, unlike both the Ising and rotor models considered here. An important

consequence is that there is no trivial paramagnetic state in the Heisenberg model. In contrast, the

Ising and rotor models have a gapped paramagnet with a nondegenerate ground state at large g.

We define the spherical quantum p-rotor model here by an imaginary time (τ) path integral over

continuous real rotor/spin coordinates σi, which are the analogs of the discrete Zi = ±1 Ising spins.

The partition function of this model at an inverse temperature β = 1/T, and in a field h is

Z[Ji1...ip ] =
∫

Dσi(τ) exp

[
−
∫ β

0
dτ

(
1
2g

σ̇i(τ)σ̇i(τ) (6.3)

+
∑

i1<...<ip

Ji1...ipσi1(τ) . . . σip(τ)− h
∑
i
σi(τ)

)]
,

with repeated indices summed over, and σ̇i(τ) ≡ dσi/dτ. Importantly, in order to keep the energy

finite, we equip the rotors with a spherical constraint

N∑
i=1

σi(τ) σi(τ) = N , (6.4)

i.e., the rotor degrees of freedom lie on anN-dimensional sphere of radius
√
N. These rotors interact

with p-rotor couplings Ji1...ip , and all of these couplings are taken to be independent random variables

with distribution

P(Ji1...ip) ∝ exp

[
−Np−1

p!
J2i1...ip
J2

]
, (6.5)

where the width of the distribution over couplings is set by the scale J. The factor of Np−1 ensures

that the Hamiltonian is of order N, and accordingly, enforces an extensive scaling of the energy and

free energy.
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Owing to the global nature of the constraint in (6.4), the solution of the spherical p-rotor model is

simpler than that of the Isingmodelwith a local constraintZi = ±1 on every site i. On the other hand,

the global constraint alsomakes the p-rotormodel a less physical generalization of theRydberg experi-

ments. The solution of the p-rotormodel requires analysis of a closed set of self-consistent Schwinger-

Dyson equations, inwhich the self-energies are written as polynomials of theGreen’s functions. Such

Schwinger-Dyson equations have been numerically studied earlier at h = 0 and in imaginary time and

frequency38,7; here, we will extend the numerical solution to h ̸= 0 and obtain the full dynamic rotor

spectrum by direct solution in real-frequency space. We will also compute the Parisi spin glass order

parameter and find that as in the spherical classical p-rotor model72,60,36,26,169 (obtained by taking the

g = 0 limit of (6.3)), there is only one-step replica symmetry breaking.

6.1.1 Main results

Our results are expressed in terms of a fieldQab(τ1, τ2)which is bilocal in imaginary time and amatrix

in replica space with indices a, b = 1, . . . , n. This field is related to the spin/rotor autocorrelation

functions via

Qab(τ1, τ2) ∼


1
N
∑
i
Zia(τ1)Zib(τ2) , Ising model

1
N
∑
i
σia(τ1)σib(τ2) , p-rotor model

, (6.6)

where a, b are replica indices. Time-translational symmetry requires that the N = ∞ solution take

the form

Qab(τ1, τ2) =
1
β
∑
νn

Qab(iνn)eiνn(τ1−τ2) , (6.7)
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where νn is a bosonic Matsubara frequency. We choose the following ansatz forQab:

Qab(iνn) =

 Qr(iνn) + βqEAδνn,0, a = b

βqabδνn,0, a ̸= b
. (6.8)

The replica off-diagonal terms in Qab are chosen to be time-independent, because there is no corre-

lation between the time evolution of the spins in distinct replicas150. We have parameterized these

off-diagonal terms in terms of a Parisi matrix qab; as in the classical spin glass theory53, this matrix

has an ultrametric structure which is characterized by the Parisi function q(u), with q(1) ≡ qEA, the

Edwards-Anderson order parameter at T = 0. We have included an additive factor of βqEA in the

replica diagonal term of (6.8) for convenience. We will find that this ensures the solution for Qr(τ)

vanishes as τ → ∞ at T = 0. Also, the diagonal components qaa do not appear in the above, and we

use this freedom to choose qaa = 0.

For the Ising model studied in Sec. 6.2, we find that low-frequency (ω) spectrum in the replica-

symmetry-breaking phase with h ̸= 0 is the same as that obtained earlier150,6,102 at h = 0:

ImQr(ω) ∼ ω. (6.9)

Note that a gapless spectrum for h ̸= 0 ismore surprising than at h = 0 because there is noZi → −Zi

symmetry that can be broken in the spin glass phase. The replica symmetry breaking is characterized

by the Parisi function q(u) shown in Fig. 6.1. This function has the same form as that found for the

classical Ising model with g = 0173. The function q(u) is nonanalytic at u = x, and the value of x

vanishes linearly with T as T → 0 as (see Eq. (6.38))

x =
2y
κ
T qEA, (6.10)
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Figure 6.1: The Parisi spin glass order parameter for the Ising model at h ̸= 0.

where y and κ are couplings of order unity in the Landau action (see Eq. (6.19)). Thus, although the

breakpoint of the replica symmetry breaking vanishes as T → 0, it is nevertheless important that the

T- and h-dependent structure in Fig. 6.1 be included to obtain the gapless spectrum atT = 0 in (6.9).

The smaller u plateau in Fig. 6.1 is at173,150

qh =
(
3h2

8y

)1/3

. (6.11)

The h-dependence of (6.11) is the only h-dependence in the solution for the spin glass state; the dy-

namic spectrum in (6.9) is h-independent. This happens because there is a decoupling between the

saddle point equations for static and dynamic components of the spin glass order parameter, and only

the value of qEA is present in both the static and dynamic equations. The replica-symmetric paramag-

netic solution does have an energy gap, and all aspects of its spectrum are h-dependent.

The results for the spherical quantum p-rotor model, p ≥ 3, studied in Sec. 6.3, do have differ-

ences from the Ising model tied to the one-step replica symmetry breaking in the former, shown in

Fig. 6.2, which is in turn tied to the nonlocal rotor constraint in (6.4). This q(u) is characterized by

a break-point at u = x, and the large-N saddle-point equations leave the value of x undetermined.

The mathematical solution of the classical problem at g = 0169 implies we should compute the free

energy F , and then use the solution of ∂F/∂x = 0 to determine x. At such an x, and indeed at all
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Figure 6.2: The Parisi spin glass order parameter for the spherical quantum p‐rotor model for p ≥ 3.

Figure 6.3: Behavior of the zero‐temperature spectral function ρ(ω) = ImQr(ω)/π, as determined by Eqs. (6.113)–
(6.120), for the one‐step replica‐symmetry‐breaking solution of the p = 3 spherical quantum p‐rotor model at differ‐
ent values of the transverse field g (with J = 1). The marginal stability condition (6.109) is imposed. The spectrum is
independent of h as long as we are in the replica‐symmetry‐breaking phase in Fig. 6.10.

generic values of x, the spectrum ofQr(ω) turns out to have a gap. Earlier work39,41,38 has advocated

use of a ‘marginal stability’ condition, which leads to precisely the value of x for which the spectrum

is gapless. We find that such a gapless spectrum obeys (6.9) as in the Ising model, and we show a plot

of ImQr(ω) for all frequencies in Fig. 6.3. Also, as in the Ising model, the spectrum in the spin glass

phase is h-independent, and for similar reasons. The lower plateau at q0 in Fig. 6.2 vanishes as h→ 0

as q0∼ h2, unlike (6.11) for the Ising model. The value of x still vanishes linearly with T, as in the

Ising model. We note that the p= 2 spherical model has no replica symmetry breaking, and the rotor

spectrum is always gapped for h ̸= 0.
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6.2 Ising model

6.2.1 Landau action

We motivate the structure of the Landau action for the Ising model by recalling the solution of the

spherical model for the p = 2 case183, in which the interactions have the same form as in the Ising

model, but the local Ising constraint has been replaced by the global constraint in (6.4). At h = 0,

the large-N solution in the paramagnetic phase is of the form (see Appendix E.3, and Chapter 33 in

Ref.155)

Qab(iνn) =
2gδab

ν2n + (Δ2 + Λ2)/2+
[
(ν2n + Δ2)(ν2n + Λ2)

]1/2 , (6.12)

where νn is a Matsubara frequency, Δ is a small energy gap, and Λ is a high cutoff frequency. In the

spin glass phase of the spherical model, the solution is gapless and replica symmetric:

Qab(iνn) = βqEAδνn,0 +
2gδab

ν2n + Λ2/2+ |νn|
[
ν2n + Λ2]1/2 , (6.13)

where qEA is the Edwards-Anderson order parameter.

We shall be interested in extending this solution beyond the spherical limit to the Ising model—

at low frequency scales in the vicinity of the quantum critical point, where |νn|, Δ, T ≪ Λ, qEA is

small—and allow for replica symmetry breaking. In this regime, we can approximate the paramagnetic

solution of the spherical model by

Qab(iνn) = δab
[
A− B

√
ν2n + Δ2 + . . .

]
, (6.14)

147



where A,B are positive constants, while the spin glass solution is

Qab(iνn) = βqEAδνn,0 + δab [A− B|νn|] + . . . . (6.15)

We now notice that if we shiftQ by a frequency-independent and replica-diagonal constant,

Qab(iνn) → Qab(iνn)− Aδab, (6.16)

then the shiftedQab(iνn)becomes small at the relevant low-frequency scales onboth sides of the quan-

tum critical point. This makes the shifted Qab(iνn) a suitable field in which to carry out the Landau

expansion of the Ising model. In terms of the original bilocal field, the shift is

Qab(τ1, τ2) → Qab(τ1, τ2)− A δab δ(τ1 − τ2), (6.17)

and the constant A characterizes nonuniversal, short-time physics not of interest to us.

Working with this shifted field, the important low-order terms in the Landau expansion for the

action of the Ising model are150

Ah = A− h2

2
∑
ab

∫
dτ1dτ2Qab(τ1, τ2)−

β
2
χhbh

2, (6.18)

where h is the longitudinal field, χhb is a background contribution to the linear spin susceptibility, and
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the h = 0 Landau action is

A =
1
κ

∫
dτ
∑
a

[
∂

∂τ1
∂

∂τ2
+ r
]
Qaa(τ1, τ2)

∣∣∣∣
τ1=τ2=τ

− κ
3

∫
dτ1dτ2dτ3

∑
abc

Qab(τ1, τ2)Qbc(τ2, τ3)Qca(τ3, τ1)

+
U
2

∫
dτ
∑
a

Qaa(τ, τ)Qaa(τ, τ)−
y
6

∫
dτ1dτ2

∑
ab

[Qab(τ1, τ2)]4 ; (6.19)

see Appendix A of Ref.150 for a derivation of Eq. (6.19) from (6.1). Here, r is the parameter which

tunes across the spin glass transition at h = 0: it is analogous to the coupling g in the Ising Hamil-

tonian in (6.1) with r ∼ g − gc, and r = 0 at the g = gc quantum critical point. The cubic term

κ is analogous to the cubic term in Parisi’s original theory of classical spin glasses53,140. The U term

only involves a single replica, and is a quantum self-interaction of the soft Ising order parameter. The

y term is analogous to a quartic term in the classical case53, where it is the term responsible for full

replica symmetry breaking in the spin glass phase; however, the dynamic quantum effects of y are

weak, and can be treated perturbatively.

Note that (6.19) does not contain the allowed quadratic term
∫
dτ1dτ2[Qab(τ1, τ2)]2. We have

removed such a termby exploiting the shift in (6.17). Wewill see below that such a choice is equivalent

to the requirement for the validity of the Landau theory that the full function Qab(iνn) is small near

the quantum critical point. This shift strategy is analogous to that followed for the critical theory of

the Yang-Lee edge singularity54,25.

Our analysis of the physics of the actionAh will examine the behavior as a function of the tuning

parameter across the spin glass transition r, the longitudinal field h, and the temperature T. We will

keep the couplings κ and U of order unity and obtain results for small y. We find that for h > 0

there are contributions nonanalytic in y that are important to include; however, analytic corrections

in integer powers of y are not crucial, and these are relegated to Appendix E.1.
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The analysis of thermodynamic properties in the spin glass phase in Ref.150 was carried out with a

vanishing coefficient of the quartic term, y = 0: in this case the order parameter has replica symmetry.

Here, we will extend the solution to small y ̸= 0, and show that the solution has broken replica

symmetry. We also show that the spin fluctuation spectrum remains gapless both at y = 0 and y ̸= 0.

6.2.2 Free energy

Inserting the time-translational symmetric ansatz of (6.7) into (6.18) and (6.19), we obtain the free

energy

Fh = F − h2

2
∑
ab

Qab(iνn = 0)− 1
2
χhbh

2 , (6.20)

where the h-independent free energy is

F =
1
βκ
∑
a

∑
νn

(ν2n + r)Qaa(iνn)−
κ
3β
∑
abc

∑
νn

Qab(iνn)Qbc(iνn)Qca(iνn)

+
U
2
∑
a

[
1
β
∑
νn

Qaa(iνn)

]2
− y

6β3
∑
ab

∑
νn,ν′n,ν′′n

Qab(iνn)Qab(iν′n)Qab(iν′′n)Qab(−iνn − iν′n − iν′′n). (6.21)

We now insert (6.8) into (6.21) and obtain the free energy

Fh
n

= Fsg,h + FQ, (6.22)

which consists of two pieces: a ‘spin glass’ and a ‘quantum’ component.
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The first ‘spin glass’ component in (6.22) is given by

Fsg,h = Fsg −
βh2

2n
∑
ab

qab −
h2

2
Qr(0)−

βh2

2
qEA − 1

2
χhbh

2 , (6.23)

where the h-independent terms are

Fsg =− R1
1
n
Trq2 − R2

3
1
n
Trq3 − R3

6
1
n
∑
ab

q4ab

+ r
qEA
κ

− κ
3β
[
(Qr(0) + βqEA)3 − Qr(0)3

]
− βy

6
q4EA − 2y

3
q3EAQr(0) , (6.24)

with

R1 = βκ(Qr(0) + βqEA), R2 = κβ2, R3 = βy. (6.25)

The terms involving qab in (6.24) are identical to those of the Landau theory of the classical spin glass

in Section 3.4 of Ref.53.

The second ‘quantum’ component in (6.22) is h-independent

FQ =
1
βκ
∑
νn

(ν2n + r)Qr(iνn)−
κ
3β
∑
νn

Q3
r (iνn) +

U
2

[
1
β
∑
νn

Qr(iνn) + qEA

]2

−
yq2EA
β
∑
νn

Qr(iνn)Qr(−iνn)−
2yqEA
3β2

∑
νn,ν′n

Qr(iνn)Qr(iν′n)Qr(−iνn − iν′n)

− y
6β3

∑
νn,ν′n,ν′′n

Qr(iνn)Qr(iν′n)Qr(iν′′n)Qr(−iνn − iν′n − iν′′n). (6.26)

We will solve the saddle-point equations for Fsg exactly, while those for FQ can be solved order-by-

order in y. We will present the y0 solution below, while the y1 solution is presented in Appendix E.1.

It turns out that the solution ofFsg contains terms nonperturbative in y for h ̸= 0, so it is important
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to treat the spin glass terms exactly.

6.2.3 Saddle-point equations

The saddle-point equations are most easily determined by taking the derivative of (6.21) with respect

toQab(iνn):

βh2

2
δνn,0 =

1
κ
(ν2n + r)δab − κ

∑
c

Qac(iνn)Qcb(iνn) + Uδab
1
β
∑
ν′n

Qaa(iν′n)

− 2y
3β2

∑
ν′n,ν′′n

Qab(iν′n)Qab(iν′′n)Qab(−iνn − iν′n − iν′′n). (6.27)

The replica off-diagonal equation of (6.27) is

βh2

2
= −2R1qab − R2

∑
c

qacqcb −
2R3

3
q3ab , (6.28)

while the replica diagonal part gives

0 =
1
κ
(ν2n + r)− κ [Qr(iνn)]

2 +
U
β
∑
ν′n

Qr(iν′n) + uqEA

− 2y
3β2

∑
ν′n,ν′′n

Qr(iν′n)Qr(iν′′n)Qr(−iνn − iν′n − iν′′n)

− 2y
β
qEA

∑
ν′n

Qr(iν′n)Qr(iνn − iν′n)− 2yq2EAQr(iνn)

+ δνn,0

[
−κβ2

∑
c

qacqca − κβ2q2EA − 2κβqEAQr(0)−
2βy
3

q3EA − βh2

2

]
. (6.29)
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6.2.4 Zero-field limit

In this section, we first rederive the results obtained earlier150,63 at h= 0, which we will then contrast

with the case for a nonzero field later in Sec. 6.2.5.

Quantum paramagnet

In the paramagnetic phase, with qEA = 0 and qab = 0, the spin glass free energy isFsg = 0. At h = 0,

Fsg,h = 0 wherefore only the quantum component survives, and Eq. (6.29) simplifies to an equation

forQr(iνn) alone:

0 =
1
κ
(ν2n + r)− κ [Qr(iνn)]

2 +
U
β
∑
ν′n

Qr(iν′n)−
2y
3β2

∑
ν′n,ν′′n

Qr(iν′n)Qr(iν′′n)Qr(−iνn − iν′n − iν′′n) .

(6.30)

This can be solved iteratively in powers of y. At order y0, the solution agrees with the form in (6.14)

Qr0(iνn) = −
√

ν2n + Δ2

κ
, (6.31)

where the gap Δ is given by the solution of

Δ2 = r− U
β
∑

|νn|<Λ

√
ν2n + Δ2, (6.32)

and we have introduced a frequency cutoff to make the frequency summation finite. This cutoff de-

pendence is inherent to the low frequency expansion in the Landau theory. We will also need the

cutoff at higher orders in y, but the form of the low-frequency dynamics remain cutoff-independent:

wewill verify this in Section 6.3where no cutoff dependence is needed, because the theory is solved ex-

actly without Landau expansion, and similar low-frequency behavior appears. The cutoff-dependent
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critical point r = rc0 is obtained by setting Δ = 0, and is given by

rc0 =
U
β
∑

|νn|<Λ

|νn| . (6.33)

The order y1 corrections to the saddle point appear in Appendix E.1.1.

Free energy: As mentioned above, for the case of the paramagnet, we have Fsg = 0 for the spin

glass component of the free energy in (6.22). The free energyFQ in (6.22) at order y0 is

F0
Q = − 2

3κ2β
∑
νn

(ν2n + Δ2)3/2 −
[
Δ2 − r

]2
2κ2u

, (6.34)

where Δ is the solution of (6.32). The order y1 correction toFQ appears in Appendix E.1.1.

Spin glass

Webeginby solving (6.28) ath= 0,which is the same equationof state as that obtained for the classical

spin glass. In terms of the Parisi function q(u) characterizing the n→ 0 limit of the replicamatrix qab,

we can write (6.28) at h = 0 as (see Appendix E.5)

2R1q(u) +
2R3

3
q3(u) = R2

[
2q(u)

∫ 1

0
q(v)dv+

∫ u

0
dv(q(u)− q(v))2

]
. (6.35)

This is the same as Eq. (3.74) inRef.53 for the classical case. A replica-symmetric solutionwith q(u) =

constant is possible, but this is not the preferred solution at h = 0 (as in the classical case, and, as we

will see in Sec. 6.2.5, for the quantumh ̸= 0 case). So,weonly consider the replica-symmetry-breaking

154



<latexit sha1_base64="2N5K54t0R76BqIaYwu+um+DHGgY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGMA9IljA7mU2GzMyuM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7gpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz209UaRbJBzOJqS/wULKQEWwy6bGanPbLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpndW8y9rF/XmlfpPHUYQjOIYqeHAFdbiDBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPe92N4w==</latexit>

q(u)

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="zMmDtY/IjrP29OrCM5btpf6Uiu0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6rInisYD+gXUo2zbax2WRNskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJLyyura/n1wsbm1vZOcXevoWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMryd+84kqzaS4N6OY+hHuCxYygo2VGo/d9OZy3C2W3LI7BVokXkZKkKHWLX51epIkERWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LBY6o9tPptWN0ZJUeCqWyJQyaqr8nUhxpPYoC2xlhM9Dz3kT8z2snJrzwUybixFBBZovChCMj0eR11GOKEsNHlmCimL0VkQFWmBgbUMGG4M2/vEgaJ2XvrFy5Oy1Vr7I48nAAh3AMHpxDFW6hBnUg8ADP8ApvjnRenHfnY9aac7KZffgD5/MHcIKPDg==</latexit>qEA

Figure 6.4: The Parisi spin glass order parameter for the Ising model at h = 0.

solution here, as shown in Fig. 6.4:

q(u) =

 qEAu/x , 0 < u < x

qEA , x < u < 1
, (6.36)

with

qEA =
R2 − (R2

2 − 4R1R3)
1/2

2R3
,

x =
2R3qEA
R2

. (6.37)

Using (6.25), we can exactly simplify (6.37) to

Qr(0) = − y
κ
q2EA, x = 2yqEA/(βκ) . (6.38)

It can now be verified that the term proportional to δνn,0 in (6.29) vanishes

κβ2
∫ 1

0
du[q(u)]2 − κβ2q2EA − 2κβqEAQr(0)−

2βy
3

q3EA = 0 . (6.39)
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We can therefore conclude that the complete saddle-point equations for Qr(iνn) and q(u) reduce to

the following three equations forQr(iνn), qEA and x:

0 =
1
κ
(ν2n + r)− κ [Qr(iνn)]

2 +
U
β
∑
ν′n

Qr(iν′n) + uqEA

− 2y
3β2

∑
ν′n,ν′′n

Qr(iν′n)Qr(iν′′n)Qr(−iνn − iν′n − iν′′n)

− 2y
β
qEA

∑
ν′n

Qr(iν′n)Qr(iνn − iν′n)− 2yq2EAQr(iνn), (6.40)

yq2EA = −κQr(0), (6.41)

βκx = 2yqEA. (6.42)

Note that only the value of qEA is needed from the spin glass solution for the solution of the quantum

equation forQr(iνn) in (6.40).

Gapless condition: Now, let us analytically continue (6.40) to real frequency, and assume that

Qr(ω → 0) = Qr(0) + |ω|α [a+ ib sgn(ω)] (6.43)

with α > 0. Then, at T = 0, the terms of orderQ2
r andQ3

r in (6.40) will have imaginary parts which

vanish faster than |ω|α as |ω| → 0. Collecting all terms of order |ω|α in the imaginary part of (6.40),

we obtain the condition

−2κQr(0)− 2yq2EA = 0, (6.44)

which is automatically satisfied from (6.41). So, the spin dynamics are gapless at all values of y in the

spin glass phase with h = 0. We will see in the explicit solution below that the exponent α = 1, so
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that ImQr(ω → 0) ∼ ω.

Solution: The equations (6.40–6.42) can be solved iteratively in powers of y. At order y0, we have

qEA0 =
1
βκ
∑
νn

|νn| −
r
κU

≡ 1
κU

(rc0 − r),

Qr0(iνn) = −|νn|
κ

,

x = 0 . (6.45)

The order y1 corrections to the saddle point appear in Appendix E.1.1.

Free energy: Inserting the solution (6.36)–(6.38) back into (6.24), and using the relation (see

Appendix E.5)

− R1
1
n
Trq2 − R2

3
1
n
Trq3 − R3

6
1
n
∑
ab

q4ab

= R1

∫ 1

0
du[q(u)]2 − R2

3

∫ 1

0
du
[
u[q(u)]3 + 3q(u)

∫ u

0
dv[q(v)]2

]
+

R3

6

∫ 1

0
du[q(u)]4, (6.46)

we obtain

Fsg =
rqEA
κ

+
y2q5EA
5κ

. (6.47)

This is the full expression forFsg in (6.22), valid to all orders in y in terms of the exact qEA. However,

qEA is known only to order y1 in (E.8).

As in the paramagnet, we will only determine FQ in (6.22) order-by-order in y. At order y0, the
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value ofFQ is

F0
Q = −rqEA0

κ
− 2

3κ2β
∑
νn

|νn|3 −
r2

2Uκ2
. (6.48)

The order y1 correction toFQ appears in Appendix E.1.1.

Phase diagram

At order y0, the system is the spin glass phase for r< r0c, where rc0 is given by Eq. (6.33). In the

classical limit, T ≫ Λ, we need only consider the νn = 0 term, so the phase boundary is at r = 0.

In the quantum limit T ≪ Λ, we can evaluate the summation over Matsubara frequencies using the

identity

1
β
∑
νn

D(iνn) =
∫ ∞

0

dν
π
D(iν) + 2

∫ ∞

0

dΩ
π

ImD(Ω)

eΩ/T − 1
(6.49)

for odd spectral functions ImD(Ω) = −ImD(−Ω). Then, we obtain the phase boundary at

r = U
Λ2

2π
− U

πT2

3
. (6.50)

The phase boundary depends on the value of cutoff. However, the temperature dependent part is

cutoff-independent.

6.2.5 Nonzero field

Having reviewed the results in the absence of a longitudinal field above, we now address the h ̸= 0

case and determine its phase diagram.

158



Replica-symmetric solution

Due to the longitudinal magnetic field, there is an average moment on each site, so qEA is always

nonzero; therefore, the replica-symmetric solution is nothing but the paramagnet. Thus qEA is no

longer an order parameter, and we will rely on replica symmetry breaking to identify the spin glass

phase in Section 6.2.5. For qab = qEA(1− δab), Eq. (6.28), together with (6.25), reads

3h2 + 12κqEAQr(0) + 4yq3EA = 0 . (6.51)

Resultantly, the term proportional to δνn,0 in (6.29) vanishes so that the equation for Qr(iνn) re-

mains unchanged from that in (6.40). The gapless condition in (6.44) is not satisfied by (6.51), even

though qEA ̸= 0. Thus, the solution forQr(iν)will have a gap.

At order y0, the solution forQr0(iνn) from (6.29) has the same form as (6.31), but the equation for

the gap Δ in (6.32) is nowmodified to150

Δ2 = r+
Uκh2

4Δ
− U

β
∑

|νn|<Λ

√
ν2n + Δ2 (6.52)

while

qEA0 =
h2

4Δ
. (6.53)

The solutions to Eq. (6.52) are shown in Fig. 6.5. Note that the gap Δ is h-dependent. The order y1

corrections to the saddle point appear in Appendix E.1.2.
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Gap as a function of (r,h)
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Figure 6.5: The gap Δ of the replica‐symmetric solution of the Ising model as a function of r and h for various tempera‐
tures, as determined from (6.52). The parametersU, κ, and Λ have all been set to unity in these calculations.

Free energy: Inserting the solution for Qr(0) in (6.51) into (6.23) we obtain the spin glass com-

ponent of the free energy

Fsg,h =
qEAr
κ

+
y2q5EA
9κ

+
h2q2EAy
6κ

+
h4

16qEAκ
− 1

2
χhbh

2. (6.54)

Note that we need to insert the solution for qEA in (E.15) into (6.54).

For the quantum component, the order y0 contribution to the free energy in (6.26) is

F0
Q = − 2

3κ2β
∑
νn

(ν2n + Δ2)3/2 −
[
Δ2 − r

]2
2κ2U

− h2(r− Δ2)

4κΔ
, (6.55)

which reduces to (6.34) at h = 0. The order y1 correction toFQ appears in Appendix E.1.2.

Replica symmetry breaking

From (6.28), the equation (6.35) for the Parisi function is modified to

βh2

2
+ 2R1q(u) +

2R3

3
q3(u) = R2

[
2q(u)

∫ 1

0
q(v)dv+

∫ u

0
dv(q(u)− q(v))2

]
. (6.56)
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The solution of (6.56) is modified from (6.36) to that shown in Fig. 6.1

q(u) =



qh, 0 < u < (qh/qEA)x

qEAu/x, (qh/qEA)x < u < x

qEA, x < u < 1

. (6.57)

The function q(u) is nonanalytic at u = (qh/qEA)x and u = x, but has no discontinuities. The values

of qEA and x are unchanged from those in (6.38), and the value of qh is in (6.11). The result in (6.11)

is the origin of the nonanalytic dependence on y.

It can now be verified that the term proportional to δνn,0 in (6.29) vanishes, and the equations for

Qr(iνn), x, qEA remain unchanged from those in (6.40)–(6.42). Indeed, the only change from the

h = 0 solution in Sec. 6.2.4 is in the form of q(u) for x < (qh/qEA)x in (6.57).

Hence, the gapless condition in (6.44) isnowsatisfied, and the solutions forQr(iνn) andqEA remain

unchanged from that for the h = 0 gapless spectrum in Sec. 6.2.4.

Free energy: Inserting the solution (6.57), (6.11) into (6.23), we obtain the extension of (6.47)

to nonzero h

Fsg,h =
qEAr
κ

+
y2q5EA
5κ

+
3(9h10y)1/3

40κ
− 1

2
χhbh

2, (6.58)

which agrees with (6.47) at h = 0.

As the introduction of h does notmodify the values ofQr(iνn) and qEA, the free energyFQ remains

the same as that in Sec. 6.2.4.
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RSB RS

Phase diagram at T = 0.20

RSB RSRSB RS

RSB

RS

Figure 6.6: Phase diagram of the Ising model in the (r, h) plane for various values of y at T = 0.2, illustrating the
replica‐symmetric (RS) and replica‐symmetry‐breaking (RSB) phases. Here, the Landau parameter r is interpreted as
proportional to g − gc, where g is the transverse field, and gc is the critical transverse field at T = 0, h = 0. The value
of Δ at each point in parameter space is obtained from Fig. 6.5, andU, κ,Λ have been set to unity, as previously.

Phase diagram

To obtain the phase boundary between the replica-symmetric and replica-symmetry-breaking phases,

we compare their free energies at leading nontrivial order in y.

For the gapped replica-symmetric phase we have the free energy given by (6.53)–(6.55)

Frs = Fsg,h + F0
Q =

h2Δ
2κ

− 2
3κ2β

∑
|νn|<Λ

(ν2n + Δ2)3/2 −
[
Δ2 − r

]2
2κ2U

− 1
2
χhbh

2 , (6.59)

where the gap Δ is given by the solution of (6.52),

For the gapless replica-symmetry-breaking phase we have from (6.48) and (6.58)

Frsb = Fsg,h + F0
Q =

3(9h10y)1/3

40κ
− 2

3κ2β
∑

|νn|<Λ

|νn|3/2 −
r2

2κ2U
− 1

2
χhbh

2 . (6.60)

The summations in (6.52), (6.59), and (6.60) can be evaluated for T,Δ ≪ Λ using identities
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obtained from (6.49):

1
β
∑

|νn|<Λ

(ν2n + Δ2)1/2 =
Λ2

2π
+

Δ2

4π
(
1+ ln

(
4Λ2/Δ2))− 2

∫ ∞

Δ

dΩ
π

(Ω2 − Δ2)1/2

eΩ/T − 1
,

1
β
∑

|νn|<Λ

(ν2n + Δ2)3/2 =
Λ4

4π
+

3Λ2Δ2

4π
+

3Δ4

32π
(
3+ ln

(
16Λ4/Δ4))+ 2

∫ ∞

Δ

dΩ
π

(Ω2 − Δ2)3/2

eΩ/T − 1
.

(6.61)

The phase diagram so obtained is shown in Fig. 6.6; note that due to the n → 0 limit, we have to

choose the phase with the maximum free energy173. We observe that the extent of the RSB phase in

parameter space, which occurs for r < 0, shrinks with increasing h and as y is reduced. Note that Δ

remains finite, albeit small, at the transition point for h > 0 (it vanishes at the transition for h = 0),

indicating a first-order transition.

6.3 Quantum spherical p-rotor model

We now turn to the analysis of the p-rotor model described in Eq. (6.3). The classical infinite-range

spin glass with p-spin interactions, butwithout any spherical constraints, was originally introduced by

Derrida 44,45 . Gross & Mézard 72 first studied the generalization of this model to nonzero magnetic

fields, obtaining an exact solution for p→∞. The classical sphericalmodel26 can alsobe solved for any

finite p, including in the presence of an external field36,27. Quantum extensions of these models, by

adding anoncommuting transverse field, havebeen investigatedbothwith (for p = 3)38,7 andwithout

(for p→∞)67 the supplementary spherical constraint. However, the problemof the quantummodel

in a longitudinal field, which we examine next, has remained unexplored so far.
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6.3.1 Effective action

Tobegin, we derive the effective action for the quantum spherical p-rotormodel, whichwill then form

the basis for our subsequent saddle-point calculations. In the path integral, the spherical constraint

(6.4) can be enforced using the exponential representation of the Dirac delta function

δ

( N∑
i=1

σi(τ)σi(τ)−N

)
=

∫
Dz exp

[
i
∫ β

0
dτ z(τ)

( N∑
i=1

σi(τ)σi(τ)−N

)]
, (6.62)

which is then inserted into Eq. (6.3) at the expense of introducing an auxiliary field z(τ).

At this stage, since the disorder is quenched, we average the free energy logZ[Ji1...ip ] over disorder—

using the replica trick—instead of the partition function Z[Ji1...ip ] itself (which would correspond to

the annealed average). The replicated partition function is given by

Zn =

∫
dJi1...ipP(Ji1...ip)

∫
Dσai Dza exp

[
i
∫ β

0
dτ za(τ)

(
σai (τ)σai (τ)−N

)
(6.63)

−
∫ β

0
dτ

(
1
2g

σ̇ai (τ)σ̇ai (τ) +
∑

i1<...<ip

Ji1...ipσai1(τ) . . . σ
a
ip(τ) + h

∑
i
σai (τ)

)]
,

where a = 1, . . . , n is the replica index. Now, we can perform the disorder average by evaluating

simple Gaussian integrals to find

Zn =

∫
Dσai Dza exp

[
−
∫ β

0
dτ

(
1
2g

σ̇ai (τ)σ̇ai (τ)− iza(τ)
(
σai (τ)σai (τ)−N

)
+ h

∑
i
σai (τ)

)

+
J2

4Np−1

∫ β

0

∫ β

0
dτ dτ′

n∑
a,b=1

( N∑
i=1

σai (τ)σbi (τ′)

)p ]
. (6.64)
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Note that the overlap between two different replicas of the system

Qab(τ, τ
′) ≡ 1

N

N∑
i=1

⟨σai (τ)σbi (τ′)⟩, (6.65)

where the overline denotes an average over disorder realizations, appears naturally in Eq. (6.64). We

then insert the identity

1 =
∫

DQab δ

(
NQab(τ, τ′)−

N∑
i=1

σai (τ)σbi (τ′)

)

=

∫
DQabDλab exp

[
i
∫ β

0

∫ β

0
dτdτ′ λab(τ, τ′)

(
NQab(τ, τ′)−

N∑
i=1

σai (τ)σbi (τ′)

)]
(6.66)

into the partition function, which, in terms of the collective variablesQab, λab, reads

Zn =

∫
Dσai DzaDQabDλab exp

[
−
∫ β

0
dτ

(
1
2g

σ̇ai (τ)σ̇ai (τ)− iza(τ)σai (τ)σai (τ) + h
∑
i
σai (τ)

)

− i
∫ β

0

∫ β

0
dτ dτ′ σai (τ)λab(τ, τ

′)σbi (τ′)

]

× exp

[
−Ni

n∑
a=1

∫ β

0
dτza(τ)

+N
∫ β

0

∫ β

0
dτdτ′

iλab(τ, τ′)Qab(τ, τ′) +
J2

4

n∑
a,b=1

(
Qab(τ, τ′)

)p]. (6.67)

Here, we have replaced bilinears of σi with Qab wherever possible and collected in the first two lines

all the remaining terms involving the σi fields, which we will integrate out in the next step. Using, for
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concreteness, the convention

∫
Dv(x) exp

[
− 1
2

∫ ∫
dx dx′v(x)M(x, x′) v(x′) +

∫
dx j(x) v(x)

]
(6.68)

=

√
(2π)n
detM

exp
[
1
2

∫ ∫
dx dx′j(x)M−1(x, x′) j(x′)

]
(6.69)

for n-dimensional vectors v, j and an n× nmatrixM, we obtain

Zn =

∫
DzaDQabDλab det−N/2

[
− 1
π
δabδ(τ− τ′)

(
1
2g

∂2
τ′ + i za(τ)

)
+

i
π
λab(τ, τ′)

]
(6.70)

× exp

{
Nh2

2

∫ β

0

∫ β

0
dτ dτ′

∑
ab

(
2G(τ, τ′) + 2iλ(τ, τ′)

)−1
ab

}

× exp

[
−Ni

n∑
a=1

∫ β

0
dτza(τ) +N

∫ β

0

∫ β

0
dτdτ′

(
iλab(τ, τ′)Qab(τ, τ′)

+
J2

4

n∑
a,b=1

(
Qab(τ, τ

′)
)p)]

≡
∫

DzaDQabDλab exp(−Seff), (6.71)

with the matrix G defined in replica and imaginary-time space as

Gab(τ, τ
′) ≡ −δab δ(τ− τ′)

(
1
2g

∂2
τ′ + i za(τ)

)
. (6.72)
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The replicated effective action can thus be extracted as

Seff
N

=
1
2
log det

[
1
π
(
Gab(τ, τ

′) + iλab(τ, τ
′)
)]

+ i
n∑

a=1

∫ β

0
dτ za(τ) (6.73)

−
∫ β

0

∫ β

0
dτ dτ′

[
iλab(τ, τ′)Qab(τ, τ′) +

J2

4

n∑
a,b=1

(
Qab(τ, τ

′)
)p

+
h2

4

n∑
a,b=1

(
G(τ, τ′) + iλ(τ, τ′)

)−1
ab

]
.

One of the advantages of the replica approach we are now positioned to harness is that since the effec-

tive action (6.73) is proportional toN, the saddle-point approximation is exact in the limitN → ∞.

6.3.2 Saddle-point equations

We will only be interested in the saddle point of the theory (6.73), in which case we can assume that

all fields are time-translation invariant and transform toMatsubara frequency space, as in (6.7). Then,

we have

Seff
N

=
1
2
∑
ωn

log det
[
1
π

(
δab
(

1
2g

ω2n − iza
)
+ iλab(ωn)

)]
+ iβ

n∑
a=1

za (6.74)

−
n∑

a,b=1

∑
ωn

iλab(−ωn)Qab(ωn)−
βh2

4

[
− iδabza + iλab(ωn = 0)

]−1

ab

− J2

4

∫ β

0

∫ β

0
dτdτ′

(
Qab(τ− τ′)

)p
.

We now employ a slight change of notation to obtain expressions similar to those in Ref.155, defining

−iza =
λ
2g

, iλab(ωn) = −Σab(ωn)
2g

, (6.75)
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in terms of which, the effective action is

Seff
N

=
1
2
∑
ωn

log det
[

1
2πg

(
δab
(
ω2n + λ

)
− Σab(ωn)

)]
− β

n∑
a=1

λ
2g

(6.76)

+

n∑
a,b=1

(
1
2g
∑
ωn

Σab(−ωn)Qab(ωn)−
βh2g
2

[
λδcd − Σcd(ωn = 0)

]−1

ab

− J2

4

∫ β

0

∫ β

0
dτdτ′

(
Qab(τ− τ′)

)p)
. (6.77)

Now, we use the identity (E.96) to absorb the h2 term into the log det as

Seff
N

=
1
2
∑
ωn

log det
[

1
2πg

(
δab
(
ω2n + λ

)
− Σab(ωn)− βh2gδωn,0

)]
− β

n∑
a=1

λ
2g

+
n∑

a,b=1

(
1
2g
∑
ωn

Σab(−ωn)Qab(ωn)−
J2

4

∫ β

0

∫ β

0
dτdτ′

(
Qab(τ− τ′)

)p)
. (6.78)

Then, the saddle-point equation with respect to Σab(ωn) is

Qab(ωn) = g
[
δab
(
ω2n + λ

)
− Σab(ωn)− βh2gδωn,0

]−1

ab
. (6.79)

Inserting this back into (6.78), we obtain an effective action just forQab and λ:

Seff
N

=− 1
2
∑
ωn

log detQab(ωn)− β
n∑

a=1

λ
2g

(6.80)

+
n∑

a,b=1

(
1
2g
∑
ωn

[
(ω2n + λ)δab − βh2gδωn,0

]
Qab(ωn)

− J2

4

∫ β

0

∫ β

0
dτdτ′

(
Qab(τ− τ′)

)p)
.
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From this, the saddle-point equations forQab and λ can be read off as

1 =
1
β
∑
ωn

Qaa(ωn),

Σab(τ) =
pgJ2

2
(Qab(τ))

p−1 ,

gQ−1
ab (ωn) = δab(ω2n + λ)− Σab(ωn)− βh2gδωn,0, (6.81)

with the Fourier transform defined by

Qab(ωn) =
∫ β

0
dτQab(τ)eiωnτ , (6.82)

and similarly for Σab(ωn). We numerically study these equations for the replica-symmetric and one-

step replica-symmetry-breaking cases for specific values of p. In the discussion below, we focus on the

p= 3 model since, as we show below, it exhibits an interesting and nontrivial phase diagram due to

the competition between these solutions.

For completeness, the solution of the p = 2 model is presented in Appendix E.3. Note that with

p = 2 and h = 0, Eq. (6.81) reduce to (33.32) and (33.33) in155. Moreover, for p= 4, h= 0 the

equations (6.81) are very similar to Eqs. (S50–S53) in Ref.33, the main difference being that ω2n is

replaced by iωn.

6.3.3 Replica-symmetric solution

In this section, we numerically determine the replica-symmetric (RS) solution of the p = 3model as a

function of transverse and longitudinal fields (g and h, respectively), while choosing the temperature

to be close to zero.

The ansatz (6.8) for the replica overlap functions in theRS case necessarily has a replica off-diagonal
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component

Qab(ωn) = βqδωn,0 + Qr(ωn)δab,

Σab(ωn) = βϱδωn,0 + Σr(ωn)δab, (6.83)

since, for nonzero h, the staticmoment is always nonzero. Then, using the identities in Appendix E.5,

the equations in (6.81) become (for p = 3)

1 = q+
1
β
∑
ωn

Qr(ωn), (6.84)

Σr(τ) =
3gJ2

2
(q+ Qr(τ))2 −

3gJ2

2
q2, (6.85)

ϱ =
3
2
gJ2q2, (6.86)

g
Qr(ωn)

= ω2n + λ − Σr(ωn), (6.87)

g q
Qr(ωn = 0)2

= ϱ+ gh2. (6.88)

We solve these equations self-consistently in the imaginary-frequency domain for the order param-

eter q as a function of the transverse field g at low temperatures for several values of the longitudinal

field, as shown in Fig. 6.7. In this model, the phase transition between the RS phase (q ̸= 0) and

the paramagnet (PM, q = 0) occurs only at zero longitudinal field. With even a slight increase in h,

the replica-symmetric solution becomes equivalent to the paramagnet for all values of g as q is always

non-zero (see (6.88)), as in Sec. 6.2.5.

Regardless of the value of the longitudinal field, we can show that the spectrum of the RS solution

is gapped. Todo so, we compute the dynamic spin susceptibility of the system,which requires analytic

continuation of the equations (6.84)–(6.88) to real frequencies. Taking the zero-temperature limit,
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Figure 6.7: Behavior of the order parameter q for the replica‐symmetric solution of the quantum spherical p = 3 model
as a function of the transverse field g for different values of longitudinal fields h (with J = 1, T = 0.005). The phase
transition between the replica‐symmetric and paramagnetic solutions occurs only for h = 0.

we obtain equations of the form

ρ(ω) =
g
π

Σ′′
r (ω)

(Σ′′
r (ω))2 + (−ω2 + λ − Σ′

r(ω))2
, (6.89)

Σ′′
r (ω) = 3πgJ2

(
qρ(ω) +

1
2

∫ ω

0
dω1ρ(ω1)ρ(ω− ω1)

)
, (6.90)

Σ′
r(ω) = 2

∫ +∞

0

dν
π
νΣ′′

r (ν)− ωΣ′′
r (ω)

ν2 − ω2
, (6.91)

ϱ =
3
2
gJ2q2, (6.92)

q =
gϱ+ g2h2

[λ − Σ′
r(ω = 0)]2

, (6.93)

1 = q+
∫ +∞

0
dωρ(ω), (6.94)

where the spectral representation of the regular component of the replica overlapQab(iωn) is

Qr(z) =
∫ ∞

−∞
dω

ω ρ(ω)
z2 + ω2

, (6.95)

and Σ′
r(ω) and Σ′′

r (ω) are the real and imaginary parts of Σr(iωn), respectively. The spectral function
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(a) (b)

Figure 6.8: Spectral functions of the quantum spherical p = 3 model for (a) h = 0 and (b) h = 1 at zero temperature
(with J = 1). (a) The phase transition between the RS phase and the quantum paramagnet occurs at a finite g > 3, and
the gap thus eventually saturates upon increasing g. (b) The replica‐symmetric solution persists for all values of g with a
gap that grows with increasing g.

is related to the retarded Green’s function as ρ(ω) = ImQr(ω)/π. Taking the z → ∞ limit above,

the associated sum rule becomes
∫ +∞
0 dω ωρ(ω) = g/2.

We note that the equations above, strictly speaking, permit several solutions, one of which has a

discontinuity at zero frequency given by ρ(ω = 0) = 1/(2πJ
√

6q). To avoid this, we initialize the

system with a simple step function with a small gap and let the equations converge (defined as when

the error reaches 10−20). As a final step, we also check that the sum rule is satisfied.

The spectral functions obtained in this fashion are presented in Fig. 6.8. For h = 0, we observe that

as g increases, the gap saturates to a finite value and eventually, after the transition point, the system

becomes a quantum-disordered paramagnet, as shown inAppendix E.4. However, at a finite field, the

gap increases with increasing g without a visible saturation since the replica-symmetric solution and

the paramagnet are one and the same.
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6.3.4 One-step replica symmetry breaking

In this section, we now allow for nontrivial structure in the replica off-diagonal space. In general,

replacing Eq. (6.83), we can write

Qab(ωn) = βqabδωn,0; a ̸= b,

Σab(ωn) = βϱabδωn,0; a ̸= b. (6.96)

The matrices qab and ϱab are characterized by Parisi functions q(u) and ϱ(u) with u∈ [0, 1]. For the

diagonal components, we make the same ansatz as in (6.83)

Qaa(ωn) = βq1 δωn,0 + Qr(ωn),

Σaa(ωn) = βϱ1 δωn,0 + Σr(ωn). (6.97)

We consider the one-step replica-symmetry-breaking (RSB) ansatz, for which (see Fig. 6.2)

q(u) =


q1 , x < u < 1

q0 , 0 < u < x
, and ϱ(u) =


ϱ1 , x < u < 1

ϱ0 , 0 < u < x
. (6.98)
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Using the identities in Appendix E.5, the equations in (6.81) now become

1 = q1 +
1
β
∑
ωn

Qr(ωn), (6.99)

ϱ1 + Σr(τ) =
pgJ2

2
(q1 + Qr(τ))p−1, (6.100)

ϱ1 =
pgJ2

2
qp−1
1 , (6.101)

ϱ0 =
pgJ2

2
qp−1
0 , (6.102)

Qr(ωn) =
g

ω2n +m2 − Σr(ωn) + Σr(ωn = 0)
, (6.103)

gh2 + ϱ1 =
q1g+m2βx(q1 − q0)2

[g/m2 + βx(q1 − q0)]2
, (6.104)

gh2 + ϱ0 =
gq0

[g/m2 + βx(q1 − q0)]2
, (6.105)

wherewe have simplified the equations by changing variables and introducingm2 = λ−Σr(ωn = 0).

There are eight unknowns, namely,m2,Qr, Σr, q1, q0, ϱ1, ϱ0, and βx, in the equations above. All but

one of these variables can be determined by solving the seven equations (6.99)–(6.105). However, the

value of the breakpoint βx is undetermined and can be fixed either by demanding a gapless solution,

as in Appendix 3 of Ref.33, or by requiring the free energy to be stationary with respect to x. The

additional equation then makes the system complete and the solution can be obtained by solving the

set of equations self-consistently. In the following, we derive this extra equation in both cases: by

imposing the gapless constraint, and by using the free energy. In general the two methods lead to

different solutions. It is known for the classical system that the gapless condition is chosen by dynamic

preparation41,16,17, while the free energy stationarity is chosen by the thermodynamic equilibrium

state169.
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Gapless condition

Let us first determine the condition for a gapless spectrum in theRSBcase; our approachhere is similar

to the analysis inRef.33. For a gapless spectrum, we expect the low-frequency expansion ofQr, for real

ω, to have the form

Qr(ω+ iη) =
g
m2 + |ω|α [a+ ib sgn(ω)] + . . . , (6.106)

for some α> 0, b> 0. From (6.100), we find that the leading singularity in Σr(ω) is given by the

linear-in-Qr(ω) term in (6.100), so

ImΣr(ω+ iη) =
p(p− 1)gJ2

2
qp−2
1 ImQr(ω+ iη),

=
p(p− 1)gJ2

2
qp−2
1 b |ω|α sgn(ω) . (6.107)

However, from (6.103), for low frequencies, we also have

ImΣr(ω+ iη) = −g Im [Qr(ω+ iη)]−1 =
m4

g
b |ω|α sgn(ω) . (6.108)

Therefore, comparing equations (6.107) and (6.108), we arrive at the constraint on the variablem that

has to be satisfied for the gapless solution to exist:

m4 =
p(p− 1)g2J2

2
qp−2
1 . (6.109)

It is easy to check that for the special case of p = 2, this expression precisely agrees with Eq. (33.41) in

Ref.155 and is similar to Eq. (4.11) in Ref.7.

It is important to note that upon solving the replica-symmetric equations self-consistently, we did

not obtain a gapless solution. One way to understand this is to plug the gapless constraint (6.109)

into the equations for the replica-symmetric case (6.84)–(6.88), which expressly demonstrates that the
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constraint cannot be satisfied for any values of h. Therefore, the replica-symmetric solution always has

a gap.

Free energy

Another way to fix x is to determine the saddle point of the free energy with respect to x. To do so, we

rewrite the effective action of the p-rotor model (6.80) explicitly for the one-step replica-symmetry-

breaking case

Seff
Nn

=− 1
2
∑
ωn

log[Qr(ωn)]−
1
2

βq0
Qr(ωn = 0) + βx(q1 − q0)

+
1
2x

ln
Qr(ωn = 0)

Qr(ωn = 0) + βx(q1 − q0)

− βλ
2g

+
1
2g
∑
ωn

(ω2n + λ)Qr(ωn) +
λβq1
2g

− βh2

2
[Qr(ωn = 0) + βx(q1 − q0)]

− βJ2

4

∫ β

0
dτ
[
(Qr(τ) + q1)p − qp1(1− x)− qp0x

]
. (6.110)

This action allows one to directly verify that the saddle-point equations are in fact correct: taking the

derivative of (6.110) with respect to q0 and λ, we see that the equations (6.99) and (6.105) indeed hold

after a change of variables tom2 = λ − Σr(ωn = 0).

To obtain an equation for x, we differentiate the action with respect to the breakpoint and obtain

∂Seff
∂x

= 0 ⇒ J2β2

4
(qp1 − qp0)−

1
2x2

log
[
1+

βx(q1 − q0)
Qr(ωn = 0)

]
+

β2h2

2
(q1 − q0) +

β(q1 − q0)(Qr(ωn = 0) + βq1x− 2βq0x)
2x(Qr(ωn = 0) + βx(q1 − q0))2

= 0. (6.111)

Although such a saddle-point condition has been employed to obtain the equilibrium state for the

classical model169, we will not use (6.111) here. It what follows, we instead use the gapless constraint

to determine the breakpoint x.

176



Spectral functions

As for the replica-symmetric case before, we are interested in the behavior of the spectral functions

in the RSB case. To this end, we analytically continue the equations on the imaginary-frequency axis

(6.99)–(6.102) and (6.103)–(6.105), focusing on the p = 3 case at zero temperature. After such

analytic continuation, we obtain

1 = q1 +
∫ +∞

0
dωρ(ω), (6.112)

Σ′′
r (ω) = 3πgJ2

(
q1ρ(ω) +

1
2

∫ ω

0
dω1ρ(ω1)ρ(ω− ω1)

)
, (6.113)

Σ′
r(ω) = 2

∫ +∞

0

dν
π
νΣ′′

r (ν)− ωΣ′′
r (ω)

ν2 − ω2
, (6.114)

ϱ1 =
3gJ2

2
q21 , (6.115)

ϱ0 =
3gJ2

2
q20, (6.116)

ρ(ω) =
g
π

Σ′′
r (ω)− Σ′′

r (ω = 0)
(Σ′′

r (ω)− Σ′′
r (ω = 0))2 + (ω2 −m2 + Σ′

r(ω)− Σ′
r(ω = 0))2

, (6.117)

gh2 + ϱ1 =
q1g+m2βx(q1 − q0)2

[g/m2 + βx(q1 − q0)]2
, (6.118)

gh2 + ϱ0 =
gq0

[g/m2 + βx(q1 − q0)]2
. (6.119)

For the final equation, as mentioned, we use the gapless constraint

m4 = 3g2J2q1, (6.120)

derived above in (6.109), and this gapless behavior should also be reflected in the spectral functions.

Therefore, we are allowed to make a linear ansatz

ρ(ω) = ω f(ω). (6.121)
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We insert this ansatz in Eqs. (6.113)–(6.119) and solve the equations self-consistently for f(ω). It is

quite challenging to obtain the self-consistent solution to these equations for all unknowns. Instead,

we simplify this task by solving the equations on the imaginary-frequency axis and self-consistently ob-

tain the value of the order parameter q1 at a temperature close to zero with a high precision. Then, we

use this result to obtain the behavior of the spectral functions. To ensure that the converged solution

is meaningful, we check the sum rule, which, in this case, is given by
∫ +∞
0 dω ω2f(ω) = g/2.

We sketch the behavior of the spectral functions ImQr(ω) in Fig. 6.3. From the equations above,

it is clear that spectral functions are independent of h, βx and q0. Only two parameters, namely, q0

and βx, depend on h. This is similar to the behavior of the Ising model in Sec. 6.2.5, where the only

change from the h = 0 solution in Sec. 6.2.4 was in the form of q(u) for u < (qh/qEA)x in (6.57).

It is also instructive to determine the dependence of q0 and βx on h in the h → 0 limit, which can be

calculated from the equations (6.118) and (6.119). We find that, to the lowest order, the dependence

is simply

q0 =
4g2

m4 h
2; βx =

g
q1m2 − 4g2

3m2J2q31
h2, (6.122)

which, as noted in Sec. 6.1.1, is in distinction to the h2/3 scaling observed for the Ising spin glass.

6.3.5 Phase diagram

Finally, having assembled all the necessary ingredients, we now compute the phase diagram of the

quantum spherical p= 3-rotor model in a longitudinal field at low temperatures. To do so, we first

determine the boundary of stability of the RSB solution by self-consistently computing the spin glass

order parameter from equations (6.99)–(6.105) and comparing q0 and q1. For the stability of the

RSB solution, one has to require q0≤ q1 26, and the solution ceases to be physical when q0> q1. Our

numerical results in this regard are displayed in Fig. 6.9. In particular, Fig. 6.9(a) presents q0 and q1 as
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(a) (b)

Figure 6.9: (a) Behavior of q0 and q1 as a function of g for the spherical quantum p=3‐rotor model in a longitudinal
field with T = 0.005 and J = 1. Note that q1 is independent of h but q0 is not. (b) Boundary of stability of the RSB
phase as determined by setting q0(g, h∗)=q1(g). For h > h∗(g), the necessary condition q0 ≤ q1 required for the
RSB solution no longer holds. Note that both plots are extrapolated around q0 ≃ 0 and h∗ ≃ 0.

a function of g for various values of h; the RSB solution exists only for q0 that lie below the line q1(g).

Basedon this information, Fig. 6.9(b) traces, in g-h space, the lineh∗(g) alongwhich q0(g, h∗)= q1(g).

Since this marks the boundary of stability of the RSB solution, the phase transition between the RSB

and RS phases may occur at this line.

To check whether this is indeed the case, we compute the free energies of both the RS and RSB

solutions. The free energy in the RS case can be written using (6.80) and we obtain

Frseff
Nn

=− 1
2β
∑
ωn

log[(ω2n + Γ2)Qr(ωn)/g]−
1
2

q
Qr(ωn = 0)

− λ
2g

+
λq
2g

+
1
2gβ

∑
ωn

[
(ω2n + λ)Qr(ωn)− g

]
− h2

2
Qr(ωn = 0)− J2

4

∫ β

0
dτ
[
(q+ Qr(τ))

3 − q3
]
+

Γ
2
+

1
β
ln
[
1− e−βΓ

]
, (6.123)

wherewe inserted a factor of (ω2n+Γ2)/g into the argument of the logarithm to regularize the behavior

at large |ωn|, and subtracted a constant to regulate the frequency summation in the term linear inQr.

This is equivalent to normalizing the path integral with an oscillator of frequency Γ. In order tomake

the resulting expression independent of Γ, we subtracted the free energy of this oscillator. For theRSB
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Figure 6.10: Phase diagram of the spherical quantum p=3‐rotor model in a longitudinal field with T = 0.005 and
J = 1. The phase diagram is evaluated by calculating the difference between the free energies of the replica‐symmetric
(RS, 6.123) and replica‐symmetry‐breaking (RSB, 6.124) solutions. The orange line on the phase boundary traces the
function h∗(g) plotted in Fig. 6.9(b).

case, we use the expression for the free energy computed above, focusing on p = 3,

Frsbeff
Nn

=− 1
2β
∑
ωn

log[(ω2n + Γ2)Qr(ωn)/g]−
1
2

q0
Qr(ωn = 0) + βx(q1 − q0)

+
1

2βx
ln

Qr(ωn = 0)
Qr(ωn = 0) + βx(q1 − q0)

− λ
2g

+
1
2gβ

∑
ωn

[
(ω2n + λ)Qr(ωn)− g

]
+

λq1
2g

− h2

2
[Qr(ωn = 0) + βx(q1 − q0)]

− J2

4

∫ β

0
dτ
[
(q1 + Qr(τ))3 − q31 (1− x)− q30x

]
+

Γ
2
+

1
β
ln
[
1− e−βΓ

]
. (6.124)

Here, we use the same regularization as for the free energy of the replica-symmetric solution. In both

cases, Γ has to be much smaller than the Matsubara frequency cutoff.

We evaluate the difference in free energies between the RSB andRS solutions to find the parameter

regions where each phase is dominant. Following the discussion in Ref.173, we pick the ground state

as the one that has a larger free energy. The resulting phase diagram is shown in Fig. 6.10; we find
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that the phase boundary obtained by comparing the free energies coincides (to a precision of |Frsbeff −

Frseff|/(Nn) < 10−5) with the line h∗(g) demarcating the stability of the RSB solution in Fig. 6.9(b).

6.4 Conclusions

Motivated by the quantum simulation of spatially disordered long-ranged interacting systems for solv-

ing combinatorial optimization problems48,171, we have studied the equilibrium dynamic properties

of two quantum spin glass models with infinite-range interactions: the Ising model in (6.1), and the

spherical p-rotor model in (6.3) and (6.4). In addition to random couplings between spins/rotors,

both models have an applied longitudinal field h, and do not break any global symmetry in any phase.

A coupling g tunes the strength of the quantum fluctuations, and at large g, we obtain a gapped para-

magnetic phase. Our primary interest was in the small-g regime, where replica symmetry breaking

leads to a quantum spin glass phase.

For the Isingmodel, we employed theLandau theory approachofRef.150 to show that the spin glass

phase has full replica symmetry breaking, with the Parisi function sketched in Fig. 6.1. We computed

the spin autocorrelation function in this spin glass phase, and showed that it is generically gapless,

with a spectral density which vanishes linearly with frequency (see (6.9) and Secs. 6.2.4 and 6.2.5).

In contrast, the spherical p-rotor model (p ≥ 3) has a different behavior in the spin glass phase.

There is only one-step replica symmetry breaking (see Fig. 6.2), and the breakpoint x remains unde-

termined by the saddle-point equations for the matrix spin glass order parameter. Rigorous mathe-

matical work on the classical g = 0model169 has shown that the equilibrium value of x is determined

by the stationarity of the free energy with respect to x. For this x, we showed that the spin glass state

has an energy gap. In contrast, if amarginal stability condition39,41,38 is used to determine x, we found

a gapless spectrumwith a linear frequency dependence at small frequency (see Fig. 6.3), similar to that

of the Ising model.

181



Our results on the nature of the spin glass phase also find relevance in the context of quantum

optimizationproblems since the properties of the gap—or lack thereof—directly inform the feasibility

of preparing low-energy states via adiabatic algorithms3,23,157.

Looking ahead, it would be useful to obtain the results described here without the replica method,

using a path integral on the Schwinger-Keldysh contour. This has already been studied for the spher-

ical p-rotor model41,16,17, where the breakpoint of one-step replica symmetry breaking, x, has been

connected to an effective temperature of the aging dynamics. Moreover, the equation for a gapless

spectrum in (6.109) is the same as Eq. (6.24) obtained in Ref.41 from aging dynamics. However, the

aging dynamics of the quantum Ising model97 with the crucial y quartic term have not been studied

so far, and it would be interesting to relate that to the full replica symmetry breaking characterized by

Fig. 6.1. Such a computation would be the analog of earlier studies163,162,164,40,5 of aging dynamics in

classical spin glasses described by Langevin equations, and we expect that there would be significant

differences56,5 between the Ising model and the spherical model in the quantum problem too.
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Supplementary Information for Chapter 2

A.1 Free energy from conformal perturbations

We can also use the conformal perturbation methods of Section 2.3 to compute the low temperature

expansion for the free energy. We find107,51,122

βFSYK =βFCFT +
∑
h

gh
∫ β

0
dτ⟨Oh⟩β −

1
2
∑
h,h′

ghgh′
∫ β

0
dτ1dτ2⟨Oh(τ1)Oh′(τ2)⟩β

+
1
6
∑

h,h′,h′′
ghgh′gh′′

∫ β

0
dτ1dτ2dτ2⟨Oh(τ1)Oh′(τ2)Oh′′(τ3)⟩β + . . . . (A.1)

The one-point functions in thermal CFT are not necessarily zero and from the scale symmetry we

have95,90

⟨Oh⟩β = Nbh/(βJ)h . (A.2)

To find constants bh we consider thermal conformal two point function

Gβ(τ) = − 1
N
⟨χi(τ)χi(0)⟩β = − bΔ sgn(τ)

| βJπ sin πτ
β |2Δ

. (A.3)

Expanding it in series for τ → 0 we obtain

Gβ(τ) = −bΔ sgn(τ)
|Jτ|2Δ

(
1+

π3

3
Δ
∣∣∣τβ ∣∣∣2 + π4

90
Δ(1+ 5Δ)

∣∣∣τβ ∣∣∣4 + . . .
)
. (A.4)
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On the other hand using OPE in (2.32) we find

Gβ(τ) = −bΔ sgn(τ)
|Jτ|2Δ

(
1+

∑
h

ch|Jτ|h⟨Oh⟩β
)
, (A.5)

where we assumed that the two-point functions of Oh are normalized as in (2.32). Comparing (A.4)

and (A.5) we find that only operators with h = 2k, where k = 1, 2, 3, . . . have non-zero one point

function, but all operators with h1, h2, h3, . . . should have zero one point function. As we already

stressed before conformal symmetry is broken in the SYK model and the analysis above should be

taken with caution. The role of higher expansion terms in (A.4) with k > 1 is unclear. Moreover in35

it was conjectured that the free energy has a termT3.77 in smallT expansion and thus this would imply

non-zero one point function ⟨Oh1⟩β. Whether this is correct or not remains an open question. For

h0 = 2 operator we find b0c0 = π2
3 Δ. Thus the contribution of the one-point function of h0 = 2

operator to the free energy is

βδFh0 = βg0⟨Oh0⟩β =
Nπ2Δ
3(βJ)2

βg0
c0

= −2π2N
(βJ)

αS , (A.6)

where αS = 1
6(1−Δ)bΔ|k′A(2)|α0 is the Schwarzian action coupling and this result agrees with121,104.

For the second order correction we find

βδ2Fh = − 1
2
∑
h

g2h
∫ β

0
dτ1dτ2⟨Oh(τ1)Oh(τ2)⟩ = − 1

2
∑
h

Ng2hβ
∫ β−ε

ε
dτ

(
π

βJ sin πτ
β

)2h

= − 1
2
∑
h

(
N(g2h/J

2)(βJ)
(h− 1/2)(εJ)2h−1 +

N(g2h/J
2)

(βJ)2h−2
π2h−

1
2 Γ( 12 − h)

Γ(1− h)

)
, (A.7)

where we regulated the integral inUVby a cutoff ε ∼ 1/J. The first term is proportional toN(βJ) and

represents correction to the ground energy, whereas the second term is finite and gives contribution
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to the free energy of order 1/(βJ)2h−2, so we find

βδ2Fh = N(q− 1)bΔ(−k′A(h))
(π/2)2h−1(cos(πh) + 1)Γ(h)2

(2h− 1) cos(πh)Γ
(
h− 1

2
)2 α2h

(βJ)2h−2 . (A.8)

For h0 = 2 this result gives βδ2Fh0 = N2π2qαSα0/(βJ)2, which exactly agrees withN/(βJ)2 correc-

tion computed in104,35 using careful analysis of h0 = 2 mode *. Moreover using the result for the

large q free energy from170 we find for 1/(βJ )2 term

βF ⊃
(π2
q2

− π2(24+ 5π2)
9q3

+ . . .
) N
(βJ )2

. (A.9)

On the other hand taking large q limit of (A.8) for h0 operator and using that α̃0 = 2
q −

12+7π2
9q2 + . . .

(see Appendix A.2) we obtain

βδ2Fh0 =
(π2
q2

−
π2
(
24+ 5π2

)
9q3

+ . . .
) N
(βJ )2

. (A.10)

We see that βδ2Fh0 exactly coincides with 1/q2 and 1/q3 orders in the large q expansion. This implies

that if the one point function ⟨Oh1⟩β is not zero it should start contributing only at the 1/q4 order,

which seems unlikely. The third order correction is given by

βδ3Fhh′h′′ =
1
6
ghgh′gh′′

∫ β

0

dτ1dτ2dτ3Nchh′h′′
(
βJ
π sin πτ12

β )h+h′−h′′(
βJ
π sin πτ13

β )h+h′′−h′(
βJ
π sin πτ23

β )h′+h′′−h

=
Nchh′h′′ghgh′gh′′Γ(

1−2(h+h′−h′′)
2 )Γ( 1−2(h+h′′−h′)

2 )Γ( 1−2(h′+h′′−h)
2 )Γ(1− h− h′ − h′′)

6π
3
2−h−h′−h′′(βJ)h+h′+h′′Γ(1− 2h)Γ(1− 2h′)Γ(1− 2h′′)

.

(A.11)

*In121 it was shown that ⟨Oh0(τ1)Oh0(τ2)⟩ = N4π2αS
β3J rather than ⟨Oh0(τ1)Oh0(τ2)⟩ = N

|τ12|4 . Nevertheless
in our computation we assumed the later form of this correlation function and obtained the correct result.
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Using general expression for chh′h′′ 75 for the case when h = h′ = h′′ = h0 → 2 we find ch0h0h0 ∝

1/(h0 − 2)3/2 and therefore the full result (A.11) is divergent in this case. This signals that the con-

formal perturbation theory developed above should be taken very cautiously for h0 = 2 operator and

in general may produce incorrect results.

A.2 Large q two point function in the fermionic SYK model

We consider the fermionic SYKq model with zero chemical potential μf = 0. In this case there is

a Particle-Hole symmetry and the Schwinger-Dyson equations are G(iωn)−1 = iωn − Σ(iωn) and

Σ(τ) = J2G(τ)q−1. At the limit q → ∞ the two point function at finite temperature T = 1/β

admits 1/q decomposition121:

G(τ) = − 1
2
sgn(τ)

(
1+

1
q
g(τ) +

1
q2
h(τ) + . . .

)
, (A.12)

where g(τ) = 2 log
(
cos πv

2
cos x

)
andwe defined x ≡ πv

2 − πvτ
β and v is found from transendental equation

βJ = πv
cos πv

2
with rescaled couplingJ = (21−qq)1/2J. The next order h(τ)was found in170 and reads

h(τ) =
g2(x)
2

− 2ℓ(x)− 4
(
tan x

∫ x

0
dyℓ(y) + 1

)
+

4(tan πv
2
∫ πv

2
0 dyℓ(y) + 1)(1+ x tan x)
1+ πv

2 tan πv
2

,

(A.13)

where ℓ(x) = g(x) − e−g(x)Li2(1 − eg(x)). Also the expression for the large q free energy of the

Majorana SYK is

βF/N = − 1
2
log 2− πv

(
tan

πv
2

− πv
4

) 1
q2

− πv
(
πv− 2 tan

πv
2

(
1− π2v2

12

)) 1
q3

+ . . . .

(A.14)
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At large βJ limit one finds

v = 1− 2
βJ

+
4

(βJ )2
− 24+ π2

3(βJ )3
+

8
(
6+ π2

)
3(βJ )4

+ . . . . (A.15)

Using this expansion and equations for g(τ) and h(τ)we can find at β = ∞ that g(τ) = log u2 and

h(τ) =− 4
3
(1− u)− π2

9
u(3+ u−3)− 2

3
log
(
u2
)
+

1
6
(4u+ 3) log2(u2)

+
8
3
u log

(
u2
)
log
(
1+ u−1)− 16

3
uLi2(−u−1) +

2
3
u(2+ u−3)Li2(1− u2) , (A.16)

where we denoted u ≡ 1/(1+J τ). Conformal approximation to the two-point function at β = ∞

has the form

Gc(τ) = −b1/q
sgn(τ)
|Jτ|2/q

, b =
q− 2
2πq

tan
π
q
, (A.17)

therefore we can write the two point function (A.12) as

G(τ) = Gc(τ)(J τ)
2
q
(q− 2

π
tan

π
q

)−1/q(
1+

1
q
g(τ) +

1
q2
h(τ) + . . .

)
= Gc(τ)

(
1+

2 logJ τ
q

+
2(1+ log2 J τ)

q2
+ . . .

)(
1− 2 log(1+ J τ)

q
+

1
q2
h(τ) + . . .

)
.

(A.18)

Finally using result (A.16) and expanding everything in the limitJ τ → ∞we find

G(τ) =Gc(τ)
(
1+

(
− 2

J τ
+

1
(J τ)2

− 2
3(J τ)3

+ . . .
) 1
q

+
(12+ 7π2

9

(
1
J τ

− 1
(J τ)2

+
1

(J τ)3

)
− 7

2(J τ)2
+

3
(J τ)3

− 6 log(J τ)
(J τ)2

+
12 log(J τ)
(J τ)3

+ . . .
) 1
q2

+ . . .

)
. (A.19)
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On the other hand from the resonance theory described in Section 2.4 we expect to have

G(τ) = Gc(τ)
(
1−

∞∑
k=0

αk
|Jτ|hk−1 −

∞∑
k,m=0

akmαkαm
|Jτ|hk+hm−2 −

∞∑
k,m,l=0

akmlαkαmαl
|Jτ|hk+hm+hl−3 − . . .

)
, (A.20)

where αk, akm, akml are all functions of q. In the large q limit solving kA(h) = 1, where

kA(h) =
Γ(2Δ − h)Γ(2Δ + h− 1)
Γ(2Δ − 2)Γ(2Δ + 1)

(
1− sin(πh)

sin(2πΔ)

)
(A.21)

we find that operators dimensions apart from h0 = 2 admit 1/q decomposition and read

h1 = 3+
4
q
+ . . . , h2 = 5+

22
9q

+ . . . , hk = 2k+ 1+
2(2k2 + k+ 1)
(k+ 1)(2k− 1)q

+ . . . . (A.22)

Using these anomalous dimensions in (A.20) we find

G(τ) =Gc(τ)
(
1− α̃0

(J τ)
− a00α̃20

(J τ)2
− α̃1

(J τ)2+
4
q+...

− a000α̃30
(J τ)3

− 2a01α̃0α̃1
(J τ)3+

4
q+...

− α̃2
(J τ)4+

22
9q+...

− . . .

)
=Gc(τ)

(
1− α̃h0

(J τ)
− a00α̃20

(J τ)2
− α̃1

(J τ)2
(
1− 4

q
log(J τ) + . . .

)
− α̃2

(J τ)4
(
1− 22

9q
log(J τ) + . . .

)
− . . .

)
, (A.23)

where we denoted α̃k(q) = (21−qq)
hk−1
2 αk(q). Comparing (A.19) and (A.23) we find relations

α̃0(q) =
2
q
− 12+ 7π2

9q2
+ . . . , α̃1(q) = − 3

2q
+

7π2 + 33− 24a(2)00
6q2

+ . . . , (A.24)

a00(q) =
q
8
+ a(2)00 + . . . , a01(q) = −q

2
+ a(2)01 + . . . , (A.25)

a000(q) = − 7
24

q2 +
1
8
(6a(2)01 − 8a(2)00 + 4)q+ . . . (A.26)
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We notice that log(J τ)/(J τ)2 and log(J τ)/(J τ)3 terms in 1/q2 order arise due to h1 operator.

The large q results (A.26) for a00, a01 and a000 match with an arbitrary q formulas (2.80) and (2.85)

derived in the Section 2.4. This comparison also fixes a(2)00 = 0 and a(2)01 = −3/2.

A.3 Two point function for q = 2 in the fermionic SYK model

For q = 2 the exact result for the two point function for τ > 0 at zero temperature is121:

G(τ) = −
∫ π

0

dθ
π

cos2 θe−2Jτ sin θ =
LLL1(2Jτ)− I1(2Jτ)

2Jτ
= − 1

πJτ
+

1
4π(Jτ)3

+
3

16π(Jτ)5
+ . . . ,

(A.27)

where I1(x) andLLL1(x) are modified Bessel and Struve functions. For q = 2 the conformal two point

function is

Gc(τ) = − 1
πJτ

, (A.28)

where we used that b1/2 = 1/π. Thus we find

G(τ) = Gc(τ)
(
1− 1

4(Jτ)2
− 3

16(Jτ)4
− 45

64(Jτ)6
− . . .

)
. (A.29)

On the other hand using formula (A.20) and that for q = 2 operators dimensions are simply hk =

2(k+ 1)we expect to have

G(τ) = Gc(τ)
(
1−

∞∑
k=0

αk
(Jτ)2k+1 −

∞∑
k,m=0

akmαkαm
(Jτ)2(k+m+1) −

∞∑
k,m,l=0

akmlαkαmαl
(Jτ)2(k+m+l)+3 − . . .

)
.

(A.30)
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Comparing (A.29) and (A.30) we obtain relations between αk(q) and akm(q), akml(q), etc for q = 2

α0(2) = 0 , α1(2) = −a000(2)α30(2) , a00(2)α20(2) =
1
4
, 2a01(2)α0(2)α1(2) =

3
16

.

(A.31)

Moreover using that α0(q) = π
8 (q−2)+ . . . for q → 2121 we obtain that a00(q) → 16

π2(q−2)2 + . . . ,

which agrees with the arbitrary q formula (2.80) for ahh′(q).

A.4 Finite Temperature Generalization for Spectral Densities

Consider retarded Green’s function in real time

GfR(t) = −iθ(t)⟨{f(t), f†(0)}⟩, GbR(t) = −iθ(t)⟨[b(t), b†(0)]⟩ , (A.32)

where θ(t) is the Heaviside step function and should not be confused with the asymmetry angle. Be-

low we again suppress subscript a = f, b and only retain ζ factor, where ζf = −1 and ζb = 1. We can

obtain retarded Green’s function by analytically continuing imaginary time one:

GR(t) = iθ(t)
(
G(it+ 0)− G(it− 0)

)
. (A.33)

The full retarded Green’s function can be written as a conformal part plus corrections GR(t) =

Gc
R(t) + δGR(t) and for the conformal retarded Green’s function we find

Gc
R(t) = −iθ(t)

(e−iπ(Δ+iE) − ζeiπ(Δ+iE))bΔe−
2πiE
β t

(
βJ
π sinh πt

β )
2Δ

. (A.34)
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We split correction δGR(t) on two terms δGR(t) = δGA
R(t) + δGS

R(t)where

δhG
A/S
R (t) = − 1

2
(vh+ ± vh−)

αh
(βJ)h−1 f

A/S
Rh (t)Gc

R(t) , (A.35)

and for fA/SRh (t)we have

fA/SRh (t) =
e−iπ(Δ+iE)fA/Sh (it+ 0)∓ ζeiπ(Δ+iE)fA/Sh (it− 0)

e−iπ(Δ+iE) − ζeiπ(Δ+iE) , (A.36)

where functions fA/Sh (τ) are defined in (2.93) and (2.94). To find fA/Sh (it±0)we notice that function

Ah(u) is analytic in C and has a branch cut [1,+∞). Inside the unit circle |u| ≤ 1 we can compute

Ah(u) using series expansion. Analytic continuation of f
A/S
h (τ)will produce two termsAh(e

− 2πt
β ) and

Ah(e
2πt
β ± i0), where the last function is computed above or below the branch cut. Using formulas for

linear transformations of the hypergeometric function we can represent fAh (it± 0) in the convenient

form

fAh (it± 0) =
π(2π)h−1Γ(h)2

2 sin πh
2 sin(2πh)Γ(2h− 1)

(
(1+ e±iπh)Bh(e

− 2πt
β )

Γ(1− h)2
− (h → 1− h)

)
,

fSh(it± 0) = ± iπ(2π)h−1Γ(h)2

2 cos πh
2 sin(2πh)Γ(2h− 1)

(
(1− e±iπh)Bh(e

− 2πt
β )

Γ(1− h)2
− (h → 1− h)

)
, (A.37)

where Bh(u) = (1− u)hF(h, h, 2h, 1− u) is unambiguous for u = e−
2πt
β and can be computed using

series expansion. We notice that Bh coincides with the function B+h,0 used in
104,103,81. Using (A.36)
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we obtain for the fermions

fARh(t) =
(2π)h−2 cos πh

2 Γ(h)
2

cos(πh)Γ(2h− 1)

(
Γ(h)2

(
1+

cos(π(Δ − h+ iE))
cos(π(Δ + iE))

)
Bh(e

− 2πt
β )− (h → 1− h)

)
,

fSRh(t) =
i(2π)h−2 sin πh

2 Γ(h)
2

cos(πh)Γ(2h− 1)

(
Γ(h)2

(
1− cos(π(Δ − h+ iE))

cos(π(Δ + iE))

)
Bh(e

− 2πt
β )− (h → 1− h)

)
(A.38)

and for bosons we need to change cos → sin inside the brackets. For hA0 = 2 mode we find

fAR0(t) = 2−
π tan(π(Δ + iE)) + 2πt

β

tanh
(
πt
β

) , fSR0(t) = − iπ

tanh
(
πt
β

) (A.39)

and for bosons we need to change tan → − cot. To compute expression for the spectral density

we need to find retarded Green’s function in frequency space GR(ω) = Gc
R(ω) + δGR(ω). For the

conformal part we take the Fourier transform of (A.34) and find

Gc
R(ω) = −i

C
J

( βJ
2π

)1−2Δ
e−iθ Γ(Δ − iω′)

Γ(1− Δ − iω′)
, (A.40)

where ω′ ≡ βω
2π − E and the constant C is defined after (2.53). Formulas written with the use of

asymmetry angle are the same for both fermions and bosons. Next for δGR(ω) = δGA
R(ω) + δGS

R(ω)

we introduce fA/SRh (ω) as

δhG
A/S
R (ω) = − 1

2
(vh+ ± vh−)

αh
(βJ)h−1 f

A/S
Rh (ω)Gc

R(ω) , (A.41)
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and we stress that fA/SRh (ω) are not Fourier transforms just of fA/SRh (t). After some computations we

obtain

fARh(ω) =
(2π)h−2 cos πh

2 Γ(h)
2

cos(πh)Γ(2h− 1)

(
Γ(h)

Γ(1− h)

(
e2iθ −

sin
( πh

2 − 2πΔ
)

sin
( πh

2
) )

Jh(ω)− (h → 1− h)

)
,

fSRh(ω) =
i(2π)h−2 sin πh

2 Γ(h)
2

cos(πh)Γ(2h− 1)

(
Γ(h)

Γ(1− h)

(cos( πh2 − 2πΔ
)

cos
( πh

2
) − e2iθ

)
Jh(ω)− (h → 1− h)

)
,

(A.42)

where the function Jh(ω) is

Jh(ω) = Γ(1− Δ − iω′)Γ(1+ h− 2Δ)Γ(2Δ)3F2
(

h, h, 1+ h− 2Δ
2h, 1+ h− Δ − iω′

; 1
)

(A.43)

and 3F2 is the regularized hypergeometric function. For hA0 = 2 we find fSR0(ω) = πω′/Δ and

fAR0(ω) =
1
Δ

(
2Δ − 1− iω′

(
π tan(π(Δ + iE)) + ψ(1− Δ − iω′)− ψ(Δ − iω′)

))
, (A.44)

where ψ(z) ≡ Γ′(z)/Γ(z) is the digamma function and we used that tan(π(Δ + iE)) = tan πΔ +

(e2iθ − 1)/ sin(2πΔ) for fermions. For bosons we need to change tan → − cot.

For the spectral density we find ρ(ω) = ρc(ω) + δρ(ω), where

ρc(ω) = − 1
π
ImGc

R(ω) =
C
πJ

( βJ
2π

)1−2Δ
Re
(
e−iθ Γ(Δ − iω′)

Γ(1− Δ − iω′)

)
(A.45)

and the correction is

δρ(ω) =
∑
h

αh
2π(βJ)h−1

(
(vh+ + vh−)Im(Gc

R(ω)fARh(ω)) + (vh+ − vh−)Im(Gc
R(ω)fSRh(ω))

)
.

(A.46)
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Finallywe find formulas for the spin-spin correlator and spin-spin spectral density at non-zero tem-

perature. The spin-spin correlator in imaginary time isQ(τ) = −ζG(τ)G(−τ) (note,Q(τ) is denoted

χL(τ) in Section 2.1). Retaining only leading linear corrections we obtain

Q(τ) = Qc(τ)

(
1−

∑
h

(vh+ + vh−)
αh

(βJ)h−1 f
A
h (τ)− . . .

)
, (A.47)

where we notice that functions fSh(τ) don’t contribute at the leading order and the conformal part of

the spin-spin correlator is

Qc(τ) = −ζGc(τ)Gc(−τ) = − b2Δ

| βJπ sin πτ
β |4Δ

. (A.48)

We can find retarded spin-spin correlator in real time QR(t) = −iθ(t)⟨[S(t), S(0)]⟩ by analytic con-

tinuation of the imaginary time one:

QR(t) = iθ(t)(Q(it+ 0)− Q(it− 0)) . (A.49)

We notice that all formulas for QR(t) are essentially the same as for bosonic GR(t) with replacement

Δ → 2Δ and E = 0 (or θ = π/2). Below we still repeat some main steps.

As usual QR(t) is split on two terms QR(t) = Qc
R(t) + δQR(t) where the conformal part and

correction have the form

Qc
R(t) = −θ(t)

2 sin(2πΔ)b2Δ

(
βJ
π sinh πt

β )
4Δ

, δhQR(t) = −(vh+ + vh−)
αh

(βJ)h−1 f
A
Rh(t)Q

c
R(t) (A.50)

and here the bosonic function fARh(t) in (A.38) is for E = 0 and Δ → 2Δ. Now taking the Fourier
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transform ofQR(t)we getQR(ω) = Qc
R(ω) + δQR(ω), where the conformal part is

Qc
R(ω) = − πb2Δ

JΓ(4Δ) cos(2πΔ)

( βJ
2π

)1−4Δ Γ(2Δ − i βω2π )

Γ(1− 2Δ − i βω2π )
. (A.51)

The correction has the form

δQR(ω) = −
∑
h

(vh+ + vh−)
αh

(βJ)h−1 f
A
Rh(ω)Q

c
R(ω) , (A.52)

where the function fARh(ω) in (A.42) is computed here for Δ → 2Δ, θ = π/2 andω′ = βω
2π . Therefore

for hA0 = 2 mode we find

fAR0(ω) =
1
2Δ

(
4Δ − 1− i

βω
2π
(
ψ(1− 2Δ − i

βω
2π

)− ψ(2Δ − i
βω
2π

)− π cot(2πΔ)
))

. (A.53)

We are mainly interested in Δ = 1/4 case. At Δ → 1/4 limit the conformal part Qc
R(ω) is diverging

and we get

Qc
R(ω) =

2b1/2

J

(
1

4(Δ − 1
4)

+ ψ
( 1
2
− iβω

2π

)
+ γ− log

( βJ
2π

)
+ . . .

)
. (A.54)

The diverging part is real and doesn’t not contribute to the spectral density. On the other hand the

function fARh(ω) goes to zero as (Δ − 1/4) and we obtain

fARh(ω)Q
c
R(ω) = −

b1/2(2π)h−1 cos πh
2 Γ(h)

2

J cos(πh)Γ(2h− 1)

×

[
Γ(h)2Γ( π−iβω

2π )

tan πh
2 Γ(1− h) 3

F2
( h, h, h
2h, π(2h+1)−iβω

2π
; 1
)
− (h → 1− h)

]
, (A.55)

where 3F2 is the regularized hypergeometric function. The spin-spin spectral density ρQ(ω) can be
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found as

ρQ(ω) = − 1
π
ImQR(ω) (A.56)

We write ρQ(ω) = ρcQ(ω) + δρQ(ω) and using (A.55) we obtain

ρQ(ω) =
b1/2

J
tanh

(βω
2
)(

1−
∑
h

(vh+ + vh−)
αh

(βJ)h−1R
A
h
(βω
2π
)
− . . .

)
, (A.57)

where the functionRA
h (ω) is

RA
h (ω) =

2
( π
2
)h Γ(h)

√
π sin

( πh
2
)
Γ
(
h− 1

2
)Re 3F2(h 1− h 1

2 + iω
1 1

; 1
)
. (A.58)

To get this expression we used two identities for the regularized hypergeometric function

3F2
(
1− h, 1− h, 1− h
2− 2h, 1− h+ a

; 1
)

=
Γ(h)3

Γ(1− h)3 3
F2
(

h, h, h
2h, h+ a

; 1
)

+
Γ(h)3

Γ(a)Γ(2− 2h)Γ(2h− 1) 3
F2
(
1− h, h, 1− a

1, 1
; 1
)
, (A.59)

3F2
(

h, h, h
2h, h+ a

; 1
)

=
Γ(1− a)Γ(1− h)2

Γ(h)Γ(h+ a)Γ(1− h− a) 3
F2
(
h, 1− h, 1− a

1, 1
; 1
)

+
Γ(1− h)2

Γ(h)Γ(a) 3F2
(
h, 1− h, a

1, 1
; 1
)
. (A.60)

Retaining only hA0 = 2 mode we obtain

ρQ(ω) =
b1/2

J
tanh

(βω
2
)(

1− 2αA0 ω
J

tanh
(βω
2
)
− . . .

)
, (A.61)
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where we used that v0+ + v0− = 2 and

3F2
(
1− h, h, 1

2 + iω
1, 1

; 1
)

= −2iω− 2iω(ψ(1/2− iω) + γE)(h− 2) + O((h− 2)2) . (A.62)

A.5 ZerotemperaturenumericsfortheBosonic/FermionicSYKandtheRan-

domRotor models

We considerDyson-Schwinger equations for the retardedGreen’s function for bosonic and fermionic

SYK for q = 4 case, which is obtained by analytic continuation from theMatsubara frequency iωn →

ω+ i0. The first Dyson-Schwinger equation reads

GR(ω)−1 = ω+ i0+ μ− ΣR(ω) . (A.63)

Here for brevity we don’t explicitly label Green’s functions by index a = f, b but we will use symbol

ζa, which is ζf = −1 and ζb = 1. In general for theGreen’s function and self-energywe define analytic

in the upper half plane functions G(z) and Σ(z), which are expressed through the spectral densities

ρ(ω) and σ(ω) as

G(z) =
∫ +∞

−∞
dω

ρ(ω)
z− ω

, Σ(z) =
∫ +∞

−∞
dω

σ(ω)
z− ω

. (A.64)

The Matsubara and retarded Green’s functions can be obtained from these functions by taking z =

iωn and z = ω + i0. We can find the spectral density as ρ(ω) = − 1
π ImGR(ω). Also using the

representation (A.64) we can obtain Green’s function in imaginary time expressed through integral

over the spectral density

G(τ) =
1
β
∑
n

G(iωn)e−iωnτ = −
∫ +∞

−∞
dω

ρ(ω)e−ωτ

1− ζe−βω , τ ∈ (0, β) . (A.65)
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We notice that ζG(β−) − G(0+) =
∫ +∞
−∞ dωρ(ω) = 1 for arbitrary temperature. To obtain the

second Dyson-Schwinger equation for the retarded self-energy ΣR(ω) we consider this equation in

theMatsubara space Σ(τ) = J2G2(τ)G(β− τ) and use (A.65) to write it through the spectral density

Σ(iωn) = −J2
∫ +∞

−∞

3∏
i=1

(dωiρ(ωi))
n(ω1)n(ω2)n(−ω3) + n(−ω1)n(−ω2)n(ω3)

ω1 + ω2 − ω3 − iωn
, (A.66)

wheren(ω) = 1/(eβω−ζ) is the Bose or Fermi distribution andwe can get ΣR(ω) = Σ(iωn = ω+i0).

At zero temperature β = ∞ we can replace nb(ω) by−θ(−ω) and nf(ω) by θ(−ω). Though nb(ω)

is divergent for ω → 0, we assume that this divergence does not play any role. Functions GR(ω)

and ΣR(ω) are complex valued and further we will adopt notations for their real and imaginary parts

GR(ω) = G′(ω) + iG′′(ω) and ΣR(ω) = Σ′(ω) + iΣ′′(ω). So for β = ∞ using (A.66) we find

Σ′′(ω) =


ζπJ2

∫ ω1+ω2≤ω
0 dω1dω2ρ(ω1)ρ(ω2)ρ(ω1 + ω2 − ω), ω > 0

ζπJ2
∫ 0
ω1+ω2≥ω dω1dω2ρ(ω1)ρ(ω2)ρ(ω1 + ω2 − ω), ω < 0 .

(A.67)

Below in all formulas we set J = 1 for brevity. We anticipate that at zero temperature the functions

ρ(ω) and Σ′′(ω)will have discontinuity. So it will be convenient to use a new set of functions defined

separetely for ω > 0 and ω < 0

ρ(ω) =


g+(ω)√

ω , ω > 0

g−(−ω)√
−ω , ω < 0

, Σ′′(ω) =


4π

√
ωs+(ω), ω > 0

4π
√
−ωs−(−ω), ω < 0

. (A.68)

We make change of variables ω1 = ω sin2 u cos2 φ and ω2 = ω sin2 u sin2 φ in (A.67) and obtain

s±(ω) = ζ
∫ π

2

0
du sin u

∫ π
2

0
dφ g±(ω sin2 u cos2 φ)g±(ω sin2 u sin2 φ)g∓(ω cos2 u) , (A.69)
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and we notice that s±(x) and g±(x) are defined only for a positive argument. Now it is left to find a

real part Σ′(ω) of the self-energy. For this we use the Kramers-Kronig relation

Σ′(ω) = −
∫ +∞

−∞

dν
π
Σ′′(ν)− Σ′′(ω)

ν− ω
. (A.70)

Defining Σ′
±(ω) as Σ′(ω) = Σ′

+(ω)θ(ω) + Σ′
−(−ω)θ(−ω)we find

Σ′
±(ω) = ±−

∫ +∞

0

dν
π

(
Σ′′
±(ν)− Σ′′

±(ω)
ν− ω

−
Σ′′
∓(ν)− Σ′′

±(ω)
ν+ ω

)
. (A.71)

At zero temperature we set chemical potential μ = Σ′(ω = 0), so introducing h±(ω) as

Σ′(ω)− Σ′(0) =


4
√
ωh+(ω), ω > 0

4
√
−ωh−(−ω), ω < 0

(A.72)

and simplifying expressions we finally obtain

h±(ω) = ±−
∫ +∞

0
dν
(√

ωs±(ν)−
√
νs±(ω)√

ν(ν− ω)
+

√
ωs∓(ν) +

√
νs±(ω)√

ν(ν+ ω)

)
. (A.73)

Now using the first Dyson-Schwinger equation we can get g± from s± and h±

g±(ω) = − 4s±(ω)
(4h±(ω)∓

√
ω)2 + 16π2(s±(ω))2

. (A.74)
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We solve Dyson-Schwinger equations iteratively using (A.69), (A.73) and (A.74) and also imposing

the initial conditions coming from the conformal solution (2.53)

g±(0) =
C sin

( π
4 ± θ

)
π

, s±(0) = −
sin
( π
4 ± θ

)
4πC

, h±(0) = ∓
cos
( π
4 ± θ

)
4C

, C =
( −ζπ
cos 2θ

)1/4
.

(A.75)

We can compute the chemical potential numerically using that μ = Σ′(ω = 0) and eq. (A.71):

μ = 4
∫ +∞

0
dω

s+(ω)− s−(ω)√
ω

. (A.76)

In the random rotor model defined in the Section 2.6 the spectral density ρ(ω) is an odd function

due to the particle-hole symmetry. Thus we have g−(ω) = −g+(ω) and s−(ω) = −s+(ω), where

equation for s+(ω) is written in (A.69) (ζ = 1 in this case). Also h−(ω) = h+(ω) and from (A.73)

we find

h+(ω) =
∫ +∞

0
dν

2ω(
√
ωs+(ν)−

√
νs+(ω))√

ν(ν2 − ω2)
. (A.77)

The first Schwinger-Dyson equation in the random rotor model reads

g+(ω) = − 4s+(ω)
(ω3/2 − 4h+(ω))2 + 16π2s+(ω)2

(A.78)

and the boundary conditions are obtained from (A.75) for θ = π/2.
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B
Supplementary Information for Chapter 3

B.1 Zero temperature numerics for t− Jmodel

We consider Dyson-Schwinger equations for the retarded Green’s function for t− Jmodel, which is

obtained by analytic continuation from theMatsubara frequency iωn → ω+ i0. The first pair of the
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Dyson-Schwinger equations reads

Gf,R(ω)−1 = ω+ i0+ μf − Σf,R(ω) ; (B.1)

Gb,R(ω)−1 = ω+ i0+ μb − Σb,R(ω) . (B.2)

As before, we define analytic in the upper half plane Green’s functions G(z) and self energy Σ(z),

which are expressed through the spectral densities ρ(ω) and σ(ω) as

G(z) =
∫ +∞

−∞
dω

ρ(ω)
z− ω

, Σ(z) =
∫ +∞

−∞
dω

σ(ω)
z− ω

. (B.3)

The Matsubara and retarded Green’s functions can be obtained from these functions by taking z =

iωn and z = ω + i0. We can find the spectral density as ρ(ω) = − 1
π ImGR(ω). Also using the

representation (B.3) we can obtain Green’s function in imaginary time expressed through integral

over the spectral density

Ga(τ) =
1
β
∑
n

Ga(iωn)e−iωnτ = −
∫ +∞

−∞
dω

ρ(ω)e−ωτ

1− ζe−βω , τ ∈ (0, β) , (B.4)

where a = f, b and ζf = −1, ζb = 1. We notice that G(0+)− ζG(β−) = −1 = −
∫ +∞
−∞ dωρ(ω) for

arbitrary temperature.

Here we consider an original model with fermionic spinon and bosonic holon, that gives the fol-

lowing second pair of the Dyson-Schwinger equations

Σf(τ) = J2G2
f (τ)Gf(β− τ) + kt2Gf(τ)Gb(τ)Gb(β− τ) ; (B.5)

Σb(τ) = t2Gf(τ)Gf(β− τ)Gb(τ) . (B.6)

To obtain the second Dyson-Schwinger equation for the retarded self-energy ΣR(ω) we consider
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the equations in the Matsubara space above and use (B.4) to write it in terms of the spectral densities

for fermions

Σf(iωn) = −J2
∫ +∞

−∞

3∏
i=1

(dωiρf(ωi))
nf(ω1)nf(ω2)nf(−ω3) + nf(−ω1)nf(−ω2)nf(ω3)

ω1 + ω2 − ω3 − iωn
(B.7)

+ kt2
∫ +∞

−∞

3∏
i=1

dωiρf(ω1)ρb(ω2)ρb(ω3)
nf(ω1)nb(ω2)nb(−ω3) + nf(−ω1)nb(−ω2)nb(ω3)

ω1 + ω2 − ω3 − iωn

(B.8)

and for bosons

Σb(iωn) = t2
∫ +∞

−∞

3∏
i=1

dωiρf(ω1)ρb(ω2)ρf(ω3)
nf(ω1)nb(ω2)nf(−ω3) + nf(−ω1)nb(−ω2)nf(ω3)

ω1 − ω2 + ω3 − iωn

(B.9)

wherena(ω) = 1/(eβω−ζ) is theBose or Fermidistribution andwecangetΣR(ω) = Σ(iωn = ω+i0).

At zero temperature β = ∞ we can replace nb(ω) by−θ(−ω) and nf(ω) by θ(−ω). Though nb(ω)

is divergent for ω → 0, we assume that this divergence does not play any role. Functions GR(ω)

and ΣR(ω) are complex valued and further we will adopt notations for their real and imaginary parts

GR(ω) = G′(ω) + iG′′(ω) and ΣR(ω) = Σ′(ω) + iΣ′′(ω). So for β = ∞ for fermions we find

ρbf(ω1, ω2, ω) = kt2ρb(ω2)ρb(ω1 + ω2 − ω)− J2ρf(ω2)ρf(ω1 + ω2 − ω) (B.10)

Σ′′
f (ω) =


π
∫ ω1+ω2≤ω
0 dω1dω2ρf(ω1)ρbf(ω1, ω2, ω), ω > 0

π
∫ 0
ω1+ω2≥ω dω1dω2ρf(ω1)ρbf(ω1, ω2, ω), ω < 0

(B.11)
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and for bosons

Σ′′
b (ω) =


−πt2

∫ ω1+ω2≤ω
0 dω1dω2ρf(ω1)ρb(ω2)ρf(ω2 + ω1 − ω), ω > 0

−πt2
∫ 0
ω1+ω2≥ω dω1dω2ρf(ω1)ρb(ω2)ρf(ω2 + ω1 − ω), ω < 0 .

(B.12)

We anticipate that at zero temperature the functions ρ(ω) and Σ′′(ω) will have discontinuity. So it

will be convenient to use a new set of functions defined separately for ω > 0 and ω < 0

ρa(ω) =


g+a (ω)√

ω , ω > 0

g−a (−ω)√
−ω , ω < 0

, Σ′′
a(ω) =


4π

√
ωs+a (ω), ω > 0

4π
√
−ωs−a (−ω), ω < 0

. (B.13)

We make change of variables ω1 = ω sin2 u cos2 φ and ω2 = ω sin2 u sin2 φ in (B.11) and obtain

s±f (ω) =
∫ π

2

0
du sin u

∫ π
2

0
dφ g±f (ω sin

2 u cos2 φ)(kt2g±b (ω sin
2 u sin2 φ)g∓b (ω cos

2 u)

− J2g±f (ω sin
2 u sin2 φ)g∓f (ω cos

2 u)) , (B.14)

and for bosons

s±b (ω) = −t2
∫ π

2

0
du sin u

∫ π
2

0
dφ g±f (ω sin

2 u cos2 φ)g±b (ω sin
2 u sin2 φ)g∓f (ω cos

2 u) , (B.15)

and we notice that s±(x) and g±(x) are defined only for a positive argument. Now it is left to find a

real part Σ′(ω) of the self-energy. For this we use Kramers-Kronig transform

Σ′(ω) = −
∫ +∞

−∞

dν
π
Σ′′(ν)− Σ′′(ω)

ν− ω
. (B.16)
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Defining Σ′(±)
a (ω) as Σ′

a(ω) = Σ′(+)
a (ω)θ(ω) + Σ′(−)

a (−ω)θ(−ω)we find

Σ′(±)
a (ω) = ±−

∫ +∞

0

dν
π

(
Σ′′(±)
a (ν)− Σ′′(±)

a (ω)
ν− ω

− Σ′′(∓)
a (ν)− Σ′′(±)

a (ω)
ν+ ω

)
. (B.17)

At zero temperature we set chemical potential μa = Σ′
a(ω = 0), so introducing h±a (ω) as

Σ′
a(ω)− Σ′

a(0) =


4
√
ωh+a (ω), ω > 0

4
√
−ωh−a (−ω), ω < 0

. (B.18)

and simplifying expressions we finally obtain

h±a (ω) = ±−
∫ +∞

0
dν
(√

ωs±a (ν)−
√
νs±a (ω)√

ν(ν− ω)
+

√
ωs∓a (ν) +

√
νs±a (ω)√

ν(ν+ ω)

)
. (B.19)

Now using the first pair of the Dyson-Schwinger equations (B.1),(B.2) we can get g±a from s±a and h±a

g±a (ω) = − 4s±a (ω)
(4h±a (ω)∓

√
ω)2 + 16π2(s±a (ω))2

. (B.20)

We solve Dyson-Schwinger equations iteratively using (B.14), (B.15), (B.19) and (B.20) and also im-

posing the initial conditions

g±a (0) =
Ca

πJ
sin
(π
4
± θa

)
, s±a (0) = − 1

4πCa
sin
(π
4
± θa

)
, h±a (0) = ∓ 1

4Ca
cos
(π
4
± θa

)
.

(B.21)

where the constants Ca are given in (3.23).
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Figure B.1: The Luttinger constraints for fermions (left) and bosons (right). Blue dots are numerically computed Luttinger
constraints and the dashed black lines are the analytical functions (B.22),(B.23). Here we fix the parameters k = 0.2,
and θb = 0.26π (left), θf = 0.1π (right). We note that the precision for each point is in the range of 10−5 − 10−7.

B.1.1 Luttinger constraints and fermionic charge vs chemical potential

We can numerically investigate the solution similarly to the previous paper174 computing the Lut-

tinger constraints (3.92),(3.93) both numerically and analytically that we rewrite as follows

Qf(θf) = −
θf
π
− 1

4
sin
(
2θf
)
=
〈
f†f
〉
− 1

2
, (B.22)

Qb(θb) = −θb
π
− 1

4
sin(2θb) = − 1

2
−
〈
b†b
〉
. (B.23)

Numerically we compute the areas under fermionic and bosonic spectral density curves respectively

at fixed parameters. We show the comparison of the analytical and numerical results in the Fig.B.1.

In addition to the Luttinger constraints, we numerically compute the fermionic charge as a func-

tion of the chemical potential that is given by the real part of the self energy at zero frequency μ =

Σ′(ω = 0). The result is presented in the Fig.B.2.

The behavior of the fermionic charge as a function of chemical potential is similar to the SYK

case174. We do not see special features in the bosonic chargeQb.
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Figure B.2: Left: Charge as a function of fermionic chemical potential at T = 0. The functionQf depends on μf
through θf. Right: Compressibility as a function of charge at T = 0. Parameters for both plots: θb = 0.26π, k =
0.2, J = 1 and t = 1. Dashed line on the left plot is numerical line connecting the blue points. The divergence of
compressibility happens at θf ∼ 0.15π.

B.2 Corrections to Conformality

Thenotationwe adopthere is the same as78,81,174, wherewe represent the functions as a four-component

vector indexed by boson/fermion and±τ branches. We use the following basis for the UV-source and

the corrections of Green’s function and self-energy:

σh(τ) =



δσb+Σc
b(τ)

δσb−Σc
b(τ)

δσf+Σc
f(τ)

δσf−Σc
f(τ)


|Jτ|1−h, (B.24)

δG(τ) =



δGb+Gc
b(τ)

δGb−Gc
b(τ)

δGf+Gc
f(τ)

δGf−Gc
f(τ)


|Jτ|1−h, δΣ(τ) =



δΣb+Σc
b(τ)

δΣb−Σc
b(τ)

δΣf+Σc
f(τ)

δΣf−Σc
f(τ)


|Jτ|1−h. (B.25)

Here±means positive/negative τ branches, and b, f denote boson and fermion respectively.
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Kernel of the t-JModel in the bosonic spinon+ fermionic holon case

In this part we compute the kernelKG of the t-Jmodel in bosonic spinon+ fermionic holon case. The

basic ingredient is WΣ and WG as defined in78,81. We elaborate the definition by explicitly writing

down on indices
WΣ(τ1, τ2; τ3, τ4)aã =

δG∗a(τ1, τ2)
δΣã(τ3, τ4)

∣∣∣∣
Σc
,

WG(τ1, τ2; τ3, τ4)aã =
δΣ∗a(τ1, τ2)
δGã(τ3, τ4)

∣∣∣∣
Gc
,

(B.26)

where a, ã = f, b denote fermion and boson. Using Eq.(B.26) and the conformal saddle point equa-

tions, we obtain

WΣ(1, 2; 3, 4) =

G13
f G

42
f 0

0 G13
b G

42
b

 , (B.27)

and diagramatically

WΣ(1, 2; 3, 4) =


1

2

3

4
0

0
1

2

3

4

 . (B.28)

Here we use dashed line to denote fermion and solid line to denote boson.

WG differs from the other scheme by a switching b ↔ f, f ↔ b and an overall minus sign.

G̃b = 2G12
b G

21
b δ

24;13 + (G12
b )

2δ23;14 (B.29)

WG(1, 2; 3, 4) =

 t2G12
b G

21
b δ

24;13 t2G43
b G12

f (δ
24;13 + δ23;14)

−kt2G43
f G12

b (δ
24;13 + δ23;14) −kt2G12

f G
21
f δ

24;13 + J2G̃b

 (B.30)

where notation δij;kl = δ(τi− τj)δ(τk− τl). Diagrammatically,WG has the following representation
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WG(1, 2; 3, 4) =



t2
1

2

3

4

t2

 1

2

3

4

+

1

2

3

4



−kt2

 1

2

3

4

+

1

2

3

4

 −kt2
1

2

3

4

+ J2

2
1

2

3

4

+

1

2

3

4




,

(B.31)

where a dotted line without arrow represents a δ-function. In the basis given by (B.24) and (B.25)WΣ

andWΣ take the familiar form

WΣ(h) = w(Δf, θf; h)⊕ w(Δb, θb; h),

w(Δ, θ; h) =
Γ(2Δ − 1+ h)Γ(2Δ − h)
Γ(2Δ)Γ(2Δ − 1) sin(2πΔ)

 sin(πh+ 2θ) − sin(2πΔ) + sin(2θ)

− sin(2πΔ)− sin(2θ) sin(πh− 2θ)

 ,

(B.32)

and

WG(h) =



1 0 1 1

0 1 1 1

−k cos 2θf
cos 2θb −k cos 2θf

cos 2θb k cos 2θf
cos 2θb + 2 k cos 2θf

cos 2θb + 1

−k cos 2θf
cos 2θb −k cos 2θf

cos 2θb k cos 2θf
cos 2θb + 1 k cos 2θf

cos 2θb + 2


. (B.33)

Finally KG(h) = WΣ(h)WG(h) and KΣ(h) = WG(h)WΣ(h). It turns out that in this scheme the

kernel is identical to that of the fermionic spinon + bosonic holon theory if we substitute θf → θb,

θb → θf.
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Linear order correction at zero temperature

Following derivations in174, the first order conformal corrections at zero temperature take the follow-

ing form :

δG(τ) =
∑
h

δhG(τ) ,

δhG(τ) = −αhvh
Gc(τ)
|Jτ|h−1 , αh = −whWΣ(h)⃗σh

k′G(h)
.

(B.34)

Here the sum is over the operator spectrum of the t-Jmodel determined by (2.58), and vh and wh are

the corresponding right and left eigenvectors ofKG(h) respectively which have eigenvalue kG(h) = 1

and normalized as whvh = 1, and σ⃗h = (δσb+, δσb−, δσf+, δσf−)T.

It can be verified that the eigenspace corresponding to the two h = 1 operators are spanned by

δGc
a/δθb and δGc

a/δθb (i.e. changes of θb and θf) which by the Luttinger relations (3.31),(3.32) are

related to δQf and δQb respectively. Therefore, there is no need to include these corrections if we use

the renormalized value of θf, θb.

Nonlinear order correction at zero temperature

It is also possible to obtain corrections of higher order in α following derivations in174. The result

takes the form

G(τ) = Gc(τ)
(
1−

∑
h

αhvh
|Jτ|h−1 −

∑
h,h′

ahh′αhαh′
|Jτ|h+h′−2 −

∑
h,h′,h′′

ahh′h′′αhαh′αh′′
|Jτ|h+h′+h′′−3 − . . .

)
, (B.35)

where vh, ahh′ , ahh′h′′ , etc are four-component vectors. The coefficients ahh′ , ahh′h′′ can be calculated

using the recursion procedure described in174. As an example, we perform a calculation for ahh′ , using
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Eq. (4.32) of174:

δ2G =
1

1−WΣWG

[
WΣδ̄

2Σ∗[G] + δ̄2G∗[Σ]
]
, (B.36)

where Σ∗[G] andG∗[Σ] denote the RHS of Schwinger-Dyson equations (3.15)-(3.18) with (iωn+ μ)

dropped. The meaning of δ̄2Σ∗[G] is that we compute the second-order variation of Σ∗ using only

first-order variation ofG.

The second term in the bracket of (B.36) can be computed using the same procedure as174, with

the result

δ̄2G∗(τ)
Gc(τ)

=
∑
h,h′

F(h+ h′ − 1)−1(F(h)vh · F(h′)vh′) αhαh′
|Jτ|h+h′−2 , (B.37)

where “·” means multiply two vectors entry-wise and F(h) is a 4 by 4 matrix that acts on vh:

F(h) = f(h, θb)⊕ f(h, θf),

f(h, θ) = −Γ(3/2− h)
2
√
π

 −e−
1
2 iπh

(
e2iθ + i

)
−e

iπh
2
(
e2iθ − i

)
i
(
e2iθ + i

)
e
1
2 i(πh−4θ) (

−1− ie2iθ
)
e−

1
2 i(πh+4θ)

 .
(B.38)

The first term in the bracket of (B.36) can be computed by expanding the Schwinger-Dyson equa-

tion Σ = Σ∗[G] to second order, with the result

δ̄2Σ∗(τ)
Σc(τ)

=
∑
h,h′

αhαh′
|Jτ|h+h′−2 dhh′ , (B.39)
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and dhh′ is a four-component vector whose entries are

dhh′;b+ =
1
2
(vhb+(vh′f− + vh′f+) + vhf−(vh′b+ + vh′f+) + vhf+(vh′b+ + vh′f−)) , (B.40)

dhh′;b− =
1
2
(vhb−(vh′f− + vh′f+) + vhf−(vh′b− + vh′f+) + vhf+(vh′b− + vh′f−)) , (B.41)

dhh′;f+ =
1
2
η
(
vhb−(vh′b+ + vh′f+) + vhb+(vh′b− + vh′f+)− 2vhf−vh′f+ (B.42)

+vhf+(vh′b− + vh′b+ − 2(vh′f− + vh′f+))
)
+ vhf−vh′f+ + vhf+(vh′f− + vh′f+)

dhh′;f− =
1
2
η
(
vhb−(vh′b+ + vh′f−) + vhb+(vh′b− + vh′f−)− 2vhf+vh′f− , (B.43)

+vhf−(vh′b− + vh′b+ − 2(vh′f− + vh′f+))
)
+ vhf−(vh′f− + vh′f+) + vhf+vh′f− .

We remind the reader that η = −k cos(2θb)/ cos
(
2θf
)
. Combining (B.37) and (B.39), we obtain

ahh′ =−
(
1−WΣ(h+ h′ − 1)WG

)−1

×
(
F(h+ h′ − 1)−1(F(h)vh · F(h′)vh′)+WΣ(h+ h′ − 1)dhh′

)
. (B.44)

B.3 Qualitative analysis of potentially relevant operators in the t − J

model

The goal of this analysis is to determine the range of parameters regarding the existence and stability

of the saddle conformal solution, and to study the relevance of time-reparameterization mode h = 2.

The outcome of the analysis is in Fig. 3.2 and Fig. 3.4. We will mainly discuss the fermionic spinon

+ bosonic holon model. The analysis of the fermionic holon + bosonic spinon model is completely

parallel as the kernel is related to by θf → θb, θb → θf .

We will be analyzing the function

F(h) ≡ det(KG(h)− 1) = 0, (B.45)
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whose zeroes determine the scaling dimension of irrelevant operators appearing in the corrections.

The conformal saddle exists if the Eq.(3.22) has real solutions for Cf and Cb, which implies

cos
(
2θf
)
+ k cos(2θb) > 0. (B.46)

Here θf ∈ [−π/4, π/4] and θb ∈ [π/4, π/4] are assumed to respect unitarity constraint.

By numerically inspecting the function F(h), we found that there is almost always a solution with

scaling dimension Re h1 < 3
2 . Depending on parameters, this solution may be on the real axis within

the range 1
2 < h1 < 3

2 , or it may move onto the imaginary axis such that h1 = 1/2± is, s > 0.

Qualitative behaviors of the solution can be described by simple inequalities, which we describe

below. First, whether the solution h1 is real or complex depends on the sign of F(h) near the pole

h = 1/2. When h1 moves from real to complex, the pole switches sign. Therefore the existence of a

complex solution corresponds to

0 >16π2 lim
h→1/2

(h− 1
2
)4F(h) = 8 (4 cos (2θb) + π) cos

(
2θf
)
+ 16k cos (4θb) + 16k+ π(3π − 4)

+ 2(π − 2)k cos (2θb) (8 cos (2θb) + 3π − 4) sec
(
2θf
)
+ 4(3π − 4)(k+ 1) cos (2θb) .

(B.47)

Second, generically F(h) has a double zero at h = 1, corresponding two gauge chargesQf, Qb which

have scaling dimension 1. When h∗ crosses 1, F(1)will be a triple zero such that

0 = F′′(1) = 16 (π cos (2θb) + 2)
(
π cos

(
2θf
)
+ 2
)
sec
(
2θf
) (

k cos (2θb) + cos
(
2θf
))

. (B.48)

Assuming, (B.46) holds, the only factor that could change sign is 2+ π cos(2θb), so the condition for

1/2 < h1 < 1 is

θb >
1
2
arccos

(
−2
π

)
≃ 0.3598π. (B.49)
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We also remark that this is the maximum of the LHS of Luttinger constraint (3.32). When h1 = 3
2 , it

will be absorbed by the pole of F(h) at h = 3
2 , so the mode disappears (it has zero OPE with the f and

b). Physically, this corresponds to θb = π/4, i.e. the holon density is zero.

Additionally, there can be a second solution near h2 near h = 2. When this mode crosses h = 2,

F′(2) changes sign. The condition that h2 < 2 is

0 > F′(2) =
16
81

sec
(
2θf
)

×
(
−4k cos (2θb)− 3πk cos (4θb) + 4 cos

(
2θf
)
+ 3π cos

(
4θf
)
− 3πk+ 3π

)
. (B.50)

The above constraints define all the boundaries in Fig. 3.2. Same inequalties with θf → θb, θb → θf

define the boundaries in Fig. 3.4.

B.4 Calculation of Optical Conductivity

In this appendix we give details on the evaluation of (3.80). For convenience, we will work in units

where β = 2π. Our starting point is the Kubo formula (3.77), recast into the following form

Reσ(ω) =
σ0

C2
e /J2

∫ +∞

−∞
dΩ

1
ω

(
1

e2πΩ + 1
− 1

e2π(Ω+ω) + 1

)
ρe(Ω)ρe(Ω + ω) , (B.51)

here the prefactors are chosen such that the conformal contribution is σ0. The electron spectralweight

is given in (3.73),

ρe(ω) = ρce(ω)

(
1−

∑
h

VA
hRA

h
(
ω− Ee

)
− VS

hR
S
h
(
ω− Ee

))
, (B.52)

where

VA/S
h =

αh
2(βJ)h−1 (vhf+ ± vhf− ± vhb+ + vhb−) . (B.53)
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The conformal contribution is

Reσ0(ω) = σ0I(ω) , (B.54)

where the integral I(ω) is

I(ω) =
∫

dΩ
eεΩ

ω

(
1

e2πΩ + 1
− 1

e2π(Ω+ω) + 1

)
cosh(πΩ) cosh(π(Ω + ω))

cosh(π(Ω − Ee)) cosh(π(Ω + ω− Ee))
.

(B.55)

We have added a convergence factor eεΩ with ε → 0, which allows to split the two terms in the paren-

theses. The individual integrands are periodic under Ω → Ω + i, so we can use an rectangular

contour with infinite sides at ImΩ = 0 and at ImΩ = 1. The encircled poles are at Ω = Ee + i
2 and

Ω = Ee − ω+ i
2 . We obtain

I(ω) =
1− e−εω

2ω sin ε
2
eεEe , (B.56)

and in the limit ε → 0 we get

Reσ0(ω) = σ0I(ω) = σ0, (B.57)

which is independent of frequency as expected from scaling analysis.

Next we look at contribution due to corrections

Reδhσ(ω) = −σ0
∫

dΩ
eεΩ

ω

(
1

e2πΩ + 1
− 1

e2π(Ω+ω) + 1

)
cosh(πΩ) cosh(π(Ω + ω))

cosh(π(Ω − Ee)) cosh(π(Ω + ω− Ee))

×
(
VA
hRA

h
(
Ω − Ee

)
+ VS

hR
S
h
(
Ω − Ee

)
+ VA

hRA
h
(
Ω + ω− Ee

)
+ VS

hR
S
h
(
Ω + ω− Ee

))
.

(B.58)
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Using explicit expression (3.75) forRA/S
h , we need the following auxilary integral (ε → 0)

J(ω) =
∫

dΩ
eεΩ

ω

(
1

e2πΩ + 1
− 1

e2π(Ω+ω) + 1

)
cosh(πΩ) cosh(π(Ω + ω))

cosh(π(Ω − Ee)) cosh(π(Ω + ω− Ee))

× 3F2
(
h, 1− h, 1

2 + i(Ω − Ee)
1, 1

; 1
)

= 3F2
(
h, 1− h, 1− iω

1, 2
; 1
)
,

(B.59)

which is evaluated by expanding the hypergeometric function in series, doing the integral term by

term with the contour method as for the integral I(ω), and then resumming the series.

Using J(ω), we can express the correction as

Reδhσ(ω) = −σ0
2
( π
2
)h Γ(h)

√
π sin

( πh
2
)
Γ(h− 1/2)

(
VA
hRe(J(ω) + J(−ω)) + VS

hIm(J(ω) + J(−ω))
)
.

(B.60)

Here the J(−ω) terms come from integratingRA/S
h (Ω+ ω−Ee). Since J(ω) = J(−ω)∗, only theVA

h

terms are nonzero, and we obtain (3.80).
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C
Supplementary Information for Chapter 4

C.1 Details of the eigenvalue equation

In what follows we derive the one dimensional eigenvalue equation that is solved in the main text. A

similar analysis of the Feynman rules for the OTOCwas done before e.g. in30,145,166. We will present

explicit derivations for each diagram and describe how the final structure is obtained. The analysis is

first done for the single patch theory, and we later on generalize to two antipodal patches, and show
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that our results and conclusions do not change.

The object of interest is the regulated squared anticommutator of the fermion operators

Cx(t, 0) =
1
N2 θ(t)

N∑
n,m=1

Tr
[
e−βH/2{ψn(x, t), ψ

†
m(0)}e

−βH/2{ψn(x, t), ψ
†
m(0)}

†
]
, (C.1)

where ψ(x, t) = U†
Iψ0(x, t)UI and UI is the interaction picture time evolution operator. The nota-

tion ψ(0) ≡ ψ(0, 0) is introduced for simplicity. In the following, we drop the subscript “0” on ψ,

assuming that the fields are free.

A Taylor expansion of the evolution operator up to second order reads

UI = exp

 i
N
∑
ijl

∫
y

∫ t

0
ds gijlψ†i (y, s)ψj(y, s)φl(y, s)

 (C.2)

= 1+
i
N
∑
ijl

∫
y

∫ t

0
ds gijlψ†i (y, s)ψj(y, s)φl(y, s)

+

(
i
N

)2 ∑
all indecies

∫
y,y′

∫ t

0
ds
∫ s

0
ds′gijlgi′j′l′φl(y, s)φl′(y

′, s′)ψ†i (y, s)ψj(y, s)ψ
†
i′(y

′, s′)ψj′(y
′, s′) + . . . .

An expansion of its conjugate is therefore given by

U†
I = exp

− i
N
∑
ijl

∫
y

∫ t

0
ds gijlψ†i (y, s)ψj(y, s)φl(y, s)

 (C.3)

= 1− i
N
∑
ijl

∫
y

∫ t

0
ds gijlψ†i (y, s)ψj(y, s)φl(y, s)

+

(
−i
N

)2 ∑
all indecies

∫
y,y′

∫ t

0
ds
∫ s

0
ds′gijlgi′j′l′φl(y, s)φl′(y

′, s′)ψ†i (y, s)ψj(y, s)ψ
†
i′(y

′, s′)ψj′(y
′, s′) + . . . .

Weuse the following definitions of retardedGreen’s functions and the symmetrizedWightman func-
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tions for fermions and bosons:

GR(x, t)δa,b = −iθ(t) ⟨{ψa(x, t), ψ
†
b(0)}⟩, (C.4)

DR(x, t)δa,b = −iθ(t)⟨[φa(x, t), φb(0)]⟩, (C.5)

GW(x, t)δa,b = Tr[ρ1/2ψa(x, t)ρ
1/2ψ†b(0)], (C.6)

DW(x, t)δa,b = Tr[ρ1/2φa(x, t)ρ
1/2φb(0)]. (C.7)

where ρ = e−βH.

Leading contribution.

The zeroth order Taylor expansion of the evolution operator (C.2), alongwith the above definition

of the retardedGreen’s function for fermions (C.4), gives us the leading contribution to the expression

for the squared anticommutator

C(0)
x (t, 0) =

1
N2 θ(t)

N∑
n,m=1

Tr
[
ρ1/2{ψm(x, t), ψ

†
n(0)}ρ

1/2{ψm(x, t), ψ
†
n(0)}

†
]

=
1
N

(iGR(x, t))(−iGR∗(x, t)) =
1
N

|GR(x, t)|2,

Diagrammatically, we represent it simply as

C(0)
x (t, 0) = . (C.8)

First order.

To derive the eigenvalue equation at the first order, we note that only the product of even numbers

of the coupling constants gijl gives a non-zero result. The combination of the first term on one of the
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time folds, and the expansion (C.2)-(C.3) to higher orders on the other time fold leads to corrections

self energy corrections to the Green’s function. Thus we are left with the expansion (C.2)-(C.3) to

the first order on both time folds, and we obtain

C(1)
x (t, 0) =

1
N4 θ(t)

∫
s,s′

∫
y,y′

∑
all indices

Tr[ρ1/2gijlφl(y, s){[ψm(x, t), ψ
†
i (y, s)ψj(y, s)], ψ

†
n(0)}

×ρ1/2gi′j′l′ φl′(y
′, s′){[ψm(x, t), ψ

†
i′(y

′, s′)ψj′(y
′, s′)], ψ†n(0)}

†]

Using definitions (C.4)-(C.7), and counting the powers ofN for each term,we obtain the following

expression

C(1)
x (t, 0) =

g2

N

∫
s,s′

∫
y,y′

GR(x− y, t− s)GR(y, s)DW(y− y′, s− s′)GR∗(x− y′, t− s′)GR∗(y′, s′),

which gives the “rung” diagram

C(1)
x (t, 0) = . (C.9)

Second order.

At the second order we find three terms, but only one of them is both nonzero at large N and is

not two ladders of type (C.9). This term is a “box” diagram and is similar to the one found in145 and
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reads

C(2)
x (t, 0)

=
g4

N

∫
{y}

∫ t

0
ds1
∫ s1

0
ds2
∫ t

0
ds3
∫ s3

0
ds4GR(x− y1, t− s1)DR(y1 − y2, s1 − s2)GW(y1 − y3, s1 − s3)

× GW(y4 − y2, s4 − s2)GR(y2, s2)G
R∗(x− y3, t− s3)DR∗(y3 − y4, s3 − s4)GR∗(y4, s4)

The diagram is

C(2)
x (t, 0) = . (C.10)

In the largeN limit, we don’t find any new types of diagrams other than boxes and rungs contributing

to (C.1), after expanding the unitary operator (C.2) to higher orders.

The eigenvalue equation.

We now evaluate the ladder sum and work with the following function:

C(ω) = 1
N

∫
d3k
(2π)3

C(k, ω), (C.11)

where C(ω) is the Fourier transform of Cx(t, 0)with respect to x and t. The spatial Fourier transform

converts x to a momentum px that is taken to be along the x direction (normal to the patch Fermi

surface), as the butterfly velocity is the largest along this direction145.

The Bethe-Saltpeter equation (Fig. 4.2 of the main text) then reads

C(k, ω) = GR(k)GR∗(k− px − ω)
[
1+

∫
d3k′

(2π)3
(g2DW(k− k′) + K2(k, k′, ω))C(k′, ω)

]
.

Each of the terms corresponds to Fourier transform of the perturbative expansion found above. The
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exponential growth of the squared anticommutator in the chaos regime is expected if the eigenvalue

equation is invariant under adding a ladder, and we can then write

C(k, ω) = GR(k)GR∗(k− px − ω)
∫

d3k′

(2π)3
(g2DW(k− k′) + K2(k, k′, ω))C(k′, ω), (C.12)

where the function K2(k, k′, ω) is the kernel of the “box” diagram found above (C.10), which in

Fourier space reads

K2(k, k′, ω) = g4
∫

d3k1
(2π)3

DR(k1)DR∗(k1 − px − ω)GW(k− k1)GW(k′ − k1). (C.13)

We can now explicitly compute each term in (C.12). The fermion and boson Green’s functions

the single patch theory49 are given by

GR(k, ω) =
1

kx + k2y − ΣR(ω)− iμ(T)
, (C.14)

GW(k, ω) = − ImΣR(ω) + μ(T)

cosh βω
2

(
[(kx + k2y ) + ReΣR(ω)]2 + [ImΣR(ω) + μ(T)]2

) , (C.15)

DR(q,Ω ̸= 0) =
|qy|

|qy|3 +m2 − icbΩ
, (C.16)

DW(q,Ω) =
cbΩ|qy|

sinh βΩ
2 ((|qy|3 +m2)2 + c2bΩ

2)
, (C.17)

wherewe added a smallmass term in the bosonGreen’s function as an IR regulator thatwill eventually

be carefully taken to zero, and

ΣR(ω) = icfT2/3H1/3

(
−iω− πT

2πT

)
(C.18)

The functionH1/3(z) = ζ(1/3) − ζ(1/3, z + 1) is the Harmonic number function, as noted in the

main text, and the constants take the values cf = 25/3g4/3/(3
√
3) and cb = g2/(8π) in the single
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patch theory.

Since our theory has sliding symmetry about the patch Fermi surface, the functionC(k, ω) depends

on momentum as C(k, ω) = C(kx + k2y , k0, ω). Our main goal further is to express the equation in

terms of a momentum independent eigenfunction145 (which we call C(k0, ω, i|px|) in the main text)

C̃(k′0, ω) =
∫

dk′x
2π

C(k′x + k2y , k′0, ω), (C.19)

which we will see is possible to do because of the special momentum dependence of C induced by the

sliding symmetry.

We now compute each term in (C.12). The diagonal term in the equation is simply

∫
dkx
2π

GR(k)GR∗(k− px − ω) =
i

ΣR(k0)− ΣR∗(k0 − ω) + 2iμ(T)− px

=
1

cfT2/3
1

H1/3

(
−ik0−πT

2πT

)
+H1/3

(
−i(ω−k0)−πT

2πT

)
+ 2μ(T) + ipx

.

The “first order” term can be written as

g2
∫

d3k′

(2π)3
DW(k− k′)C(k′, ω)

= g2cb
∫ dk′0dk′y

(2π)2
(k0 − k′0)|k′y|

(k′3y +m2)2 + c2b(k0 − k′0)2
C̃(k′0, ω)
sinh k0−k′0

2T

.

The second term in the eigenvalue equation, i.e. theK2 - term can be evaluated as done in Ref.145

∫
d3k′

(2π)3
K2(k, k′, ω)C(k′, ω)

= g4
∫

d3k1d3k′

(2π)6
DR(k1)DR∗(k1 − px − ω)GW(k− k1)GW(k′ − k1)C(k′, ω)

=
g4/34π4/3

3
√
3

∫
dk′0dk01
(2π)2

(ik01 + (−ik01)2/3(i(k01 − ω)))
k01(i(k01 − ω))1/3(2k01 − ω)

C̃(k′0, ω)
cosh k0−k01

2T cosh k′0−k01
2T

. (C.20)
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The integration over frequencies has to be done numerically. Combining the above equations, we

obtain the eigenvalue equation that we solve in the main text, for px = i|px|:

[
cfT2/3

(
H1/3

(
−ik0 − πT

2πT

)
+H1/3

(
−i(ω− k0)− πT

2πT

))
+ 2μ(T)− |px|

]
C̃(k0, ω)

= g2
∫ dk′0dk′y

(2π)2
cb(k0 − k′0)|k′y|

(|k′y|3 +m2)2 + c2b(k0 − k′0)2
C̃(k′0, ω)
sinh k0−k′0

2T

+
g4/34π4/3

3
√
3

∫
dk′0dk01
(2π)2

(ik01 + (−ik01)2/3(i(k01 − ω)))
k01(i(k01 − ω))1/3(2k01 − ω)

C̃(k′0, ω)
cosh k0−k01

2T cosh k′0−k01
2T

. (C.21)

We then numerically solve the equation following Appendix D in145.

Our numerical procedure is as follows. We first perform the integration over ky with a small finite

mass termm = 0.02. We then discretize the integration over k′0 as well as the variable k0 in the region

k0, k′0 ∈ [−15, 15] with the step size dk0 = 0.005. We solve the eigenvalue equation for different

ω on the positive imaginary axis, and look for ω at which eigenvalue of the equation (C.21) is closest

to zero. Whenever we obtain a solution with multiple eigenvalues, we choose the largest one since it

corresponds to the Lyapunov exponent λL. As a check, we find the value λL ≃ 2.48T at |px| = 0,

which is exactly the result that was found in145.

Antipodal patches.

Wenow consider the evolution of theOTOC in the non-chiral theory with two antipodal patches.

We will show that our conclusions about maximal quantum chaos are unaffected in the largeN limit

by the interactions induced between the two patches.

The action for the two patch model ((4.1) of the main text) tells us that the fermions in the ±

patches disperse as ±kx + k2y respectively. We therefore expect that the eigenfunctions for the two

patches± are given by C±(k, k0, ω) = C(±kx + k2y , k0, ω), which is obvious at the non-interacting

level (i.e. (C.8)), and can easily be shown to be self-consistent when interactions are included in the
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Bethe-Salpeter equation.

In addition to the K2 term in the eigenvalue equation, we now have a term that couples fermions

from opposite patches at the two ends of the “box” diagrams. For the+ patch, it is given by (C.22),

C′(2)
x (t, 0) =

+

+

−

−
, (C.22)

which yields

∫
d3k′

(2π)3
K′
2(k, k′, ω)C−(k′, ω) =

∫
d3k′

(2π)3
K′
2(k, k′0, k′x, k′y, ω)C(−k′x + k′2y , k0, ω). (C.23)

Then, by exploiting the sliding symmetry and shifting k′x → k′x+ k′2y , we can complete the internal

momentum (kx1, ky1) integrals just likeRef.145 didwith theK2 term, followedby the (k′x, k′y) integrals.

This yields

∫
d3k′

(2π)3
K′
2(k, k′, ω)C−(k′, ω)

= g4
∫

d3k1d3k′

(2π)6
DR(k1)DR∗(k1 − px − ω)GW

+ (k− k1)GW
− (k′ − k1)C−(k′, ω)

=
g4/34π4/3

24/33
√
3

∫
dk′0dk01
(2π)2

(ik01 + (−ik01)2/3(i(k01 − ω)))
k01(i(k01 − ω))1/3(2k01 − ω)

C̃(k′0, ω)
cosh k0−k01

2T cosh k′0−k01
2T

,

where GW
± are the Wightman fermion Green’s functions for the ± patches respectively. This is just

proportional to the action of the K2 term on C+ (C.20). The sum of the action of the K2 and K′
2

terms therefore yields the RHS of (C.20) divided by a factor of 21/3. However, since the two patch

value of cb is twice its one patch value, and the two patch value of cf is 1/21/3 times its one patch value,

this extra factor of 1/21/3 cancels out in the equivalent of (C.21) as m is taken to 0, leaving us with

226



the same final one dimensional integral equation to be solved numerically.

Therefore, at i|px| = 0, there is no difference between the solutions for the one-patch and two-

patch OTOCs. For non-zero external momentum, we can see that if we apply+i|px| to the+ patch

and−i|px| to the− patch, corresponding to a pair of chiral scramblingmodes traveling with the same

speed but in opposite directions (one coming from each patch), we get the same i|px| dependence

for the OTOC as well. The only difference is that the value of i|px| is rescaled by a factor of 21/3, and

therefore the butterfly velocity is rescaledby a factor of 1/21/3. However, since thismerely corresponds

to a rescaling of the x-axes of Figs. 4.3, 4.4 of the main text, our conclusions regarding maximal chaos

remain unchanged.

C.2 Generalization of the ladder identity

In this section we discuss the generalization of the single mode ansatz104,77,79 to the spatially depen-

dent case, and show that the result obtained by Gu and Kitaev77 holds.

The “regular” OTOCwe are considering consists of connected and disconnected parts

OTOCx(t1, t2, t3, t4) =
1
N2

N∑
n,m=1

(⟨ρ1/4ψn(x, t1)ρ
1/4ψ†m(0, t3)ρ

1/4ψ†n(x, t2)ρ
1/4ψm(0, t4)⟩

+ ⟨ψn(x, t1)ψ
†
n(x, t2)⟩⟨ψ

†
m(0, t3)ψm(0, t4)⟩). (C.24)

We consider the Fourier transform of the connected part:

OTOCx(t1, t2, t3, t4) =
∫
p,k,k′

eipxOTOCp, (t1, t2, t3, t4; k, k′) (C.25)

and use the assumption that the single mode ansatz works for every momentum eigenmode. The
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Figure C.1: Diagram representing the ansatz (C.26). The wavy line represents the scramblon. The figure is adapted
from 77 for the momentum‐dependent case.

OTOC then has the following form

OTOCp(t1, t2, t3, t4; k, k′) ≃
eκ(p)(t1+t2−t3−t4)/2

C(p)
ΥR

p (t12, k)ΥA
p (t34, k

′), (C.26)

where we assume that the times are well separated s = (t1 + t2 − t3 − t4)/2 ≫ κ(p)−1, the ex-

ponent represents the “scramblon”, the momentum-dependent function C(p) is to be determined

below from the consistency condition, and ΥA,R
p (tij, k) are the momentum-dependent vertex func-

tions. The diagram that represents the ansatz is shown in Fig. C.1.

Let us consider the following form of the regular OTOC, where we distinguish 2 ladders some-

where in the middle. We can then write down the self consistency condition as follows

OTOCp(t1, t2, t3, t4; k, k′) ≃
∫
t5,t6,t7,t8;q,q′

OTOCR
p (t1, t2, t5, t6; k, q) (C.27)

×

5

6

7

8

BOX

×OTOCp(t7, t8, t3, t4; q′, k′).

The points t5 and t6 have the same corresponding imaginary time components as t1 and t2. We there-

fore need to shift the coordinates on the Keldysh contour by ±iπ/2 to either direction as shown in
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Figure C.2: Double Keldysh contour for the equation (C.27).

Fig.C.2. There are two choices

OTOCp,A = OTOCp

(
t1, t2, t5 − i

π
2
, t6 − i

π
2
; k, k′

)
≃ eκ(p)(t1+t2−t5−t6+iπ)/2

C(p)
ΥR

p (t12, k)ΥA
p (t56, k

′),

OTOCp,A′ = −OTOCp

(
t1, t2, t6 + i

π
2
, t5 + i

π
2
; k, k′

)
≃ eκ(p)(t1+t2−t5−t6−iπ)/2

C(p)
ΥR

p (t12, k)ΥA
p (t56, k

′),

that we need to add together. The other OTOC in (C.27) is regular because the points t3, t4 and t7,

t8 have different imaginary parts, and we obtain

OTOCp(t7, t8, t3, t4; k, k′) ≃
eκ(p)(t7+t8−t3−t4)/2

C(p)
ΥR

p (t78, k)ΥA
p (t34, k

′). (C.28)

Plugging in the ansatzé for each OTOC on both sides in (C.27), we can schematically write

eκ(p)
(t1+t2−t3−t4)

2

C(p)
ΥR

p (t12, k)ΥA
p (t34, k

′) = N
2 cos κ(p)π

2
C2(p)

eκ(p)
(t1+t2−t3−t4)

2

×
∫
t5,t6,t7,t8;q,q′

e−κ(p) (t5+t6)
2 ΥR

p (t12, k)ΥA
p (t56, q)

· BOX(t5, t6, t7, t8; q, q′) · eκ(p)
(t7+t8)

2 ΥR
p (t78, q′)ΥA

p (t34, k
′),

where the dot product is a notation for the integration over the intermediate times and momentum.
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The factor ofN comes from the definition of the OTOC and needs to be compensated since we have

two of them on the RHS. Simplifying the equation, we obtain

C(p) = 2N cos
κ(p)π
2

∫
t5,t6,t7,t8;q,q′

eκ(p)(t7+t8−t5−t6)/2ΥA
p (t56, q) (C.29)

× BOX(t5, t6, t7, t8; q, q′)× ΥR
p (t78, q′).

We are interested in the fact that the momentum dependent coefficient C(p) is proportional to

C(p)
N

∼ cos
κ(p)π
2

, (C.30)

which becomes zero when κ(p) = 1. In our case λL(p) = 2πTκ(p), which means that λL = 2πT

corresponds to a pole in the regular OTOC (C.24).

C.3 Varying the dynamical critical exponent

In this section we derive the generalized eigenvalue equation for non-Fermi liquids with dynamical

critical exponent 2 < z ≤ 3. The retarded boson Green’s function and boson Wightman function

have the following forms:

DR(q,Ω ̸= 0) =
1

|qy|z−1 + icb Ω
|qy|

, (C.31)

DW(q,Ω) =
cbΩ|qy|

sinh βΩ
2 (|qy|2z + c2bΩ

2)
, (C.32)
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where cb = g2/8π as before. The fermion self energy changes to

Σ(iωn) = ig2
T
2
∑
Ωm ̸=0

∫
qy

sgn(ωn +Ωm)

|qy|z−1 +
g2
8π

|Ωm|
|qy|

(C.33)

= 22−
6
z g

4
zTπ1−

2
z

i
z sin 2π

z

∑
Ωm ̸=0

Ω
2
z−1
m sgn(ωn +Ωm)

= isgn(ωn)22−
4
z g

4
zT

2
z

1
z sin 2π

z
H1− 2

z

(
|ωn| − πT

2πT

)
.

In a simpler form, the self energy is

Σ(iωn) = isgn(ωn)cf,zT
2
zH1− 2

z

(
|ωn| − πT

2πT

)
, (C.34)

cf,z = 22−
4
z g

4
z

1
z sin

(2π
z
) , (C.35)

and the fermion Green’s function reads

G(k, iωn) =
1

kx + k2y − icf,zsgn(ωn)T2/zH1− 2
z

(
|ωn|−πT
2πT

)
− isgn(ωn)μ(T)

, (C.36)

μ(T) =
g2T

2z sin
(2π

z
)
m2− 4

z
, (C.37)

where μ(T), as before, is a term generated by a finite but small boson massm. The derivation of the

eigenvalue equation is the same as before, and it can be written as

[
T2/zcf,z

(
H1−2/z

(
−ik0 − πT

2πT

)
+H1−2/z

(
−i(ω− k0)− πT

2πT

))
+ 2μ(T)− |px|

]
C̃(k0, ω)

= g2
∫ dk′0dk′y

(2π)2
cb(k0 − k′0)|k′y|

(|k′y|z +m2)2 + c2b(k0 − k′0)2
C̃(k′0, ω)
sinh k0−k′0

2T

− ig4

8z sin
(2π

z
)
c2−

2
z

b

∫
dk′0dk01
(2π)2

(−ik01)
2
z−1 − (i(k01 − ω))

2
z−1

2k01 − ω
C̃(k′0, ω)

cosh k0−k01
2T cosh k′0−k01

2T

. (C.38)
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Checking this for z = 3, we obtain the result of the previous section. The numerical approach to

solve this equation is the same as in the previous section; we vary the external momentum px on the

imaginary axis and looking for a value of k0 at which the equation has a solution. We present the result

of λL(i|px|)/T in the main text, and show that any theory with the dynamical critical exponent in a

region 2 < z ≤ 3 is maximally chaotic.

C.3.1 Quasiparticles

Here, wewould like to explore a Fermi liquid regimewhere quasiparticles appear, specificallywhen the

dynamical critical exponent z is in the region 1 < z < 2. We explicitly derive and solve the eigenvalue

equation, and find and compare the saddle point and pole values. We show that the saddle point gives

dominant contribution to theOTOC, and the theories are therefore notmaximally chaotic as per the

criteria of Ref.77.

We first compute the fermion self energy with the dynamical critical exponent in the region 1 <

z < 2. As compared to the previous case, we set now the boson mass to zero, but have to include a

finite UV cutoff Λ when integrating over ky. The fermion self energy reads

Σ(iωn) = ig2
T
2
∑
Ωm

∫ Λ

−Λ

dqy
2π

|qy|sgn(ωn +Ωm)

|qy|z + cb|Ωm|
(C.39)

= ig2
T
2π
∑
Ωm

sgn(ωn +Ωm)

Λ2−z

2− z
+

πc
2
z−1
b |Ωm|

2
z−1

z sin
(2π

z
)


= iωn
g2

2π2
Λ2−z

2− z
+ ig2T

2
z sgn(ωn)

(2πcb)
2
z−1

z sin
(2π

z
)H1− 2

z

(
|ωn| − πT

2πT

)
,

where Λ is assumed to be large. The retarded self energy is therefore

ΣR(ω) = ω
g2

2π2
Λ2−z

2− z
+ ig2T

2
z
(2πcb)

2
z−1

z sin
(2π

z
)H1− 2

z

(
−iω− πT

2πT

)
. (C.40)
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The diagonal term in the eigenvalue equation reads

∫
dkx
2π

GR(k)GR∗(k− px − ω) =
i

ΣR(k0)− ΣR∗(k0 − ω) + ω− px
, (C.41)

where we have retained the bare k0 term in the fermionGreen’s functions, as it is no longer dominated

by the self energy unlike the previously considered 2 < z ≤ 3 case. Combining (C.40) and (C.41),

we obtain the diagonal term

1

T2/zcf,z
(
H1−2/z

(
−ik0−πT

2πT

)
+H1−2/z

(
−i(ω−k0)−πT

2πT

))
− iω(1+ g2

2π2
Λ2−z

2−z ) + ipx
. (C.42)

The “first order” term is simply

g2
∫ dk′0dk′y

(2π)2
cb|k′y|(k0 − k′0)

|k′y|2z + c2b(k0 − k′0)2
C̃(k′0, ω)
sinh k0−k′0

2T

=
g2c

2
z−1
b

2z sin π
z

∫
dk′0
2π

(k0 − k′0)
2
z−1

sinh k0−k′0
2T

C̃(k′0, ω), (C.43)

andwenote that it is free of IRdivergences. We also note that theK2 term is the same as in the previous

case (C.38) for 2 < z ≤ 3, and the eigenvalue equation becomes

[
T2/zcf,z

(
H1−2/z

(
−ik0 − πT

2πT

)
+H1−2/z

(
−i(ω− k0)− πT

2πT

))

− iω
(
1+

g2

2π2
Λ2−z

2− z

)
− |px|

]
C̃(k0, ω)

=
g2c

2
z−1
b

2z sin π
z

∫
dk′0
2π

[
(k0 − k′0)

2
z−1

sinh k0−k′0
2T

− ig2

8 cos
( π
z
)
cb

∫
dk01
2π

(−ik01)
2
z−1 − (i(k01 − ω))

2
z−1

(2k01 − ω) cosh k0−k01
2T cosh k′0−k01

2T

]
C̃(k′0, ω), (C.44)

where the constants cf,z and cb are defined above.

We solve the equation for parameters z = 1.5, g = 0.5, T = 1, and the UV cutoff Λ = 50. We
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|p1| (b)

Figure C.3: Analysis of the eigenvalues numerically obtained from (C.44) for z = 1.5, g = 0.5 and Λ = 50. (a)
Lyapunov exponent as a function of |px| on the imaginary axis. The saddle point |ps| gives the dominant contribution
as |ps| < |p1| 77. In particular, we obtained |ps| = 4.28 and |p1| = 7.84. The butterfly velocity therefore is
vB = (dλL(px)/d|px|)px=ps = 0.8vF, where vF = 1 is the Fermi velocity. The purple line is a fitting function
λL = 0.04 + 0.78|px| + 0.002|px|2 of the numerical data. The accuracy of the results is within∼ 5%. (b) Finding
the saddle point, which is given by the root of the plotted function.

find that the ballistic growth is present with the Lyapunov exponent λL = 3.42 and butterfly velocity

vB = 0.8 vF. Since the solution is numerical, we obtain the result with some error, that we estimate

to be ∼ 5%. We show the behavior of eigenvalues upon changing the external momentum on the

imaginary axis in Fig. C.3. We find that themagnitude of the saddle pointmomentum is |ps| = 4.28 ,

and that of the pole momentum is |p1| = 7.84 , which is much greater than |ps|. Therefore, there is

no maximal chaos according to the criteria set by Ref.77.

We also solve the eigenvalue equation for several other values of the dynamical critical exponent in

the range 1 < z < 2, where quasiparticles are present. As in the main text, we compute the difference

between the velocities v1 and instantaneous slopes v∗ at px = p1. We show the result in Fig. C.4.

Within our numerical accuracy (∼ 5%), we find that the instantaneous slope v∗ is always larger than

the velocity v1 at the pole p = i|p1|. Since λL(i|px|) is a positive, monotonically increasing, and convex

function, this implies |ps| < |p1|. Therefore, following the criteria set by Ref.77, we can argue that for

z < 2, the theories are not maximally chaotic.
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Figure C.4: Difference between v1 and the instantaneous slopes v∗ at px = p1, for several dynamical critical exponents
z in the region 1 < z < 2. This difference is negative within numerical accuracy, and therefore there is no maximal
chaos when z < 2. This is in contrast to the 2 < z ≤ 3 case, where the difference is always positive (Fig. 4.4 of the
main text)

We also note that the leading behavior of the eigenvalues is controlled by the linear in frequency

behavior in the diagonal term of the equation (C.44). Therefore, to first order, we see that λL ∼

T2/z ≪ 2πT, and we can also estimate the butterfly velocity as

vB ≃ 1

1+ g2
2π2

Λ2−z

2−z

vF, (C.45)

where vF = 1 is the Fermi velocity. For the chosen parameters, this equation approximates vB ≃

0.85 vF, which is close to the actual numerical solution we obtained above. We therefore argue that,

within the class of problems we are interested in, any theory with the dynamical critical exponent in

the region 1 < z < 2, i.e., one that has quasiparticles, is not maximally chaotic.
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D
Supplementary Information for Chapter 5

D.1 Real frequency equations for critical metal with fermionic spinons

In this appendix we present details related to solving the saddle-point equations in Eqs. (5.12)-(5.17)

of the main text on the real-frequency axis. We shall focus our attention at zero temperature. In

addition, we also present more details of our solution and present arguments for the absence of a

Fermi-liquid solution.
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D.1.1 Analytic continuation to real frequency

We can separate the zero frequency bosonic greens function into a part which is regular at iωn = 0

and a part which diverges at zero temperature:

βr = βr− Gb(iωn = 0) (D.1)

We can then rewrite the saddle point equations in terms of r andGb as:

Gb(iωn = 0)− βr =
1

μb − Σb(iωn = 0)
(D.2)

Gb(iωn) =
1

iωn + μb − Σb(iωn)
(D.3)

Σb(τ) = −t2Gf(τ)Gf(−τ) [−r+ Ḡb(τ)] (D.4)

Gf(iωn) =
1

iωn + μf − Σf(iωn)
(D.5)

Σf(τ) = −J2Gf(τ)2Gf(−τ) + kt2Gf(τ)
[
r2 − r(Gb(τ) + Gb(−τ)) + Gb(τ)Gb(−τ)

]
(D.6)

We wish to solve the above equations on the real frequency axis so that we may obtain physical ob-

servables like the electron and spin spectral functions. The above equations can be rewritten in terms

of the spectral functions for fermions and bosons by analytically continuing the imaginary frequency

greens functions to obtain the retarded greens functionGR
f/b(ω):

ρf/b = − 1
π
Im[Gf/b(iωn = ω+ i0+)] = − 1

π
Im[GR

f/b(ω)] (D.7)
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We can similarly define the retarded self energies as ΣR
f/b(ω) = Σf/b(iωn = ω + i0+), leading to the

following real frequency expressions for the saddle point equations:

ρf/b(ω) = − 1
π

Σ′′R
f/b(ω)

(ω− Σ′R
f/b(ω))2 + Σ′′R

f/b(ω)2
(D.8)

Where we define the imaginary part of the retarded self energy for bosons as: Σ′′R
b (ω)as follows:

Σ
′′R
b (ω) = Σ1

b(ω) + Σ2
b(ω) (D.9)

with:

Σ1
b(ω) = t2rπ

∫
dω1ρf(ω1)ρf(ω1 − ω)

[
nf(ω1)nf(ω− ω1)− nf(−ω1)nf(ω1 − ω)

]
(D.10)

Σ2
b(ω) = t2π

∫
dω1dω2ρf(ω1)ρb(ω2)ρf(ω1 + ω2 − ω) (D.11)

×
[
nf(ω1)nb(ω2)nf(ω− ω1 − ω2) + nf(−ω1)nb(−ω2)nf(ω1 + ω2 − ω)

]
(D.12)
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We also define the imaginary part of the retarded self energy for fermions as Σ′′R
f (ω) as follows:

Σ
′′R
f (ω) = Σ1

f(ω) + Σ2
f (ω) + Σ3

f (ω) + Σ4
f (ω) (D.13)

Σ1
f(ω) = −J2

∫
dω1dω2ρf(ω1)ρf(ω2)ρf(ω1 + ω2 − ω)

×
[
nf(ω1)nf(ω2)nf(ω− ω1 − ω2) + nf(−ω1)nf(−ω2)nf(ω1 + ω2 − ω)

]
(D.14)

Σ2
f (ω) = −t2r2kπρf(ω) (D.15)

Σ3
f (ω) = kt2rπ

∫
dω1ρf(ω1)

[
ρb(ω− ω1)− ρb(ω1 − ω)

]
×
[
nb(ω1 − ω)nf(−ω1)− nb(ω− ω1)nf(ω1)

]
(D.16)

Σ4
f (ω) = kt2π

∫
dω1dω2ρf(ω1)ρb(ω2)ρb(ω1 + ω2 − ω)

×
[
nf(ω1)nb(ω2)nb(ω− ω1 − ω2) + nf(−ω1)nb(−ω2)nb(ω1 + ω2 − ω)

]
(D.17)

The constraints on the fermionic and bosonic fillings in real frequency can be rewritten as:

r+
∫ ∞

−∞
dω

ρb(ω)
eβω − 1

= p
∫ ∞

−∞
dω

ρf(ω)

1+ eβω
= κ − kp (D.18)

The real parts of the bosonic and fermionic self energies are related to their imaginary self energies

via theKramers-Kronig relation. At zero temperature, theFermi-Dirac andBose-Einstein functions in

the imaginary self energies are replaced by θ(−ω) and−θ(−ω) respectively. Then at zero temperature,
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the saddle point equations become:

Σ
′′R
b (ω) = Σ1

b(ω) + Σ2
b(ω) (D.19)

Σ1
b(ω) =


−t2rπ

∫ ω
0 dω1ρf(ω1)ρf(ω1 − ω), for ω > 0

t2rπ
∫ 0
ω dω1ρf(ω1)ρf(ω1 − ω), for ω < 0

(D.20)

Σ2
b(ω) =


−t2π

∫ ω1+ω2<ω
0 dω1dω2ρf(ω1)ρb(ω2)ρf(ω1 + ω2 − ω), for ω > 0

−t2π
∫ 0
ω1+ω2>ω dω1dω2ρf(ω1)ρb(ω2)ρf(ω1 + ω2 − ω), for ω < 0

(D.21)

Σ
′′R
f (ω) = Σ1

f(ω) + Σ2
f (ω) + Σ3

f (ω) + Σ4
f (ω) (D.22)

Σ1
f(ω) =


−J2π

∫ ω1+ω2<ω
0 dω1dω2ρf(ω1)ρf(ω2)ρf(ω1 + ω2 − ω), for ω > 0

−J2π
∫ 0
ω1+ω2>ω dω1dω2ρf(ω1)ρf(ω2)ρf(ω1 + ω2 − ω), for ω < 0

(D.23)

Σ2
f (ω) = −t2r2kπρf(ω) (D.24)

Σ3
f (ω) =


−kt2rπ

∫ ω
0 dω1ρf(ω1)[ρb(ω− ω1)− ρb(ω1 − ω)], for ω > 0

kt2rπ
∫ 0
ω dω1ρf(ω1)[ρb(ω− ω1)− ρb(ω1 − ω)], for ω < 0

(D.25)

Σ4
f (ω) =


kt2π

∫ ω1+ω2<ω
0 dω1dω2ρf(ω1)ρb(ω2)ρb(ω1 + ω2 − ω), for ω > 0

kt2π
∫ 0
ω1+ω2>ω dω1dω2ρf(ω1)ρb(ω2)ρb(ω1 + ω2 − ω), for ω < 0

(D.26)

Subject to the filling constraints:

r−
∫ 0

−∞
dωρb(ω) = p

∫ 0

−∞
dωρf(ω) = κ − kp (D.27)
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D.1.2 Absence of a Fermi-liquid solution

In the above saddle point equations, the low frequency structure for r > 0 implies Gb(iωn = 0) ∼

1/|ω|. Such low frequency behavior leads to a logarithmically diverging boson density and r, meaning

that we must have r = 0 at T = 0. We then set r = 0 and begin looking for critical solutions to the

above equations at T = 0 of the following form:

Ga(iωn) = −iCa

e−iθa

−eiθa

 1
ω1−2Δa

(D.28)

and corresponding low frequency form for the spectral density:

ρa(ω) =
Ca

π

sin
(
πΔa + θf/b

)
sin(πΔa − θa)

 1
ω1−2Δa

(D.29)

where a = f/b and with the additional constraint Δf + Δb = 1
2 . To resolve the low frequency

divergences in the spectral densities in our numerical integration, we absorb the the low frequency ω

dependence of the spectral functions into the numerical integrationmeasure such that the numerical

integrals do not contain any divergent pieces. We use 4× 104 frequency points on our real ω axis and

a frequency spacing which is smaller at small ω and larger at large ω.

D.1.3 Fixing the low energy solution

In this section we will detail how we fix the coefficients Cf, Cb, Δf, Δb, θf, and θb in Eq. D.29. The

filling constraints for bosons and fermions will be imposed by the initial conditions we select for θf,

θb, Δf, and Δb. In constraining these coefficients in the low energy solution, we first solve for θf and

θb as a function of Δb at fixed doping. We do this for a given Δb and p by separately solving the two
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Luttinger constraints for fermions and bosons to obtain corresponding values for θf and θb,

θf
π
+

(
1
2
− Δf

) sin
(
2θf
)

sin
(
2πΔf

) =
1
2
− κ + kp ,

θb
π
+

(
1
2
− Δb

)
sin(2θb)
sin(2πΔb)

=
1
2
+ p . (D.30)

For a fixed doping, we can then use θf and θb calculated as a function of Δb to compute the coeffi-

cient k as a function of Δb using its expression in terms of the self-consistency conditions,

k = −
Γ(2− 2Δf)Γ(2Δf) sin

(
πΔf + θf

)
sin
(
πΔf − θf

)
Γ(2− 2Δb)Γ(2Δb) sin(πΔb + θb) sin(πΔb − θb)

, (D.31)

We then fix Δb by selecting the value of Δb at which k attains its physical value k = 1
2 . We show for 3

different dopings the kwe compute in this way as a function of Δb in Fig. D.2 and the values of θf, θb,

Δf, Δb we obtain by choosing k = 1
2 in Fig. D.3. We then have fixed every free parameter in Eq. D.29

except forCb andCf. Cf andCb are parameters which are unconstrained in the original low frequency

ansatz and generally have values which depend on the full ω dependent solutions ρf(ω) and ρb(ω). We

solve for these constants at each step of our iterative procedure by taking the Hilbert transform of the

spectral densities to obtain the bosonic and fermions greens functions fromwhich wemay extract the

constantCf at low frequency and a small temperatureT = 10−5. Cb can then be obtained fromCf via

the self consistency equations and these extracted values for Cf and Cb are then plugged in to the next

step of numerical iteration. Their values are shown in Fig. D.3. Results for the boson and fermion

spectral densities computed in this manner are shown in Fig. D.1.

Wealso compute thephysical observables, the spin and electron spectral functions, ρs(ω) =
1
π χ

′′(ω)

and ρc(ω). In the limit r = 0,these observables have the following expressions on the real frequency
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Figure D.1: Plot of the boson spectral density (left) and fermion spectral density (right) obtained at t = J = 1. Both the
boson and fermion spectral densities show deviations from the conformal power law behavior for small frequencies.

axis:

ρc(ω) =
∫ ∞

−∞
ρf(ω1)ρb(ω1 − ω)

[
nf(ω1) + nb(ω1 − ω)

]
, (D.32)

χ′′(ω) = πρs(ω) = π
∫ ∞

−∞
ρf(ω1)ρf(ω1 − ω)

[
nf(ω1 − ω)− nf(ω1)

]
. (D.33)

Results for these spectral functions appeared in Fig. 5.3. The electron spectral density satisfies the sum

rule,

∫ ∞

−∞
dω ρc(ω) =

1+ p
2

. (D.34)

Note that for canonical fermions this sum rule results in unity. However, here the electron operator is

being fractionalized and theHilbert-space has only three states. Hence the sumrule ismodified. There

is a also a simple way to understand this modification. The electron spectral density sum is equal to

⟨{cα, c†α}⟩. For canonical fermions, {cα, c†α} = 1, but in our case {cα, c†α} = b†b + f†αfα, which gives

the modified sum rule in Eq. D.34. The sum rule for the spin spectral density is not easy to obtain at
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Figure D.2: Plot of the value of k as computed from the zero frequency self consistency conditions for three different
dopings. The values of θf and θb are computed from the Luttinger relations at fixed Δb (and fixed Δf =

1
2 − Δb) and

are then used to compute k via the self consistency condition. We find in general there are two possible values of θb
which are compatible with the Luttinger constraints, leading to the two distinct branches of the function for k shown
in red and blue above. The correct value of Δb is selected by choosing the value of Δb where k = 1

2 . The physical
value k = 1

2 is denoted with a dashed black line. As is shown in the above plot, for p > 1
3 , this leads to selecting the

first (smallest) value of θb and for p < 1
3 leads to selecting the second (largest) value of θb, with the two values of θb

coinciding at p = 1
3 and k = 1

2 .

finite temperature. But at zero temperature we have,

∫ ∞

0
ρs(ω) =

1− p2

4
. (D.35)

D.1.4 Varying J

In this section, we will discuss the behavior of the spectral functions as J is varied between 0 ≤ J ≤ t.

For the case where 0 < Δb < 1
4 and 1

4 < Δf < 1
2 , the Luttinger constraints and saddle point

equations exactly at zero frequency have no dependence on J, meaning the values of Δb, Δf, θb, and θf

we solve for do not depend on the value of J (thoughCf andCb which depend on the full ω dependent

forms of ρf(ω) and ρb(ω) do depend on J). We then follow the same procedure as for t = J = 1 and

solve the saddle point equations for 0 ≥ J ≥ t = 1. We find mostly qualitative changes for high

doping, however we find a curious feature in the electron spectral density at low doping as shown

244



0.3 0.4 0.5 0.6 0.7 0.8

p

0.2

0.3

0.4

0.5

0.6

0.7

0.8
πCf
πCb

0.3 0.4 0.5 0.6 0.7 0.8

p

0.0

0.1

0.2

0.3

0.4

0.5

∆f

∆b

θf/π

θb/π

Figure D.3: In the left plot, we show the converged values of Cf and Cb as a function of doping for t = J = 1. In the
right plot, we show the doping dependence of Δb, Δf, θb, and θf, obtained by simultaneously solving the two Luttinger
relations and the two constraints, as discussed in the text.

−2 −1 0 1 2

ω

0.0

0.1

0.2

0.3

0.4

0.5

ρ
c(
ω

)

p = .25

−2 −1 0 1 2

ω

0.0

0.1

0.2

0.3

0.4

0.5

p = .35

−2 −1 0 1 2

ω

0.0

0.1

0.2

0.3

0.4

0.5

p = .65 J = 0

J = .1

J = .2

J = .3

J = .4

J = .5

J = .6

J = .7

J = .8

J = .9

J = 1

Figure D.4: Plot showing how the electron spectral density varies with J for three distinct dopings and t = 1.

in Fig. D.4. We find that for small enough doping around p < .3 that the electron spectral density

acquires a second local maximum or peak at finite ω < 0 for small J which does not appear for larger

values of J or larger values of doping p. We find that this peak originates from a similar peak in the

bosonic spectral density that occurs when ω = Σ′
b(ω) and ρb(ω) = − 1

πΣ′′
b (ω)

. While we do not have

an analytic reason for this behavior of the boson and electron spectral functions, we reason that this

feature originates from strong corrections to the conformal solutions for ρb and ρc away from ω = 0.

245



<latexit sha1_base64="2RRwxLXlY8TROIoM98j2WcOjpro=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai5mNUw==</latexit>

(a)

�3 �2 �1 0 1 2 3
�4

�2

0

2

4

i!n

Im
[G

f
(i
!
n
)]

p = 0.917
p = 0.764
p = 0.531
p = 0.391

�3 �2 �1 0 1 2 3

�100

�50

0

i!n

R
e[
G
b(
i!

n
)]

p = 0.917
p = 0.764
p = 0.531
p = 0.391

<latexit sha1_base64="KWh0RLJ0bw8em/x3PU2+HIlN2FQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjR6NVA==</latexit>

(b)

Figure D.5: (a) Imaginary part of the fermionic spinon Green’s function on the Matsubara‐frequency axis for different
dopings at T = 0.01. (b) Real part of the bosonic holon Green’s function on the Matsubara‐frequency axis for different
dopings at T = 0.01. We have used t = J = 1.

D.2 Additional results from imaginary-frequency calculation

In this appendix we present additional results obtained from the imaginary-frequency analysis. In

particular, we will discuss an independent way to extract the exponent Δf and numerical analytic con-

tinuation to real frequencies.

D.2.1 Holon and spinon Green’s function in the critical metal phase

The strategy to solve the saddle-point equations, Eqs. 5.12-5.17, is straightforward. We first fix r̄ and

solve Eqs. 5.12-5.15 until we find a converged solution. Then we check if these solutions give the

same doping value using Eqs. 5.16 and 5.17. If it does then we have our final solution for a given

doping. Else, we go back to step one and change r̄, and repeat the next steps until we find the final

solution. In this fashion, we obtain the holon and spinon Green’s functions on the imaginary fre-

quency axis, which are shown in Fig. D.5. Recall that in the critical metal phase, holon is a bosonic

and spinons are fermionic operators. We have checked that these satisfy the respective sum rules:

Ga(0+) − ζaGa(β−) = −1 = −
∫∞
−∞ ρa(ω)dω, where ζa = ±1 for a = b, f respectively. Once we

have the holon and spinon Green’s functions it is then straightforward to obtain the electron Green’s
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Figure D.6: Log‐log plot of the relation in Eq. 5.25

for different dopings. We find that the data fits a linear curve to a good accuracy. Thus we
can use the value of slopes of these curves to determine Δb, as discussed in Section 5.3.2.

function and the spin correlator.

As discussed in the main text, using the temperature dependence of the holon Green’s function at

iω = 0 we can estimate the exponent, Δb. In Fig. D.6 we show the data points used to estimated Δb

at different dopings.

D.2.2 Spin-correlator in the critical metal phase

Let us consider the spin correlator,

⟨⃗S(τ) · S⃗(0)⟩
2

= Q(τ) = Gf(τ)Gf(−τ) . (D.36)

In the critical metal phase, the solution has a conformal form in the low-frequency or large-time limit.

At a finite temperature, in terms of the imaginary time this limit corresponds to τ = β/2, where we

expect the conformal form,

Q(τ)
Q(β/2)

∼ 1
[sin(πτ/β)]4Δf

. (D.37)
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(b)

Figure D.7: (a) Log‐log plot of Eq. D.37 near τ = β/2 for different temperatures at p = 0.91. The data considered for
the plot is in the range 1/2 ≤ τ/β ≲ 0.7. (b) Plot of Δf as a function of temperature T for different dopings. Note
that 4Δf is the exponent of the spin correlation.

Thus if we make a log-log plot then we can extract Δf from the slope of the resulting linear curve. In

Fig. D.7A we show such a plot for several different temperatures at a fixed doping, p = 0.91. These

curves fit to a linear curve. InFig. D.7 (b)weplot the extracted value ofΔf as a functionof temperature

for different dopings. Remarkably, the extrapolated zero-temperature values of Δf in the overdoping

region for p ≳ 0.3 are in agreement with those found analytically earlier. At lower dopings we find

some disagreement with the analytic result.

As discussed in Section 5.3.3, using the local spin susceptibility, χ(iω = 0), we can estimate the

critical doping below which the spin-glass is stabilized. We therefore plot the coefficient of quadratic

term in Eq. 5.26 as a function of doping for different temperatures in Fig. D.8. This gives the critical

doping as a function of temperature, which is used to plot the phase diagram in Fig. 5.1B.

D.2.3 Numerical analytic continuation

We also perform numerical analytic continuation to real frequency. In general, performing analytic

continuation is an ill-posed problem if the function on the imaginary axis is known only at a finite

number of points. There are several techniques to do analytic continuation. But for simplicity we
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Figure D.8: (a) Coefficient of quadratic term in Eq. 5.26 as a function of doping for different temperature. As explained
in the text, a sign change of this coefficient gives the critical doping. (b) Enlarged plot for T=0.062.

use the Pade approximation method. This technique parametrizes the function on imaginary axis

as a ratio of two polynomials or by terminating a continued fraction. There are several ways for

implementing Pade approximation. We adopt the simple strategy outlined in Ref.179 of evaluating

the coefficients of the two polynomials recursively, which is based on Thiele’s reciprocal difference

method. Details of the algorithm can be found in the Appendix of Ref.179. Briefly, we first solve the

saddle-point equations on the imaginary-frequency axis to obtain the required Green’s function, say

F(iω), at non-negative Matsubara frequencies. The number of Matsubara frequencies used in our

calculation is 105. Then we evaluate the required polynomials, An(z) and Bn(z), to approximate the

imaginary-frequency function, F(z) = An(z)/Bn(z). The accuracy of these polynomials depends on

the number of Pade points, n, and in our calculation we find that n = 200 points are sufficient to ob-

tain accurate results. We have checked our results by increasing or decreasing n and it does not result

in any significant improvement. The resulting ratio of polynomials then corresponds to the retarded

Green’s function on real-frequency axis, once we identify z = ω + iη. Using the imaginary part of

this function we then readily obtain the spectral densities.

In the critical non-Fermi-liquid metal phase, we find the electron and spin spectral densities using

this approach. In Fig. D.9, we plot the results of analytic continuation at T = 0.006 alongside the
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Figure D.9: Comparison of electron and spin spectral densities obtained for similar dopings from the T = 0 real‐
frequency numerics and analytic continuation of the imaginary frequency solution to real frequency at T = 0.006.

results from real-frequency analysis at zero temperature. The agreement is remarkably good. We have

also checked that the electron and spin spectral densities obtained via numerical analytic continuation

satisfy to a good accuracy the appropriate sum rules in Eqs. D.34 and D.35. In this phase, as shown

earlier, the spinon and holon spectral densities have a ω1−2Δa divergence. In principle, we can adopt

our method if we scale this divergence, as done in the real-frequency analysis. However, we do not

attempt to do it here. Anyways, these quantities are not gauge-invariant observables.

In the spin-glass phase the holon and fermion spectral densities do not have divergences. So in

this case we calculate the holon and spinon spectral densities in addition to the spin and electron

spectral densities. In Figs. D.10 and D.11 we plot these spectral densities at p = 0.027 and p = 0.2

respectively, obtainedby analytic continuationof imaginary-frequency results atT = 0.01. Alongside

it we also plot the results obtained at T = 0 for a nearby doping value. The agreement is remarkable.

The spectral densities obtained via numerical analytic continuation satisfy the respective sum rules

listed in Eqs. D.80, D.83, and D.84.
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(d)

Figure D.10: Comparison of spectral densities in the spin glass phase at small doping obtained via analytic continuation
at T = 0.008 for p = 0.027 and via real frequency analysis at zero temperature for p = 0.029. From (a) to (d), we
plot the holon, spinon, electron, and spin spectral densities respectively.
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(d)

Figure D.11: Comparison of spectral densities in the spin glass phase at small doping obtained via analytic continuation
at T = 0.008 for p = 0.2 and via real frequency analysis at zero temperature for p = 0.21. From (a) to (d), we plot
the holon, spinon, electron, and spin spectral densities respectively.
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D.3 Insulating SY model with bosonic spinons

This appendix will recall the solution of an insulating spin glass obtained using bosonic spinons in

Ref.63. We consider the spin model

H =
1√
NM

N∑
i<j=1

M∑
α,β=1

JijSα
β (i)S

β
α(j) (D.38)

where Sα
β (i) = [Sβ

α(i)]† are generators of SU(M) on each site i. Each site contains states correspond-

ing to the symmetric product of κM fundamentals, and these are realized by bosonic spinons with

Sα
β (i) = s†β(i)s

α(i)− κδαβ ,
∑
α

s†α(i)sα(i) = κM (D.39)

on each site i. We have made the spin operators traceless. The exchange constants Jij are mutually

uncorrelated and selected with probability P(Jij) ∼ exp
(
−J2ij/(2J2)

)
.

We introduce replicas a = 1 . . . n, and average over Jij to obtain the averaged, replicated partition

function

Zn =

∫
Dsαa(i, τ)Dλa(i, τ) exp [−SB − SJ]

SB =
∑
i

∫
dτ
[
s†aα(i)∂τsαa(i) + iλa(i)

(
s†aα(i)sαa(i)− κM

)]

SJ = − J2

4NM

∫
dτdτ′

[∑
i
Sα
aβ(i, τ)S

γ
bδ(i, τ

′)

]∑
j
Sβ
aα(j, τ)Sδ

bγ(j, τ
′)

 (D.40)

We can now decouple SJ with a Hubbard-Stratonovich field Qαγ
ab,βδ(τ, τ

′) and take the large N limit.

Then the problem reduced to finding saddle points of the action

S[Q]
N

=
J2

4M

∫
dτdτ′|Qαγ

ab,βδ(τ, τ
′)|2 − lnZf[Q] (D.41)

253



whereZf[Q] is the single site partition function

Zb[Q] =

∫
Dbαa(τ)Dλa(τ) exp [−SB − Sb] (D.42)

SB =

∫
dτ
[
s†aα∂τsαa + iλa

(
s†aαsαa − κM

)]
(D.43)

Sb = − J2

2M

∫
dτdτ′Qαγ

ab,βδ(τ, τ
′)
[
s†aα(τ)s

β
a(τ)− κδβα

] [
s†bγ(τ

′)sδb(τ
′)− κδδγ

]
(D.44)

Note that we have taken the N → ∞ limit, and there is no remaining path integral over Q. We

simply have to find the saddle points of S[Q] in Eq. D.41. Let us assume that the saddle point does

not break spin rotation symmetry: this is true in both the spin glass, and spin liquid phases. So we

take the ansatz

Qαγ
ab,βδ(τ, τ

′) = δαδδ
γ
β Qab(τ− τ′) (D.45)

where Qab(τ) is a real function. Also, because there is no path integral over Q, we can also assume

from now on thatQab(τ) is independent of τ for a ̸= b. Then Eq. D.41 is replaced by

S[Q]
N

=
J2M
4

∫
dτdτ′[Qab(τ− τ′)]2 − lnZb[Q] (D.46)

while Eq. D.44 is replaced by

Sb = − J2

2M

∫
dτdτ′Qab(τ− τ′)

[
s†aα(τ)s

β
a(τ)s†bβ(τ

′)sαb(τ
′)− κ2M

]
(D.47)

The saddle point equations forQ from Eqs. D.46 and D.47 are

Qab(τ− τ′) =
1

M2

〈
s†aα(τ)s

β
a(τ)s†bβ(τ

′)sαb(τ
′)
〉
Zb[Q]

− κ2

M
(D.48)
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Nowwe need to evaluateZf[Q]. This is conveniently done usingG-Σ theory, where we define

Gab(τ, τ′) = − 1
M
∑
α

sαa(τ)s
†
bα(τ

′) (D.49)

Then we can write

Zb[Q] =

∫
DGab(τ, τ′)Σab(τ, τ′)Dλa(τ) exp

−MI[Q]− κ2J2

2

∫
dτdτ′

∑
a,b

Qab(τ− τ′)


I[Q] = ln det

[
−δ′(τ− τ′)δab − iλa(τ)δ(τ− τ′)δab − Σab(τ, τ′)

]
− iκ

∫
dτλa(τ)

+

∫
dτdτ′

[
Σab(τ, τ′)Gba(τ′, τ)−

J2

2
Qab(τ− τ′)Gab(τ, τ′)Gba(τ′, τ)

]
(D.50)

Unlike the fermionic case, it is sufficient to work atM = ∞ to obtain the spin glass phase, and

there is no need to consider 1/M corrections. The largeM saddle-point equations of Eq. D.50 are

Σab(τ) = J2Qab(τ)Gab(τ) (D.51)

Gab(iω) =
[
(iω+ λ)δab − Σab(iω)

]−1 (D.52)

where iλ = −λ at the saddle-point. The saddle-point equation Eq. D.48 now becomes

Qab(τ) = Gab(τ)Gba(−τ) (D.53)

Then Eqs. D.51, D.52 and D.53 combine to yield the bosonic SY equations156 for replica diagonal

case. We also have to include the saddle-point equation for λ which is

T
∑
ωn

Gaa(iωn) = −κ (D.54)
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D.3.1 Spin glass

The spin glass phase was described in Ref.63. In this phase, wemust include replica off-diagonal com-

ponents for Gab(ωn = 0), while other ωn remain replica diagonal. We characterize the replica off-

diagonal components of Gab(τ) by a n × nmatrix gab which is independent of τ. In other words, in

frequency space

Gab(iωn) = −βgabδωn,0 , a ̸= b (D.55)

In Parisi’s theory of the infinite-range spin glass, the n → 0 limit of the matrix gab is defined by a

function g(u), with u ∈ [0, 1]. We make the one-step replica symmetry breaking ansatz

g(u) = g , for x < u < 1

= 0 , for u < x. (D.56)

i.e. it is a step function at the ‘breakpoint’ u = x. The matrix gab is therefore fully defined by the

values of g and x. For the replica diagonal components, it is convenient to define

Gaa(iωn) = −βgδωn,0 + Gr(ωn) (D.57)

At the moment, there is no prescribed frequency dependence for Gr, and so this ansatz can be made

without loss of generality. However, as we will see below, this ansatz is convenient because it leads to

solutions in whichGr is a smooth function of frequency.

Similarly, for the self-energy, we have from Eqs. D.51 and D.53

Σab(iωn) = −βJ2g3abδωn,0 , a ̸= b , (D.58)
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and for the diagonal component we write

Σaa(iωn) = −βJ2g3δωn,0 + Σr(ωn) (D.59)

Now we need to insert the ansatz Eqs. (D.55), (D.56), (D.57), (D.58), (D.59) into Eqs. (D.51),

(D.52), (D.53), (D.54) and obtain equations for the unknowns x, g, Gr(ωn), Σr(ωn) and λ. To do

this, we need an expression for the inverse of a matrix in replica space. To obtain this, we use the

following results for the product of 2 matrices in replica space125. We consider the matrix Aab whose

off-diagonal elements are parameterized by the function a(u), u ∈ [0, 1], and the diagonal element

Aaa = ã. Similarly, we have matrices Bab and Cab. Then if C = AB, we have

c̃ = ãb̃− ⟨ab⟩

c(u) = (b̃− ⟨b⟩)a(u) + (ã− ⟨a⟩)b(u)−
∫ u

0
dv(a(u)− a(v))(b(u)− b(v)) (D.60)

where

⟨a⟩ =
∫ 1

0
du a(u) (D.61)

So if B = A−1 and C = 1, then c̃ = 1 and c(u) = 0. Applying these results to the one-step replica

symmetry breaking ansatz for a(u) and b(u), we obtain

b =
−a

(a− ã)(a(1− x)− ã)

b̃ =
ã+ (x− 2)a

(a− ã)(a(1− x)− ã)
(D.62)

where a(u) and b(u) have the same breakpoint x.
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Applying Eqs. D.62 to D.52 we obtain the equations

Gr(iωn) = 1
iω+λ−Σr(iωn)

, for all ωn

[gJGr(iωn = 0)]2 = 1+ βJ2g3xGr(iωn = 0) (D.63)

Notice that same equation applies forGr(iωn) for ωn = 0 and ωn ̸= 0, and this was the rationale for

ansatz in Eq. D.57.

It is useful to now introduce the dimensionless variable Θ, defined by

Θ = −JgGr(iωn = 0) (D.64)

Using Eq. D.63, we see that Θ is related to x by

βx =
1
Jg2

(
1
Θ

− Θ
)
, (D.65)

and sowe eliminate x in favor of Θ. We also use the ωn = 0 equation in Eq. D.63 to express λ in terms

of Θ and Σr(iωn = 0).

Now the saddle-point equations are expressed in terms of Gr(iωn), Σr(iωn), Θ, and g. The com-

plete set of equations determining these parameters is

[Gr(iωn)]−1 = iωn −
Jg
Θ

− [Σr(iωn)− Σr(iωn = 0)] (D.66)

Σr(τ) = J2
(
[Gr(τ)]2 Gr(−τ)− 2gGr(τ)Gr(−τ)− g [Gr(τ)]2

+ 2g2Gr(τ) + g2Gr(−τ)
)

(D.67)

g− Gr(τ = 0−) = κ . (D.68)

These equations leave the parameter Θ undetermined.
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Following Appendix B.2 in Ref.63, we determine the value of Θ by the requirement thatGr have a

gapless spectrum. For a gapless spectrum, we expect the low frequency expansion forGr for real ω

Gr(ω+ iη) =
Θ
gJ

+ (a+ ib)ωαθ(ω) + (a′ + ib′)|ω|αθ(−ω) + . . . (D.69)

where θ(ω) is a step function, for some α > 0, and with b < 0, b′ > 0. Then from Eq. (D.67) we

find that the leading singularity in Σr is given by the last 2 terms in Eq. (D.67)

ImΣr(ω+ iη) = g2J2
[
(2b− b′)ωαθ(ω) + (2b′ − b)|ω|αθ(−ω)

]
(D.70)

But from Eq. D.66 we have

ImΣr(ω+ iη) = −Im [Gr(ω+ iη)]−1 =
g2J2

Θ2
[
(b ωαθ(ω) + b′ |ω|αθ(−ω)

]
(D.71)

Comparing Eqs. D.70 and D.71 we have

(1/Θ2 − 2)b+ b′ = 0

b+ (1/Θ2 − 2)b′ = 0 (D.72)

These equations are compatible only for Θ = 1, 1/
√
3. The replica symmetric choice Θ = 1 is

excluded because it yields b = b′, which is not allowed by the positivity constraints on the spectral

weight: b and b′ need to have opposite signs. So the only choice is

Θ =
1√
3
. (D.73)
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Figure D.12: Plot of spin‐glass order parameter, q = g2, as a function of doping at different temperatures.

D.4 Additional details for the metallic spin-glass phase

In this appendix we present details regarding the spectral densities in themetallic spin-glass phase. We

show explicit form of the equations that are solved at zero temperature as well as details on spin and

electron spectral densities at zero and finite temperatures.

D.4.1 Details of the solution at zero temperature

The analytic continuation of the equations (5.28)-(5.33) at zero temperature leads to the following

equations for the spectral functions

ρr(ω) = − 1
π

Σ′′
r (ω)

(ω− Jg
Θ − (Σ′

r(ω)− Σ′
r(0)))2 + (Σ′′

r (ω))2
; (D.74)

ρf(ω) = − 1
π

Σ′′
f (ω)

(ω− μf − (Σ′
f(ω)− Σ′

f(0)))2 + (Σ′′
f (ω))2

. (D.75)

Equations for self energies are more cumbersome and we list them in several parts. For the imaginary

part of the boson self energy we have three terms Σ′′
r (ω) = Σ′′

r,1(ω) + Σ′′
r,2(ω) + Σ′′

r,3(ω). The linear
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term reads

Σ′′
r,1(ω) = πJ2g2[ρr(−ω)− 2ρr(ω)]

Σ′′
r,2(ω) = πg

∫ +∞

−∞
dω1(θ(−ω1)θ(ω1 − ω)− θ(ω1)θ(ω− ω1))

× (J2ρr(ω1)[−2ρr(ω1 − ω) + ρr(ω− ω1)] + kt2ρf(ω1)ρf(ω1 − ω))

Σ′′
r,3(ω) = π

∫ +∞

−∞
dω1dω2(θ(−ω1)θ(−ω2)θ(−ω+ ω1 + ω2) + θ(ω1)θ(ω2)θ(−ω1 − ω2 + ω))

× (J2ρr(ω1)ρr(ω2)ρr(ω1 + ω2 − ω) + kt2ρf(ω1)ρf(ω2)ρr(ω1 + ω2 − ω))

Similarly, the imaginary part of the fermion self energy can bewritten as Σ′′
f (ω) = Σ′′

f,1(ω)+Σ′′
f,2(ω)+

Σ′′
f,3(ω), in particular

Σ′′
f,1(ω) = −πt2g2ρf(ω)

Σ′′
f,2(ω) = πt2g

∫ +∞

−∞
dω1ρf(ω1)[ρr(ω− ω1)− ρr(ω1 − ω)]

× (θ(−ω1)θ(−ω+ ω1)− θ(ω1)θ(−ω1 + ω))

Σ′′
f,3(ω) = πt2

∫ +∞

−∞
dω1dω2(θ(−ω1)θ(−ω2)θ(−ω+ ω1 + ω2) + θ(ω1)θ(ω2)θ(−ω1 − ω2 + ω))

× ρf(ω1)ρr(ω2)ρr(ω1 + ω2 − ω)

We obtain the real parts of the self energies by using the Kramers-Kronig relation. The filling con-

straints read

g−
∫ 0

−∞
dωρr(ω) = κ − kp (D.76)∫ 0

−∞
dωρf(ω) = p (D.77)

261



We fix parameters to J = t = 1 and κ = k = 1/2 everywhere for the spin glass phase. The solution of

these equations is showns in Fig. 5.8 for different p. For the boson spectral density ρr(ω)we see linear

in frequency behavior at small frequencies.

D.4.2 Spectral functions

In this section we find spectral functions of gauge invariant observables: spin and electron spectral

densities. We also compute the sum rules for these functions at finite and zero temperatures. Recall

that in the spin-glass phase we use the SU(M|M′) representation where the holon is fermionic and

spinons are bosonic operators. From Eq. 5.27,

Gc(τ) = Gs(τ)Gf(−τ) = [Gr(τ)− g]Gf(−τ) . (D.78)

Therefore the electron spectral density is

ρc(ω) = − 1
π
Im[Gc(ω+ i0+)] = gρf(−ω)

+

∫ ∞

−∞
dω2 ρf(ω2)ρr(ω+ ω2)[nB(ω+ ω2) + nF(ω2)] . (D.79)

It is straightforward to obtain the sum rule,

∫ ∞

−∞
dω ρc(ω) =

1+ p
2

. (D.80)

Recall that this is same as that obtained in the critical metal phase.

For the spin correlator we have,

χ(τ) = Gs(τ)Gs(−τ) = g2 − g [Gr(τ) + Gr(−τ)] + Gr(τ)Gr(−τ) . (D.81)
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Figure D.13: Spectral functions obtained at zero temperature via real frequency analysis for several values of doping.
Parameters are J = t = 1.

Here, χ′′ = Im[χ(τ)], where χ(τ) = ⟨⃗S(τ) · S⃗(0)⟩. This gives the spin spectral density,

ρs(ω) =
χ′′(ω)
π

= g2βωδ(ω) + g
[
ρr(ω)− ρr(−ω)

]
−
∫ ∞

−∞
dω2 ρr(ω2)ρr(ω+ ω2) [nB(ω+ ω2)− nB(ω2)] . (D.82)

The sum rule for the spin spectral density at non-zero temperature is not easy to obtain andwe do not

have an exact expression for it. At zero temperature, however, we obtain

∫ ∞

0
dω ρs(ω) =

(1− p)(3− p)
4

− g2 . (D.83)

In addition, we have the usual sum rules,

∫ ∞

−∞
dω ρf(ω) =

∫ ∞

−∞
dω ρr(ω) = 1 . (D.84)

Solution of these equations for several values of doping is presented in Fig. D.13.
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E
Supplementary Information for Chapter 6

E.1 Terms of order y1 inFQ for the Ising model

This appendix contains the O(y) corrections to the free energy and saddle-point values from the

‘quantum’ contribution to the free energy,FQ.
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E.1.1 Zero longitudinal field

As in the main text, we first consider the h = 0 case of Sec. 6.2.4.

Paramagnet

Here, we continue the analysis of Sec. 6.2.4.

For the saddle point at order y1, we write

Qr(iνn) = −

√
ν2n + Δ2 + yΔ2

1 − yΣ(iν)

κ
, (E.1)

where we can choose Σ(0) = 0 without loss of generality by adjusting the value of Δ2
1 . Then, from

(6.30), we obtain

0 =−
[
yΔ2

1 − yΣ(iνn)
]
− U

β
∑
ν′n

[√
ν′2n + Δ2 + yΔ2

1 − yΣ(iν′n)−
√

ν′2n + Δ2
]

+
2y

3β2κ2
∑
ν′n,ν′′n

√
ν′2n + Δ2

√
ν′′2n + Δ2

√
(νn − ν′n − ν′′n)2 + Δ2 . (E.2)

After subtracting from (E.2) its value at νn = 0, we determine

Σ(iνn) = − 2
3β2κ2

∑
ν′n,ν′′n

√
ν′2n + Δ2

√
ν′′2n + Δ2

[√
(νn − ν′n − ν′′n)2 + Δ2 −

√
(ν′n + ν′′n)2 + Δ2

]
.

(E.3)
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Then, Δ2
1 can be obtained from (E.2) as the solution of

Δ2
1 =

2
3β2κ2

∑
νn,ν′n

√
ν′2n + Δ2

√
ν2n + Δ2

√
(ν′n + νn)2 + Δ2 +

U
2β
∑
νn

Σ(iν)√
ν2n + Δ2

− lim
y→0

U
yβ
∑
νn

[√
ν2n + Δ2 + yΔ2

1 −
√

ν2n + Δ2
]
. (E.4)

At the critical point, where Δ2+ yΔ2
1 = 0 and r = rc0+ yrc1, using (6.32) and (6.33), we canwrite

the term proportional to u in (E.2) as

yΔ2
1 + yrc1 +

Uy
2β
∑
νn

Σ(iνn)|Δ=0
|νn|

, (E.5)

where Σ(iνn) is to be evaluated from (E.3) at Δ = 0. Then, (E.2) at ν = 0 yields the shift in the

position of the critical point at order y as

rc1 = − 2
3β2κ2

∑
νn,ν′n

|ν′n||νn||ν′n + νn| −
U
2β
∑
νn

Σ(iνn)|Δ=0
|νn|

. (E.6)

For the free energy at order y1, with FQ = F0
Q + yF 1

Q, we can just insert theO(y0) saddle-point

values into the terms explicitly dependent upon y in (6.26):

F 1
Q = − 1

6β3κ4
∑

νn,ν′n,ν′′n

√
ν2n + Δ2

√
ν′2n + Δ2

√
ν′′2n + Δ2

√
(νn + ν′n + ν′′n)2 + Δ2. (E.7)

Spin glass

We continue here the analysis of Sec. 6.2.4.
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For the saddle-point aligns at order y1, we write

qEA =
1
κU

(rc0 − r) + yqEA1,

Qr(iνn) = −|νn|
κ

+ yQr1(iνn). (E.8)

Then, Eqs. (6.40) and (6.41) yield

0 =2|νn|Qr1(iνn) +
U
β
∑
ν′n

Qr1(iν′n) + uqEA1 +
2

3κ3β2
∑
ν′n,ν′′n

|ν′n||ν′′n||νn − ν′n − ν′′n|

− 2
κ2β

qEA0
∑
ν′n

|ν′n||νn − ν′n| − 2Qr1(0)|νn|, (E.9)

q2EA0 =− κQr1(0). (E.10)

From (E.9,6.41), we determine that

qEA1 = − 1
β
∑
νn

Qr1(iνn)−
2

3κ3Uβ2
∑
νn,ν′n

|ν′n||νn||ν′n + νn|+
2

κ2Uβ
qEA0

∑
νn

|νn|2, (E.11)

and

Qr1(iνn) = −
q2EA0
κ

− 1
3κ3β2|νn|

∑
ν′n,ν′′n

(
|ν′n||ν′′n||νn − ν′n − ν′′n| − |ν′n||ν′′n||ν′n + ν′′n|

)
+

1
βκ2|νn|

qEA0
∑
ν′n

(
|ν′n||νn − ν′n| − |ν′n|2

)
. (E.12)

At T = 0, we obtain, with a frequency cutoff |νn| < Λ,

Qr1(iνn) = −
q2EA0
κ

− 1
6πκ3

(2Λ3

3
|νn| −

Λ2

3
|νn|2 +

1
20

|νn|4
)
+

1
6πκ2

qEA0|νn|2. (E.13)
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The shift in the quantumcritical point is obtainedby setting r = rc0+yrc1 in (E.11) and (E.12), and

this yields the same value of rc1 as that obtained from the vanishing gap condition on the paramagnetic

side in (E.6).

For the free energy at order y1, we now obtain from (6.26)

F 1
Q = −

rqEA1
κ

−
q2EA0
βκ2

∑
νn

ν2n +
2qEA0
3κ3β2

∑
νn,ν′n

|νn||ν′n||νn + ν′n|

− 1
6β3κ4

∑
νn,ν′n,ν′′n

|νn||ν′n||ν′′n||νn + ν′n + ν′′n|. (E.14)

E.1.2 Nonzero longitudinal field

Next, we consider the case of h ̸= 0 studied in Sec. 6.2.5.

Replica-symmetric solution

This section continues the analysis of Sec. 6.2.5.

For the saddle point at order y1, we write as in (E.1)

Qr(iνn) = −

√
ν2n + Δ2 + yΔ2

1 − yΣ(iν)

κ
,

qEA = qEA0 + qEA1, (E.15)

where we can again choose Σ(0) = 0 without loss of generality by adjusting the value of Δ2
1 . Then,
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from (6.29), we obtain

0 =−
[
yΔ2

1 − yΣ(iνn)
]
− U

β
∑
ν′n

[√
ν′2n + Δ2 + yΔ2

1 − yΣ(iν′n)−
√

ν′2n + Δ2
]

+ UκyqEA1 +
2y

3β2κ2
∑
ν′n,ν′′n

√
ν′2n + Δ2

√
ν′′2n + Δ2

√
(νn − ν′n − ν′′n)2 + Δ2

− 2y
βκ

qEA0
∑
ν′n

√
ν′2n + Δ2

√
(νn − ν′n)2 + Δ2 + 2yq2EA0

√
ν2n + Δ2 . (E.16)

After subtracting from (E.16) its value at νn = 0, we determine

Σ(iνn) =− 2
3β2κ2

∑
ν′n,ν′′n

√
ν′2n + Δ2

√
ν′′2n + Δ2

[√
(νn − ν′n − ν′′n)2 + Δ2 −

√
(ν′n + ν′′n)2 + Δ2

]

+
2
βκ

qEA0
∑
ν′n

[√
ν′2n + Δ2

√
(νn − ν′n)2 + Δ2 − (ν′2n + Δ2)

]

− 2q2EA0

[√
ν2n + Δ2 − Δ

]
. (E.17)

Then, Δ2
1 obeys, from (E.16),

Δ2
1 = UκqEA1 +

2y
3β2κ2

∑
ν′n,ν′′n

√
ν′2n + Δ2

√
ν′′2n + Δ2

√
(νn − ν′n − ν′′n)2 + Δ2

− 2y
βκ

qEA0
∑
ν′n

√
ν′2n + Δ2

√
(νn − ν′n)2 + Δ2 + 2yq2EA0

√
ν2n + Δ2

+
U
2β
∑
νn

Σ(iν)√
ν2n + Δ2

− lim
y→0

U
yβ
∑
νn

[√
ν2n + Δ2 + yΔ2

1 −
√

ν2n + Δ2
]
. (E.18)

Determination of qEA1 and Δ1 requires solution of (E.16), along with a second align obtained from

(6.51)

−3qEA0
Δ2
1

2Δ
− 3ΔqEA1 + q3EA0 = 0 . (E.19)
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For the free energy at order y1, we now obtain from (6.26)

F 1
Q =−

yq2EA0
βκ2

∑
νn

(ν2n + Δ2) +
2yqEA0
3κ3β2

∑
νn,ν′n

√
ν2n + Δ2

√
ν′2n + Δ2

√
(νn + ν′n)2 + Δ2

− y
6β3κ4

∑
νn,ν′n,ν′′n

√
ν2n + Δ2

√
ν′2n + Δ2

√
ν′′2n + Δ2

√
(νn + ν′n + ν′′n)2 + Δ2. (E.20)

E.2 Classical spherical p-rotor model

In the classical limit g = 0, all components ofQab(τ) and Σab(τ) are independent of τ, and the theory

should reduce to that in Ref.36. So, we haveQab(ωn) = βQab(τ)δωn,0 ≡ βQabδωn,0, and similarly for

Σab and λab. Then, the effective action in (6.74) becomes

Seff
N

=
1
2
log det

[
1
π
(−iδabza + iβλab)

]
+ iβ

n∑
a=1

za

−
n∑

a,b=1

(
β2 iλabQab +

βh2

4

[
− iδabza + iβλab

]−1

ab
+

β2J2

4
(Qab)

p

)
. (E.21)

Let us now change our notation a bit to obtain expressions similar to those in Ref.155. We define

−iza = z , iλab = −σab. (E.22)

Then, the effective action is

Seff
N

=
1
2
log det

[
1
π
(δabz− βσab)

]
− β

n∑
a=1

z

+
n∑

a,b=1

(
β2 σabQab −

βh2

4

[
zδcd − βσcd

]−1

ab
− β2J2

4
(Qab)

p

)
. (E.23)
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Now, as before, we use the identity (E.96) to absorb the h2 term into the log det

Seff
N

=
1
2
log det

[
1
π

(
δabz− βσab −

βh2

2

)]
− β

n∑
a=1

z+
n∑

a,b=1

(
β2 σabQab −

β2J2

4
(Qab)

p

)
.

(E.24)

The saddle-point align with respect to σab is

βQab =
1
2

[
δabz− βσab −

βh2

2

]−1

ab
. (E.25)

Inserting this back into (E.24), we obtain an effective action just forQab and z,

Seff
N

= − 1
2
log detQ− β

n∑
a=1

z+
n∑

a,b=1

(
βzδabQab −

β2h2

2
Qab −

β2J2

4
(Qab)

p

)
. (E.26)

Then, the remaining saddle-point aligns are

1 = Qaa,

Q−1
ab = 2βzδab − β2h2 − pβ2J2

2
(Qab)

p−1 . (E.27)

E.2.1 Replica-symmetric solution

Now, we use the replica-symmetric ansatz

Qab = q+ Qrδab,

σab = ϱ+ σrδab. (E.28)
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Then, using the identities in Appendix E.5, the aligns in (E.27) become

1 = q+ Qr, (E.29)

σr =
pJ2

4
(q+ Qr)

p−1 − pJ2

4
qp−1, (E.30)

ϱ =
pJ2

4
qp−1, (E.31)

1
βQr

= 2(βz− βσr), (E.32)

q
Q2
r
= β2h2 +

pβ2J2

2
qp−1. (E.33)

Focusing on p = 2 first, we can simplify the above to

1 = q+ Qr, (E.34)

βQr =
1

z+
√
z2 − J2

, (E.35)

q =
J2q+ h2

(z+
√
z2 − J2)2

. (E.36)

These aligns are easily seen to be equivalent to the classical limit of Eqs. (E.49,E.53,E.55) derived for

the quantum model later. Figure E.1 showcases the temperature dependence of the order parameter

q for nonzero h. For p= 2, h= 0, it is known111 that the replica-symmetric solution is stable and

optimal, and we expect that this statement continues to hold for any h ̸= 0 as well36.

E.2.2 One-step replica symmetry breaking

The classical spherical p-rotor model can be solved exactly for all p, temperatures, and fields, and hosts

a one-step RSB phase for any p > 236 (akin to the model without the spherical constraint60). In this
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Figure E.1: Spin glass order parameter q of the classical spherical p = 2‐rotor model (with J= 1), as a function of the
temperature T for several values of the longitudinal field h. For the replica‐symmetric solution considered here, the spin
glass phase transition occurs at T = 1.

case, for the diagonal elements ofQab and σab, we use the ansatz

Qaa = q1 + Qr,

σaa = ϱ1 + σr, (E.37)
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while the off-diagonal elements are as in (6.98). The aligns analogous to (6.84)–(6.88) are

1 = q1 + Qr, (E.38)

σr =
pJ2

4
(q1 + Qr)

p−1 − pJ2

4
qp−1
1 , (E.39)

ϱ1 =
pJ2

4
qp−1
1 , (E.40)

ϱ0 =
pJ2

4
qp−1
0 , (E.41)

1
βQr

= 2(z− βσr), (E.42)

q1Qr + x(q1 − q0)2

Qr(Qr + x(q1 − q0))2
= β2h2 +

pβ2J2

2
qp−1
1 , (E.43)

q0
(Qr + x(q1 − q0))2

= β2h2 +
pβ2J2

2
qp−1
0 . (E.44)

We are mainly interested in the β → ∞ limit. From the aligns above, we see that this limit exists if

we write

q1 = q̂− θ
β
, x =

μ
β
, (E.45)

where q̂ is a β-independent constant, and θ and μ are finite as β → ∞. For the present classical theory,

q̂ = 1, but we will see that q̂ < 1 in the g ̸= 0 theory.

Gapless condition

The gapless condition, obtained in the g → 0 limit of (6.109) is

1
β2Q2

r
=

p(p− 1)J2

2
qp−2
1 . (E.46)
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Free energy

The classical limit of the action (6.110) is

Seff
Nn

=− 1
2
log[Qr]−

1
2

q0
Qr + x(q1 − q0)

+
1
2x

ln
Qr

Qr + x(q1 − q0)
(E.47)

− βz+ βz(Qr + q1)−
β2h2

2
[Qr + x(q1 − q0)]−

β2J2

4

[
(Qr + q1)p − qp1(1− x)− qp0x

]
.

We can now confirm that the aligns (E.38)–(E.44) are indeed the saddle-point aligns obtained from

Eq. (E.47).

The stationarity condition with respect to the breakpoint yields

∂Seff
∂x

= 0 ⇒ J2β2

4
(qp1 − qp0)−

1
2x2

log
[
1+

x(q1 − q0)
Qr

]
+

β2h2

2
(q1 − q0) +

(q1 − q0)(Qr + q1x− 2q0x)
2x(Qr + x(q1 − q0))2

= 0. (E.48)

One can use either (E.46) or (E.48) to determine x.

E.3 Replica-symmetric solution for the h ̸= 0 quantum spherical p = 2

model

We now consider the quantum version of the spherical p= 2-rotor model in a longitudinal field h. As

discussed in Ref.183, for h = 0, the replica-symmetric solution is the optimal one. Anticipating the

same conclusion to hold for the case of h ̸= 0, in what follows, we focus on the replica-symmetric

solution.
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For p= 2, the aligns (6.81), combined with the replica-symmetric ansatz (6.83), reduce to

1 = q+
1
β
∑
ωn

Qr(ωn), (E.49)

ϱ = gJ2q, (E.50)

Qr(ωn) =
g

ω2n + λ − gJ2Qr(ωn)
, (E.51)

q =
gϱ+ g2h2

[λ − gJ2Qr(ωn = 0)]2
. (E.52)

Specifically, the align forQr(ωn) can be written as

Qr(ωn) =
2g

ω2n + λ +
√

(ω2n + λ)2 − 4g2J2
, (E.53)

Qr(ωn = 0) =
1

2gJ2

(
λ −

√
λ2 − 4g2J2

)
. (E.54)

Then, the order parameter is given by

q = 4g2
J2q+ h2[

λ +
√

λ2 − 4g2J2
]2 . (E.55)

From the align above, we observe that the condition λ ≥ 2gJ has to be satisfied for the order parameter

to be a real number. Note that for h = 0, we find

λ|h=0 = 2Jg, (E.56)

which is consistent with Eq. (33.41) of Ref.155. For h ̸= 0, the align for the order parameter can be

276



formulated as

q =
4g2h2[

λ +
√

λ2 − 4g2J2
]2

− 4g2J2
=

2g2h2

λ2 − 4g2J2 + λ
√

λ2 − 4g2J2
. (E.57)

We can simplify the expression above further to

q = − h2

2J2
λ2 − 4g2J2 − λ

√
λ2 − 4g2J2

λ2 − 4g2J2
= − h2

2J2
λ∗2 − λλ∗

λ∗2
= − h2

2J2
λ∗ − λ
λ∗

=
h2

2J2

(
λ
λ∗

− 1

)
,

(E.58)

where we introduce the notation

λ∗2 = λ2 − 4g2J2. (E.59)

Wenote that the order parameter has to be positive, q > 0, so λ > λ∗. In addition, we require λ > 2gJ

such that λ∗ > 0.

Finally, we rewrite the correlatorQr(ωn) in terms of our new notation as

Qr(ωn) =
2g

ω2n + λ +
√

ω4n + 2ω2nλ + λ∗2
. (E.60)

Since λ∗ > 0, there is always a gap in the spectrum. The gap is given by the value of the frequency at

which the square root in the Green’s function (analytically continued to the real frequency) changes

sign. This value is simply

Δ =

√
λ − 2gJ, (E.61)
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(a) (b)

Figure E.2: (a) Gap in the spectrum (E.61) as a function of the longitudinal field strength h for the quantum spherical
p = 2‐rotor model, taking g= 1. The system is gapless in the limit h → 0. (b) The order parameter q as a function of
the transverse magnetic field for several values of h, illustrating the absence of a sharp phase transition at any nonzero g
and h.

which is always greater than zero in the presence of a nonzero field h. The resulting behavior of the

gap as a function of the longitudinal field is shown in Fig. E.2(a).

To find the value of the spin glass order parameter, we need to find λ according to

q =
h2

2J2

(
λ
λ∗

− 1

)
, (E.62)

Qr(ωn) =
2g

ω2n + λ +
√

ω4n + 2ω2nλ + λ∗2
, (E.63)

1 = q+
1
β
∑
ωn

Qr(ωn). (E.64)

The numerical solution for q as a function of g is shown in Fig. E.2(b). For h = 0, one can also

compute the critical point, gc, analytically to find

gc =
9π2J
16

≃ 5.55J, (E.65)

which reproduces the result obtained in Ref.155.
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E.4 Replica-symmetric solution for the h = 0 quantum spherical p = 3

model at large g

In the limit of large longitudinal fields g, one can analytically solve the aligns (6.84)–(6.88) at h = 0.

We first note that in this limit, the order parameter q is zero, i.e., the system is in a paramagnetic phase

as shown in Fig. 6.7. To obtain the solution in this phase, we rewrite the saddle-point aligns in the

following form:

1 = Qr(τ = 0), (E.66)

Σr(τ) =
3
2
gJ2Q2

r (τ), (E.67)

Qr(ωn) =
g

ω2n + λ − Σr(ωn)
. (E.68)

We numerically solve these aligns for several values of g and infer that λ grows faster with g than Σr,

which can be seen in Fig. E.3(a). In addition, Σr(ωn) is close to a constant in this limit as evidenced

by Fig. E.3(b). We can therefore assume that, to leading order,

Qr(ωn) =
g

ω2n + λ
. (E.69)

The resulting analytical solution yields

λ =
g2

4
, Qr(ωn) =

g
ω2n + λ

, Σr(τ) =
3g
2
e−g|τ|, Σr(ωn) =

3g2

g2 + ω2n
≃ 3

g2
(g2 − ω2n). (E.70)

To improve upon our earlier approximation, we compute the Green’s function to second order in
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1/g. At this order, we obtain the following result:

λ =
g2

4
+

9
4
, (E.71)

Qr(ωn) =
g

ω2n(1+ 3/g2) + (λ − 3)
, (E.72)

Σr(τ) =
3g5

2(g4 − 9)
e
−g|τ|

√
g2−3
g2+3 , (E.73)

Σr(ωn) =
3g6√
g4 − 9

1
g2(g2 − 3) + ω2n(g2 + 3)

. (E.74)

We therefore conclude that at large g, the spectral function has the form of a delta function

ρ(ω) =
g3

g2 + 3
δ
(
ω2 − g2

4
g2 − 3
g2 + 3

)
, (E.75)

with a finite gap. Thus, within this approximate framework, we expect the replica-symmetric solution

to persist up to g ≃
√
3.

E.5 Replica identities

We consider n × n replica matrices Aab whose off-diagonal elements are parametrized by the Parisi

function a(u), u ∈ [0, 1], and the diagonal element Aaa = ã (similarly for Bab and Cab). We find it

useful to define

⟨a⟩ ≡
∫ 1

0
du a(u), (E.76)

and

[a](u) ≡ −
∫ u

0
dva(v) + ua(u) . (E.77)
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For the replica-symmetric case, we take

a(u) = a, ã = a+ σa . (E.78)

For the case of one-step replica symmetry breaking, we take

ã = a1 + σa,

a(u) =


a1 , x < u < 1

a0 , 0 < u < x
. (E.79)

Then, we have ⟨a⟩ = a1 − x(a1 − a0), and

[a](u) =


x(a1 − a0) , x < u < 1

0 , 0 < u < x
. (E.80)

We now present some useful identities for matrix operations in the limit n → 0.

E.5.1 Term-by-term sum

1
n

n∑
a,b=1

Aab = ã− ⟨a⟩. (E.81)
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E.5.2 Matrix product

For

Cab =
n∑
c=1

AacBcb , (E.82)

we have125

c̃ = ãb̃− ⟨ab⟩,

c(u) = (b̃− ⟨b⟩)a(u) + (ã− ⟨a⟩)b(u)−
∫ u

0
dv(a(u)− a(v))(b(u)− b(v)). (E.83)

E.5.3 Matrix inverse

To determine B = A−1, we set C = 1 in the matrix product to obtain the relations

1 = ãb̃− ⟨ab⟩,

0 = (b̃− ⟨b⟩)a(u) + (ã− ⟨a⟩)b(u)−
∫ u

0
dv(a(u)− a(v))(b(u)− b(v)). (E.84)

With replica-symmetric matrices, we have

σb =
1
σa
,

b = − a
σ2a
. (E.85)
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For the case of one-step replica symmetry breaking, we have

1 = ãb̃− a0b0x− a1b1(1− x),

0 = (b̃− b0x− b1(1− x))a0 + (ã− a0x− a1(1− x))b0,

0 = (b̃− b0x− b1(1− x))a1 + (ã− a0x− a1(1− x))b1 − x(a1 − a0)(b1 − b0). (E.86)

Solving these aligns, we obtain

σb =
1
σa
,

b1 = − a1σa + x(a1 − a0)2

σa(σa + x(a1 − a0))2
,

b0 = − a0
(σa + x(a1 − a0))2

. (E.87)

E.5.4 Term-by-term inverse sum

If A−1 = B, then from (E.81)

1
n
∑
ab

A−1
ab = b̃− ⟨b⟩. (E.88)

From (E.84), we have

1 = ãb̃− ⟨ab⟩,

0 = (b̃− ⟨b⟩)⟨a⟩+ (ã− ⟨a⟩)⟨b⟩ − ⟨ab⟩+ ⟨a⟩⟨b⟩. (E.89)
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Taking the difference, we obtain

1
n
∑
ab

A−1
ab =

1
ã− ⟨a⟩

. (E.90)

E.5.5 Term-by-term product

For the product

Dab =

n∑
c,d=1

AacBdb , (E.91)

we use the fact that
∑

c Aac is independent of the index a for replica matrices. This yields a replica-

symmetric matrixDab, which is of independent a, b and using (E.81) we have

d̃ = d(u) = (ã− ⟨a⟩)(b̃− ⟨b⟩). (E.92)

For the replica-symmetric case, d̃ = d = σaσb, and σd = 0. With one-step replica symmetry breaking

d̃ = d0 = d1 = (σa + x(a1 − a0))(σb + x(b1 − b0)), and σd = 0.

E.5.6 Trace log

The trace log is needed in the computation of the free energy. We have125

1
n
Tr lnA = ln(ã− ⟨a⟩) + a(0)

ã− ⟨a⟩
−
∫ 1

0

du
u2

ln
ã− ⟨a⟩ − [a](u)

ã− ⟨a⟩
. (E.93)

In the replica-symmetric case, we have

1
n
Tr lnA = ln(σa) +

a
σa

. (E.94)
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With one-step replica symmetry breaking, we have

1
n
Tr lnA = ln(σa) +

a0
σa + x(a1 − a0)

− 1
x
ln

σa
σa + x(a1 − a0)

. (E.95)

Let us now consider Tr ln(A+ B), where B is a constant matrix, i.e., b̃ = b(u) = b, and σb = 0.

Then, we have

1
n
Tr ln(A+ B) =

1
n
Tr lnA+

b
ã− ⟨a⟩

. (E.96)

E.5.7 Cubic term

According to (3.72) in Ref.53, for the matrix qab with q̃ = 0,

1
n
Trq3 =

∫ 1

0
du
[
u[q(u)]3 + 3q(u)

∫ u

0
dv[q(v)]2

]
. (E.97)
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(a) (b)

Figure E.3: (a) Behavior of λ and Σr(ωn = 0) as a function of g for the quantum spherical p = 3‐rotor model; λ grows
significantly faster with g than Σr. In addition, Σr(ωn = 0) ≪ λ, which justifies the leading‐order approximation made
in (E.69). (b) Self‐consistent solution of the paramagnetic aligns (E.66)–(E.68) for the self‐energy, Σr, for large values
of g. The self‐energy becomes a constant in the limit g → ∞.
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