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ABSTRACT

This dissertation investigates the role of disorder in quantum many-body systems, focusing on
strange metals and spin glass systems.

For strange metals, we analyze the low-frequency spectra of complex Sachdev-Ye-Kitaev (SYK)
models at arbitrary densities, combining analytical and numerical methods. Building on these in-
sights, we study the overdoped random #—/model, demonstrating that strange metal behavior persists
across the entire doping range. We also show that the critical metal develops an instability to a low-
doping spin-glass phase, and compute the critical doping value. Furthermore, we explore the chaotic
properties of a distinct strange metal model—the large N theory of a critical Fermi surface—and es-
tablish that it exhibits maximal quantum chaos.

For spin glass systems, we examine the low-energy spectrum and Parisi replica-symmetry-breaking
function in the quantum Ising model with infinite-range random exchange interactions with the pres-
ence of transverse and longitudinal fields. In the spin glass phase, we find that the local spin spectra are
gapless and provide a detailed analysis of the phase diagram. Additionally, we investigate the quantum
spherical p-rotor model in an external field, showing that the spin glass phase remains robust across a
wide range of field strengths. The potential experimental applications of these findings are also dis-

cussed.
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Introduction

1.1 PHASES OF THE HIGH TEMPERATURE SUPERCONDUCTING MATERIALS

Since the 1980s, the phenomenon of high-temperature superconductivity has captured the attention
of the condensed matter physics community. The experimental discovery of these materials, begin-
ning with the cuprates, revolutionized our understanding of superconductivity and initiated intense

theoretical and experimental efforts to uncover the underlying mechanisms. Over the decades, signif-
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Figure 1.1: Schematic cuprate phase diagram as a function of hole doping. The figure is taken from 167,

icant progress has been made, and high-temperature superconductors continue to serve as a source of
inspiration for much of modern condensed matter physics. These materials have deepened our un-
derstanding of quantum phase transitions, strongly correlated electron systems, and emergent phe-
nomena. For instance, studies of high-temperature superconductors have influenced research into
quantum criticality, strange metals, and topological phases of matter. The phase diagram of high-
temperature superconducting materials (see Fig. 1.1) is intricate and rich in physical phenomena. It
features a variety of distinct phases, including the Mott insulating phase, the pseudogap phase, the
superconducting dome, and the strange metal regime.

This dissertation is primarily concerned with studying mean-field models that capture the key prop-
erties of the strange metal regime, the conventional Fermi liquid phase, and the spin glass phases. This
chapter introduces the essential concepts underlying conventional and strange metals from the per-
spective of mean-field theory models. Additionally, we discuss the fundamental aspects of spin glasses.
These theoretical approaches aim to illuminate emergent behaviors in high-temperature supercon-
ductors and related systems, contributing to a broader understanding of strongly correlated electron

systems.



1.2 CONVENTIONAL AND STRANGE METALS

1.2.1 FERMI LIQUID

The Landau Fermi liquid theory provides a foundational framework for understanding the behav-
ior of conventional metals. This theory elegantly captures the properties of strongly correlated elec-
tronic systems by introducing the concept of quasiparticles — effective particles that behave like non-
interacting fermions but embody the collective excitations of a many-body system. In the low tem-
perature limit, the real part of the self-energy behaves as ReX(w) ~ @, and the quasiparticle decay rate

behaves as

Im3(w) ~ &* + T (1.1)

which in turn implies that the resistivity of the Fermi liquid grows quadratically with temperature

p(T) = 4+ BT (1.2)

as T'— 0. Deviations from this behavior in resistivity and in quasiparticle decay rate lead to theories

of non-Fermi liquid which we briefly discuss below.

1.2.2 NON-FERMI LIQUID

Theories of non-Fermi liquid arise when the behavior of the metal at low temperatures cannot be
explained by the Fermi liquid theory. Strange metal is a metallic state and is within a subclass of non-
Fermi liquids. An important property of a strange metal that strongly deviates from the Fermi liquid
is its linear-in-temperature resistivity. DC resistivity in strange metals behaves as p(7) ~ A4 + BT as
T—0.

There have been a vast amount of proposals to explain why certain compounds do not behave as



predicted by the theory of normal metals in certain regimes of the phase diagram. In this section we
focus on several models of non-Fermi liquid and discuss their main properties.

Sachdev-Ye model.

The Sachdev-Ye (SY) model 5 is the model of SU(M) spins with the interactions of the following

form

1
= Z]’fSl"‘s}’ (1.3)

i<j
where S; and ; are the spin-operators in the SU(M) group and Jj; is the random interactions between

the operators taken from the normal distribution of the form

2
P(Jij) ~ exp (—2;2> : (1.4)

The model has intrigued scientists in recent years especially with the development of the Sachdev-Ye-

Kitaev mode] *°5*!

, specifically, its connection to the black hole physics.

From the condensed matter prospective, the SY model provides deep insights into the physics of
metals that do not behave ‘normal’, i.e. those that do not show the resistivity to grow quadratically
with temperature at temperatures much lower than the Debye temperature. The original discovery
of this model was in the presence of the gapless state produced by the quantum fluctuations on top

of the spin glass state. In the leading order, the local dynamic spin-susceptibility in the gapless state

behaves as

x(@) ~ log(1/|w]) + i7/2 sgn(w). (15)

A notable feature of the form of the susceptibility above is that it matches the phenomenologically

proposed marginal Fermi liquid '7*

- the behavior that was experimentally observed in many cuprate
compounds. This theory generally assumes that the real and imaginary parts of electron self-energy

in the system behave as ReX(w) ~ wlog |w| and Im3(w) ~ |w|, respectively, in contrast to the Fermi



liquid self-energy (1.1).

In Chapter 2, we investigate corrections to the leading order in this model. We show not only that
they can be computed analytically, but also that they match the numerical solution at small frequen-
cies.

Random t — ] model.

The random # — / model is described by the following Hamiltonian:

1
_ T
H= E L€ Gl + h.c. + E Jij <Sm/;Sj . — MSiaa%ﬁﬂ) , (1.6)

(1) L (#7) 48

where the interactions between the electron operators ¢, have the form

t

t; )
4 Mz

(1.7)

and z is the coordination number of the Bethe lattice. The spin operators S, are coupled by /;; which
are random variables taken from the Gaussian distribution with /; = 0 and Z = /M.

In Chapter 3 we study this model and, similarly to Chapter 2, analytically compute the subleading
corrections to the low frequency behavior of the spectral density and optical conductivity. We show
that the subleading corrections match the full numerical solution of the model for a range of low
frequencies.

Large-N theory of critical Fermi surface.

The third model that is discussed in this thesis is a 2-dimensional model with Yukawa interactions



that can be described by the following Lagrangian density:

N
L=yl (0-— 00— )y,

r=% j=1
M N M
S o 1S 00 s
~ — N %r,z'%r]pl 2 4 1 }’¢z’ ) .
r= =1 7= =

where fermions - i and bosons @, are coupled via Yukawa interactions g;; = g;l Fermions have a
Fermi surface and the number of flavors is N, while bosons have A1 flavors. 7 denotes a specific patch
of the Fermi surface.

In Chapter 4 we study this model in the large N limit from a prospective of quantum chaos. We
compute the out-of-time-ordered correlation function and show that this model is maximally chaotic.

Recent advances in the theoretical understanding of strange metals, particularly through investi-
gations of the two-dimensional Yukawa-SYK model, have been remarkable. In*#', the authors devel-
oped a theory that captures the universal properties of strange metals. Specifically, they proposed a
physically viable framework to explain the presence of the strange metal regime in high-temperature
superconducting materials.

More recently, numerical studies at large scales of the model were performed, using Hybrid Monte
Carlo method '#*'#3. In these studies, the authors observed well-defined signatures of strange metal
regime, such as linear-in-temperature resistivity, and the ‘plankian’ transport scattering rate in an ex-
tended regime away from the quantum critical point. These findings offer profound insights into
the physics of high-temperature superconductors and further establish the relevance of SYK-family
models as a robust framework for exploring the behavior of cuprates and strange metals.

Furthermore, in"'7, the authors examined the instabilities of the strange metal regime to supercon-

ductivity, providing deeper insight into the physics of cuprates.



1.2.3 FROM STRANGE METAL TO SPIN GLASS

Finally, in Chapter s, we expand on the analysis of the random #-/ model introduced in Section 1.2.2.
Using a combination of numerical and analytical techniques, we demonstrate that the critical solution
persists across the entire overdoped region. It was later shown in numerical studies of the Yukawa-SYK
model *#>'43 that the critical behavior of the model persists over a large region of the phase diagram
providing additional evidence for the presence of critical regime in the overdoped part of the cuprate
phase diagram.

We identify a well-defined phase transition separating the non-Fermi liquid phase from the spin
glass phase. Our results show that the Fermi liquid phase is not a viable solution within this model
which confirms the experimental observations>+7°**,

The system we studied is the overdoped random # — / model, characterized by the following Hamil-

tonian:

N N
1 + 1 4 o ;
H=— L1 Cin + ——= AR E C,Cin s I.
/NZ 7he7 \/NZ-[J ;T ¥ - i ( 9)

ij=1 i<j=1
where, as before, S; are operators in SU(M) group with random interactions /J;; that follow a Gaussian
distribution as defined in. Operator ¢, is the electron annihilation operator and #; is the complex
random hopping (1.7), and g is the chemical potential.
By fixing the interaction parameters while varying the temperature 7"and doping p, we aim to iden-
tify the critical parameter values that signify the transition between the non-Fermi liquid and spin glass

phases. To achieve this, we represent spins S; and electrons ¢, as fractional particles

7,
Ciog = beM, Ay :fj“?ﬁﬂ’ (1.10)

with the constraint, £} fi, + 1’9;r b; = 1. Doping p is defined as the value that allows to satisfy the



self-consistency equations

<]df> = % - % ) <bTb> =p (r.11)

where compared to Chapter s, we chose the specific physical values for # = 1/2 and x = 1/2.
Doping, in this context, is defined as the relative density of fractionalized particles. Within this
framework, we observe that the spin correlation exponent varies continuously with doping, and the
resistivity displays a linear dependence on temperature.
Additionally, we investigated the instability of the non-Fermi liquid regime toward the spin glass
phase. Our analysis revealed that the spin glass phase remains stable in the low-doping regime, with
the doping value at which the transition occurs depending on the interaction strength / at a fixed

temperature.

1.3 SPIN GLASSES

Spin glass systems, characterized by their intrinsic disorder, have been extensively studied across vari-

ous scientific disciplines. Their applications span fields such as economics 118,18

, quantum optics **2,
neuroscience %, and machine learning87. Spin glass behavior has also been proposed in the context of
experimental investigations of cuprates® 5138 From the perspective of quantum information science,
arecent experiment on the maximal independent set problem ** has drawn intriguing parallels to spin
glass dynamics.

Despite their broad relevance, many fundamental questions about spin glasses remain unanswered,
presenting opportunities for further exploration through traditional approaches of condensed matter
theory.

Spin glasses are systems of spins with random interactions, which lead to complex behavior. These

interactions present significant challenges for analysis, particularly in finite-dimensional systems. How-

ever, in the systems where the range of interactions becomes infinite, the complexity is reduced, and



many spin glass systems become solvable.
In this dissertation, we focus on two distinct spin glass systems: the infinite-range Ising spin glass
model in transverse and longitudinal fields, and the quantum spherical p-rotor model. We explore

their fundamental properties, analyze their behavior, and discuss the experimental motivation.

1.3.1 SHERRINGTON-KIRKPATRICK MODEL

Before discussing the quantum Ising spin glass model, it is helpful to introduce the Sherrington-
Kirkpatrick (SK) model *®*. It is one of the most well-studied models among spin glass systems. The

Hamiltonian of the model has the following form:

1
H=— iSiS5, I.12
o Eij J5iSj (r.12)

where N is the total number of spins in the system. The couplings /;; are randomly sampled from the

Gaussian distribution

N N Jo\*
P(Jy) = ﬁeXP <_2]2 <fz‘j_ 21\[> ) (1.13)

with /o and / being the mean and variance of the distribution respectively. This model can be solved
using the replica method.
The replica method is a useful technique in solving models with infinite range random interactions.

The approach is to evaluate the free energy using the following formula:
log Z = i 1 log Z7 ( )
ogZ = lim ~ og Z". 1.14

This method allows us to evaluate the free energy by computing the averaged value of the partition

function, instead of the averaged value of the logarithm of the partition function.



The solution of the model is the phase diagram when the system is exposed to the external magnetic
field H. The phase diagram is presented in Fig. 1.2. The curve separating the two phases is obtained
by studying the stability of the SK model**. The curve represents the transition between the two
states: stable (paramagnet) and unstable (spin glass). The spin glass phase is described by the replica
symmetry breaking (RSB) solution. It is important to note that the RSB solution is present for a large
range of the external magnetic fields and for a large range of temperatures.

The spin glass phase has different notable properties that are important to mention:

* The spin glass phase has a complex energy landscape that consists of many local minima. The

number of the minima grows exponentially with the system size

NN@NE, (1.15)

where T is the complexity (configurational entropy)*°.

* The barriers between these minima are infinite for the infinite-range model in the thermody-
namic limit and, therefore, the system would never equilibrate. Ergodicity is broken in this
case. However, in a finite dimensional system the barriers between metastable states are always

finite.

* ‘Glassy dynamics’ usually refers to systems that take an extremely long time to reach equilib-

rium. Glassy dynamics is usually observed slightly above and below the glass transition.

Motivated by these phenomena and the capabilities of modern quantum simulators to investigate
the dynamics of disordered many-body systems, in Chapter 6 we explored the impact of adding a
longitudinal field term to the SK model. This addition allows us to study its phase diagram with
the additional parameter. The inclusion of the longitudinal field is particularly relevant, as quantum

simulators inherently exhibit a longitudinal field component that cannot be entirely eliminated. We

I0



300

H/7J

2:00

1-00

Unstable

020 0-60 1-00
kT/J

Figure 1.2: Almeida-Thouless line. The line represents the phase transition in the SK model in the external magnetic
field H. The figure is taken from“®.

find that the external field does not eliminate the spin glass phase, opening up possibilities for a variety

of applications.

1.3.2 INFINITE RANGE QUANTUM ISING SPIN GLASS

In Chapter 6 we examine the equilibrium dynamics of the infinite-range Ising spin glass that is exposed

to the external field 4. The Hamiltonian of the system

H=Y JiZ:iZi—g» Xi—=hY_ Z (1.16)

<j 7

where 7,7 = 1... Ndenote the lattice sites. The interaction between the spin sites is given by /;; which

is taken as independent random numbers drawn from the distribution

2
P(]z'j) o< exp [—]ij] . (1.17)
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In Chapter 6 we investigate the behavior of the bilocal field in imaginary time

Qu(71,72) ~ ;,ZZm(ﬁ)Zib(TZ)v (1.18)

where 4, b are replica indecies. We show that even for » # 0, the spectrum of the model is gapless

ImQ,(w) ~ w (1.19)

which is further explored in detail. Additionally, we compute the phase diagram and demonstrate that

the spin glass phase persists across a wide range of external field values.

1.3.3 SPHERICAL QUANTUMP—ROTOR MODEL

The spherical quantum p-rotor model has been extensively studied due to its ability to capture out-of-
equilibrium dynamics, a challenging task in many systems. However, it is also valuable to investigate
this model in equilibrium, as it provides important insights into its fundamental behavior.

The spherical p-rotor model in external field / is described by the following partition function

£
Z[/z‘l...z‘p] = /Do‘l‘(r) exp [—/0 dr (;gél.(r)a’i(r) (1.20)

+ > Jayou(D) o (f)—bza,,(f)ﬂ. (1.21)

71<...<1fp

Each o;(7) is a real continuous variable and 7,(7) = do;/dz. The spherical constraint in this model

reads
N

ZU’Z'(T) o:/(r) = N. (1.22)

=1

The interaction couplings between the rotors are Jir.dp> and similarly to the SK model, all of these

I2



0 'l L
0.0 0.2 0.4 0.6
T

Figure 1.3: The phase diagram of the spherical p = 3-spin model. The parameter I' = hz/(M]) The solid lines depict
the second-order phase transition between the paramagnetic (PM) phase and spin glass (SG) phase, and the dashed lines
represent the first-order phase transition. The figure is taken from .

couplings are taken to be independent random variables with distribution

]\]Pi 1211
P(],'lmiﬁ)ocexp 7? ]ZP , (1.23)

where p is the number of the coupled rotors and / is the mean of the Gaussian distribution. Although
the local constraint does not have a direct physical interpretation, the model can provide with valuable
insights into the physics of spin glasses.

Numerical studies of the model without an external field (» = 0) have been conducted previ-
ously*®” and the phase diagram of the p = 3 model is shown in Fig. 1.3.

In Chapter 6, we extend these investigations by incorporating a longitudinal field, demonstrating
that the phase diagram of this modified model includes a finite region corresponding to the spin glass
phase. We also emphasize the relevance of these findings for advancing the study of spin glass systems

using quantum simulators.
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1.4 ORGANIZATION OF THE THESIS

The thesis is organized as follows. In Chapter 2 we study a class of SYK models. Specifically, we
analytically find power-law corrections to the leading order in susceptibility and compare them to the
exact numerical solution. In Chapter 3 we study the power-law corrections in a random # — / model
by extending the analysis from Chapter 2. In Chapter 4 we analyze a chaotic theory non-Fermi liquid
and study its chaotic properties with an emphasis on computing the out-of-time-ordered correlation
function. In Chapter 5 we return to studying the random ¢ — / model with an emphasis on describing
the phase diagram in the model. Finally, in Chapter 6, we study and describe a set of spin glass models:
SK model and p-spherical spin glass model. We analyze their phases while varying parameters in the

Hamiltonians.
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Excitation spectra of Sachdev-Ye-Kitaev

models

2.1 INTRODUCTION

There has been much recent interest in solvable models %554 in the Sachdev-Ye-Kitaev (SYK) class

as descriptions of compressible quantum many body systems without quasiparticle excitations. These

IS5



are models with random and all-to-all interactions, and their low energy limit has the structure of o+1
dimensional conformal field theory . Instead of quasiparticles, there are infinite towers of primary
operators 471251475 all but a few of which have irrational scaling dimensions and these describe the
long time dynamics of all local observables. We will examine a number of models of bosons and/or
fermions in this paper, and the boson or fermion, 2 = b, f; has a zero temperature (7" = 0) spec-
tral density as a function of frequency, , of the form (for the case with g4 = 4-particle terms in the

Hamiltonian)

ga+ (@) 0> 0
fule) = \/?_ | (21)
7% <0

Here g,4 (@ — 0) = constant, and the main purpose of the present article is to describe the small
w expansions of g,+ (w) for a number of models of physical interest. These expansions depend upon
the scaling dimensions and operator product expansions of the irrelevant primary operators, and are
also constrained by Luttinger-like theorems®3#>7® and an emergent time reparameterization symme-
try 514, We will compare conformal theory predictions with accurate numerical solutions of the
SYK equations carried out directly on the real w axis at 7 = 0 (as in the original paper of Ref."5°),
and find excellent agreement.

A related analysis has been carried out by Maldacena and Stanford '*'. They examined the particle-
hole symmetric Majorana SYK model, using numerical solutions of the SYK equations in imaginary
time. All of our numerical analysis will be carried out in real time, using real frequency spectral func-
tions: we will show that this allows higher precision, and enables us to identify various subleading
and non-linear corrections. We also examine fermionic and bosonic models without particle-hole
symmetry—the scaling dimensions for the particle-hole asymmetric fermionic models were obtained

in Ref.78.
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Our results will also apply to the random quantum magnets with SU(AM) symmetry which were
studied in Ref."5¢ in the limit of large M. Such models are of interest to condensed matter physics be-
cause of their ‘Mottness’: they have constraints associated with strong on-site interactions, in contrast
to the infinite-range interactions of the SYK models. For these magnets, we compute the dynamic
local spin susceptibility y, (). This quantity is potentially of experimental interest as a description
of a quantum critical point in a disordered magnetic system studied by neutron scattering 715959,
The time reparameterization mode is the leading irrelevant operator determining the frequency de-

pendence of y,, and we find

W

Imy, (#) ~ tanh (Z—T) {1 — Cywtanh (%) —.. } , (2.2)

where the specific heat per spin component = y7, and C is a dimensionless number which is spec-
ified in (2.107) and (2.108) for our models. The leading term in (2.2) has been obtained earlier 3.
We obtain here the term proportional to C: this is the contribution of the time reparameterization
mode z.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor of
without a corresponding factor of 1/ 7+ this indicates the violation of scaling induced by an irrelevant
operator. We show a plot of Imy, in Fig. 2.1; it is curious that this resembles observations in Refs. 8.2
and it would be worthwhile to investigate this further, especially in systems with greater random-
ness. Similar spectra should also apply to anomalous density fluctuations in the model of Ref.”3, and
density fluctuations have been investigated in momentum-resolved electron energy-loss spectroscopy
(M-EELS)"3*%% but for > T

In the limit of 7" — 0, (2.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at 7' = 0 for the particle-hole symmetric case (see Eq. (2.105))

7 37
Imy, (0) ~ sgn(w) |1 — Cylo| — E(cy)z|w|2 — C|w|*77% + ﬁ(cy)ﬂwP —.. } . (23)
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Figure 2.1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of the
Schwinger-Dyson equations (2.16) for T/j = 0.1. The black dashed line is analytical result in (2.2) for C;/T ~ 0.05
with three higher order terms in (2.3) included with their 7' = 0 expressions.

where the |»|* and |w|® terms are non-linear corrections from the time reparameterization mode,
and C’ mode is a linear contribution of a second irrelevant operator with scaling dimension » =
3.77354.... The T'> 0 form of the C’ term can be deduced from imaginary part of (A.55).

We have attempted to write this paper in a self-contained manner for condensed matter physicists.
We will begin in Section 2.2 by defining the models of interest, and recalling the leading conformally
invariant results. A diagrammatic analysis of the conformal perturbation theory is presented in Sec-
tion 2.3, where we obtain the scaling dimensions of all primary operators, and identify the operators
associated with time reparameterization and an emergent U(1) gauge invariance. Section 2.4 employs
an alternative functional approach of Kitaev and Suh *** which allows efficient treatment of particle-
hole asymmetry, non-linear corrections and non-zero temperatures. Section 2.5 transforms our re-
sults from imaginary time to the spectral densities on the real frequency axis. Section 2.6 extends our
analysis to models of bosonic random rotors, which has appeared in some recent studies of quantum
phase transitions. Finally, our main numerical results are presented in Section 2.7, where we com-
pare numerical solutions of the SYK equations on the real frequency axis with the predictions of the

conformal perturbation analysis.
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The formalism developed in this paper for the SYK models will be applied to the #-/in a companion
paper 75, We will dope the large A4 SU(M) insulating quantum magnets described in the present pa-
per by mobile charge carriers. The resulting theory of fractionalized particles, the spinons and holons,
is described ”* by a set of Schwinger-Dyson equations similar to those presented in Section 2.2. The
companion paper ‘75 presents the conformal corrections to a variety of gauge-invariant observables,

including the electron spectral functions and the optical conductivity.

2.2 CONFORMAL SOLUTIONS FOR THE SYK MODELS

156 a5 these will connect

We begin by recalling the less-familiar models considered originally in Ref.
directly to the #-/ models considered in the companion paper '75. These are SU(AM) spin models with

Hamiltonian

1
Hy = E Jii <Sm/35} w M&‘m%ﬁ,@) . (2.4)
(#7),48

Hereax = 1... M isa SU(M) spin index, S5 = Sjﬁa is the spin operator on site 7, and the 1/ term
(which will be dropped in large A1 limit) is added to ensure it transform in the adjoint of SU(M).
Here, we have chosen 3 to place the sites 7 on a high-dimensional lattice with co-ordination number
z, and the /;; are nearest-neighbor exchange interactions and Gaussian random variables with

z_

=3z (2:5)

i =

We will examine the model A in the limit of large z, followed by large M. Alternatively, we can con-
sider the model on a N-site cluster, with all-to-all random exchange interactions; this was the model
considered in Ref.5¢, and the large N'limit leads to the same saddle-point equations as the large z limit.

139,81

However, the large z limit allows us to consider transport properties of electrons in a lattice using

a t-/ model, which we will described in paper II.
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The properties of the SU(A) spin models depend upon the representation of SU(M) realized by
the states on each site, 7. The most common choices correspond to the formulations in terms of
fermionic and bosonic spinons. The fermionic spinon case corresponds to the representation with

a single column of boxes in the SU(A1) Young tableaux, with the spin operator
S = tufi (26)
expressed in terms of fermionic spinons f;,. This induces a U(1) gauge symmetry
fia(®) = fia(2)?, (27)

The physical Hilbert space must be U(1) gauge-symmetric, which implies that the gauge charge is

conserved, and we consider the representation

> ffn =M, (2.8)

with x4 boxes in the Young tableaux. We will take the large A/ limit at fixed «.
Similarly, the bosonic spinon case corresponds to a difterent SU(A) representation with a Young

tableaux of a single row of boxes, and the spin operator

Sug = blbg, (2.9)
with the U(1) gauge charge constraint

> blbi, = kM. (2.10)

The fermionic spinon representation defined by (2.6) and (2.8) and the bosonic spinon representation
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defined by (2.9) and (2.10) are the same only for kA = 1.
Along with the SU(A) spin models recalled above, our results apply also to the complex SYK model

(with a g = 4 fermion Hamiltonian)

N
Hsyx = ﬁ Z ]zj;kﬂ(jﬁfkﬁ - !‘foj’ﬁ (2.11)
1k f=1 i
where J;.1¢ are independent random numbers with W = J2. The advantage of this model is
that only a single large N limit is required, and there is no analog of the subsequent large A1 limit
required for the models above. But, as we discussed in Section 2.1, this simplicity comes at a cost: we
loose the Mottness that is present in the spin (and #-/) models, and is important for condensed matter

applications. The analog of the fermion constraint in (2.8) is now

<fjfl) =, (2.12)

with no sum over 7. Analogously to the fermionic SYK model we can define bosonic SYK model as

N

1

HSYK - m Z ﬂ]7kgbjb;bkbf —/lb Z bjbiy (2"13)
ik f=1 4

along with the constraint

(bjb,) =K. (2.14)

We remark that the bosonic models defined above have b1, b kinetic term in the Lagrangian formal-
ism.

All of the above models have a common set of saddle point equations, which we now describe. We
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introduce two-point Green’s function in imaginary time, 7, at a finite temperature 7:

G7) = ~(T-(AD)f1(0))) . Gu(z) = —(T-(b(r)bT(0))). (2.15)

In both cases the large N Dyson-Schwinger equations look identical and read for = € (0, 4)

1

>,.(7) = G, q/2 (B — q/2-1 16
s s B T LN L N

G,(iw,) =

where the index 2 = £, b denotes fermions or bosons, # = 1/T'is the inverse temperature, #  is the
chemical potential and we assume that g is even integer. The models described above have ¢ = 4, but
we will also present some results for general 4. For the fermionic case the Matsubara frequencies is

27

wp =g (n+ %) and for the bosonic w, = 2‘7”;2 The two-point Green’s function satisfies the KMS

(Kubo-Martin-Schwinger) conditions G,(7) = £, G,(8 + 7), where {, = land {r = —1.
It is well-known that the equations (2.16) admit conformal solution in the IR region, where 1/ <
T B-1/]
—2A
Gy(r) = -0, (ﬂ]sin M) e )
O
—2(1-4) )
55(r) = —P40 (ﬁjsm ”> SR, (217)
T 8

where A = 1/¢, €, is the asymmetry parameter which implicitly depends on g, and the dimensionless

constant prefactor &, is

b (1—2A)sin27A b — (1—2A)sin27A
r 47 cos(m(A + &) cos(m(A — &)’ o 4rsin(z(A + i) sin(7(A — i&))

(2.18)

When we work in frequency space, it turns out to be convenient to use the asymmetry angles ¢, related
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to &, by

eZWga Z Sin(eﬂ + 7TA) e—Zz'ﬁf — COS(”(A + lgf)) 6—21’&, — _Sil’l(ﬁ(A + l’gb))

- “sin(4, — 7TA)’ COS(7Z(A — zgf)) ’ sin(7(A — &) » (219)

therefore we can find

(1—2A)sin(g, + 7A)sin(4, — 7A)

by =
‘a T sin 27 A

(2.20)

Notice that & = 0 for f, = 7/2 and & = 0 for §r = 0. Also 7A < 0 < 7/2and —7A < G <
7.

Below, we will study the structure of the conformal corrections to the large z and large M saddle
point of Hy in (2.4), and the large N saddle-point of Hsyk in (2.11). The Schwinger-Dyson equa-
tions at the saddle point are identical in the two models, so the conformal corrections will also be the
same. However, once we go beyond the saddle point, and examine four-point correlators, there will

be differences between the two models. We will not address these differences here.

2.3 CONFORMAL PERTURBATIONS

In this section we describe a useful view point on the SYK models as a conformal field theory (CFT)
perturbed by infinite set of irrelevant operators. Although this approach is not rigorous and has
caveats, which we mention below, it clarifies understanding of some results and can correctly pre-
dict 1/(8/) and 1/(8])* corrections to the free energy (see Appendix A.1). We will turn to a more
complete approach to similar results in Section 2.4.

For simplicity, in this section we consider only the fermionic SYK model (2.11) with zero chem-
ical potential z = 0, as the generalization to ¢ # 0 is described in Section 2.4. It was shown in

Refs.7319%:1°¢ that this model has an infinite set of bilinear primary operators 0% (7) and O3 (7) , which
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Figure 2.2: Diagrammatic representation of the Dyson-Schwinger equations (2.22), after dropping the bare terms. The
internal loop has g — 2 powers of G* (this diagram is for g = 6).

can be schematically represented as O‘;jn = fj 927t fand Ozn = _fj 92 fiforn = 0,1,2,. ... To com-

. . . A/S . . .
pute the scaling dimensions of the operators O h/ (7) we consider three point functions

3 (r1, 72, 70) = (Am)f (72) 02 () . (2.21)

Then we can derive the Dyson-Schwinger equations for the three point functions in the IR region,

and we can drop the bare terms to obtain”?

A/S A/S
v, \71,72,70) = 734744887 S\ 71, 72573, T4 )V, (73,74,70), 2.22
5 )= [ dmsdriKy s )iy ( ) (2.22)

where the kernels K /5 are

KA/S(Tla 72573, 74) = - (g + (% - 1) )]ZGc(TB)GC(724)G[(T34)q_2 . (2.23)

Diagramatically the equations (2.22) are represented in Fig.2.2. Emergent conformal symmetry in the

IR region fixes the functional form of the three-point functions up to the structure constants ¢t and

5

AP s n(712) b s n(710)sgn(720)
A b gn 712 S b gn{ 710 )SgN\ 720

Tr.70) = 71, T = . .
vy (71,72, 70) V712 |22 =P Jz10 P o P vj(71, 72, 70) V712 |22 |Jzy0 P a0 | (2.24)
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/s

121,104,108,106

. . . A . .
It can be shown that for arbitrary 4 the three-point functions v i satisfy the equation

/dT3dT4KA/S(Tl, 72,73, 74)1)3/5(73, Th, TO) = kA/S(b)U}/;\/S(Tl, 72, To) 5 (2.2,5)

where ky /5 (/) are given by the formulas

_T(2A - HT(2A +h—1) sin(7h)
) = oA raa 1) (1 - sin(27rA>> ’
_ T(2A - HTR2A+h—1) sin(zh)
ks(h) = [(2A —1)I(24) (1 sin(ZWA)) ’

(2.26)

This formula can be verified by taking the limit |79| — 00 in (2.25) and then evaluating the integrals

over 73 4. Therefore comparing (2.25) with (2.22), we have to set
, paring
ka(h) =1, ks(h) =1, (2.27)

and these equations define the anomalous scaling dimensions of the operators Oﬁ/ S (7).

The SYK model can be viewed as some conformal field theory perturbed by this infinite set of
irrelevant primary operators. In the case of zero chemical potential z = 0 there is an exact particle-
hole symmetry and thus only O’} operators can appear in the action. This situation exactly coincides
with the case of the Majorana SYK model, where instead of complex fermions f; we have Majorana
fermions y,. Therefore in what follows we omit letter “A” for brevity and write for the effective action

of the Majorana SYK model

4
Ssyxk = Scrr + Zgb/ d'z’Oh(T) , (2.28)
b 0

where O}, have anomalous dimensions b = hg, b1, by, b3, ... and by = 2, b >~ 3.77, b, >~ 5.68, etc,

which are found from the equation k4 (b)) = 1. (A notational aside: we will often use the subscript 7
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to represent the subscript b; e.g. g, = ¢2.)

The expression for the full two point function reads

Glr) =~ [ Drpmlee (220

therefore using conformal perturbation theory we find

G(r2) =G (m12) + Zgb/dﬁ 71 ){l (72)Op(73))

=3 Y aer [ drdn GOm0 + s (a0

b,

where we used that G*(71) = N(;( (71)y,(72)) and averaging of the correlation functions is im-
plicitly performed with Scpr action and involves only connected diagrams. The higher correlation

functions are fixed by conformal invariance up to the structure constants ¢;, and ¢, , :

o, b® sgn(712)
[/lefm 1’[/713| VTz3|h

ChChiy, 0" 5gn(712) | 7142
70( 71)x,(72) Oy, (73) Op, (74)) Z UT12|2A[/T34]1”1+1’2\713|b12 & 3 F (b, b+ bip, 2b, %)

*Q’ 1)x(72)Op(73)) =

(2.31)

where b1y = by — by andx = 2;24 Alternatively they can be found from the Operator Product

Expansion (OPE)

1 b2 sen(r 1 b sen(7
) H(r) = Uflz\(mu) + NZ W@(m, 92)Oy(72) ,
h

Ny by —
|2 + Zch1b2b3 Vria|” "2 Cras (712, 02) Oy (72) (2.32)

b//

O3 (71)Opy (72) =
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where b = 5-(1 — 2A) tan(7A) and the operators C; and Cy23 generate all descendants and are deter-

mined by the functional form of the three-point functions. The structure constants ¢y, are '*'

2 1 (h—1/2) T(h> 1
“T (q— 06 wan(zh/2)T(2h) K (h)’ (2.33)

and ¢y have much more complicated form and were computed in Refs.”®75. The OPE formulas

(2.32) should not include hy = 2 operator, since it was shown in ***

that this operator breaks confor-
mal symmetry in the SYK model. Moreover we notice that ¢, is divergent for by = 2. Nevertheless
let us assume that we deal with unbroken CFT and can include Oy, operator in the OPE formulas

assuming limit by — 2.

For the first order correction to the two point function at zero temperature 8 = 0o we find

+0o0 o™ sgn(712) ay
0Gy(112) = dr = —G(m2) —— » :
Wriz) = /oo 3V712|2A7bV713\bV723|b ( 12)V712|b71 (234)
where @), and g, are related as
e sy oy (B—1/2) T(h)? ,
gi *] (‘] l)b kA(b)ﬂtan(ﬂ}]/Z) r(zh)“b (2"35)

We notice that gy has to be divergent for by = 2 in order for  to be finite. Also we remark that all
gp < Jaredimensionful couplings, whereas 2, are dimensionless constants. The analysisin Section 2.4

establishes that « is indeed finite, and we will confirm this in our numerical results.

"Perhaps this approach can be justified if the SYK model is considered as a limit of some conformal SYK
model for which by = 2 — gy and ¢y — 0, see”* and Appendix Hin"*'.
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For the second order correction we find using (2.3 1)

1 1

52th/(le) = —zghgb//d73dT4N<)(l.( 1))(1.(72)014(73)019/(74» (2.36)
- app dpe)

= —G‘(le)ﬁ ) (2.37)

where the coefficients 4}, are functions of b, /' and A and we will find some of them explicitly in the
Section 2.4 using resonance theory.
It is instructive to use these conformal perturbation methods to also compute the free energy. We

describe this in Appendix A.1; one term is at variance with another discussion *’.

2.4 KITAEV-SUH RESONANCE THEORY

104,78,81 , and

In this section, we will review the renormalization and resonance formalism developed in
extend it to nonlinear order. The theory provides a framework for understanding the corrections due
to physics at higher energy scales in SYK-type models.

To linear order, the corrected Green’s function in (2.30) G(z) = — (T A7)f(0)) can be written

G(7) = G(7) (1 - i_]: (z/B) + . ) . (2.38)
; (81 h 3

Here recall that G°(7) is the conformal Green’s function, f is inverse temperature and / denotes some
UV energy scale, which is usually taken to be the SYK coupling. ), is some universal scaling func-
tions that will be computed later in (2.92). The sum runs over a set of discrete numbers {4, } that
will be determined in Section 2.4.1. Although the resonance formalism is a direct consequence of
Schwinger-Dyson equations, the structure of the corrections is consistent with the CFT interpreta-
tion of SYK-type model. The numbers {5, } can be interpreted as the scaling dimensions of primary

operators { Oy } in the SYK CFT that appears in the OPE of f{7)f1(0). The dimensionless coefficients
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a), parameterize the deformation away from the SYK CFT, as in (2.28).

The exact values of «),’s require solving the full Schwinger-Dyson equations in the UV, and they
are usually extracted from numerics.

In SYK-type models, operators O (there may be several) of scaling dimension 4§ = 1and O} of
scaling dimension /% = 2 are special: they are conserved charges of U(1) and time-reparameterization
symmetry respectively. These symmetries are emergent and spontaneously broken in the IR, but also
explicitly broken by the deformation dS which lives in the UV. Therefore JS provides the effective
action for the these pseudo-Nambu-Goldstone modes. For the time-reparameterization symmetry,
this is the well-known Schwarzian action.

The resonance formalism was first developed in "°* for Majorana SYK, where the Green’s function
is always antisymmetric in time and F}, is obtained for generic temperature. In7%, the formalism was
extended to complex SYK model which has a U(1) symmetry, and Fj, is obtained at zero temperature
for generic U(1) charge. In®', the theory was further extended to the #/ model, a couple system of
both fermions and bosons, and the scaling function Jj, was obtained for generic temperature and
U(1) charge. In all these previous works, the correction is only calculated for linear order in 2, which
only provides information about the spectral weight p (@) around » = 0. In this paper, we will
extend the formalism to arbitrary nonlinear order in ), which shows excellent agreement with large-

g expansion and numerics at finite 4: it can now extrapolate the spectral weight p_() up to finite

w/J

2.4.1 LINEAR ORDER CORRECTION

We summarize previous works on linear order resonance theory 1047881 Our discussion will be based

on the Schwinger-Dyson equation, abstractly written as

G=G,3, ==3%[G+c (2.39)



Here G and X are regarded as bi-local fields and G, and X, are functionals that define the saddle
point. ¢ is a bi-local field referred as the UV source. The conformal solution (G*, %) is exact if
o = 0. In the bosonic and fermionic SYK, models, G«[Z](71,72) = —(1/Z)(71, 72) (in the sense
of functional inverse), and =, [G] (71, 72) = (=) G(z1, 72)7/* (= G(72, 71))7/2_1, and (71, 75) =
(0r —u)d(71—17). risreferred as UV source because it contains high frequency Fourier components.
We also note that the self-energy X is shifted from the usual definition by .

If we are interested in the IR physics /™! < |7| < f, the UV source & can be treated as small
perturbation, the small parameter being the ratio between IR and UV scales 1/(8/)"~! or 1/|J7|"~1.
To calculate the linear response, we expand the SD equations (2.39) around the conformal saddle

point (G, Z°) to linear order:
G=G+0G, X=3%+47%. (2.40)

and obtain

3G = WdS, 5= WedG+a (2.41)

where we defined W and W as

020Gy E)
Ws = , G = . (2-42)
0 |5 G |
Finally a simple analysis yields”®:
0G=1—WsWs) ' Wse, =01-WeWs) 'o. (2.43)
—— ——
Kg Ks

Here we defined two kernels K¢ = Ws WgandKs = Wi Ws. We remark that K is exactly the one-

rung diagrams that one needs to sum to compute the four-point functions '***°*. By construction the
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nonzero spectra of K¢ and K are the same.

In what follows we are going to adopt a convenient notation used in Ref.”* for writing functions
which have discontinuity at 7 = 0 and different behaviour for negative and positive 7. Namely, we
write all functions as two component vectors, where the first component is for 7 > 0 and the second
one is for 7 < 0. We refer to this as a plus/minus basis. For example the conformal solution for the

Green’s function G;(7) and self-energy = (7) at zero temperature can be written as

) e >0 i . e >0 Nl
G,(7) = — . 728 (7)) =— . W» (2.44)
Je ™ 7 <0 fe ™ r<0
where the constant &, is given in (2.20) and {; = 1 and é} = —1. In what follows we suppress index

a = f, b in various functions for brevity and only keep {factors where it’s needed.
To proceed in analysis, we notice that the conformal saddle point possesses SL(2, R) symmetry,
and therefore we can break up (2.43) into irreducible representations of SL(2, R) labelled by b, and a

convenient basis for this purpose at zero temperature is

IG(7) = GG (), 35(e) = IR, o) = S GIETE (), (245)

h
where 3G = (0G1,9G_)T, S = (024,02 )T and &, = (034,05 )7 are all two components
columns according to our new notations and the source ¢(7) is written in the IR region with the
window function #(7) and positive real numbers /4 (for details about this representation of the soruce
o see Ref.'°*). In this basis, Wy, W and K¢, Ks become 2 X 2 dimensional matrices. So for the

fermionic and bosonic SYK, models (2.16), we can find

mon- (4B e
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and using the basis (2.45) we write it as

3%, (D) = WG| "54(7) (2.47)

where W becomes a 2 x 2 matrix given by the formula

2 2—-1
We = 1/ 1/ . (2.48)

g/2—1 g/2

To find expression for the operator s we are going to use the Fourier transform written in our

convenient plus/minus basis

apld|™*, >0)| . a w1l w>0 a’ at
’ e = ’ , Tl = M(e) , (2.49)

a_l7™*, =<0 a_ o, <0 a a_
where the 2 X 2 matrix M(«) has the form

M) =T(1—a) ‘ , M) t=—H . -. . (2.50)

In the Fourier space the basis (2.45) takes the form

3G(iw) = F(h)oG|w/]| G (i), 85(iw) = D(h)oS|w/]|" ' (iw) , (2.51)
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where the matrices F(b) and @ (b) are

76 74
r@a) 1| ¢ 0 e 0
Fb) = —¢ Fz(z)Abz MQ2A — 1+ b) ,
( - ) 0 —e 0 é’e—ﬂg
—i6 7€
I(2-2A € 0 ¢ 0
O(h) = —i (FZA)b; M(1—2A+h) . (2.52)
( ) 0 _61‘9 0 5’67778

and we used formulas for G°(iw) and Z°(7w) in the Fourier space at zero temperature:

4 70

e e

G (iw) = 7 N e/ 28710 S (w) = ~c e/ =28 (2.53)
_ 0 —if

4 —€

where we defined C = /T(2 — ZA)/F(ZA)bAfé. Notice that there are no { factors in (2.53). The
operator s connects linear corrections 0% and dG as G = Wxd% and has a simple form in the

Fourier space
0Gs (iw)]s = G (i) 9% (iw) . (2.54)
Thus using (2.51) and G* (i) Z* (i) = —1 we find
F(h)oG = —D(h)d% (2.55)
and therefore Wy acts on 9% as a matrix W (h) = —F(h) " ®(h) and is given by the formula”®:

_ T(2A =14 hI(2A —b) sin(7h + 26) —sin(27A) + sin(26)
W(h) = T(2A)T(2A — 1) sin(27A)

—sin(27A) — sin(29) sin(7h — 20)
(256)
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We notice that the matrix 75 (5) has the same form for bosonic and fermionic SYK models and the
only difference is the range of asymmetry angle & in these two cases. The matrix K¢(b) is a product of

two matrices Wx(h) and W, so Kg(h) = W (h) We. Therefore (2.43) reads

1

G=—
0= T RKth)

Ws(b)a. (2.57)

For generic b, 1 — K¢(b) is non-singular and therefore the response dG is negligible at IR scales. We
need to remember that a physical source ¢ is supported only in the UV, and we expect a non-singular
response 0G is also constrained in the UV region. To get an IR response, 1 — K(/) should be singular,

so the possible /s that appear in (2.38) is selected by the condition
det(1—Kg(h)) =0. (2.58)

For the particle-hole symmetric case, u = 0, this equation is equivalent to k /s(h) = 1 where ky /5(b)
are defined in (2.26).
For the resonant values of » = b, the apparent singluarity in (2.57) is regulated by the window

function #(7) which restricts o to be supported only on UV scales. Following "*+7® we obtain
_ 1 S b
G(7) = bzh: m Ws(h)d,|f| "G (7), (2.59)

where the sum goes over all resonances 4, which are the solutions of (2.58). The derivative of matrix

K (h)is
1 oy
Kg(b)  kg(h)’

(2.60)

where vj, and wy, are the corresponding right and left eigenvectors of K¢(h) respectively which have
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eigenvalue kg(h) = 1 and normalized as wjv;, = 1. Finally, we can rewrite (2.59) into the form

(2.61)

We remark that the values of 7, and thus #, are not accessible in the IR because a physical UV source
suchas o(7) = (0, — u)d(7) is highly singular and the task of decomposing it into asymptotic power-
laws perhaps is equivalent to solving the full Schwinger-Dyson equations. Below in the Section 2.7 we
present numerical results for ), of the first few resonances in the bosonic and fermionic SYK4 models.
The UV parameters ), depend on the asymmetry angle #and g . Below we present explicit formulas

for the eigenvalues and eigenvectors of the matrix K(b):

 TQ2A-hI2A+h—1) cos(20) sin(7h)
kays(h,9) = I(2A +1)I(2A —1) 24 -1 sin(27d) Ve,
sin(26)
A/S 1 n(27h) (2A — 1 — cos(zh)) £ /P
% (6) - 1+ (ZA — 1) sin(7h) sin(26) sin(7h—26) ’ (2.62)
sin(274) 1+ sin(27A) + (ZA o 1> sin(27A)
where
. 2y sin(zh)? .y sin(7h) \2
P = sin(26) (1 Sil’l(27Z'A>2> + (cos(2¢9) + (24 1)7Sin(27rA)) . (2.63)

Also wﬁ/s(ﬁ) can be expressed through UZ/A(ﬁ) as wﬁ/s(ﬁ) = UZ/A(—ﬁ)T(Tz/(vz/A<—€)T0‘zU?/S(5)),
where o, is the third Pauli matrix and one can check that w}j/ S vz/ A — 0. We notice that for 8 = 0 the
eigenvalues ky /5(b) in (2.62) coincide with definition (2.26). Though for non-zero asymmetry angle

¢ there is no symmetry under 7 — —7 we still label eigenvalues and eigenvectors with A /S indices. We

TWe notice that a for by = 2 resonance in the Majorana SYK model was computed numerically in Ref.*!
and denoted there as 2. Moreover ¢ was defined with respect to J = 2(1_9)/2\/é[and therefore for g = 4

we have 2y = V226
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denote by hA/S solutions of the equations k4 /s(b, ¢) = 1and numerate them as bg/ S, bf/ S, bg/ :

/S A/S
y U1

PERIRIRE

. A/S A/S .. A
For these solutions we denote ), as “0/ .2 / , ... and similarly v,

,.... In Fig.2.3 we plot
HA/S and corresponding &/, /S(hA/ $) for the fermionic and bosonic SYK4 models as functions of the
asymmetry angles 6 and 6. We remark that in the fermionic model for § = #/6 some solutions
of the equation ks(h) = 1 (red lines) go into solutions of k4 (#) = 1 (blue lines), nevertheless we
still denote the dimension of the whole line by 2. In bosonic case this happens for §, = 7/3. The
resonances /5 = 2 and b = 1 are related to reparametrization and U(1) symmetries respectively and
don’t depend on the asymmetry angles Jror f. According to the eq. (2.61) the mode b = 1givesa
constant correction to the Green’s function and represents a response of the asymmetry parameter £
(or 8) to a change of the chemical potential z. Therefore in the conformal two-point function (2.44)

this mode is already taken into account. Moreover it was shown in”® that the 53 = 1 resonance leads

to the Luttinger relations:

11 /e sin (26y)
Q= 2 W;@“ﬁﬁ a7 (E a A) sin(27A)

1
= L S ohb = &
NM — (bizbia) V4

b (i A) sin(26p) 1

sin(2zA) 2 (2.64)

We notice an interesting behaviour of the operator /" in the bosonic SYK model. For 8, > 0.2847
(exact value Oy = % cos_l(g—;)) the resonance /" is less than 4} = 2 mode and becomes the leading
contribution to the Green’s function. At 8, = 7/3 we have b = 3/2 and for 6, = 0.3607 (exact
value 6y = 3§ cos™'(=2)) we find that /% = 1 and therefore we should expect violation of the
Luttinger relations (2.64). We indeed confirm this numerically below in the Section 2.7. For 8, >
0.3607 the resonance hf* becomes less than one and therefore gives divergent contribution to the

Green’s function for large 7. In terms of the discussion of the Section 2.3 this means that the operator

0 i becomes relevant and thus it violates basis of the analysis of the Sections 2.3 and 2..4. Interestingly
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Figure 2.3: Plots of the resonance values b*/S and corresponding kf@/s (bA/s) for the fermionic and bosonic g = 4

SYK models as functions of the asymmetry angles ﬁfand Gp. PA/S are solutions of the equations kA/S(h, 6) =1,
where k, /s are defined in (2.62). The red and blue lines are solutions of the equation ks(#) = land ka(h) = 1
respectively.
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for 6, > 0.3607 we see that another operator of dimension 1 — b{* appears and both operators merge

at G = 0.3697 (exact value fp3 = % cos™!(3

> 1 —3))and b = 1/2 and go to the complex plane. This

is a well-known scenario, discussed in?+°5%%. In the context of the SYK-like models it was also found
in %,

We chose normalization of U?/S in (2.62) such thatat § = 0 itis U?/S = (£1,1)" and wﬁ/s =
1(41,1) for arbitrary b and thus the value of 2q for /) = 2 mode is in agreement with the previous
121,104

works

We remark that for the fermionic SYK model at zero chemical potential ¢ = 0 (67 = 0) we have
azz P (2.65)

where we used that the source o(7) has to be antisymmetric under 7 — —7 due to the particle-hole

symmetry. Thus in this case only #* operators contribute to the two-point function.

2.4.2 NONLINEAR ORDER CORRECTIONS

In this section we present the generalization of the above resonance formalism to linear in ), order. In
the CFT interpretation, we are computing corrections to Green’s functions due to double insertion
of irrelevant operators, for example [ [ dz3dz4{f{7)f1(72) 0 (73) Oy (74)), which is expected to be
proportional to 1/|715?2+7+¥' =2, In terms of the Schwinger-Dyson equation, this corresponds to
double insertion of the UV source o. We will develop a recursive procedure that enables computation
of correction up to arbitrary order.

For simplicity, we will restrict to zero temperature and comment on finite temperature later. Our
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strategy is to treat (2.39) as a perturbation problem and expand G, X to z-th order in ¢

G=G+9G+PG+---+ G,

(2.66)
S=S 4954 FS+ 492,
Expand (2.39) accordingly and match order by order, we have
*G =Gz, Fz="2[G], k>2 (2.67)

We can calculate G and 9*S order by order recursively. To do so we rewrite the above equation as
FG = wedts + 363, T = weitc+ 354, (2.68)

where we have explicitly separated out the pieces depending on #*Gand o >, which are all linear. The
rest are written as EkG* and 5’%2*, and they depend nonlinearly on the corrections of order 1 through

k — 1. We can readily write down the solution for * G, .

*G = MVIZWG[WzékZ*[G]+§kG*[Z]}, (2.69)
Fy = I_VVIGVVZ[WGyG*[Z]—i—EkZ*[G]}. (2.70)

The starting point of the recursion is the /G, 0% computed from linear resonance theory. Because all
*Gand 9*S are powerlaws in both time and frequency domain, the expansion of 3_'(3 G, 576 >, and the
action of Wy, W can be carried out analytically and automated on a computer. At finite tempera-
ture, the recursion is harder to implement because G and 9*S are usually hypergeometric functions
whose complexity increases with 4.

As an example, we find the second order correction for the bosonic and fermionic SYK, model.
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The Schwinger-Dyson equations (2.39) take the form

GulEl(i0) = o, Z[G)(7) = ()P G(r)?*G(=)7* . (2.71)

In the subsection (2.4.1) we derive the linear order response for the resonance »

9,G(7) = —ahubﬂ (2.72)

UT|b—1 ’

where v, = (vj4, vj—) is the right eigenvector of the matrix K (h) = W (h) W with the eigenvalue
kc(h) =1,s0 Kg(h)vy = vp. Using (2.71) we can calculate

P, = 3 IEIE) _ 5~ 516(60) Gl

= Z[(z'a))3 G‘(z'a)) ) (2-73)

b b

where we used that G¢(iw)2*(iw) = —1and 8,G(iw) = G(iw)?3,=(iw) and the sum over b and 4’
goes over all resonances. Using (2.51) we find for the linear order response in the Fourier space

Gliw) = —apF(h)oy|w /)" G (iw), (2.74)

where the matrix F(/) is given in (2.52) and acts on the vector vj,. Therefore we find

3, G(iw) oy G(iw)

Gy = e (o FH o)l 1726 ), (275)

where we introduced a special notation vy, - vy = (vp40p4,0p_vy—). Finally we go back to the

. . .. 2
coordinate space and obtain for the second variation of 9" G:

apcy
VTVJ“FI?/*Z :

EZGG(S ) _ Z Fh+ ¥ — 1) (F(b)v, - (b oy)
b,b’
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The second variation of 2, [G,| reads

P(0) g—2( 5G(2)iyG(r) G(=7)9y G(=7)
>(z) 8 ( G{(r)G(7) Tl G (=7)G(=7)
(

WG(7)y G(—7) | 9G(—7)dy G(7)
Te@ea T erIew &7
and using our vector notations for vj, = (vj4, v ) and v, = (v)—, vj4 ) we obtain
5\22*(7) 1 _ _ _ apcy
) ;; g(q —2)(q(vp + ) - (v +0y) — 40y, - ) A2 (2.78)
Therefore the full second correction to G(7) reads
P¥G(r) _ apapay (279)
G(r) 2 279
where the two component vector 4,y is given by the formula
apy — — (1 - Wz(lﬂ + bl - 1) WG)il (F(h + I’J/ - 1)71 (F(b)l)h . F(h/)vh/)
1
+ g(q —2)Ws(h+ ¥ —1)(q(vp +0p) - (05 + 0p) — 40, - vb/)> : (2.80)

The general formula for the two point function can be written as

_ apvp aply Ay Al 1 Ayl X!
G(7) = G(7) (1 - Z et Z o2 Z VEGLA > ;o (281)
b b

h hl b//

where vy, ap)y, apy, etc are two-component vectors. For example for b = 2 mode and q = 4 case
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we find

A 1 — 3 sin(26) (17 cos(46) — 5 + 24sin(26))

3
16

vy = . Ay = . . (2.82)
16

1+ 35sin(29) (17 cos(46) — 5 — 24sin(26))

For the fermionic SYK, model at zero chemical potential we have § = 0 and we omit all upper
subscripts A for brevity, since as we explained in (2.65) modes b3 don’t contribute to the two-point
function in this case. Then v, = (1,1)" and also 2y o< (1,1)T, @y o (1,1)7 etc, and we can
omit vector notations so the coefficients 2y, 45, etc become just real numbers and thus the leading

terms for the two-point function can be written as

2 2 3
20 21 apay  2agao ana 40002y
G(r) =G 1—— — — — — —
=00 (1= i~ o R e )

(2.83)

where by = 2 and by >~ 3.77. Using (2.80) for v, = (1,1) and & = 0 we find explicitly

(2A +1)(2 — 2A — cos(27A))

ag) = (2.84)

8A cos?(wA)

In general it is possible to obtain corrections up to an arbitrary order. As an example for the cubic

order in 2 the result takes the form for § = 0

(A+1)(2A +1)(6A — 8+ cos(27A))
24A? cos? () '

a000 = (2.85)

We checked that the results for 4, and 2o in (2.80) and (2.85) for § = 0 exactly match with the

large g and ¢ — 2 expansions discussed in Appendices A.2 and A.3.
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2.4.3 FINITE TEMPERATURE GENERALIZATION

The results described above are only applicable at zero temperature. To generalize to finite tempera-
ture, we use the U(1) and time-reparameterization symmetry of the conformal saddle point equations.
In presence of the symmetry, G, X, Wg, W are all covariant under time-reparameterization and
U(1). Therefore, the coefficients a, should be temperature independent, and all we need is the finite
temperature form of the scaling function .

As we already discussed in the Section 2.3 in general for the complex fermions with the particle-hole

symmetry the three-point function has two independent structures *°*?

b* (c sgn(712) + ¢ sgn(710)sgn(720))
1) (72) Oy (7 , (2.86)
<ﬂ lﬁ 2 0)> |/3] 7mz |2A*b|‘g7{sin %W%sin 775’20 K

where c‘;} and c‘Z are independent structure constants and the sign function is antiperiodic on the ther-
mal circle sgn(z + 8) = —sgn(7). This form is consistent with higher-dimensional CFT results for
fermions (see for example 37°*) and gives correct statistics for the fermionic and bosonic fields, when
one of the field is moved over the full thermal circle. For non-zero chemical potential this result was
generalized in®" and takes the form

et + ¢ sgn(712)sgn(710)sgn(720)

| sin 7T712 rh,ﬁf sin 77;10 sin %’h ’

(2.87)

<ﬂ71ﬁ )0y 70)> —G{12)

where we used conformal Green’s functions G}(T) to write the three-point function compactly. For
the bosonic case we have to replace G}(T) by G (7). For a domain 7 € [—£, f] the formulas for the

conformal two-point functions are

Banle) o

— _ 7Emsgn(7) - _
Grl7) ¢ ‘QSiHEPAe ’ b |/ifsinﬂ’mg
™ 8 3 4
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Appearance of the factors exp ( 225 ) in the three-point functions can be derived by applying U(1)

transformation on fand f1, assuming Oy, is neutral under U(1). One can check that the expression
(2.87) agrees with (2.31) upon taking £ — oo limit and setting £ = ¢, = 0. We also remark that the
three-point functions (2.87) represent a basis for the kernel K. This A /S basis is related to previously
used plus/minus basis by some transformation matix.

Analogously to the discussion in the Section 2.3 the linear correction to the two-point function

can be computed as

9G(m12) = g1 /ﬂ dry <ﬂ71f 7 Oh(70)> , (2.89)

where we recall that g, o< Jis dimensionful coupling. The correction is split on two parts 9,G(7) =

9,Ga(7) + sgn(7)d,Gs(7) and to match our result (2.61) for zero-temperature we have

31951(&7()7) - _%(v” T “b*)ﬁﬁ:‘@’ SbGszi)T) = _%(UM - vh—)# »(7), (2.90)

where

4 | sin 7”12 K £ |sin m Psgn(710)sgn(720)
]02(712) X / dTO | sin Z40 sin m’zo ‘b’ fz 712 / dTO ’ sin FA0 ¢in m’h : (2'91)
0 N 0 N J2

The function F,(7/f) defined in (2.38) reads

Fulel6) = 5 onr + o Jb(2) + 5 (on — m f}()sgal) (2.92)

104,81

Using results from for the integrals in (2.91) and fixing proportionality constants such that
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£5(2) = (8/)7])"~" in the limit 8 — 00 we obtain

(27)"1T(h)? o e
A0 = S @l ), (293)

CRYITGP (s
A = ety () =) (294)

where A, (x) = (1—u)"F(b, b,1; «) and Fis the regularized hypergeometric function. Our definition
of A, coincides with 4 2[0 defined in *°* and **?, and we have dropped the & notation because the two
definitions in the references agree for our choice of parameter. Inside the unit circle [#| < 1 we can

compute A, () using series expansion. We list results for /4 = 2 mode

277
T
]%(T) =2+ ”f,‘ ) f(s)(T) = e (2.95)
tan T tan 7

One has to be careful computing 3 (7) function since the prefactor in (2.93) diverges and we need to
expand A4, () to the next order in b, so for b — 2 we have 4, (u) = (14+u) /(1 —u) — (b —2)((1 +
n)log(l—u) —2u)/(1 —u)+....

The above procedure is relatively simple for linear in ), order. For nonlinear order the computation

involves complicated products of hypergeometric functions and we leave it for future investigation.

2.5 SPECTRAL DENSITIES

To numerically study the models discussed above, it is convenient to work with spectral density p(w)

instead of the Green’s function. For the fermionic and bosonic SYK models we define it as follows

+00 w
G(iw,) = / dwﬁ . (2.96)

—o w, — w
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This definition implies that [ j—;o dwp(w) = 1 and the spectral density can be found as

#l0) =~ mGa(o) (297)

where Gg(w) is the retarded Green’s function. Itis related to Matsubara function G(7w, ) by analytic
continuation from the upper-half complex @ plane, namely we have Gr(w) = G(iw, = o + 70),

where w, > 0. Using (2.5 3) we find for the conformal G% and ¢°, written in the plus/minus basis:

) c [ - ) C [ sin(zA + 6) B
®(@) = A A p W/ (2.98)
— A sin(7A — 6)
Next using the Fourier transform (2.74) for the eq. (2.8 1) and making analytical continuation to the

real frequencies we find the general formula for the retarded Green’s function. Then using formula

(2.97) we obtain the following expansion of the spectral density at low frequencies

L(2A)ay0p|w/])" 7! B Z T(2A0)apap apy|w/J)7 7 =2

pl@) = (@) 1—%: TRA+h—1) <= TQA+h+H-2)

(2.99)

At the end of this section we derive an expression for the spin spectral density. The spin-spin cor-
relator in imaginarty time is Q(7) = —(T,(S(7)S(0))) and using that S = ffor S = bTb in the large
M limit we find

Q(7) = —{G(7)G(—7). (2.100)

Expressing Green’s function G(7) through the spectral density and using a similar formula for Q(7)
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we find expression for the spin spectral density

po@) = [ dplololy — a)(alr — 0) — ). (2.100)

—0o0

where 7(w) = 1/(e® — ¢) is the Fermi or Bose distribution. At zero temperature we have 7(w) =

—{9(—w) and we obtain

po@) =4 [ A=), (2.102)

where it is valid for both positive and negative frequencies w. Using (2.98) and (2.99) we find

$ T(4A)ay(vpr + vp—) /]

role) =rlo) (1

- [(4A +h—1)
F(4A)ahab/ (ﬂhb’—‘r + apy_ — Ub+Ub/_)’w/ﬂb+bl_2
_Z T b i -, (2.103)
v (4A + b+ —2)
and the conformal spin spectral density is
¢ - 4A—1
Folw) = sgn(w)jr(4A> |w/ . (2.104)

For comparison to numerical results, we can find for g = 4 fermionic SYK at 8y = 0 that the first

few terms in Jon forw > 0 are

po ) =g ) (1= 2 () = Tt (2) — 0t (2) 74 Tt (3) 4 ).

(2.105)

where we used values of 29 and zggo from (2.84) and (2.85) and Io{\ ~ 3.77.
We generalize results for the spectral densities at finite temperature in the Appendix A.4. Here we

only present finite temperature generalization of the eq. (2.103) for A = 1/4, where only b =2
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mode is retained

bl/Z 2, A
ﬁQ(a)) = Ttanh (%)) (1— ajowtanh (%{)) - ) ) (2.106)
and we used that vy, + 09— = 2. The coefficient of the correction term 225 /J can be related to the

coefficient y in specific heat C = y7 by the Schwarzian action argument in®', with the result

_2a5/] 24
y 7 [2cos 20+ 3mcos? 26y

Cr (2.107)
For bosonic spinon theory, there is an extra sign because bosonic action differs from the fermionic
version by a minus sign:

2aly /] _ 24

Co = - .
b y 7 [2 cos 26 + 37 cos? 26y]

(2.108)

2.6 RanNnpDOM QUANTUM ROTOR MODEL

In this section we consider random quantum g-rotor model (or also known as quantum spherical

g-spin model), where ¢ is a positive integer number. The Hamiltonian of this model has the form

N o 5

N
iz
H= Z + jilml’q@il T ¢zq ’ (2"109)
=1

2M

T1yeensly

where M is the mass, 7; is the conjugate momentum to a real scalar spin variable @, so [@,, z;] =
i9;; and there is the spherical constraint 1/N Zf\il (97) = 1. The couplings /.., are independent

Gaussian variables with zero mean and variance

11...15 = qu,1 . (Z.I IO)
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This model was first studied in373® and similar models were considered in '35:°%17657:124  We define

imaginary time Green’s function at finite temperature

N

G(7) = % Z(Tr(@-(f)@l-(o)» : (2.111)

Introducing replicas and averaging over disorder it is possible to derive Schwinger-Dyson equations

for the function G(7) in the large /N limit

1

G(lwn) — a)% + /1 — Z(an) ,

3(7) = PG(r)7 7!, (2.112)

where w, = 27n/f are Matsubara frequencies and 1 is the Lagrange multiplier imposing the spher-
ical constraint, also we assumed replica symmetric solution and made rescaling @ — @/+/2M, so the
spherical constraint takes the form G(7 = 0) = M and also / = J/M?/2. Similarly to the SYK mod-
els the equations (2.112) admit conformal solution in the IR region for a given /upon tuning A/ and
thus A to a critical value. The conformal solution reads

= v (2.113)
(@) sin(zr/BPE o

G(7)

where A = 1/4 and dimensionless constant & coincides with & in (2.20) computed for 8, = 7/2.
The analysis from the Section 2.4 can be applied to the random rotor model. The only difference is
that the source term now is o(7) = 2. The correction to the conformal Green’s function comes
from »*(6) modes computed at §f, = 7/2. For g4 = 4 these modes are represented by blue lines
in Fig. 2.3 and for 8, = 7/2 we find log‘ = 2, lyf ~ 4.26, /oﬁ* ™~ 6.34, etc. Symmetric modes »S
don’t contribute to the two-point function due to the exact particle-hole symmetry (see discussion

66

around eq. (2.65)). We notice that for , = 7/2 there is 2 complex mode in the symmetric sector®°.

Though the complex mode formally does not affect the large /N two-point function it presumably
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makes the replica diagonal solution unstable and leads to replica symmetry breaking *. We also remark
that appearance of the complex modes in some non-Fermi liquid theories was noticed in*. In any case
it is interesting to study conformal solution of the Schwinger-Dyson equations (2.112). The leading

analytical corrections to the Green’s function at zero temperature read

2 3
‘. 2 dooao 40000:0 o
G(z) = G 1— — — - — —... .

(=60 < 7 BV V£ 1 C ) ’ (1)

where we omitted subscripts A for brevity and for g = 4 we find 290 = 9/4 and ag00 = —65/4
from (2.84) and (2.85) which are also valid for §f, = 7#/2 and A = 1/4. We notice that in this case
quadratic and cubic non-linear terms of #y = 2 mode are more dominant than linear correction of b;
mode. In the Section 2.7 we will verify (2.114) numerically for 4 = 4 by computing spectral density

at zero temperature. The spectral density p(w) is defined as

+oo @
G(iwy,) :/ dw A1) (2.115)

— 0 W — iw,

and due to the particle-hole symmetry the spectral density is an odd function p(—w) = —p(@). Using

this we can write (2.115) in the form

too wp(w
G(iw,) —/ dw pe) (2.116)

2 27
o Pt

and taking the large z limit we find | j;o dwwp(w) = 1. We also notice that unitarity implies that
p(w) > 0forw > 0. We will find numerically that 2y ~ —0.556 for g = 4 case. We notice that it is

negative, whereas for bosonic and fermionic SYK models « is positive.

FWe thank Igor Klebanov for discussion of these issues and for pointing out to us the references 372176,
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2.7 NUMERICAL RESULTS FOR SPINON SPECTRA

In this section we present numerical solutions of the real time Schwinger-Dyson equations at zero
temperature for the bosonic and fermionic spinon models and also the random rotor model in case of
g = 4. We study the corrections found analytically in the section 2.4 and provide numerical evidence
that the conformal solutions and the corrections to the conformal solutions work very well for all pa-
rameters in fermionic model and for some range of parameters in bosonic model. We also numerically
find values of the dimensionless coefficients @, for the first terms in the sum (2.99) for a range of as-
symetry angles frand & and argue that the numerically found spectra of operators agree with the ones
found analytically.

The first Schwinger-Dyson equation for bosonic and fermionic spinon models is

GR(a))_l =w+i0+u—2p(w), (2.117)

and using the second Schwinger-Dyson equation we can express the retarded self energy Xz (@) though
the spectral density p(«), which is in turn related to Gg(®) as p(@) = —1ImGg(w). We solve these
equations at zero temperature using iterations. The detailed derivation of the equations above and
numerical technique is discussed in the Appendix A.5 and we notice that a similar numerical approach
was used in '5°.

At zero temperature we expect for the spectral density to diverge at small frequencies, therefore,

the quantity of interest in this

g+ (@) 0> 0
plo) = W . (2.118)
gi_(_w), w <0
—w/]
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We are interested to find a solution of the SD equations that at zero frequency approaches the

conformal solution. Therefore the function of interest g+ (w) should approach a constant

—{m\l
gi(o)_;sm(yf/zfie), cz(coig)” (2.119)

according to eqs. (2.98) and (2.99). We remark that these boundary conditions at @ = 0 determine
asymmetry angle & of the numerical solution and the chemical potential is fixed to be ¢ = Xz(0)
and is not an input parameter at zero temperature numerics. In contrast for the finite temperature
numerics one fixes  first and then can infer ¢ by analyzing numerical solution.

We are interested in the low frequency behavior of the numerical solution that is theoretically de-
scribed in the section 2.4, for both fermionic and bosonic spinon models. We use the expansion of
the spectral density at small frequencies (2.99) and rewrite the expression at A = 1/4 = 1/4 for the

function g+ () as follows

ﬁabvhi w/j) ﬁahah’ﬂbh’ (a)/j)h""h -2
I_Z (h=1/2) hz; EYET- i

g+(») = g+(0

(2.120)

where g+ (0) is given in (2.119). The coefficients @, depend on asymmetry angles frand 6§, and are
different for fermionic and bosonic models. The eigenvectors v, = (vj4,v)—) of the matrix K¢
and vectors @y, apy )y, - - - also depend on the asymmetry angles and are given by egs. (2.62) and
(2.80). For given asymmetry angle there are first few leading modes in (2.120) which dominate the
low frequency expansion.

Let us start with the fermionic SYK model at zero chemical potential. In this case §r = 0 and due

to particle-hole symmetry all #° modes don’t contribute and also g = g— = gand the leading terms
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Figure 2.4: Plot of the fermionic SYK, spectral density for 6’f = 0 at zero temperature. The red solid line is the numeri-
cal result obtained by solving the Schwinger-Dyson equations using iterations. The black dashed line is theoretical curve
(2.121) ploted for & = 0.2643 and a* = 0.31.

in (2.120) are

glw) = (47:3)5*J (1 = 245*; = 3(05{,*)2(?)2 - 0.6804{‘(?)2'77 + 236(040’*)3(?)3 _ > ,

where we used that v = (1,1) and b ~ 3.77 and also afy = 9/4 and aly, = —65/4 (see egs.
(2.84) and (2.85)) for A = 1/4 and 6 = 0. Fitting numerical data we can find al = 0.2643 and
o' >~ 0.31 — 0.36. We plot numerical result and theory (2.121) in Fig.2.4. One can see a really
good agreement between theory and numerics at low frequencies. We notice that since alt term is
subleading we can not fix it with good precision, in contrast 2 can be fixed with high accuracy and
our result agrees well with previous computation of this term in '*'.

For non-zero chemical potential and thus non-zero asymmetry angle 6’fmodes from the symmetric

sector contribute to the spectral density and since /Y < 3 the leading terms in low frequency expansion
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of g4 (w) are

BRACEE

o) = G2 ( L R ())

—(ay)’a
](7r3c052<9f)% 31707 T00%

where explicit expressions for vectors v} and afy, are given in (2.82) and vector o5 can be computed
from (2.62) for a given value of ;. The frangle dependence of b} is represented in Fig. 2..3.

We remark that since the series (2.120) is asymptotic ® the relevance of higher order terms depends
on the range of @ € [0, wpmyx| for which we approximate the exact result. That means that if we
truncate series at order pp,y the maximal frequency wpmay for which this series gives reasonable approx-
imation to the exact result is roughly determined by the condition that the term (@pmax//)?™> becomes
comparable with the lower order terms in the series. Based on this and approximate values of the
coefficients @), for the fermionic SYK, model we keep only 2 or 3 leading terms written in (2.122).

We also notice that the coeficient &y can be found by fitting the numerical curve by the linear

correction

"(w) = g1(0) <1 — Zaf} <1 F %sin 2@) ?) . (2.123)

We present the solutions of the equations (A.69) - (A.75) and the corresponding fitting of the ana-
lytical formula (2.122) in the Fig.2.5 for the fermionic spinon model and in the Fig.2.6 for the bosonic

spinon model.

$This can be seen from ¢ = 2 case, where the explicit formula (A.27) for G(7) is available.
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Fermionic spectral density for 6y = 0.057 Fermionic spectral density for §; = 0.157
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Figure 2.5: Spectral density plots at zero temperature for the fermionic spinon model. Main plots: the red solid lines are
the numerical solution of the equations (A.69) - (A.7s) for fermionic case at the value of the asymmetry parameter (a)
ﬁf = 0.057 and (b) €f = 0.157. The dashed lines are the fitting given by theoretical formula (2.122). The pink dashed
lines are the linear fit given by (2.1 23) with (a) oég ~ 0.29 and (b) 2y >~ 0.68. The black dashed lines are the fitting
with the first four terms (nonlinear fitting is included) g+ (@) = g+ (0) (14 4w + bt 4 w?) where (@) b} ~ 2.63,
oéf’ ~ (.05, and (b) b~ 2.53, oéf ~ 0.06; and c is a coefficient that depends on zxg. Insets: zoomed in views ofgf at
small frequencies. The legend shows the powers of frequencies at which the series is terminated.

For the bosonic case the leading two operators are /i = 2 and /i* therefore we have

_ sin(Z+6,) <_ AAg_ﬁa{*vﬁ o\l & a2
gox (@) —]‘(_”3 coszﬁb)i 1 = 2a; Uoi] (b — 1) (]) 3("‘0) ﬂooi( )
 2(mafataly (w)bf‘ V) ey (w)%i*—z B )

(bt +3) r@h =3) \J )

J

(2.124)

For 6, > 0.2847 anomalous dimension 4%* becomes less than 44 = 2 and thus start dominating the
expansion in (2.124).

The numerical approach we use in this section allows us to compute the coefficients @), in the for-
mula (2.122) with a very good precision. We use the function (2.122) as a fitting polynomial and
find the dimensionless coefficients of each term. The results for the fermionic case are presented in
the Fig.2.7 and for the bosonic case in the Fig.2.8. For the bosonic model, we see that the values of
2, becomes very large at some value of . This value is close to §, = 0.2847 where iy = bt and

)\ (h) = 0. We do not include the region where »* < 55 = 1 since the numerical solution is not
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Figure 2.6: Spectral density plots at zero temperature for the bosonic spinon model. Main plots: the red solid lines are
the numerical solution of the equations (A.69) - (A.7s) for bosonic case at the value of the asymmetry parameter (a)
0y = 0.267 and (b) 8, = 0.37. The dashed lines are the fitting given by (2.122). The blue dashed line is the linear fit
given by (2.123) with (a) atg ~ 21.9 and (b) zxé ~ 17.3. The black dashed lines are the fitting of the function (2.122)

with the first three terms g1 (w) = g+ (0)(1 + a0 + bwa-l) with @) bl = 2.16,28* ~ —12.2 and (b) b* = 1.87,

oéf o~ —8.5. Insets: zoomed in views of gp4 at small frequencies.

described by the conformal theory and is probably non-physical.

Even though the coefficients ), cannot be computed analytically as discussed in the section 2.4,
and therefore, the fitting functions cannot be exactly determined and has to include numerical re-
sults, there are ways to understand how well numerical solutions work by comparing them with pure
theoretical predictions. One way to do this is to compute the ratio of coefficients in front of each term
in (2.122). The general formula of the ratio of each term reads

sin(wA — 8,) vp,_

p(0a) = ma (2.125)

where v), are the eigenvectors found in section 2.4, therefore, v, are the components of the eigenvec-
tor that correspond to the positive and negative frequencies. We can compute this ratio both analyti-
cally and numerically (using the analytically found resonance values of /). The results of the first two
terms are presented in the Fig.2.9 for the fermionic and bosonic models. We again note that for the

bosonic model we do not include the region where hf becomes less than one, since we cannot trust

56



; 2.8
==Qus= 0(3
1 A _____ hf
D00 : TemresaeaLL,,
A ap : 26 WA
4 3 0
0 A e
N N 24 Sey
@h N ,QH .\.
<o A by .
K < .
S 2 < 22 .
A‘A‘
A
AnAA 20
A A A A A A A A A A ..o-do
0 O =000 O OO 0= 0=0=0=0=0 =0 =0 =0 <O O O
‘ ‘ ‘ ‘ ‘ 18 ‘ ‘ ‘ ‘ ‘
0 0.05 0.10 0.15 0.20 0 0.05 0.10 0.15 0.20 0.25
(a) s/ (b) 0y/m

Figure 2.7: Numerically computed coefficients &), (2.122) and theoretical values of the anomalous dimension of Ohf

operator in fermionic SYK. (a) The red circles are the numerical values of a? - the coefficient die to the new operator
with the anomalous dimension /9?, computed at different 6’f parameters; blue triangles are the numerical values of the
coefficient zon representing the linear correction, computed at different 9f parameters. The lines are the linear interpo-

lation between points. (b) Red dashed line is the plot of }Jf

blue line is bOA =2.
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Figure 2.8: Numerically computed coefficients (absolute values) «, and analytical values of the anomalous dimension of
Oh{‘ operator in Bosonic SYK. Same as in the Fig.2.7 except: the left plot if in logarithmic scale. In the bosonic SYK case

we notice that hf = looA at @y =~ 0.2847. Near this value, the peak on the upper plot becomes prominent.

57



20

— Theory: rys

--0-- Numerics: s

— Theory: rya

o --#-- Numerics: rja
= 10
¥ °
S
— Theory: rya
05 -3 :
--0-- Numerics: Tha
. -4
0% 028 0.30 032 0 0.05 0.10 0.15 0.20 0.25
() Bo/m (b) Or/m

Figure 2.9: Plot of the function 7, (6) defined in (2.125) for the bosonic and fermionic models. The blue and red solid
lines are analytical relations of the coefficients of the positive and negative frequencies due to the hg = 2and b{*
terms respectively, and are given by the relation (2.125). (a) The red circles and blue triangles are numerical relations
73 (6 ) and 7,4 (Gp ). (b) The blue circles are the numerical relation 7,4 at different fp. Both: for the numerical fitting,

We use w,,,; = 7 X 1073 to obtain the closest to the theory result.

the solution in this region.

Another way to compare the numerical and theoretical results is to compute the Luttinger relations
(2.64) for both models. Numerically we find Q(¢) and S(6) from the spectral density at zero tem-
peratureas § = — | Soo dwpy(w) and Q = [ dwp f(a)) — 1/2 and compare them with the theory.
The results for both models are presented in the Fig.2.10. We note that both solutions are close to the
theoretical curves within AS, AQ ~ 107° for each numerical point. As it was discussed in the section
2.4.1, at the asymmetry angle 8, ~ 0.367 where the anomalous dimension b < 1 for the bosonic
model, the Luttinger relation stops working. As we can see in the Fig.2.10(a), this indeed happens
around 5 =~ 0.367 as predicted from the theory. It is unclear if solutions for angles &, > 0.367 are
physical. Also one can provide a general argument why there is no conformal solution of the bosonic
SYK at 6, = /2. For the conformal solution at this angle we have S = — [ Soo dwp(w) = 0and
thus from unitarity p (@) < 0 for w < 0 we should conclude that p, (@) = 0 for @ < 0, but the
conformal solution implies that g (0) = —1/((47°)/4]) at 8, = =/2.

Itis also instructive to find values of the charge Q and spin S'as a function of the chemical potential

Er and g, respectively rather than the asymmetry angle drand 6. Numerically we compute ¢ using
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S as a function of #, for bosons
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Figure 2.10: .S as a function of &, for the bosonic model and Q as a function of t9f for the fermionic model. The dashed
lines are given by relations (2.64) and the red and blue points are obtained from numerical solution for the spectral
density at zero temperature. For bosonic case we see that numerics deviates from theory at &, ~ 0.367, this is the
angle after which the anomalous dimension bf is less than 1 and thus corresponds to relevant perturbation.

that = ReXg (@ = 0) and the Kramers-Kronig relation

T dy Im v) —
[u:][ dvIm(Zg() ER(O)). (2.126)

o T v

Plot of the charge Q as the function of u L for the fermionic SYK is shown in the Fig.2.11(a) and we
see that there is 2 maximum absolute value of the chemical potential |« fmax| o~ 0.245/. At this value
| Omax| = 0.358. A similar dependence of Q as a function of[ufwas found in">5*9. In'>5% 2 general
phase diagramin (7, ¢ f) space was investigated. It was showed thatat 7= 0 the SYK solution becomes
unstable already when Q 2 0.26 and there is a first order phase transition to a low entropy phase. In
the Fig.2.11(b) we plotted compressibility K = dQ/du ras 2 function of Q. We see that it diverges at

QOmax- For the bosonic SYK case we plotted & as a function of g, in Fig. 2.12.

IWe thank Yingfei Gu for discussing his unpublished work with us.
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Figure 2.11: (a) Charge as a function of the chemical potential for the fermionic SYK at zero temperature. The blue line
is the numerical solution of the Schwinger-Dyson equations (A.69) - (A.75) for the fermionic SYK at zero termperature
for different values of the asymmetry angle. There is a maximal value of the chemical potential at which the value of the
charge Qmax ~ (0.358. (b) Compressibility K as a function of charge for the fermionic spinon model at zero temperature
(here we set / = 1). Compressibility diverges at Qp,x =~ 0.358 (5f =~ 0.1537). Inset: compressibility growth as small

Q.
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Figure 2.12: Asymmetry angle &, as a function of the chemical potential for the bosonic SYK at zero temperature.
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Random rotor model spectral density
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Figure 2.13: Plot of spectral density at zero temperature for the random quantum g = 4 rotor model. The red solid
line is the numerical result obtained by solving the Schwinger-Dyson equations using iterations. The black dashed line is
analytical curve (2.127) with only two leading terms @ and w? plotted for azg = —0.556.

Finally for the random quantum rotor model discussed in the Section 2.6 we use expansion

1 w w\2 26 w\3
g+(w) = :|:(47r3)%] <1 — széj — 3(050A)2<7) + ?(azgf (7) - .. ) . (2.127)

We plot numerical result and analytical fitin Fig. 2.13. For the fit we used only two leading terms w and
w?. As we mentioned at the end of the Section 2.6 in this case the value of 2 ~ —0.556 is negative.
We also found that M, = 0+OO dwp(w) =~ 0.88 and we checked that fjoooo dowp(w) = 0.9988
which confirms validity of the numerical solution.

We conclude this section by finding numerically the spin spin spectral density £o. (w) using the
spectral density representation (2.118) in (2.102). Changing variables in order to eliminate diver-

gences of the integrand, we find a formula suitable for numerical evaluation

V2

Pol@) = 2sgn(w) ﬁ(g+(\w\xz)g—(\w\(l — ) + g-(|o*)g+ (lo] (1 — %)) -

0
(2.128)
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Fermionic spin spectral density for 6y = 0
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Figure 2.14: Plot of the fermionic spin spectral density for 6’f = 0. The red solid line is the numerical result. The black
dashed line is theoretical curve (2.105) ploted for af)\ = 0.2643 and zx{* = 0.31.

For the fermionic SYK model at #; = 0 we plot both numerical solution and analytical formula for
the spin spin spectral density in Fig.2.14, where for the black dashed line we used analytical formula
(2.105) withaf ~ 0.2643and #f* ~ 0.31. We notice that the analytical fitting works very well at some
range of frequencies where »# < 1. Numerical solutions for the spin spin spectral densities for both
fermionic and bosonic spinon models for various asymmetry angles frand 6, without the theoretical

fitting are presented in the Fig.2.15.

2.8 CONCLUSIONS

The SYK equations in (2.16) describe the large /N limit of the SYK models, and the large N limit fol-
lowed by the large A1 limit of the SU(A4) spin models described in Section 2.2. Despite their apparent
simplicity, these equations contain a great deal of subtle scaling structure which we have reviewed
and extended here. The predictions of the conformal perturbation theory agree very well with the
real-frequency numerical analyses, including the cases with particle-hole asymmetry. Thus the low

frequency behavior of the solutions of (2.16) can be declared to be well understood. Specifically, we
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Figure 2.15: Plots of the numerically computed spin spectral densities (z. 1 7_8) for (a) fermionic and (b) bosonic spinon
models at different values of asymmetry angles.

have confirmed the Luttinger relations between the spectral asymmetry and the density; and we have
shown that the low frequency corrections to the spectral density are controlled by the leading irrele-
vant operators, the most important of which is the time reparameterization operator.

All the analysis of the present paper is at N = 00, and many other works '®'*"10+127:199.113 haye
addressed the nature of the 1/ corrections to the SYK saddle point. These are dominated by the
fluctuations of a quantum ‘graviton’ associated with the time reparameterization mode, which leads
to a breakdown of the conformal invariance described here at energy scales lower than //N. We expect
this breakdown to also apply to the SU(A1) spin models.

From the condensed matter standpoint, it will be worthwhile to address the 1/ fluctuations of
the SU(AM) magnets in the N = oo theory. Upon considering the SYK model as a dynamic mean-field
theory of correlated electrons, the 1/N corrections are finite size corrections which are not of interest
in the thermodynamic limit. On the other hand, physical systems usually have only a SU(2) symmetry,
and so the 1/A1 corrections are of greater interest. We expect that the conformal structure is preserved
in the 1/ expansion, and the ‘protected’ scaling dimensions of the time-reparameterization mode
(b = 2) and of the U(1) gauge symmetry mode (b5 = 1) hold to all orders in 1/M. Renormalization

180,153,92

group computations have been used to argue that the gauge-invariant spin operator also has
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a protected scaling dimension, and so none of the exponents in (2.2) will be modified in the 1/
expansion. It would be of interest to examine these conclusions directly in the 1/A1 expansion, and
also determine the scaling dimensions of other possible gauge-invariant operators.

Finally, we note that we have extended the analyses of the present paper to the doped magnet, de-

scribed by the SU(M) -/ model studied in Ref.”*. These results will be described in paper I1.
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Excitation spectra of random ¢ — / models

3.1 INTRODUCTION

This paper extends our recent analysis in Ref. '7# from insulating spin models to metallic states of a
random #-/ model. This yields a rare solvable model of a metallic system without quasiparticle excita-
tions, and so it is worthwhile to explore its properties in detail.

In the condensed matter literature, extensions of the Sachdev-Ye-Kitaev (SYK) models 5105154
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provide solvable theories of ‘strange’ and ‘bad’ metal behavior. Extensions which include single par-

165,186,31,144146 have regimes of intermediate temperature (7) with the paradigmatic

ticle hopping
linear-in-7 resistivity, but with a bad metal resistivity ze. larger than the quantum of resistance b/¢*
(in two dimensions). Upon lowering 7, these models enter a disordered Fermi liquid regime with
resistivity ~ 7% and well-defined quasiparticles, once the resistivity becomes smaller than b/e*. A
strange metal regime, Z¢. a linear-in-7 resistivity smaller than b/¢*, only appears possible in special

models with ‘resonant’ interactions "4°.

In recent work, Joshi e /. °* argued that a shortcoming of the above SYK models 6518631144146
is the absence of ‘Mottness’ z.e. a strong local repulsion between electrons that allows an interaction-
driven insulator at commensurate densities. Mottness was present in the original Sachdev-Ye model *5
of an insulator, and this can be extended to metals by considering a SYK-like version of the #-/ model
with random exchange interactions 139,92,81,160 R of 92 argued that upon tuning the electron density,
such #-/ models have critical points or phases in which the SYK criticality extends down to 7" = 0.
They noted that such quantum critical theories provide an attractive description of the optimally
doped cuprates, realizing deconfined criticality between an underdoped phase with spin glass order,
and a Fermi liquid at large doping.

Ref.?* also proposed a large M limit of a £/ model with SU(A) symmetry, when the solution re-
duces to a set of SYK-like saddle-point equations for the Green’s functions of fractionalized particles
carrying emergent U(1) gauge charges: these are the spinons and holons carrying the spin and charge
of the underlying electrons, and they realize a deconfined critical state. The leading low frequency
behaviors of the Green’s functions were determined in Ref.”*. Here, we shall provide a full numeri-
cal analysis of the saddle-point equations, and show that solutions with the proposed low frequency
singularities do exist over some range of parameters. We shall also analytically compute the subleading

corrections to the low frequency behavior, along the lines of Refs. 80174 and show that it is consistent

with our numerical results. We focus on gauge-invariant observables related to experimental probes
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of the optimally doped cuprates.

With the knowledge of the Green’s functions of the fractionalized particles, we can compute vari-
ous physical gauge-invariant observables. We list the properties of the electron spectral weight, p (@),
the spin spectral density o, (w), and the optical conductivity o(@) at frequency » and at temperature

T = 0 (/is the root-mean-square exchange interaction):

p(0) =A% <1 = Al = A e ) ,
h

bb'

pol®) =B (1 =D Bl = D Bl 1T ) :
b

24

Reo(w) = oy (1 - Z Cplao/J)" ™ — Z Coprlo/JI"H 2 4. ) ; (3.1)
b

bl

where & superscripts refer tow 2 0. Here the summation is over the spectrum of irrelevant operators,
and 4, B, C, a¢’s are coefficients that will be given in the main text in (3.69), (3.88) and (3.78). In the
above expressions, we include the leading term arising from the conformal solution (the @ = 0 result),
and the subleading corrections organized according to conformal perturbation theory. Example of the
latter includes a leading irrelevant operator with scaling dimension 4, < 2 (see Fig. 3.3), and the time
reparameterization mode (z.¢. the boundary graviton in dual models of two-dimensional quantum
gravity '*>'**1°4) with scaling dimension 4y = 2. We note that the presence of the mode with /; < 2
is a new feature of the doped #-/ model, and was not present in the undoped antiferromagnet examined
earlier '7#; the leading irrelevant operator in the latter case was the by = 2 boundary graviton.

We can also extend the results in (3.1) to non-zero 7: each term will be multiplied by a scaling
function of w/T. The expressions for these scaling functions are rather complicated at general scaling

dimension / and are given in the body of the paper. But the scaling functions do simplify for the

hy = 2 case. Including only these 7-dependent corrections, the non-zero 7 form of (3.1) is, for

w, T<JB=1/1)
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Figure 3.1: Plots of the functions in Eq. (E.91). We used ] = 20, 6_’f = 0.17, 6, = 0.37, 29 = 0.05.

Finally, we present the results for the d.c. resistivity, o( 7). Note from (3.1) that the zero frequency
conductivity from the scaling limit solution is a constant ze. the conformal solution yields a residual
resistivity. So all the 7'dependence arises from corrections to conformality, and these are (from (3.83))

70

b1
PT) = 21+ > " ay(vpps + vpp— + vpy + 035 )R() () +o ] ()
b

Here R(b) is a known numerical function given in the main text. Note that the time reparameteriza-
tion mode, with by = 2, yields a linear-in-temperature correction. Further results on the numerical
values of the coefficients in (3.1) and (3.2) appear in Section 3.5.

The outline of our paper is as follows. We define the -/ model in Section 3.2, along with its large
M limit using fractionalized spinons and holons. We also present the SYK-like saddle-point equations
and their conformal solutions. Section 3.3 turns to our new results on the operator spectrum and
the associated corrections to conformality for the spinon and holon Green’s functions. We also find
regimes where the conformal solutions are unstable: this can happen by the appearance of operators
with scaling dimension » < 1, and by complex values of /. Section 3.4 combines the fractionalized
results of Section 3.3 to compute the spectral functions of various gauge invariant observables and

their corrections to conformality. Finally, Section 3.5 computes the full numerical solution of the
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saddle-point equations and compares them with our conformal expansions.

3.2 ¢ —]MODEL AND FRACTIONALIZATION

3.2.1 MODEL HAMILTONIAN

We consider the following Hamiltonian of the #-/ model

H= Z tyclldcjla + b + Z]_/ < zzxﬁ - M Size ﬁﬂ) (3-3)

(&) L (57) 8

Here ¢y, is electron operator, with 7 denoting site, / denotes an auxiliary SU (A1) orbital label, and
a denotes SU(M) spin. The S;,5 = Sjﬁ“ is the spin operator on site 7, and the 1/ term (which will
be dropped in large A1 limit) is added to ensure it transform in the adjoint of SU ().

We assume the system lives on a Bethe lattice of coordination number z with

tl'j = \/]72 ) (3-4)

and /;’s are Gaussian random variables with

]2

T — 7_J
Ji =0, P (3.5)

Implementing dynamical mean-field approximation (2 — 00), and assuming a diagonal mean-field

ansatz, the Hamiltonian induces the following interaction terms in the single-site action

1T
53— Z / drdz’z% 7,7 ) (7 Z / drd?/S,6(7) Q(7, 7)Seu(7) -

(3.6)
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Here the mean-field ansatz G, and Q should satisfy the following self-consistency equations

Glrr?) = 2o Sl (@) Q) = 22 3 (S @)) - (67)
44

lo

We also assume large M, A1 limit with fixed
k= —. (3.8)

Taking a large M limit at fixed & ensures that we obtain saddle-point equations with a SYK-like struc-
ture for both fermionic and bosonic partons: consequently a critical state is realized in which the
bosonic partons do not condense. In contrast, the large A/ limit with A/ " = 1 was studied in Ref. 139,
and at low temperatures their bosonic partons condensed so that the ground state was always a Fermi
liquid at non-zero doping.

The full action also contains WZW terms for slave particles and Langrangian multipliers, which

will be detailed shortly.

3.2.2 FERMIONIC SPINON + BOSONIC HOLON

We fractionalize the model by introducing fermionic spinon and bosonic holon:

Cila :ﬁszjp Sz’aﬂ :ﬁqﬁﬁ . (39)

Here the boson b4,; transforms in anti-fundamental of SU(AM’) such that the electron ¢, transforms

in fundamental of SU(A/”). This induces a U(1) gauge symmetry

(D) = fu( DD by(2) = by(2)e®). (3.10)
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For the theory to be consistent, the physical Hilbert space must be U(1) gauge-symmetric, which im-

plies that the gauge charge is conserved, and we consider the representation

ij’azﬁ'd + Z bjlb;'l = xM.
& /

We also implement the doping density p by

1
o D Abhba) =p.
l

The full action is thus

1T
+ ;24 lZ /0 drd? fi(2)b() Gz — 7B (7 )fu(7)

]2 1/T
B zMZ/ dzd? Q(z — ) AHDNfel7)
a,B 0

Introducing bilocal fields

Gir,?) = 22 S LEAE), Gl ) = 25 S bEH(E)

/

the saddle-point equations for the slave particles &, and £, are given as follows,

L 1
Gb(lwn) = i, + , — Zb(l'&)n) )
(7)) = —tsz(T)Gf(—r)Gb(r),
GAiw,) = !

iw, + e Zf(z'a)n)7
S{7) = —]ZGf(T)ZGf(—T) + kuGf(T)Gb(T)G17<—’Z‘).

71

:

1T ) D) ‘ P ' M
S[f6,2] = : dr |> b 5+ ik b+ A oo te+id)fo—idT
l a

(3.11)

(3.12)

(3.13)

(3.14)



Here x and g, are chemical potentials, determined by £y and the saddle point value of A, and chosen

to satisfy

(fify=x—k . (sl0)=p. (3.19)

The electron Green’s functions is a product
G.(7) = —Gf(T)Gb(—T) .

Eqgs.(3.15)-(3.18) admit the following infra-red (IR) conformal saddle point solution at zero tem-

perature’*
o"a pha iC e
Gi(r) = — AT Ec ) I W) Ty (3.20)
Ze_ﬁga VT‘ ] _éﬁa

where ¢ in the superscript means conformal and subscript 2 = b, f indexes boson and fermion re-
spectively. We are following the convention of writing functions as two component vectors, where
the first component is for 7 > 0 or @ > 0, and the second one is for 7 < 0 orw < 0. Also &, Ef
and 8, fr are asymmetry parameters and angles and {factor is §;, = 1 and {} = —1. To pass from the
coordinate space to the frequency one we use the Fourier transform in our plus/minus basis

) a4 z Z
|| dr = M(a) lw|*!, M(a) =T(1 - a) . (3.21)

a_ a_ i 7

a+

We will restrict our attention here to the the case where the boson and fermion scaling dimensions
are Ay = Ay = 1/4, which is the case proposed for the deconfined critical point in Ref.?*. The large
M equations also admit a solution in a critical phase”* with 1/4 < Ay < 1/2, Ar+ A, = 1/2 which

we will not explicitly consider here: we expect similar results to also apply to this critical phase. For
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the case Ay = A; = 1/4, the pre-factors satisfy

(Z/F) C]%Ci cos (2€f) =7,

(3.22)
Cjﬁcos(Zﬁf) - k(tz/jz)C}Ci cos(26,) ==
and we can find
w1 —p)\ V4 Jy w4 _cos(26) .
v <C05(2‘9f)> e f<COS(2‘9f) (1- 77)) DT @) Y

Positivity constraints on the spectral densities impose restrictions on asymmetry angles: —7A; <
O < mlhpwhy < G < 7 /2. Therefore we see that 7 > 0 and since Cj, and Crare defined to be real

positive numbers, we find another constraint for §, and 65

y<1. (3.24)

For completeness we also list expressions for byand by

_ cos (2<9f)
= 477

cos(28) /et
4 (11— (3.25)

(1_’7)7 by =

and the asymmetry parameters &, are related to asymmetry angles 6, as

2 _ sin(d, + 7A,)

5, _ Sin 7r(z'€~éz +A,)
 sin(g, — 7A,) B c

< sin7(i€, — A,)’

where 517 =&, gf = Sf—|— 1/2.
Thus all parameters of the IR solution are fully determined by the two asymmetry angles §rand

0. We can relate these angles to the boson and fermion densities by Luttinger constraints. According
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t0®37%, for a SYK-type model with UV source o we can define a U(1) charge at zero temperature
o0
Q= —/ drzo(7)G(—7) . (3.27)
—00

For the case of our model, o(7) = &'(7) — ud(7), which yields

. _
o_ GO );G(O ) (3.28)

Matching this with the definition of Green’s functions, we get

o={ff) -3 @=—{(s) . (329)

Also the charge can be calculated entirely from the IR asymptotics, related to f-parameter by

0= -2~ (3-8) .. (6:30)

Therefore, from (3.19), d, 0 satisfy the following Luttinger constraints ®37

t9f 1 Sin(Zﬂf) 1

= —— A ——= = - - kp, .
) <2 f> sin (27A)) 2 KR (3:31)
0, 1 sin(26,) 1

7 S/ W i SN .

4 + <2 b) sin(27Ay) 2 Tp (3-32)

3.2.3 BosoNIC SPINON + FERMIONIC HOLON

We now discuss a fractionalization scheme that consists of bosonic spinons and fermionic holons,

Cle = biafly  Siap = bl by, (3.33)
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with the gauge charge constraint

Z bjabz'zx + Z fj[fil = KM? (3-34)
o /
and filling density
1
JYa <fj;fz‘1> =p- (3.35)

l

But most of our analysis will be carried out in the fractionalization scheme in Section 3.2.2. Following

the similar discussion of the other scheme, we can now derive the action to be

1T
S[f, 6,2] = /0 dT!ZbT< —l—zl)b +Zf1< —i—zo—i-zl)f;—z'l]zul

+MZ/ dzd?f(7)bi(7) G.(7, 7) b (7)1 (7)

The self consistency relations are

Glr?) = 2 Z“m(r)c}a(zf» - S (@) 6
Q7.7 = Mzzwa S6(7)) = ];Zﬁ<b;<r>ba<r>bmbﬁ<f>>. (539
Introducing bilocal fields
= 51 0B, Gn?) = 25 SR, (3.39)
o /
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and the corresponding self-energies X (7, 7’), Z;(7, 7’), we can obtain the saddle point equations

Goliwn) = - T 1_ Se(a)) (3.40)
. _ 1 .
Gi(iw,) = om i — = (i) (3-41)
Sp(7) = —kZ2Gi(7)Gi(—7)Gy(7) +FGo(7)*Gy(—7) (3.42)
Si(7) = £Gi(r)Gy(—7)Gy(7) (3.43)

where we have substituted the self consistent relations
G.(7) = Gj(—7)Ge(7), Q(7) = Gp(7)Gp(—7). (3.44)

The chemical potentials should be adjusted to satisfy

(1) =2 (olo) =x—p. (3.45)

Again we assume a conformal ansatz for the solution

7€,
) erea bAa o iC, | ¢ _
Ga(T) = - LzAﬂv Ga(lw) = T ) |")/ 2 17 (3'46)
Zg_ﬂga VT‘ ] 78194

where ¢ in the superscript means conformal and subscript 2 = b, f indexes boson and fermion respec-

tively. Assuming A; = Ay = 1/4, the coefficients Cy and Cj satisfy

(/) C} Cycos(26) = —,
(3-47)
Cy cos(26y) — k(tz/]Z)C%sz cos(26;) = —m
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and we find

_,cos(26)

Co = (M>1/4, G _/ i (3.48)

1/4
— cos(26, f(— cos(26,) (1 — ’7)) 7= cos(26y) -

The unitarity constraints are —zA; < 6 < 7Aj, 7Ay < 8y < 7/2 and the condition for real Cp
and Cj is » < 1as before.

The Luttinger constraints for &}, &y, are

G (1 sin(26;) 1
P <2 Af) sin(2z4;) 2 7 (3.49)
s 1 sin(26,) 1
i (2 - A") sn(2rdy) 2 TFTR (3-50)

If we ignore the Luttinger constraints, the saddle point equations above are identical to that of the

other fractionalization scheme by substitution

Gf(r) < Gp(7), Gy(7) & Gi(7), 0<7z<1/T, (3.51)

and we transform 7 < 0 into 0 < 7 < B using KMS relation. In particular, when Ay = A, = Ap =

Ar = 1/4, we could identify the Green’s functions in the two schemes by

=50 bG=5-06 G=GCG GC=C (352)

However, we point out that (3.52) is incompatible with Luttinger constraints. For example, we can
add (3.32) and (3.49) together and using (3.52) to see sin(26;,) = 1, which leads to p = 0, but (3.50)
has no solution for p = 0. This reflects fact that at large A1 limit the two fractionalization schemes

are two different theories, and they are identical only at M = 2, M’ = 1.
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3.3 OPERATOR SPECTRUM AND CORRECTIONS TO CONFORMALITY

3.3.1 CORRECTIONS TO CONFORMALITY

The saddle point solutions Grand G, of the £/ model can be viewed as a correlation functions in
conformal field theory, which is deformed by infinite series of irrelevant operators 73,108,106 Therefore
the two-point functions receive corrections from these operators. We shall focus here on the fermionic
spinon + bosonic holon model and the results can be easily generalized to the other case. The general

expression for the two-point function at zero temperature reads

_ apvy Aply 2yl Aply b Ay Oy
G(7) = G(7) | 1 - Z et Z el =2 Z A T (3:53)
b

b, VNN
where v),, apyy, apyyy, ete are four-component vectors in 4/fand +/— basis, so
_ T
Vh = (Vb s Vb s Ubfiy s Upf—)

For instance the fermionic Green’s function for 7 > 0 reads

B ahvhf+ ﬂbh’f—&-ﬂbab’ ﬂhb’h”f—i—“b“h’“lg”
Gl7) = Gyl7) (1~ > 125 =D T e+ =2 - T T (3.54)
b b,b’ bbb

The real numbers ), are the same for all components /fand +/—. We are able to find these num-
bers only numerically. On the other hand the vectors v, and anomalous dimensions » can be found

analytically from solving the equation

Ke(h)v, = vy, (3-55)
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where the 4 x 4 matix K(h) = Ws(h) Wg(b) is a product of two matrices W (b) and W which

in the (6/f) x (+/—) basis are given by formulas

sin(7h + 26 sin(24,) — 1 sin(zh + 26 sin(26¢) — 1
W (h) = sec(7h) ( b) (26,) . ( f) ( f)

(1=2h) | _ sin(26,) — 1 sin(zh — 26)) — sin(2¢9f) -1 sin(zh — 249f)
(3-56)
1 0 1 1
0 1 1 1
We = , (3.57)

7.7 2= l=7

7 7 1=7 2=y
and we remind that 7 = —k cos(26;)/ cos(26). We notice that the matrix W (b) is block-diagonal
in b/f space and ¢ does not depend on A. For 7 = 0 the fermionic sector is independent on the
bosonic one and its Green’s function is exactly the same as in the complex SYK model.

The results described above are based on the Kitaev-Suh theory"*#%>'74. The derivation of the
kernel K is done in®'. The kernel K¢ for bosonic spinon + fermionic holon case is obtained by
substitution 8 — 0, 6, — &, for details see Appendix B.2. The coeflicients a;, ajj can be
calculated using the recursion procedure described in'7#. We present explicit derivation of 4, for
the -/ model in Appendix B.2.

The linear order zero-temperature correction (3.53) was generalized to finite temperature in®*'74.

The result takes the form on the interval 7 € (0, 8):

Gu(5) = Go(7) (1 Bt B - BT i) G
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where G, (7) is the finite temperature conformal Green’s function
1
2 1_ ¢
G (e) = —bi (ﬂj sin m> Zak s (3.59)
v

and the functions f;‘ /S (7) are given by the formula

(27)" 71T (h)?
rer—1 cos(”b)
)

fo(2) =
file) =

o () +aeTF))
(27)"~1T(h)?

reer—1 sm(%b)

F)—ia () (3.60)

where Aj,(«) = (1—u)"F(b, h,1; «) and F is the regularized hypergeometric function. We stress that
there are no vectors in the formula (3.58) and it is correct for both bosons and fermions 2 = &, f with

their corresponding conformal two-point functions G°(7) and components vj, ..

3.3.2 OPERATOR SPECTRUM

In this subsection we describe solutions 4 of the equation (3.55). Such values of / correspond to
scaling dimensions of the bilinear operators O, in the #-/ model '7#. We can rewrite the equation for
b in the form

det(1 — Kg(h)) = 0.

We label positive solutions of the above equation by by, b1, by, . . . and notice that the sumsin ((3.53))
are taken over this series. Several remarks are in order. First we notice that there are always two h = 1
solutions which are related to U(1) global symmetry and U(1) gauge symmetry. The » = 1 modes are
not included in the series b, b1, ba, . ... The effect of these modes is already taken into account in
the asymmetry parameters £rand &, in Gy and G} 7%*". Second there is another parameter-invariant

solution /# = 2 which corresponds to emergent time-reparametrization symmetry of the Eqs.(3.15)-
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(3.18). We label this solution by Ay, so we always have sy = 2. The rest of the modes are ordered and

their values depend on &, &7, 8, so we have

1— 35sin(26,)
1+ 2sin(26
e | 12N (3.62)
1— 3 sin(26y)
1+ 3 sin(26y)

and is not normalized to unity. We assume that all other vectors are normalized to unity, so vl»Tvl- =1
fori=1,2,3,....

Our interest is in modes which can be potentially smaller than the time-reparameterization mode
hy = 2. Inthe#-/model the mode b; isless than 3 /2 for arbitrary parameters and thus it is always more
relevant than sy = 2 mode. In addition, the mode », can become smaller than b for some regions of
parameters. A qualitative plot of these potentially relevant operators for the fermionic spinon case of
Section 3.2.2 is shown in Fig. 3.2 (the derivation is in Appendix. B.3). We remind the readers that &
and 6 are constrained by unitarity —7/4 < 6y < 7 /4, 7/4 < 6, < /2. The mode ; (sec Fig. 3.3)
has by = 3/2 at zero doping p = 0, and its scaling dimensions decreases as p grows, and it can become
relevant /1 < 1or complex by = 1/2 + 75, s € R. At first glance, it seems that the low-energy
properties would be dominated by this operator. However, as we will see in Section 3.5, the prefactor
a1 accompanying this mode is small compared to 2 of the by = 2 mode when doping p is small. A
partial explanation is the coeficient «; is proportional to kf;(h1) ™! (see (B.34)), and when p is small,

is close to the pole at k(3/2), so ki (h1) is large. Therefore, we expect time reparameterization mode
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Figure 3.2: Scaling dimensions 4 of potentially dominant operators in the (ef, 8,) plane. Here £ = 0.2. Regions
corresponding to different ranges of b are coded with different colors, with boundaries given by Eqgs.(B.46),(B.47)-
(B.50). There is a region dubbed “No conformality” meaning (3.24) is violated. On the right side, we also label differ-
ent values of p obtained from the Luttinger constraint (3.32). In particular, the maximal pray =~ 0.053 is reached

1

when 8, = 5 arccos (_72) The colored lines are constant x contours calculated from the Luttinger constraints

(3-31),(3.32). Generally, the numerical solutions do not converge when »; < 1 or complex.
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Figure 3.3: The scaling dimension /; plotted versus doping density p. The plot is obtained by taking three vertical cuts
from Fig. 3.2 at §y = 0, 0.17,0.27. The scaling dimension »; = 3/2whenp = 0 and reaches /; = 1when

P = Pmax = 0.053. Then /by starts to decrease with p until it reaches by = 1/2 and becomes complex. Here we used
k=0.2.

ho = 2 to be important above some threshold temperature 7' > 73 (p), where 7T7(p) — 0asp — 0.
There is another potentially relevant operator b, which can move below 2, but it only appears in a
restricted range of parameters.

The analysis of conformal corrections and operator spectrum in the bosonic spinon + fermionic
holon case of Section 3.2..3 is very similar to the fermionic spinon + bosonic holon model. The kernel
K¢ can be obtained from the previous model by changing 8y — 6, 8, — 6 (see Appendix. B.2). The
discussions of operators at » = 1 and » = 2 in the previous subsection still applie here. The analysis
of other potentially relevant operators is shown in Fig. 3.4. In this case the second potentially relevant

operator b, appears in a larger region of parameter space.

3.4 GAUGE INVARIANT OBSERVABLES

In this section we present results for some gauge invariant observables including electron spectral den-
sity p, (@), spin spectral density p Q(w) and optical conductivity Re o(w). We shall be focusing here on

the fermionic spinon + bosonic holon fractionalization of Section 3.2..2.
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Figure 3.4: As in Fig. 3.2, but now for the bosonic spinon model.

3.4.1 ELECTRON SPECTRAL DENSITY

The electron Green’s function is a product of the spinon and holon Green’s functions

G.(7) = —GAD)Gy( ). (3.63)

To obtain the electron spectral density, we shall first analytically continue to retarded-Green’s function

from imaginary time to the real one

G r(t) = 18(2)(G,(it + 0) — G.(it — 0)), (3.64)
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where 6(¢) is the Heaviside step function. Then we can find G, g () in the frequency space and extract

the spectral density as

P (@) = —%ImG&R(aJ). (3.65)

The electron spectral density can also be written in terms of the spectral densities of spinon p p =

—%ImGﬁR and holon p, = —%ImG;AR as
+o00
£(Q) = / d(1£(Q + %) + 159 ) (Q + 2)p,5) (3.66)

where 7z/3(w) = 1/ (% — £) is the Fermi or Bose distribution. We will perform the calculation at
both zero temperature at finite temperature. At zero temperature we include nonlinear corrections,

and at finite temperature we will restrict expressions to linear order corrections.

ZERO TEMPERATURE

Using (3.53) and (3.63), we can write the electron Green’s function as

G.(7) = Gi(7) (1—2 #(Uhf“‘ahb)—z %(d%y—l—ﬁbyb—vbfﬁyﬁ—. . > . (3.67)
b

24

Here v),1;) means taking the fermionic (bosonic) component of the 4-component vector v, and sim-
ilar meanings apply to 2,/q4). Ups means switching the &= components of vy, and similar for 2.

G(7) is the conformal electron Green’s function

e Ce c 7[(— cos(255)>1/2
o /7|’ ‘g 47 ’
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where & = & — & and we have used that Ay = A, = 1/4. Analytically continuing to real-time and

extract the spectral density, we obtain

. (o + Upp) | @
£ 0) = o) (1 3 e o 59
h I'(h)
B Z apey (@b ~+ apyo — Oy Opp) | @ b2 B )
— A
— b+ —1) J
Here p¢ (w) is the electron-spectral weight of the conformal solution
7€,
¢ CC‘ e
ﬂg(w) = 7 Y (370)
] E—ng

where C, is defined in (3.68).

FINITE TEMPERATURE

We will work on the interval 0 < 7 < 8. The electron Green’s function to linear order in a, is
a)
6(5) =6:(7) (1~ 5 s e+ oo s 0
T (g — v — o+ o)D) — . ) , (371)

where the conformal electron Green’s function at finite temperature is

Gi(r) = ~Co(Z sn o) e

; (3.72)

and the functions /3 (7) and £} (7) are given in (3.60).

To find electron spectral density at finite temperature we analytically continue G, (7) to real time
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using (3.64) and then take the Fourier transform to find G, g () in the frequency space. Finally using

(3.65) we find for the electron spectral density

c 22 ﬂa)
po) =) (1- 5 sy (o v v R -2)

+ (v — vpp- — vy + Ubbf)Ri(% - &)) —.. > ;

where the conformal electron spectral density is

_]cosh(%w — 7r5€> 7

R (@) =

R (w) = 2(
»(@) (

(3.73)

(3.74)

(3.75)

where 3F) is the regularized hypergeometric function. For derivation of similar to (3.73) results see '7+.

Retaining only 5y = 2 mode in (3.73) we find

C, cosh (,87@)
£d) :]cosh (/374) — 7r55,>

27

X <1 _ ™ (fg—“’ - ) (4 tanh (ﬂz“) - 7z£€> — 3(sin(26)) — sin(Zﬁ;,)))) . (3.76)

2

where we have used the explicit expression (3.62) for the eigenvector .
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3.4.2 CONDUCTIVITY

The Kubo formula for conductivity on Bethe lattice is derived in 81

oM a4 n —n w
Reo(w) = W/_ deag(Q)ﬁg(Q +w) HQ) HO +w) , (3.77)

Z @

where  is lattice constant and d is spatial dimension. We can evaluate the expression in three scenarios

as below:
ZERO TEMPERATURE OPTICAL CONDUCTIVITY
At zero temperature, we can evaluate the conductivity to nonlinear order in @), using (3.69), the result
is
20% b
Reo(w) = oy 1—27% + vy + vppr + vpp— ) |@ -1
(@) r(h+1)(f+ f + )N/

Y 2w Iw/jw -2
/o + h’

[y p + app— + apyis + apyp— (3.78)
b

— OO — VpVyby — (Oppr + o) (O + vy )/ 2])-

Here oy is the 7= 0 DC conductivity given by

M 2> cos(26)
g0 = — o ; (3.79)

where we used (3.70) for p°(Q).
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FINITE TEMPERATURE OPTICAL CONDUCTIVITY AT LINEAR ORDER

For the optical conductivity at finite temperature, we can analytically determine the contribution from

the «, correction. The result is

o (1= (e + v+ o+ 0 o _ 0
Res(w) = oy (1 zb: (ﬂ])/’( bpr t Opp— + Oppr + o) 2 (27[) ) , (3.80)

where ,
2(5) T(k —h1—i
s = —— IOy, (") ). (3.81)
Vasin (Z) T (h—1) 12
In particular, for the hy = 2 mode we have
Res(w) = a9 <1 — ZQ;W coth <‘82a)> —.. ) . (3.82)

Here we have used the eigenvectors (3.62). The detail of the calculation is in Appendix B.4.

FINITE TEMPERATURE DC CONDUCTIVITY

Using (3.80) we find for the finite temperature DC conductivity is

~N
opc = 09 (1 — > oy + vy + v + 03— )R(D) () — .. ) ; (3.83)

b

where R(h) = Z,,(0) and given by the formula

2(2) " cos (22) T(h—1) |

N T

(3-84)

A numerical plot of R(b) is shown in Fig. 3.5. In particular, from the »y = 2 mode we can recover
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Figure 3.5: The function R (/) defined in (3.84). Some special values are R(1) = R(2) = L

the linear resistivity obtained in 81

1
JDDC:a.O<1+

where we have used the eigenvector (3.62). There is a factor of two difference from®* because we have

406()T
7 ) , (3.85)

normalized the eigenvector differently.

3.4.3 SPIN SPECTRAL DENSITY

In the large A limit, the spin-spin correlator factorizes as Q(7) = GA7) G —7), and the spin spectral

density is defined as p, = — 1ImQg (w). It can be expressed in terms of spinon spectral weight o /25

po@) = [ ol v~ )nrly — o) = ). (5.86)

The computation of this quantity is the same as the previous paper '7#, and we report the results here.
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ZERO TEMPERATURE

At zero temperature, the conformal spin spectral density is

C 20 1/2
Polw) = 7ngnw, Co= (Coslfﬂf) (1- 77)) : (3.87)

Including the conformal corrections, we have

role) @) (1- W o

b

B Z apayy (Apy pr ~+ appr— — Vppy v p- )

b+b'—2
T+ b —1) —...>, (3.88)

b,

FINITE TEMPERATURE

At finite temperature, we write the spin spectral weight to linear order in ), as

£ol@) =) (1= Slome + op ) i REGD) — ). (3.89)

b

where the conformal contribution to spin spectral weight is

Fofe) = Lanh (7). (590)

and the function Rﬁ (w) defined in (3.75). Considering only the correction from by = 2 mode, we

have

ﬁQ(a)) = Co tanh (%) (1 — 20;)40 tanh (‘%)) — .. ) . (3.91)
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3.5 NUMERICAL RESULTS FOR THE £ — / MODEL

In this section we numerically study the saddle point equations at zero temperature for the —/model,
and use the solutions to constrain the coefficients of the conformal perturbations. We find that the
contribution of the linear term from the »y = 2 mode dominates in the IR limit for the spin spectral
density, but that the /; and by modes are comparable in other observables. We focus on the case of
fermionic spinon and bosonic holon model discussed in the Section 3.2.2. The solution in the case
of bosonic spinon and fermonic holon can be derived and solved in a straightforward way using the
approach discussed here by changing asymmetry angles 8r — & and 6, — 6.

The saddle point equations of interest at zero temperature are those in (3.15)-(3.18). To solve these
equations numerically, we use an approach similar to the one used in the previous paper'7#. The
detailed treatment of the equations is discussed in the Appendix B.1. Our focus is to solve the saddle
point equations for bosonic and fermionic spectral densities first, and then present results for gauge
invariant observables such as electron and spin spectral densities, and optical conductivity.

We focus on the asymmetry parameters of the model &7, 8, that satisfy the Luttinger constraints. In
this section we are interested in a particular case of A, = Ay = 1/4, and thus we assume it everywhere.

Therefore, we can write the Luttinger constraints (3.32) in the following form

g 1 1
7j;+ Zsin(Zﬁf) = 5°F + kp, (3.92)
4, 1. 1
p + Zsm(Zﬁ;,) = 5 +p. (3.93)

The solutions with the constrains will correspond to the region crossed by one of the lines at chosen
in the Fig. 3.2. Although there is a large region of asymmetry parameters where an analytical solution
approximates a numerical result well, in this section we analyze only a portion of the full parameter

space. We choose the asymmetry angles in the region of §, = 0.267,0.327and 0 < 67 < 0.157.
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Figure 3.6: Fermioic (a) and bosonic (b) spectral densities as solutions of the equations (3.1 5)-(3.18). In both plots the
chosen parameters: 8, = 0.267, €f = 0.037. Solid magenta lines are the numerical solution for these parameters.
Black dashed lines are given by analytical solution with nonlinear corrections. The values of the fitting parameters are

given in the Fig. 3.8.
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Figure 3.7: Fermioic (a) and bosonic (b) spectral densities as solutions of the equations (3.1 5)-(3.18). As in the Fig. 3.6
except the chosen parameters are §, = 0.327, ¢9f = 0.157.
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9f, Oy hy hy Qo Qap Qhy

1

0.037,0.267 | 1.47 2.49 025 | —1.27 | 0.65
0.087,0.267 | 1.47 2.49 0.31 —1.25 | 1.06
0.137,0.267 | 1.47 2.49 048 | —1.20 | 2.36
0.147,0.267 | 1.47 2.49 054 | —1.18 | 2.89
0.157,0.267 | 1.47 2.48 062 | —1.15 | 3.64
0.037,0.327 | 1.23 2.42 027 | =087 | 1.87
0.087,0.327 | 1.23 2.42 033 | =087 | 2.09
0.137,0.327 | 1.22 241 0.52 | —0.85 | 2.70
0.147,0.327 | 1.22 2.40 059 | 084 | 291
0.157,0.327 | 1.22 2.39 0.67 | —0.83 | 3.15

Figure 3.8: Approximate values of exponents % and coefficients «;, for different asymmetry angles ﬁf, g), obtain by fits to
the numerical solution.

We now show that the numerical solution with the constraints implied in small enough w-region
has behavior given by the results of the theoretical approach in the previous section. We discuss the
behavior of fermionic and bosonic spectral densities as solutions of the saddle point equations (3.15)-
(3.18) as well as gauge invariant observables such as electron, spin spectral densities and optical con-
ductivity at zero temperature.

We first find the solution for bosonic p, () and fermionic p f(a)) spectral densities of the equations
(3.15)-(3.18) at zero temperature at various sets of parameters rand 6, and fixed k = 0.2, =] = L
The method of solving the equations at zero temperature is explained in detail in Appendix B.1 as well
as in'7*. Amongst the range of parameters for which we solve the equations, we show two solutions
that represent the behavior of the spectral densities at large (6, = 0.327, §y = 0.157) and small
(6 = 0.267, 7 = 0.037) asymmetry angles. The solutions are presented in Figs. 3.6,3.7, respectively.

The solutions found in this section compared to an analytical fit at small frequencies described in

the previous sections and in Ref. '7#. Using the numerical solutions, we find the threshold of asymme-
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try angles where it is still possible to get the solution as discussed in Appendix B.1. Below we describe
a behavior of the gauge invariant observables and show that an analytical solution follows a numerical
curve well enough at small frequencies.

Let us first rewrite the analytical expressions of the polynomials from section 3.4 that, as we show
below, approximate the exact numerical solution at small frequencies. Following the notations in the
previous sections, we use b1, b, to denote the exponents in the fitting functions. We consider the poly-
nomials for each of the gauge invariant observables truncated at the order of , — 1 in frequency with
all non-linear corrections included. A truncated expression for electron and spin spectral densities

(3.69), (3.88) can be written as

172 172
Peg(@) = £ o(®) (1 D PV PP vt OV _2> : (3.94)
b bhh'

We write the similar expression for optical conductivity o(w) truncating the full series (3.78) in a sim-

ilar way

ba 2
o(w) = oo (@) (1 = i/ - Zamyﬂi}]f!w/flbwz> (3.95)

b bb'

with different coefficients 47. In the above, f’i,Q(a)) are the electron and spin spectral weights of the
conformal solutions (3.70), (3.87), and oy is given by (3.79). The coefhicients AZ’Q’F are known exactly
and have analytical forms for electron spectral density (3.69), for spin spectral density (3.88) and for
conductivity (3.78).

We note that the analytical solution has unfixed parameters ;. In the series we consider, there
are three parameters the values of which can be obtained by fitting an analytical expression into to a
numerical curve at corresponding parameters. For a range of parameters we discuss in this section, the

values of coefficients @), as well as exponents / are presented in Fig. 3.8.

Using the values of the coefficients «j, we obtain analytical solutions with all parameters fixed. The
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Figure 3.9: Table of computed analytical expressions of spin and electron spectral densities (3.94) with all parameters
fixed for a range of asymmetry angles (6’f7 55). The polynomials approximate a corresponding numerical solution at
small frequencies. The exponents are given by » — 1 where b are presented in the Fig. 3.8.
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Figure 3.10: Spin (a) and electron (b) spectral densities. Solid magenta lines are numerical solutions. Black dashed lines
are given by analytical solution (3.94). Here 8, = 0.267 and ﬁf = 0.037. The exponents and fitting functions are
given in Figs. 3.8, 3.9 respectively.
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Figure 3.11: Spin (a) and electron (b) spectral densities. Same as in the Fig.3.10 except the parameters §, = 0.327 and
t9f = 0.157.

analytical formulas for spin and electron spectral densities are presented in the Figs. 3.9, 3.12. From
the polynomials in the tables we notice that increasing the asymmetry angles leads to an increasing a
linear coeflicient compared to the coefficient of the #; — 1 exponent and coefficients of its non-linear
corrections. Increasing the asymmetry angles up to the maximally allowed values, we observe that
the linear coefficient is still comparable with all other terms. We show two examples of fitting the
corresponding analytical expressions of the spin and electron spectral densities in the Figs. 3.10,3.11
for different asymmetry angles.

We conclude this section by discussing the optical and d.c. conductivity. In the Table 3.12 we
present the analytical expressions for optical conductivity at zero temperature and finite temperature
d.c. conductivity with all parameters fixed. We note that even though we do not discuss the finite
temperature exact numerical solution in this paper, the coeflicients @), are fixed to their zero tempera-
ture values, and therefore, we can write down the analytical formulas at finite temperature as well. We
again notice increasing the asymmetry angles leads to increasing the linear coefficient. Within the al-
lowed range of asymmetry angles (ﬁf < 0.157, as discussed in the Appendix B.1) the linear coefhicient
becomes larger but not large enough to neglect other terms. We explicitly show a behavior of optical

conductivity at zero temperature in Fig. 3.13 for different asymmetry angles.
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Figure 3.12: Table of computed analytical expressions of optical conductivity (3.95) at zero temperature (second

column) and DC conductivity (3.83) at finite temperature with all param

eters fixed for a range of asymmetry angles

(ﬁf, 9;,). The polynomials approximate a corresponding numerical solution at small frequencies. The exponents are

given by » — 1 where the values of / are presented in the Fig. 3.8.
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Figure 3.13: Optical conductivity for (a) 4, = 0.267 and t9f = 0.037and(b) g, = 0.327andfr = 0.157.
Numerical solutions in both plots are given by the solid magenta lines and the black dashed lines are the analytical

solutions presented in Fig. 3.12.
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3.6 CONCLUSIONS

We have presented detailed numerical and analytic solutions of a critical non-Fermi liquid phase of
random -/ models without quasiparticle excitations. This non-Fermi liquid phase of the -/ model has
been proposed as a model for optimal doping criticality in the cuprates°*. In this phase, fractionalized
holons and spinons realize a deconfined critical state between two conventional states. Atlarge doping,
we use bosonic chargons which condense to realize a conventional Fermi liquid. At small doping, the
pseudogap phase is realized by condensing bosonic spinons to form a metallic spin glass. In between
these phases, lies the critical non-Fermi liquid studied in the present paper.

The solutions were obtained the large A/ limit of a model with SU(A4) spin symmetry, and follow
our previous analyses of the undoped insulator in Ref.'7#. The theory has the structure of the SYK
model for fractionalized spinons and holons carrying gauge charges, which have random ¢ = 4 body
interaction terms between them. Note, however, that expressed in terms of the underlying gauge-
invariant electrons, the interactions are not of the g = 4 SYK form. We found good agreement be-
tween the numerical and analytic approaches.

Section 3.2 derived the saddle point of a large dimension #-/ models with random nearest-neighbor
exchange and global SU(A) spin rotation symmetry. This approach helps define transport observ-
ables, including the conductivity, whose properties we have examined here. However, the same saddle
point equations also apply to the model with all-to-all and random hopping and exchange for which
the connection to SYK models is more direct.

Our attention focused on the leading and sub-leading singularities of several gauge-invariant phys-
ical observables at low frequencies and temperatures. These are controlled by operators with scaling
dimension » which perturb the leading conformally invariant solution. As the theory isin 041 space-
time dimensions, we require » > 1 for the operator to be irrelevant in the infrared, and contribute to

the sub-leading singularities.
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An important operator that appears in all the subleading corrections is the time-reparameterization
mode, or the boundary graviton of the holographic dual. This operator is universal in SYK criticality,
and has by = 2 exactly; no corrections are expected to this scaling dimension at all orders in 1/41.
It was also present in the previous analysis of the insulating model '7#. This operator leads to relative
corrections in observables which scale @” ! or 770! in the IR. In particular, as the leading contri-
bution to the resistivity is 7-independent in the #-/, the first contribution from the graviton mode is a
linear-in-7 resistivity *".

We also found that the #-/ model has an irrelevant operator with scaling dimension 1 < & < 2 over
the regime where scaling solutions were found numerically (see Fig. 3.8). No such operator appears
in the insulating / model examined in the earlier paper'7#. This new operator will therefore lead to

h=1 or 771 in the IR, which are more singular than those from the

corrections which scale as w
graviton mode. However, it should be noted that this operator is not protected, and we do expect 1 /M
corrections to the value of 4. We have not studied these corrections, and the possibility remains that
such corrections will increase the value of /; above 2, and return the graviton mode as the dominant
correction. Moreover, we found that the numerical co-efficient of the /; correction was quite small in
the spin spectral density, and significantly smaller than that of the /g correction (see Fig. 3.9).

We note from Figs. 3.9 and 3.12 that the contributions of »; mode are more significant for the
other observables, including the d.c. resistivity, and can be comparable to the by = 2 contribution.
It would be interesting to study the relative contributions of these modes at higher order in 1/A1 to
understand the situation for SU(2) better.

A recent exact-diagonalization study of the random #-/ model with SU(2) spin symmetry*®° com-
puted the spin spectral density and found that it matched the spectral density similar to Fig. 3.10a over
a wide range of frequencies near the critical doping where the spin-glass order vanished (spin-glass or-
der is present at M = 2 for low doping). The numerics showJoQ(a)) ~ sgn(w) [co — alw| + .. ]

at small w, consistent with the numerical results in Table 3.9 where the by contribution is small. Itis
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quite remarkable and encouraging that this numerical result at the physical values M4 = 2 and M =1

matches well with the large M, M’ (with & = M’ / M fixed) theory considered in the present paper.
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Maximal quantum chaos of the critical

Fermi surface

The study of relaxational and thermalization phenomena in quantum many body systems has long
relied on the quasiparticle decomposition of many body states, and the collisions of quasiparticles de-
scribed by the Boltzmann equation and its generalizations. However, this powerful method is not

reliable when we address similar phenomena in non-Fermi liquids without any quasiparticle excita-
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tions. General arguments have been presented that such dissipative phenomena cannot occur at a rate
which is parametrically larger than k377 as the absolute temperature 7 — 0 (so such a rate can-
not vanish as 7%, with an exponent 2 < 1), and systems without quasiparticles have a rate of order
/eB T/h84,29,1 52,20,185,71 .

New insights into such issues have emerged from recent advances in the study of many-body quan-
tum chaos and out-of-time-order correlators (OTOC:s), for which the bounds on dissipative rates
can be made precise. Inspired by holographic connections to the quantum dynamics of black holes,
Maldacena, Shenker and Stanford '*° established that the Lyapunov exponent, A, characterizing the
temporal growth of the OTOC must be smaller than 27k 7/ h. We can expect that any system which
is close to this bound as 7" — 0 cannot have a quasiparticle description, and this conclusion is sup-
ported by computations on the Sachdev-Ye-Kitaev (SYK) model '*">'°4. Although difficult to measure
in experiments, OTOCs have therefore emerged as an alternative to the Boltzmann equation, and are
a valuable diagnostic of the physics of non-quasiparticle systems.

In this paper, we address the OTOC of a class of non-Fermi liquids most relevant to correlated
electron systems 5. We consider a Fermi surface coupled to a U(1) gauge field in two spatial dimen-
sions, but our theory also applies to Fermi surfaces coupled to other critical bosons, as are realized
near symmetry-breaking quantum phase transitions in metals with a zero momentum order param-
eter. The OTOC of such a system was addressed in previous work '#5 in an uncontrolled analysis: it
was found that A; = akgT/has T — 0 with the constant 2 < 27. The present paper will present
new results on this model which build on two recent developments:

() Gu and Kitaev (GK)77 have shed new light on the structure of OTOC: in spatially extended sys-
tems. They established a ladder identity which shows that there is an additional contribution to the
OTOC that arises from a pole at imaginary momentum, in the complex momentum plane. Provided
the chaos butterfly velocity, v, is large enough, the pole contribution dominates at large spatial dis-

tances, and the resulting growth of the OTOC with time has exponent A exactly equal to 27kz T/ h.
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(#7) A systematic approach to the study of the two-dimensional non-Fermi liquid state has been pro-
posed #>#. This approach obtains the non-Fermi liquid as the large /N saddle-point of a path integral
over bilocal Green’s functions and self energies. The new idea here is to study an ensemble of theo-
ries with different random couplings (but without spatial randomness), under the hypothesis that all
of them flow to the same universal fixed point theory at low energies. Such a large N saddle-point is
ideally suited to develop a systematic computation of the OTOC, along the lines of computations on
the SYK model.

In our large /N analysis of the two-dimensional non-Fermi liquid, we find that the butterfly velocity
does indeed satisfy the needed inequality of GK. This leads to our main result: that the Lyapunov

exponent of this system equals the maximal value of 277 (I = kp = 1 henceforth).

4.1 THE MODEL

Our results are obtained within the ‘patch’ theory of the two-dimensional non-Fermi liquid '*+***,
which describes the low energy properties of the Fermi surface without quasiparticles. Each point
on the Fermi surface is characterized by a Fermi velocity vf, and Fermi surface curvature x/vr. We
introduce fermion fields - 4 (f = 1...N) defined in patches (4-) near antipodal points, using the
coordinate system shown in Fig. 4.1. The dispersion of the fermions in this co-ordinate system is
e = Lok, + (K/Z)/eﬁ, and we will henceforth use length scales in which vz = 1and ¥ = 2. These
fermions are coupled to bosons @, (/ = 1....M), which is the transverse component of the gauge

field, or a symmetry breaking order parameter. The universal properties of the critical Fermi surface
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Figure 4.1: Antipodal patches = on the Fermi surface.
in this patch theory are then described by the Lagrangian density
N
3 SN
r=+ j*l
gt «
+) Z Z PV, o+ Z(ay;oz-)z : (4.1)
r=% [=1 =1 i=1

Here s = 0 for the nematic order parameter, and s = 1 for the gauge field; the value of s will not be
important for any results here. The large N limit* is taken at fixed A4/N, and for an ensemble of
theories with spatially uniform (but flavor random) Yukawa couplings g;; which have zero mean and
root mean square value ¢ (W = ¢?). The scaling limit of the boson (D(k)) and fermion (G, (k))
Green’s functions can be computed exactly in the large N'limit (k = (k, ko) = (kx, &y, ko), where ko

is an imaginary Matsubara frequency)

|y |
D(k) = ,
( ) |/€},|3+Cb‘/€0’ —|—Wl2
(G (k)] ™! = rky + k7 — u(T)sgn(ko) (4.2)
] |ko| — #Tsgn(ko)
— icpsgn(ko) T H 5 ( o ,
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where H;/3(z) = {(1/3) — {(1/3,2 + 1) the analytically continued harmonic number function of
order 1/3, and ¢rand ¢, are coupling dependent constants:

M24/3g4/3 gz

We have also introduced a finite but small mass 7 in the boson Green’s function as an infrared reg-
ulator, and #(T) = ¢*T/(3v/3m?/?). We will eventually take the 7 — 0 limit, and obtain a finite
answer for the OTOC. To solve for the OTOC we use retarded and Wightman Green’s functions, the
forms of which we discuss in the Supplementary Information. For simplicity, we will also henceforth
consider only the + patch on the Fermi surface and drop the patch indices *: in the Supplementary
Information, we show that the interactions between antipodal patches do not change the behavior of

the OTOC.

4.2 THEOTOC

We will be interested in the OTOC contianed within the squared anticommutator of fermionic op-

erators

N
1 _ _
C.{t,0) = 58060 Y Te |72y, (6,0, 4] (O} 2y, (), v OH], (40)
ij=1
The function in (4.4) contains the OTOC (y,(x, t);k; (O);kj (x, t);k](O)) (up to insertions of ¢ £17/2),
which describes chaos in the system and grows exponentially as ~ ¢** + . . .. We are interested in the
spatial structure of (4.4) in the long time limit at large |x|. After Fourier transforming the spatial argu-

ments to momentum space, and considering 4 distinct times for the fermion operators (see Fig. C.1 in

“For the theory with only one patch, the values of cf, ¢, are given by ¢; = (M/N)2°/3¢*/3/33/2 and ¢, =
£/ (87).
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the Supplementary Information), we generalize the construction of Kitaev and Suh *°* to argue that

the early time OTOC can be written using a single mode ansatz

eﬂL (p)(a+t2—13—14)/2
Clp)

OTOCP(tlat27t37t4;k7k/) =

T;f(tlz,/e)r;j(l‘y*,k,). (4.5)

Here the Y’s are vertex functions which only modify the overall magnitude of the OTOC. It was
later shown by GK that the behavior of C(p) is important for determining Az. As we review in the

Supplementary Information, C(p) has the important factor

C(p) ~ cos AL(p) (4.6)

which vanishes at the maximal value of A7 (p) = 277T. The resulting pole in (4.5) will ultimately be
responsible for the maximal chaos in the non-Fermi liquid.

Now we can transform back to position space and obtain

u(x,t
OTOCx(L‘l, 6,13, L‘4) ~ (N ) / Y]]f(tlz,/e)T;(ZM, /Cl) R
bk

wheret = (tj + 1, — t3 — #4) /2 and

A ptipx
ulet) ~ /P cos(12 )/ 4T))’ (47)

In the previous work '+, the chaos exponent was identified with A7 (0). GK performed a careful eval-
uation of the integral in (4.7) in one spatial dimension, and gave conditions under which it was dom-
inated by the saddle point (1} (p = p,) + ix = 0) or the pole (1.(p = p1) = 277T). Both the saddle
point and the pole appear for purely imaginary values of momenta, with p = Z|p|. When |p,| > |p1],

GK showed that the pole dominates, leading to a region of spacetime in which maximal chaos occurs.
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Figure 4.2: The Bethe-Salpeter equation for C (ko, @, 7|p.|), which is exact at large N. Solid lines are fermion propaga-
tors, wavy lines are boson propagators and dashed lines are averaging over the flavor random couplings. The horizontal
lines represent the retarded Green'’s functions and vertical lines are Wightman propagators.

Conversely, when |p;| < [p1], the saddle point dominates, and there is no maximal chaos.
Atfirstsight, itis not clear whether this one-dimensional analysis can be extended to the anisotropic
two-dimensional non-Fermi liquid theory in (4.1). However, the theory in (4.1) has a ‘sliding symme-

128 which implies that A7 is a function only of p, + pyz. This reduces the momentum integral in

try
(4.7) to effectively a one-dimensional integral, and we can replace p - 7 by pyx and directly apply the

results of GK.

4.3 THE LYAPUNOV EXPONENT

The remaining missing ingredient in determining whether the saddle point or the pole dominates for
the critical Fermi surface is a knowledge of A (p) for imaginary p. For this we need to solve the Bethe-
Salpeter equation for the squared anticommutator C in Fig. 4.2, with an imaginary external momen-
tum. This leads to the following eigenvalue equation, extending the previously obtained equation '#5

to an imaginary external momentum p, = 7|p.|

—iko — 7T —i(w — ko) — T
(s () 1 (Bt

_ oM [ dkdk, cy(ko — ko) |k))| C(k), @, ilps|)
N P (B +mP + ko — k) ginh Rk
GPar 3 M [ dklydkoy (tkoy + (—ikor) > (i(kor — @) Clkb, w, 2|px])

+ - - 7 . 4.8
3v/3 N (27’)2 /6'01(1(/601 - w))1/3(2k01 - ‘0) cosh koz_j/f‘” cosh koz_ﬁm (+8)

We note that the factors of A/ N on the RHS of (4.8) cancel with those in the definition of ¢sin
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the 7 — 0 limit, up to a rescaling of p, — (IN/M)p,. Therefore, considering M # N will not affect

any of our conclusions, and we will henceforth consider A4 = N for simplicity.

4.4 MAXIMAL CHAOS

Upon solving the eigenvalue equation (4.8), we obtain the Lyapunov exponent as a function of the
external imaginary momentum p, = £|p,|. From Fig. 4.3, the values of the pole (p; = [p1|) and saddle
point (p, = £|p,|) momenta can be obtained. The pole follows from Az(p = p1) = 27T, whereas
for the saddle point, one needs to consider an additional condition, since the saddle point equation
27(p = ps)t + ix = 0 does not define the value of |p,|. This condition follows from the fact that the
ansatz (4.7) is valid only in the regime where initial correlations and non-linear effects can be ignored,
which is when OTOC, (1, 72, 23, 24) > 1/N, and therefore #(x, #) ~ 1. This gives the condition on
the saddle point value A7 (p = p,)¢ + ip,x = 077. Combining this equation with the saddle point
equation, we can then obtain |p;| from the graphical solution of 27 (p = p,) = 2.(p = p;)/|ps-
Asshown in Fig. 4.3, |p1| is significantly smaller than |p,]. Specifically, we find [p1| = 0.65 g*/3 7%/
and [p,| ~ 1.04¢*3T%/3 > |p;|, which confirms the dominance of the pole contribution according
to GK. The chaos wavefront therefore travels with a butterfly velocity vg = 277/ |py] set by the pole
contribution. We note that A7 (p,) does not depend upon the coupling g, as ¢ can be removed by
rescaling the external momentum p, — py/¢*/>. With no other dimensionful parameters in (4.8),

this also implies that 1, is proportional to temperature.

4.5 PHENOMENOLOGICAL MODELS

We extend our analysis to non-Fermi liquids with dynamical critical exponent 2 < z < 3, in which

quasiparticle excitations are still absent, and compute the Lyapunov exponents. For those theories,
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Figure 4.3: Plot of the Lyapunov exponent lL/ T as a function of VJX| VJX| is presented in units 01‘g4/3 T2/3. We find
|p1| ~ O.65g4/3 T2/3 and |ps] =~ 1.04g‘*/3 T2/3 . Since |2s] > |p1], the butterfly velocity is given by vp =
27T/ |]J1| ~ 9.67g*4/3 73 (slope of the black solid line). We also find the value of the velocity at the saddle point
vy = 9.01g*4/3 73 (slope of the blue solid line). As expected from previous work 1*°, we find ),L(O) =2.48T.

the boson Green’s function has the form+°

K|

D —
®) = o T el + m?

and the fermion self energy scales as = ~ isgn(ko)|ko|>/* (z = 3 for the original theory discussed
carlier). Since || >> |k |, quasiparticle excitations are not well defined in terms of the fermion spectral
function.

The form of the eigenvalue equation for the OTOC changes slightly, and is discussed in the Sup-
plementary Information. As we show in the Fig. 4.4, for each of these theories the butterfly velocity
is also given by vp = 27T/|p1|, and the Lyapunov exponent is maximal. To show this, we first solve
the eigenvalue equations up to the pole momentum p;. We then compare the instantaneous slope at
1, which we call vy, and the velocity v; = 27T/ |p;|. For each plot we obtain v; > v,. Since each of

the curves in Fig. 4.4 is a positive, monotonically increasing, and convex function, this implies that
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Figure 4.4: Main plot: resulting plots of the Lyapunov exponent lL/ T as a function of @x|, for different values of the
dynamical critical exponent 2 < z < 3. The slopes of the black dashed lines are the butterfly velocities vg. Inset:
difference between v; = vg and the instantaneous slopes at p, = pj (i.e. v4). The difference is always positive, i.e.
22(#p)/|pr] > 27 (#]p1]), which shows that the value of ||, where A1 (|p,]) /|ps] = 27 (7|ps]), must be larger than
L01|, leading to maximal chaos according to GK.

|ps| > |p1], and the pole contribution therefore dominates with maximal chaos just like in the z = 3
case. We can further find the behavior of the exponent in the Fermi liquid case of 1 < z < 2, in which
quasiparticles are present. In this regime, || ~ |k|>/* < |ko|, and therefore the quasiparticle peak
in the fermion spectral function is well defined. Similar to the discussion above, we can compute the
Lyapunov exponent as a function of external momentum on imaginary axis and explicitly find |p;|
and |py|. For a particular case of z = 3/2 T, we find that the saddle point dominates as |p;| ~ 4.32,
which is smaller than |p;| o~ 7.84. The resulting butterfly velocity in this case is vp =~ 0.8 v, where
vp = 1is the Fermi velocity. This result is expected from a general point of view: for a free fermion
theory the exponent is a simply linear function of the external momentum Ay, (z|px|) = |p| leading to
the saddle point contribution at |p;| = 0. We therefore expect that for any theory with quasiparticles,

the pole contribution is negligible compared to a saddle point contribution, and the maximal chaos is

"The numerical values of |p,| and |p;| are provided for chosen parameters ¢ = 0.5, A = 50, 7' = 1, and
z = 3/2. See Supplementary Information for more details.
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Figure 4.5: (Adapted from GK) Maximal chaos is present in the spacetime region denoted by /R, which is bounded by
the three solid lines. Here v, = l/L(z'|p1 |) and #,; ~ In N. As z is reduced from 3 to 2, v, approaches vz = v; from

below (Fig. 4.4), and the size of the maximally chaotic region R is therefore squeezed to zero by the falling slope of the
black line as z — 2. For z < 2, there is consequently no maximally chaotic region.

no longer present (Supplementary Information).

4.6 DiscussioN

It is quite remarkable that the generic low energy theory of Fermi surfaces without quasiparticles in
two spatial dimensions displays maximal chaos in the large N limit. Other spatially extended models
connected to the SYK model (e.¢. %), and certain conformal field theories '77*3**, have been shown
to display maximal chaos, but none of them have spatially dependent Green’s functions aznd live in
more than one spatial dimension. It is also remarkable that the critical Fermi surface displays maxi-
mal chaos without the presence of conformal symmetry, which also sets it apart from the previously
mentioned examples that have conformal symmetry.

We believe that the maximal chaos of the Fermi surface is linked to the local nature of the singu-
lar self energy of the fermion at large Nz.¢. the self energy is frequency dependent, but independent
of momentum, a feature the Fermi surface theory shares with the SYK model (along with the local
frequency-only dependence of the fermion pairing vertex*?). There are small contributions to the
fermion anomalous dimension at 3-loop order**, which are expected to make the self energy non-
local, and it remains to be seen if such effects could reduce the maximal Lyapunov exponent. How-

ever, since |ps| — [p1] is O(1) at large N (Fig. 4.3), we expect that the small O(1/N) corrections to



this quantity will not immediately be able to change its sign and thus reduce the maximal Lyapunov
exponent.

We also examined a phenomenological model of a critical Fermi surface with dynamic critical ex-
ponent z < 3; quasiparticles re-emerge in such a model for z < 2. We found that the maximal chaos
was retained for precisely the regime where quasiparticles are absent, 2 < z < 3, although the size
of the spacetime region for which it occurs shrinks to zero as # — 2 (Fig. 4.5). It is also remarkable
that the acceleration of chaos to the maximal rate by the butterfly effect is tied to the destruction of
quasiparticles in this model. When quasiparticles are present, we found that the saddle-point con-
tribution dominated with 1; ~ 7%/% < T, which is parametrically smaller than the maximal rate

(Appendix C).
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Critical metallic phase in the overdoped

random ¢ — / model

5.1 INTRODUCTION

Recent experimental works have highlighted certain fundamental properties of cuprate superconduc-

tors and their complex and rich phase diagrams. One of the key aspects is a transformation in the
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normal state near an optimal doping p = p, '#%13%132

indicated most recently by thermal-Hall trans-
port measurements "#*3 and by photoemission experiments**. While much attention has focused
on the anomalous properties of the underdoped regime (p < p.), it is often assumed that the over-
doped regime (p > p.) is a conventional Fermi liquid, and thus the latter has not attracted as much
attention. However, careful experimental studies have reported significant strange-metal anomalies in
transport properties also on the overdoped side*#7>'". These observations indicate the presence of a
non-Fermi-liquid metal in an extended doping region above optimal doping. On the underdoped side,

recent experiments have established that there is a spin glass phase '3

55 in the La-based compounds.

Concordant with these observations, we present here a theoretical model with an extended non-
Fermi-liquid phase at large dopings, and a spin-glass phase at low doping.

Models with random interactions on a fully connected lattice in the Sachdev-Ye-Kitaev class 's®'°5
yield a systematic route to studying non-Fermi liquids: the exact solutions of such models serve as dy-
namic mean-field theories of more realistic microscopic models*5*“>%. In this paper we report numer-
ical and analytic solutions of a #-/ model (Eq. (5.1)) with random and all-to-all hopping and exchange
interactions across a wide range of doping. The model has a global SU(A1) spin rotation symmetry,
and we study a particular SYK-like large A1 limit with fermionic spinons. A previous study** found
possible critical solutions of non-Fermi liquid metals by an analytic study of the low energy limit of
the saddle point equations of this large A limit. From renormalization group arguments it appeared
that these possible critical solutions only described a critical point or a small range of intermediate
doping, and that a Fermi liquid solution would appear in the overdoped regime.

The present paper will present a full numerical solution of these large A/ saddle point equations
for a wide range of doping. The solutions are obtained on both the real and imaginary frequency axes,
with mutually consistent results. We also supplement the numerical results with asymptotic analytic
analyses. Our main results are that the Fermi liquid is never the solution of the large-A4 saddle-point

equations, and that one of the low energy critical solutions obtained earlier ”* extends to an all-energy
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Figure 5.1: (A) Phase diagram as a function of doping p and temperture T obtained from numerically solving the
fermionic spinon large M saddle-point equations of the random #-/ model in Eq. (5.1) fort = J = 1. The red cir-

cles are critical doping value (p[(T)) at a given temperature, obtained by looking at the spin-glass instability in the
non-Fermi-liquid solution. The uncertainty for each p, is within 0.003. The critical doping at 7" = 0 is obtained by di-
rectly solving the saddle-point equations on the real-frequency axis. (B) Properties of the 7' = 0 states. The low-doping
spin-glass phase and large-doping critical-metal phase are separated by a quantum critical point at p,. The critical metal
has doping-dependent exponents Aﬁb, and a linear- T resistivity.
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solution of the large-A1 equations in the entire overdoped regime. We further show that there is a
phase transition to a low-doping spin-glass phase and construct a phase diagram (see Fig. 5.1).

Notable features of the novel critical non-Fermi liquid phase in Fig. 5.1 are
(7) spin correlations decay with an exponent which varies continuously with doping (unlike a Fermi
liquid),

(¢7) the electron correlators have the ~ 1/7 decay with imaginary time (as in a Fermi liquid), but with
a pronounced particle-hole asymmetry (which is weak in a Fermi liquid), and

(¢7) the mechanism of Ref. " applies across the entire overdoped critical phase, and the resistivity has a
linear-7 contribution as 7'— 0 at all dopings in this phase (unlike the 7 resistivity in a Fermi liquid).

We also note here that there is a distinct large A4 limit of the random #-/ model > which yields
a Fermi liquid ground state at all non-zero doping. We will discuss the relation to this limit in Sec-
tion s.5.

The plan of the paper is as follows. In Section 5.2 we introduce the model and discuss its gen-
eral properties. In Section 5.3 we consider the critical solutions of the model introduced in Eq. (5.1),
and show that there is a critical solution with doping-dependent exponents in the overdoped region.
We then solve this model at zero temperature (Section 2.5.3.1), as well as finite temperature (Sec-
tion 2.5.3.2), and show that it has an instability to a spin-glass phase. The results for spectral functions
in the spin-glass phase are presented in Section 5.4 using an alternative bosonic spinon large A1 limit.
In both phases we report physical observables such as electron and spin spectral densities at both zero
and finite temperatures. We conclude with a discussion and implication of our results in Section s.5.

Technical details and additional results are presented in the appendices.
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5.2 MODEL

We consider a model of electrons with random and all-to-all hopping and exchange interaction with
double occupancy being prohibited. This is the random #-/ model which considers doping a random
Heisenberg magnet*5°. It is in the class of SYK models*5**°5 and is suitable for studying metallic

phases obtained upon doping a Mott insulator. The Hamiltonian is

N N
1 1 - =
_ f i
H=—"= > tithta + —= ~ > JiSi S~ E Ciaia » (s-1)

i#j=1 i<j=1

o ¢in < 1,since double occupancy is not allowed. In the above Hamiltonian,

with the constraint, ) ¢;,¢ix <

¢, is the electron annihilation operator with 2 =1, |, the spin operator is $% = cjaaf‘ﬁclﬁ /2, and u is
the chemical potential. The complex hoppings #;; and real exchange interactions /;; are independent
random numbers with zero mean and mean-square values #* and /* respectively.

Note that one could also consider a #-/ model with non-random nearest-neighbor hopping and
nearest-neighbor random exchange interactions on a large dimensional lattice. The on-site dynamical
mean-field equations for such a model are the same as those obtained for the model in Eq. (5.1). It
also allows for a definition of transport quantities such as resistivity.

We will consider the problem at finite hole doping (p). This was recently studied both analyti-

cally®>'75 and nurnericallyléo’46

. In particular, a deconfined critical point scenario was proposed in
Ref.?* to describe a quantum phase transition between a spin-glass phase at low doping with carrier
density p and a Fermi-liquid phase at large doping with carrier density 1 + p. The deconfined criti-
cal point proposed therein had the property that the local spin susceptibility was marginal as in the
SYK models '5%'°5. This was based on renormalization group arguments. However, a large-A1 anal-

ysis* led to two types of critical metallic solutions. One of the critical solutions corresponds to the

deconfined critical point (although it is a phase in large-A1 limit), while the other was believed to be

118



suppressed in favor of a Fermi-liquid phase.

In this work we find that, in fact, the second critical solution is stable, and a Fermi-liquid phase is
never achieved within a large-A4 approach at the saddle-point level. This critical phase has the property
that while the exponent of the spin correlation continuously varies with doping, the linear- T resistivity
is present over the entire overdoped phase. This makes it an attractive candidate for the overdoped
phase of cuprate in the light of recent experiments’#*'*. In the underdoped region, below a critical
doping p., we find a spin-glass phase. Thus, the critical metal at large doping and spin-glass phase at
small doping are separated by a quantum critical point at a finite doping p, as shown in Fig. s5.1.

As a result of the double-occupancy constraint each site has three states, namely empty (|0)) and
singly-occupied (|1) and ||)) states. These can be conveniently described using holon and spinon
operators. The electron is thus fractionalized into holon and spinons. The critical metallic solutions
in the overdoped region has gapless and critical fermionic spinons and bosonic holons (Section s.3),
while the underdoped spin-glass phase will be described by a fermionic holon and bosonic spinons

(Section 5.4).

5.3 CRITICAL NON-FERMI-LIQUID METAL PHASE

In this section, we show that our model in Eq. (5.1) admits a critical metallic solution. This phase is
described by fermionic spinon (f,) and bosonic holon (&) operators. The electron and spin operators

can be then written in terms of these fractional particles as

%
a = fias SE=flm S (5-2)

with the constraint, jj“fm + blb; = 1. This theory realizes a SU(1|2) superalgebra. The strategy
to solve the model in Eq. (5.1) is to generalize to a larger symmetry. The spin index on the spinon

operator (f) is generalized to 2 = 1,..., M and there is an additional orbital index for holon (&)
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suchthat¢ =1,..., M1 . This theory realizes a SU(AM’|M) superalgebra. In this larger symmetry the

electron and spin operators take the form,

Cw = bifin, S =L T2, (5-3)

where the matrices 7% obey SU(M) algebra. The constraint now takes the general form,

AL+ bbby = e . (5.4)

The idea is to take a large-A1’, M limit such that £ = M’ /M is finite. This large M limit is taken after
we have performed a disorder average, and taken the large-volume limit. Note that this large A/ limit
is distinct from the large A limit in Ref. "3%, which had A" = 1; the latter limit leads to a Fermi liquid
phase at 7= 0 at all non-zero doping.

A detailed analysis of our large A/ limit can be found in Refs.”>'75 and here we simply recall the

saddle-point equations derived therein, which are

1

G&(l'wn) = g + 1t — Zb(z'a)n)’ (s-5)

%4(7) = =2 GA7) G —7)Gy(), (5-6)
L 1

GHliw,) Ton + - > i)’ (5.7)

SH7) = =P GH7)*GA—7) + k> G{(7) Gy(7) Gy(—7), (5.8)

where G;, and Gy are the boson and fermion Green’s function respectively, while ¥, and Z, are the

boson and fermion self energies respectively. Here 7 is the imaginary time and w,, are the Matsubara
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frequencies. The chemical potentials x 7 and u , are chosen to satisty

(Ff)=x—kp . (8'6)=p.

We will restrict our attention to the physical case, x = 1/2 and ¥ = 1/2. In terms of the holon and

spinon Green’s functions, the electron Green’s functions and the spin correlator are,

Ge(7) = —(Teea(7)c'(0)) = —GA7)Gy(—7) (5.9)

2(7) = (S(z) - 5(0)) = —GA7)G(—7 (s.10)

Similar equations have been obtained by a dynamic mean field theory of a non-random #-/ model on

the square lattice using a ‘non-crossing’ approximation, and studied numericallyss’%.

To solve the saddle-point equations on the imaginary-frequency axis, it is convenient to define

Br = —Gy(iw, = 0). (5.11)

Then we can eliminate g, and obtain the following set of equations to solve

Golion) = 57 = Zb(t'wn) NS E— (5-12)
2y(7) = = GH7)GH(—7) Gy () (5-13)
Giliw,) = o +#f1_ S i) (s-14)
SH(7) = <P GA7)*GA—7) + k> G{(7) Gy (7) Gy (—7) (5-15)
—Gy(r=0")=p (5.16)
Glr=07) = — kp (5.17)
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Thus we have 6 equations to solve for the 6 variables 7, « p Gy, Gy, 25, 2. Note that Eq. (5.12) holds

forall w,,.

5.3.1 REAL—FREQUENCY SOLUTION AT ZERO TEMPERATURE

In this section we discuss the solutions of the saddle-point equations on the real-frequency axis at
T = 0. The details of real-frequency equations corresponding to Egs. (5.12)-(5.17) can be found in
SI Appendix D.1. We look for a low-frequency conformal solution for the fermion and boson Green’s

functions with the following form:

Ga(z'a)n) = —Z'Ca W, (518)

where the subscript 2 = £, b corresponds to the fermion and boson Green’s function respectively. In
the above ansatz, C, is a constant, ¢, is an asymmetry parameter, and A, is the exponent determin-
ing the critical solution. Below we shall discuss the relation between these parameters and different
possible solutions. The vector notation is introduced to denote the positive and negative frequency
parts of the solution. Using this form of the Green’s function it is then straightforward to write the
corresponding spectral densities,

£u(@) =~ (G, (i, = 0+ 10F)

c, [sin(zA, +6,) 1
= W . (5.19)
sin(zA, — 6,)

The exponents of the fermion and boson Green’s functions satisfy the constraint Ay + A, = 1/2.

The ansataz considered in Eq. (5.18) admits three types of solutions*:
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(i) Ay = A = 1/4: This is the solution that leads to a marginal spin correlation, i.e., a 1/7 decay
as in the SY spin liquid ' found in the insulating case. In Ref. 75 it was shown that such a solution
exists only in a very small doping range near p = 0. This is also the solution that corresponds to the
deconfined critical point discussed in Ref.”*. We will not discuss this solution any further here, be-

cause we believe the actual ground state at very low doping is a spin glass.

(ii) Ay = 0, Ay = 1/2: Such a solution would be the analog of the Fermi liquid solution found in

the large A limit of Ref."3?. However, it turns out that such a solution is not a valid solution of
the saddle-point equations of the large A1 limit considered here. We provide more details in SI Ap-

pendix D.1.2 in this regard.

(iii) 1/4 < Ap < 1/2: Here the / term in the fermion self-energy in Eq. (5.15) is sub-dominant at
low energies, although it does have contributions at higher energies. This solution results in doping-
dependent exponents. As we shall see below, we find this solution to be present for all values of doping,
and it will be a valid solution in the overdoped region. Our subsequent analyses in this section will

focus on this solution.

We now briefly discuss our strategy to find the solution (iii) and more details can be found in SI Ap-
pendix D.1. The conformal solution ansataz introduced in Eq. (5.18) satisfies two Luttinger con-

straints ?>'75,

br 1 sin(Zé’f)

= —— A —— = — k

T + (2 f) sin(27A7) 2 KR

& 1 sin(26,) 1

r + (2 Ab) sin(2zA,) 2 t (5.20)
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For solution (iii) the constants Crand Cj, can not be determined individually but their product is a

constant. This leads to another constraint involving &'s and A’s as shown in Ref. %2,

[(2 — 2A0)T(2A) sin(7Ar + ) sin(zAp — &)

b= —
[(2 = 2A,)T(24,) sin(7Ay + 6;) sin(zA, — 6;)

(5.21)

where k£ = 1/2 in our case. Together with the constraint Ay + A; = 1/2 and Egs. (5.20)(s.21),
there are four equations to solve for four variables, namely Af, Ay, (9f, and &, at a fixed doping p.
Solving these equations gives us these parameters as a function of doping, as shown in Fig. 5.2 and
Fig. D.3. Determination of the constants Crand Cj, requires full solution of the saddle point equation
at all frequencies, and the resulting values are shown in Fig. D.3. Of particular interest is the doping
dependence of Ay, shown in Fig. 5.2.

In the large-A limit, from Eq. (5.10) it is clear that the anomalous dimension of the electron op-
erator is 7, = 2(Ag+ Aj) = 1and that of the spin operator is 74 = 4A; = 2 — 4A;. Therefore,
from Eq. (5.10), as a function of the imaginary time the electron Green’s function and the local spin

correlation have the form,

1 1

G.(7) ~ ) x(7) ~ vy (5.22)

Thus we find that although the electron Green’s function is Fermi-liquid like the spin correlation
is not. Therefore the solution we have found is a critical metallic phase with a doping-dependent
exponent of the spin correlation. Only in the limit p — 1 we have A, — 0, leading to a Fermi-liquid
like spin correction with a 1/7* decay.

Having established the presence of solution (iii), we now solve the saddle-point equations on the
real-frequency axis numerically to obtain the full » dependence of the boson and fermion spectral
densities. Using these we can also obtain the electron and spin spectral densities. Fig. D.1 shows the
tull w-dependent solution for the fermion and boson spectral densities, while in Fig. 5.3 we plot the

electron and spin spectral densities. The boson and fermion spectral densities have the form p_(@) ~
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281 with g = /2 b. Since A, < 1/2, we plot the rescaled spectral densities in Fig. D.1. Note that

®
the fermion and boson spectral densities are not observable quantities. However, the electron and

spin spectral densities are observable in photoemission and neutron scattering experiments. These are

defined as follows:
1 . t
P = —;Im[G[(za) — w+i07)] (5-23)
1 1
_ - . 0ty — .
Py = ”Imb((za) — w+i07")] 4 (@) . (5.24)

In SI Appendix D.1 we present more details on evaluating these spectral densities.

As noted above, the most striking feature of our solution is a continuously varying spin-correlation
exponent. This is clearly seen in Fig. 5.24 which shows the exponent of the spin correlator y(7) ~
1/|z

the limit p — 1, we see a Fermi-liquid like behavior, 7 (w) ~ w, as A — 1/2. The electron spectral

7 where 7, = 4Ap and in Fig. 5.3B, where /() ~ sgn(w)|w|**"~" at low frequencies. Only in

density is a constant in the low-frequency limit with different values foro — 07 and w — 07 (see
Fig. 5.34), thus resulting in a discontinuity at @ = 0. It clearly displays a particle-hole asymmetry
throughout this phase, which is relevant in the context of understanding the measurement of Seebeck
coefficient in recent experiments ®°".

As for the SYK model *?, the conformal solutions to Egs. (5.5)-(5.8) have time reparameterization
symmetry when the self-energies are singular so that Gﬁb(z'a)n)zﬁ p(iw,) =~ —1. Ref.®" discussed a
mechanism relating the time reparameterization symmetry to a linear- 7 contribution to the resistivity,
and the same mechanism applies to the cases (i) and (iii) above. Briefly, to obtain a model with spatial
structure, we consider the #-/ model on a large dimension lattice with non-random ¢; but random
nearest-neighbor /;;. In the limit of large dimension, the self-energies become local, and the Green’s

functions and self-energies obey equations closely related to Egs. (5.5)-(s.8). The conductivity in

this large dimension model is given by the Kubo formula applied at one loop to the electron Green’s
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Figure 5.2: (A) We plot the doping dependence of the exponent 7, of the spin correlation ;{(7) ~ 1/|T 7:. We compute

7, = 2 — 4/, in two independent ways, one by solving the Luttinger relations and the zero-frequency saddle point
equations at 7' = 0 as explained in the text (black curve) and by computing 7, from the value of A, obtained from the
imaginary-frequency numerics (red curve), as discussed in Section 2.5.3.2. We find the two results in good agreement.
Atp = 0 we obtain 9, = 4/3, with 7, increasing monotonically with increasing doping such that n, = 2 asp — 1.
(B) We plot the doping dependence of A as obtained independently from the luttinger relations and 7" = 0 zero-
frequency saddle point equations and from solving the imaginary frequency saddle point equations. We find at p = 0
Ay =1/6and Ay — 0asp — 1. Consequently, this means Ay = 1/3atp = Oand Ar — 1/2asp — 1.

function. The identity Ar+ A, =1 /2 implies that G, ~ 1/7, and inserting this leading scaling
behavior into the Kubo formula leads to a 7-independent residual resistivity. To obtain temperature
dependence, we consider the corrections to scaling from the time reparameterization operator, whose
scaling dimension » = 2 leads to corrections which depend linearly on 7 or w. Applying such a
correction to the residual resistivity, we obtain a linear-in- T resistivity. The critical metal phase found
here is therefore an attractive candidate for the overdoped cuprates. We also note that our solution is

46

consistent with the findings of recent numerical work on a similar model *°, as we will discuss further

in Section s.5.
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Figure 5.3: Plot of the electron spectral density (left) and spin spectral density (right) obtainedat# = J = 1. The
electron spectral density which discontinuously approaches two different constants w = 0, leading to 1/7‘ decay of
the electron density in imaginary time. The spin spectral density goes as sgn(w) \a)|4Af—1 asw — 0. Only for large p

do we have Af approach 1/4, which implies a linear frequency dependence and 1/1'2 decay behavior in imaginary time
characteristic of a Fermi liquid.
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5.3.2 IMAGINARY—FREQUENCY SOLUTION

We also numerically solve Egs. (5.12)-(5.17) on the imaginary-frequency axis at finite temperatures and
for different doping values. A critical metallic solution is found for all values of doping. We calculate
the parton Green’s functions as well as gauge-invariant observables, namely, electron Green’s function
and spin correlation. These are shown in Fig. 5.4. The exponent of the bosonic Green’s function, A,
introduced in Eq. (5.18) can be determined from the temperature dependence of G, (iw = 0). In the
low-temperature limit, the bosonic Green’s function of the critical metallic solution has a conformal

form at low frequencies, which follows the relation

Gyliw = 0) = CoT "%, (5-25)

where Cy is some constant and 7is the temperature. In order to extract A, from the data, we plot
log(Gj(iw = 0)) as a function of log(7) and perform a linear fit. The slope of this linear fit then
determines A;. In Fig. 5.2 we plot A; determined from this procedure as a function of doping. It is
in good agreement with the result obtained from analytic solution (shown as black curve in Fig. 5.2)
discussed in Section 2.5.3.1. The lowest temperature that we used for the procedure is 7= 0.01.

In the SI Appendix D.2 we present additional results obtained from solving the saddle-point equa-
tions on the imaginary-frequency axis. In particular, we calculate the electron Green’s function and
the spin correlation, which are physical observables. We find that the spin correlation y(7) fits the
conformal form to a very high accuracy and this allows us to extract the corresponding exponent.
Moreover, using Pade approximation, we also perform a numerical analytic continuation to the real-
frequency axis to obtain the electron and spin spectral densities. These are discussed in ST Appendix D.2.3,

and are in remarkable agreement with those obtained from real-frequency analysis at zero temperature.
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Figure 5.4: (A) Imaginary part of the electron Green’s function on the Matsubara-frequency axis at 77 = 0.01 for
different dopings. (B) Real part of the spin correlation on the Matsubara-frequency axis at 77 = 0.01 for different
dopings. We haveused ¢ = J = 1.
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5-3.3 INSTABILITY TO SPIN-GLASS PHASE/QUANTUM CRITICAL POINT

The critical metallic solution discussed above is expected to be stable at large doping values. In the
low doping region we expect a spin-glass phase, which is connected to the spin-glass phase found in
the insulating case**. The critical metallic phase and the spin-glass phase are separated by a quantum
critical pointata finite doping. The critical value of doping can be estimated using a Ginzburg-Landau
type free energy considered in Ref. ?*. It was derived by considering fluctuations over the saddle point

leading to a 1/ correction and it has a form,
2
F = l—j—w;f(z'wZO) Y4, (5.26)

where y(iw = 0) = ff x(7)dr is the local spin susceptiblity and ¥ is the spin-glass order parameter.
In the insulating » = 0 phase studied in Ref. ??, it was found that y(i» = 0) diverged logarithmically
at T' = 0 because the spin exponent has the ‘marginal’ value », = 1. Consequently the co-efficient
of 2 is always negative as 7" — 0, and spin glass order is present at 7" = 0. In our non-Fermi liquid
solution, 7, < 1,and so y(¢»w = 0) is finite at 7' = 0: this allows the possibility of ¥ = 0 and no spin
glass order at 7= 0. We find in the overdoped region the coefficient of the quadratic term is positive
and the free energy is thus minimized by ¥ = 0. On the other hand, in the underdoped region this
coefficient is negative leading to a non-zero spin-glass order parameter. A change in the sign of the
coefficient of W2 at 7' = 0 thus indicates a quantum phase transition to a spin-glass phase and can be
used to estimate the critical value of doping. We plot this coefficient at zero temperature in Fig. 5.5.4
as a function of doping for different values of Jat M = 2. We clearly see that for larger values of /
there is a quantum phase transition at a finite doping. In particular, for / = 1 we find p, ~ 0.33
and for / = 0.5 we get p, ~ 0.25. Similarly, in Fig. 5.58 we plot the coefficient in Eq. (5.26) as a
function of doping for different values of A1 at a fixed / = 1 at zero temperature. It is clear that for

large values of A there is no phase transition. We also plot the critical value of A1 as a function of
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Figure 5.5: Plots of the coefficient of the quadratic term in the free energy in Eq. (5.26) as a function of doping for (A)
different values of /with # = 1 and M = 2; (B) different values of A with # =/ = 1. In both plots, 7= 0.

doping in Fig. 5.6 at zero temperature. We perform a similar analysis at finite temperature to obtain
the critical doping as a function of temperature (see Fig. D.8). The resulting phase diagram is shown in
Fig. 5.14. The spin-glass susceptibility increases with decreasing temperature and thus the spin-glass
phase is found upon cooling the non-Fermi liquid at low doping. However, note that unlike in the
case of the random Heisenberg model 5% (where the solution () with Af = A, = 1/4 is present)
the spin-glass susceptibility does not diverge at low temperature in the present case. This is one of
the important reasons for a stable critical solution at zero temperature in a broad doping region. We
also note that while 1/A1 corrections are used in deriving the form of Eq. (5.26), we have used the
M — oo solution for the critical metal to compute /(0) as it appears in Eq. (5.26). While a more
accurate estimate of p, may be obtained by adding 1/ corrections to the critical metal solution,
we emphasize that the M4 — oo solution is sufficient to capture existence of a finite doping phase

transition between the spin glass and critical metal.
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Figure 5.6: Plot showing critical value of A/ for which coefficient of quadratic term in free energy Eq. (5.26) changes
sign at zero temperature.

5-4 SPIN-GLASS PHASE

In this section we discuss the spin-glass phase present at lower dopings. In this case, we shall use the
representation where spinons are bosonic (s) and holon is a fermion operator (f). In terms of these
operators,

Ca = fTSay S= 51%[[25[8; (5-27)

and we realize a SU(2[1) superalgebra. Just as before, we shall now enlarge the symmetry here to
SU(M|M'), which means « = 1, ..., M and the holon operator acquires an index ¢ = 1,..., 1.
Note that this bosonic spinon large A1 limit is déstinct from the fermionic spinon large A limit fol-
lowed in Section 5.3, and the two models are the same on/y for M = 2; so there is no reason to expect
quantitive agreement between the results of the present section and those of Section s.4.

The strategy to obtain the saddle-point equations is similar to that discussed earlier in Section s.3.
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From Refs.?>'75, we have

1

iw, + p, — Z(iw,)’
1

1wy + pt; — Zi(iwy) ’

G,(iw,) =

Gi(iw,) =

Z(7) = _ktsz(T)Gf(_T)Gs(T) +]2G5(2')2G5(—T) )
%j(7) = £Gj(7)G,(—7)Gi(7)

G(r=0")=—x+kp,

Physically, the spin-glass phase can be understood as a condensation of bosonic spinons. Contrary
to the earlier case, since we are interested in the spin-glass phase we need to retain the replica off-
diagonal terms in the action upon disorder averaging. There is however some simplification and only
replica off-diagonal components of the bosonic Green’s function at 7w, = 0 are relevant. These are
captured via the parameter ¢ which is related to the spin-glass order parameter, as discussed in detail

in ST Appendix D.3. After incorporating the spin-glass order in Gy(7) = G,(7) — g, we obtain the
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following saddle-point equations:

+282G,(7) + £G,(~7) ) — P G(#)G(—7) (~g + G(7) ). (5.30)
%((7) = £G1(7) (¢ — G/(7) = £G(=7) + G(=7)G,(7)) (5:31)
g—G(z=0")=x—kp (532)
Gi(r=0") =p. (533)

The dimensionless parameter ® = 1/4/3, as detailed in ST Appendix D.3. We solve the above equa-
tions on real and imaginary-frequency axes. The main observable in this phase is the spin-glass order
parameter, which we plot as a function of doping in Fig. 5.7 at zero temperature. The spin-glass order
parameter is finite at lower dopings and decreases upon increasing doping. We show results for the
order parameter computed for small but finite temperature obtained using the imaginary frequency
analysis in SI Appendix D.4. We also calculate the holon and spinon Green’s functions as well as the
electron Green’s function and spin correlation at finite temperature. These quantities are detailed in
the same SI Appendix D.4.

We solve the saddle-point equations Eqgs. (5.28)-(5.33) at zero temperature to obtain the fermion
and boson spectral functions, as well as the electron and spin spectral functions for a range of doping.
In terms of the spinon and holon spectral functions the electron spectral function has the following

form:

plo) = [ dore (onlgon = o) + ga( o). (5.34)
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Similarly, we obtain the expression for the spin spectral function,

£(@) = gpod(w) + g [p,(0) = p.(—w)]

—/Owdwlﬁ,(wl) o —ar), (5-35)

as in Ref. 3. The spectral functions at zero temperature for different values of doping are shown in
Fig. 5.8. We note that the boson spectral function behaves linearly with frequency at small frequencies.
Consequently, the spin spectral function also depends linearly on @ at small frequencies. We also
note the double peak structure in the electron spectral function p () in Fig. 5.8B. Recall that the
electron spectral function is a convolution of the spinon and holon spectral functions, as well as a
term proportional to g/of(—w). At small dopings the value of ¢ is larger and hence there is a dominant
peak coming from fermion spectral function. As ¢ decreases with increasing doping the contribution
from the boson spectral function increases leading to the second peak at positive frequencies. All the
spectral functions satisfy the respective sum rules, which are detailed in SI Appendix D.4.2.

Apart from the numerical analysis at zero temperature, we also perform a Pade-approximation
based numerical analytic continuation of the imaginary-axis solution obtained at finite temperature.
We evaluate the holon, spinon, electron, and spin spectral densities at finite temperature. These are
discussed in ST Appendix D.2.3, and are consistent with those obtained from real-frequency calcula-

tion at zero temperature for some range of doping.

5.5 DIsSCUSSION

We have presented a large-A1 solution for the random #-/ model for the entire doping range. Our main
finding is a critical non-Fermi-liquid metal phase at large dopings. This phase is characterized by a spin
correlation exponent which varies continuously with doping, a linear in temperature contribution to

the resistivity as 7 — 0, and an electron spectral function with a Fermi-liquid-like decay at long time,
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Figure 5.7: Plot of spin-glass order parameter, g = gz as a function of doping obtained by solving the bosonic spinon
saddle-point Egs. (5.28)-(5.33) on the real-frequency axis at 7 = 0. The pointat p = 0 is obtained by solving

Egs. (D.66)-(D.68) at zero temperature on the real frequency axis. The parameters of the model are /] = ¢ = 1.
The critical doping p, at which the spin glass order vanishes in the present bosonic spinon computation need not be the
same as that in the fermionic spinon computation in Section 2.5.3.3 because the models are identical only for A4 = 2.

but with a pronounced particle-hole asymmetry. This critical phase captures many aspects of experi-
mental observations in the overdoped cuprates. It has been observed that in the overdoped region of
cuprate materials there is a broad range of doping where the resistivity display a linear-7'behavior3+'*.
Our findings propose a possible mechanism for this observation. Also, recent Seebeck coeflicient mea-

surements °2°’

hint towards a particle-hole asymmetric electron spectral density, which our solution
also displays. It turns out that in our solution the electron Green’s function appears Fermi-liquid
like although the spin correlation does not. This may also explain the fact that experiments on over-
doped cuprates probing electron Green’s function directly, such as photoemission**, may observe a
Fermi-liquid behavior and can not access the critical phase. However, transport measurements obtain
properties such as linear- T resistivity which is starkly in contrast to a Fermi liquid.

We also show that the overdoped critical phase has an instability towards a spin-glass phase at lower
dopings. The spin-glass phase is characterized by a spin-glass order parameter, which we calculate

using bosonic spinons. We show that this order parameter decreases upon increasing doping. In the

context of cuprates, recent experiments have reported the presence of spin-glass phase at low doping *°.
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Figure 5.8: (A) Spin spectral function and (B) electron spectral function obtained at zero temperature via real frequency
analysis for several values of doping. Note the linear in frequency behavior at small frequencies forJoS(aJ). Parameters
are/=¢t=1
Our work therefore presents a comprehensive analysis of model in Eq. (5.1) at variable doping and
captures the quantum phase transition between the spin-glass phase and a critical non-Fermi-liquid
metal. We also note that our results are consistent with recent numerical work on a related model “°.
A notable feature of our results is that we never find a Fermi-liquid phase in our large A limit of the
t-f model, as discussed in ST Appendix D.1.2. Thisisin contrast to the distinct large A/ limit of Ref. 37,
in which the boson & condenses at all non-zero p, leading to a Fermi-liquid phase at all doping. The
two large A limits co-incide only for the physical value A4 = 2, and it is an open question which large

M limit yields the correct picture at M = 2 for the random #-/ model. However, we will note that the
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numerical study of the M = 2 case in Ref. ¢ does show indications of non-Fermi liquid behavior in
the overdoped regime over the 7'range studied, as their measured spin exponent 5, varies with doping
in a manner consistent with Fig. 5.2.4. Thus, although a Fermi liquid phase may eventually appear at
very low 7'in the overdoped regime for A = 2, it does appear that our non-Fermi liquid solution
is an attractive description of the physics over a wide range of temperatures and dopings accessible in
numerics and experiments.

In conclusion, our work presents a critical metallic phase as an attractive candidate for the over-
doped cuprates which matches observations over a significant temperature range. This phase is ob-
tained for a model with random and all-to-all interactions. Although such a model is far from the
microscopic Hamiltonian of the cuprates, the saddle point equations solved are closely related to dy-

namic mean field equations of more realistic models in finite dimensions®*s:*¢

, as has been extensively
discussed in a recent review *°. At very low temperatures, we ultimately expect a crossover to behavior
p Y

characteristic of finite-dimensional systems, and describing this crossover remains an important topic

for future research.



Equilibrium dynamics of infinite-range

quantum spin glasses in a field

6.1 INTRODUCTION

Modern advances in the development and control of programmable quantum simulators 48,101,119,47

have led to remarkable implementations of the idea of solving classical optimization problems by
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quantum tunnelling*>>5°. In a recent experiment, for instance, * § used a two-dimensional Rydberg
atom array to investigate quantum optimization algorithms and demonstrated a superlinear quan-
tum speedup in finding exact solutions.

In such a setup, each atom can be either in the atomic ground state or in a highly excited Rydberg
state (with a large principal quantum number), thus realizing a quantum two-level system, which can
be represented by the eigenstates of the Pauli operator Z; on atom 7. The laser-induced Rabi flipping is
then described by the operator ¢ > . X;, while the laser detuning is given by A )~ Z;. The long-ranged
van der Waals interactions between two atoms are active only when both are in the Rydberg state, so
an interaction Jj; between atoms 7 and 7, /;;(1 + Z;)(1 + Z;) /4, provides a route to implementing

pairwise constraints on the optimization problemsﬁf&wo’“"36’9I

. The atoms, which are trapped in

optical tweezers, can be arranged in arbitrary geometries, and positioning them on randomly site-

diluted lattices—as in Ref. ** —introduces an element of spatial disorder in the Hamiltonian.
Inspired by the success of random, infinite-range models in understanding classical optimization

129

problems '*?, we will examine here the equilibrium dynamics of the infinite-range Ising spin glass in a

field, b, with the Hamiltonian

H=Y JiZiZi—g> Xi—h> Zi (6.1)

i<j 7

where 7,7 = 1... N denote the lattice sites, and the interactions between them, Jij> are taken as inde-
pendent random numbers drawn from the probability distribution
2
NJij

P(J;;) o exp 22| (6.2)

182,110,149,21,131,183,150,I51

This model has been much studied in the quantum spin glass literature ,as

well as 97:9108:0:133,134, 184,116,102 'y only afew results have been obtained for the model with a nonzero
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field, b # 0 159184123:158:102 '\which is an essential ingredient in the optimization toolbox of Rydberg
quantum simulators. Here, we shall provide exact results for the equilibrium long-time dynamics of
the N = 0o model with » nonzero. Our results here are a prelude to the study of the experimental
case where the couplings are time-dependent, but nonequilibrium results will not be presented here.

The equilibrium solution for the N = 0o quantum Ising model with independent random inter-
actions requires the self-consistent solution of a (o+1)-dimensional replicated Ising model with long-

range interactions %+

. Such a model is not exactly solvable, so a full solution at all times requires
Monte Carlo simulations. However, it was argued in Ref. '° that a Landau-theory-like strategy of ex-
panding the quantum action functional in powers of an appropriately subtracted Z autocorrelation
function (which is also a matrix in replica space) can provide the exact form of the long-time correla-
tions in the N = 0o model. Here, we shall implement this strategy for the » # 0 model, and obtain
the low-frequency dynamic spin spectrum, along with the Parisi spin glass order parameter with full
replica symmetry breaking.

Given the difficulty in obtaining the exact solution of the N = 00 quantum Ising model at all times,
we will also study a cousin of the quantum Ising model which has been the focus of some attention
in the literature, but only at zero field: this is the ‘spherical quantum p-rotor model’ 3%+1:97:7:172:181,
Modern quantum simulation experiments have begun to examine multiple-qubit interactions 126 and
so it is of interest to also study these models with p > 2. Moreover, it is for p > 2 that there are no
efficient classical algorithms for low energy states of p-spin classical models, and so there is greater
scope for impact from quantum simulation *>.

In the literature, this model has been referred to as a ‘p-spin’ model rather than a ‘p-rotor’ model.
While the distinction between spins and rotors is not important for classical systems, it is crucial for
quantum systems. ‘Spin’ usually refers to a quantum degree of freedom whose components do not
commute with each other, while the components of a rotor all commute. Accordingly, we will use the

‘p-rotor’ terminology in this paper.
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As an aside, we also note studies of the Heisenberg spin glass model 29,156,139,62,03,17,10,24,160,46,32

which will not be considered in the present paper. In the Heisenberg model, the states on each site
7 have a twofold degeneracy, unlike both the Ising and rotor models considered here. An important
consequence is that there is no trivial paramagnetic state in the Heisenberg model. In contrast, the
Ising and rotor models have a gapped paramagnet with a nondegenerate ground state at large g.

We define the spherical quantum p-rotor model here by an imaginary time (7) path integral over
continuous real rotor/spin coordinates ¢;, which are the analogs of the discrete Z; = +1 Ising spins.

The partition function of this model at an inverse temperature £ = 1/7, and in a field b is

1

4
2l = [ Dr(e) e [ | s (Zga;-@@(r) (63)

+ Y Jayoa(D)oy (7)—19251‘(7))],

z'1<...<z;p

with repeated indices summed over, and ¢,(7) = do;/dz. Importantly, in order to keep the energy

finite, we equip the rotors with a spherical constraint

> al)ale) = N, (6.4)

.., the rotor degrees of freedom lie on an N-dimensional sphere of radius v/N. These rotors interact
with p-rotor couplings /;; . ,,, and all of these couplings are taken to be independent random variables

with distribution

]\]Pi 1211p
P(J;...;,) o< exp [— Ao ] , (6.5)

where the width of the distribution over couplings is set by the scale /. The factor of N?~! ensures
that the Hamiltonian is of order /N, and accordingly, enforces an extensive scaling of the energy and

free energy.
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Owing to the global nature of the constraint in (6.4), the solution of the spherical p-rotor model is
simpler than that of the Ising model with alocal constraint Z; = £1on every ite . On the other hand,
the global constraint also makes the p-rotor model a less physical generalization of the Rydberg experi-
ments. The solution of the p-rotor model requires analysis of a closed set of self-consistent Schwinger-
Dyson equations, in which the self-energies are written as polynomials of the Green’s functions. Such
Schwinger-Dyson equations have been numerically studied earlier at » = 0 and in imaginary time and
frequency **7; here, we will extend the numerical solution to » # 0 and obtain the full dynamic rotor
spectrum by direct solution in real-frequency space. We will also compute the Parisi spin glass order

parameter and find that as in the spherical classical p-rotor model 7>-0%:36:26:169 (

obtained by taking the

¢ = 0limit of (6.3)), there is only one-step replica symmetry breaking.

6.1.1 MAIN RESULTS

Our results are expressed in terms of a field Q,;(71, 72) which is bilocal in imaginary time and a matrix
in replica space with indices @, 6 = 1,...,n. This field is related to the spin/rotor autocorrelation

functions via

1
N Z Ziu(11)Zip(72) ,  Ising model

Qup(71,72) ~ ) (6.6)

1
N Z via(71)ou(72) , p-rotor model

where 4, b are replica indices. Time-translational symmetry requires that the N' = 00 solution take

the form

Qus(r1,72) = ; S Quli,)é ), (67)
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where v, is a bosonic Matsubara frequency. We choose the following ansatz for Q,:

Qr(1vn) + gE4dy, 0, a=1b

Qu(ivy) = .
ﬂqabé\vnﬁv a 7& b

(6.8)

The replica off-diagonal terms in Q,; are chosen to be time-independent, because there is no corre-

lation between the time evolution of the spins in distinct replicas'>°

. We have parameterized these
off-diagonal terms in terms of a Parisi matrix g,; as in the classical spin glass theory®?, this matrix
has an ultrametric structure which is characterized by the Parisi function ¢(#), with ¢(1) = gg4, the
Edwards-Anderson order parameter at 7" = 0. We have included an additive factor of fgr, in the
replica diagonal term of (6.8) for convenience. We will find that this ensures the solution for Q,(7)
vanishes as 7 — oo at 7'= 0. Also, the diagonal components g,,, do not appear in the above, and we
use this freedom to choose ¢,, = 0.

For the Ising model studied in Sec. 6.2, we find that low-frequency () spectrum in the replica-

symmetry-breaking phase with / # 0 is the same as that obtained earlier '5>®'°* at b = 0:

Im Q,(w) ~ w. (6.9)

Note thata gapless spectrum for » # 0 is more surprising than at » = 0 because thereisno Z; — —Z;
symmetry that can be broken in the spin glass phase. The replica symmetry breaking is characterized
by the Parisi function ¢(#) shown in Fig. 6.1. This function has the same form as that found for the
classical Ising model with ¢ = 0'73. The function ¢(#) is nonanalytic at # = x, and the value of x

vanishes linearly with 7'as 7" — 0 as (see Eq. (6.38))

2
X = —'y TQEA, (6.10)
K
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Figure 6.1: The Parisi spin glass order parameter for the Ising model at / 75 0.

where y and « are couplings of order unity in the Landau action (see Eq. (6.19)). Thus, although the
breakpoint of the replica symmetry breaking vanishes as 7" — 0, it is nevertheless important that the

T~ and h-dependent structure in Fig. 6.1 be included to obtain the gapless spectrum at 7= 0in (6.9).

The smaller # plateau in Fig. 6.1 is at'7%"5°

1/3
9h = <38};2> / . (6.11)
The h-dependence of (6.11) is the only h-dependence in the solution for the spin glass state; the dy-
namic spectrum in (6.9) is h-independent. This happens because there is a decoupling between the
saddle point equations for static and dynamic components of the spin glass order parameter, and only
the value of g4 is present in both the static and dynamic equations. The replica-symmetric paramag-
netic solution does have an energy gap, and all aspects of its spectrum are h-dependent.

The results for the spherical quantum p-rotor model, p > 3, studied in Sec. 6.3, do have differ-
ences from the Ising model tied to the one-step replica symmetry breaking in the former, shown in
Fig. 6.2, which is in turn tied to the nonlocal rotor constraint in (6.4). This ¢(#) is characterized by
a break-point at # = x, and the large-N saddle-point equations leave the value of x undetermined.
The mathematical solution of the classical problem at ¢ = 0 implies we should compute the free

energy F, and then use the solution of 0F /0x = 0 to determine x. At such an x, and indeed at all
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Figure 6.2: The Parisi spin glass order parameter for the spherical quantum p-rotor model for]) > 3.
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Figure 6.3: Behavior of the zero-temperature spectral functionJo(w) = ImQ,(w)/, as determined by Egs. (6.113)-
(6.1 zo), for the one-step replica-symmetry-breaking solution of the p = 3 spherical quantum p-rotor model at differ-
ent values of the transverse field ¢ (with / = 1). The marginal stability condition (6.109) is imposed. The spectrum is
independent of / as long as we are in the replica-symmetry-breaking phase in Fig. 6.10.

generic values of x, the spectrum of Q,(w) turns out to have a gap. Earlier work >*#"3% has advocated
use of a ‘marginal stability’ condition, which leads to precisely the value of x for which the spectrum
is gapless. We find that such a gapless spectrum obeys (6.9) as in the Ising model, and we show a plot
of Im Q,(w) for all frequencies in Fig. 6.3. Also, as in the Ising model, the spectrum in the spin glass
phase is h-independent, and for similar reasons. The lower plateau at g in Fig. 6.2 vanishes as » — 0
as go ~ b*, unlike (6.11) for the Ising model. The value of x still vanishes linearly with 7} as in the
Ising model. We note that the p = 2 spherical model has no replica symmetry breaking, and the rotor

spectrum is always gapped for b # 0.



6.2 ISING MODEL

6.2.1 LANDAU ACTION

We motivate the structure of the Landau action for the Ising model by recalling the solution of the
spherical model for the p = 2 case 83 in which the interactions have the same form as in the Ising
model, but the local Ising constraint has been replaced by the global constraint in (6.4). Ath = 0,
the large-/N solution in the paramagnetic phase is of the form (see Appendix E.3, and Chapter 33 in
Ref.'5%)

2g9,

Z’Vn - ) 6.12
Qﬂb( ) V%‘i‘ (A2+A2)/2+ [(V%_FAZ)(V%—FAZ)}I/Z ( )

where v, is a Matsubara frequency, A is a small energy gap, and A is a high cutoff frequency. In the

spin glass phase of the spherical model, the solution is gapless and replica symmetric:

Zggﬂb
v:+ A*/2+ |7,] [V% + Az}

Qﬂb(lan) :ﬂqEAgvn,O + /2’ (6'13)

where g£4 is the Edwards-Anderson order parameter.

We shall be interested in extending this solution beyond the spherical limit to the Ising model—
at low frequency scales in the vicinity of the quantum critical point, where |v,|, A, T A, g4 is
small—and allow for replica symmetry breaking. In this regime, we can approximate the paramagnetic

solution of the spherical model by

Qﬂb(Z‘Vn) = Oab [A - B\/ V% +A%+ .. :| ) (6.14)
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where A4, B are positive constants, while the spin glass solution is

Qup(ivn) = BgEadv, 0 + dap [A — Blwu|] +... . (6.15)

We now notice that if we shift Q by a frequency-independent and replica-diagonal constant,

Qui(ivn) = Qup(ivn) — Adap, (6.16)

then the shifted Q, (77, ) becomes small at the relevant low-frequency scales on both sides of the quan-
tum critical point. This makes the shifted Q,;(7v,) a suitable field in which to carry out the Landau

expansion of the Ising model. In terms of the original bilocal field, the shift is

Qup(71,72) = Qup(71,72) — A0, (71 — 72), (6.17)

and the constant 4 characterizes nonuniversal, short-time physics not of interest to us.
Working with this shifted field, the important low-order terms in the Landau expansion for the

action of the Ising model are '5°

192
A,=A— ) Zb:/dnderﬂ;,(n, ) — g?(hbb27 (6.18)

where / is the longitudinal field, X 1 a background contribution to the linear spin susceptibility, and



the » = 0 Landau action is

1 0o 0
A = K/d'fzd: |:8'f1372+}{| Qﬂﬂ(Tl,Tz)

— g/d71d72d73ZQﬂb(n,Tz)Qbf(Tz7T3)Qm(73771)

abc

+ lzj/drzﬂ: Qua(7,7)Qua(7, 7) — z/dfldfzzb[Qﬂb(Tl,fz)]4; (6.19)

T1=7T2=7

see Appendix A of Ref. '>° for a derivation of Eq. (6.19) from (6.1). Here, »is the parameter which
tunes across the spin glass transition at 4 = 0: it is analogous to the coupling ¢ in the Ising Hamil-
tonian in (6.1) with » ~ ¢ — g, and » = 0 at the ¢ = g, quantum critical point. The cubic term
x is analogous to the cubic term in Parisi’s original theory of classical spin glasses’*'#°. The U term
only involves a single replica, and is a quantum self-interaction of the soft Ising order parameter. The
y term is analogous to a quartic term in the classical case?, where it is the term responsible for full
replica symmetry breaking in the spin glass phase; however, the dynamic quantum effects of y are
weak, and can be treated perturbatively.

Note that (6.19) does not contain the allowed quadratic term [ d71d7,[Q,(71,72)]*. We have
removed such a term by exploiting the shiftin (6.17). We will see below that such a choice is equivalent
to the requirement for the validity of the Landau theory that the full function Q,;(7,) is small near
the quantum critical point. This shift strategy is analogous to that followed for the critical theory of
the Yang-Lee edge singularity >*5.

Our analysis of the physics of the action .4;, will examine the behavior as a function of the tuning
parameter across the spin glass transition 7, the longitudinal field », and the temperature 7. We will
keep the couplings x and U of order unity and obtain results for small y. We find that for » > 0
there are contributions nonanalytic in y that are important to include; however, analytic corrections

in integer powers of y are not crucial, and these are relegated to Appendix E.1.
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The analysis of thermodynamic properties in the spin glass phase in Ref. *°° was carried out with a

vanishing coefficient of the quartic term, y = 0: in this case the order parameter has replica symmetry.
Here, we will extend the solution to small y # 0, and show that the solution has broken replica

symmetry. We also show that the spin fluctuation spectrum remains gapless both at y = 0 and y # 0.

6.2.2 FREE ENERGY

Inserting the time-translational symmetric ansatz of (6.7) into (6.18) and (6.19), we obtain the free

energy

=F - Z Qup(ivy = 0) bebzv (6.20)

where the h-independent free energy is

ﬂxzzv + 7) Qaa(iv, ZZQﬂb (1v,) Que(1v,) Qea(7v,,)
“ abc v

U 1 . 2
+2; ﬁ;QM(ZVn)]

6{832 Z Qub(%,) Qus(¥,) Qui (¥,) Qup (=%, — i, — i¥))). (6.21)

/ 1!
ab vy,

We now insert (6.8) into (6.21) and obtain the free energy

f
Zh_ b+ Fo. (6.22)

n

which consists of two pieces: a ‘spin glass’ and a ‘quantum’ component.



The first ‘spin glass’ component in (6.22) is given by

b W W 1
Far=Fe 05 qu— 2000 - g~ Ly, (6:2)
ab

where the /-independent terms are

+r L T 1(Q(0) +Bgra)’ — Q-(0)°] — ‘gquj& q%AQf(O) : (6.24)

with

Ri = Br(Q(0) +8gr4), Ro=xB, Ry=py. (6.25)

The terms involving g, in (6.24) are identical to those of the Landau theory of the classical spin glass
in Section 3.4 of Ref.53.

The second ‘quantum’ component in (6.22) is h-independent

2

Fo = [g ZV + 7)Q,(iv,) 3‘BZQVW

_ quEAZQr(Wn)Qr(_Z ) §Z§A ZQV v,)Qn(i,) Q,(—iv, — iv,)
- [g3 Z Qr(1v,) Q- (i) Q (V) Q,(—iv, — i), — i])). (6.26)

n'’n

; S Qi) + qes

We will solve the saddle-point equations for F, exactly, while those for F can be solved order-by-
order in y. We will present the yo solution below, while the yl solution is presented in Appendix E.r.

It turns out that the solution of F, contains terms nonperturbative in y for b # 0, so it is important



to treat the spin glass terms exactly.

6.2.3 SADDLE-POINT EQUATIONS

The saddle-point equations are most easily determined by taking the derivative of (6.21) with respect

t0 Qi (ivy):

g1, o (s 1 y
=0 = () — Z Quel92)Qu (i) + Ut g D Quali)

n

3/32 Z Qb (V) Qup (1)) Qup(—v, — i, — iv)). (6.27)

The replica off-diagonal equation of (6.27) is

ﬂlj = —2Ri4s — R» qucqcb - %&qib, (6.28)
while the replica diagonal part gives
0= i(v +7) —x[Qx(iv,)] ZQrZV + uqry
3/;2 ;Qr ) Q) Qv = ), = i7])
= s 2 Q)0 5, ) — 20040,
+ 9.0 *"ﬂz Z%z%z - KﬂZQJZSA — 2x89:4Q-(0) — 2?4%,4 - ﬂﬁz : (6.29)



6.2.4 ZERO-FIELD LIMIT

150,63

In this section, we first rederive the results obtained earlier at b = 0, which we will then contrast

with the case for a nonzero field later in Sec. 6.2.5.

QUANTUM PARAMAGNET

In the paramagnetic phase, with g4 = 0and g,,, = 0, the spin glass free energy is ;, = 0. Ath = 0,

Figh = 0 wherefore only the quantum component survives, and Eq. (6.29) simplifies to an equation

for Q,(7v,) alone:
0= 26240 - QI + Y00~ 2 X QOO s, ).

(6.30)
This can be solved iteratively in powers of y. At order »°, the solution agrees with the form in (6.14)

V2 2
Quli,) = — V2 A7 (631)

K

where the gap A is given by the solution of
U
A’ =r—— E v2 + A2 (6.32)

and we have introduced a frequency cutoff to make the frequency summation finite. This cutoft de-
pendence is inherent to the low frequency expansion in the Landau theory. We will also need the
cutoft at higher orders in y, but the form of the low-frequency dynamics remain cutoff-independent:
we will verify this in Section 6.3 where no cutoft dependence is needed, because the theory is solved ex-

actly without Landau expansion, and similar low-frequency behavior appears. The cutoff-dependent
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critical point 7 = 7, is obtained by setting A = 0, and is given by

g Z ’Vn| (6'33)

70 —
‘6 [va| <A

The order yl corrections to the saddle point appear in Appendix E.1.1.

FREE ENERGY: As mentioned above, for the case of the paramagnet, we have Fyg=0 for the spin

glass component of the free energy in (6.22). The free energy o in (6.22) at order y° is

2 [Az — V]Z
0 _ E 2 AZ 3/2 6.
fQ 3762‘3 - (Vn + ) 252y ) ( 34)

where A is the solution of (6.32). The order y* correction to F appears in Appendix E.1.1.

SPIN GLASS

We begin by solving (6.28) at b = 0, which is the same equation of state as that obtained for the classical
spin glass. In terms of the Parisi function g(#) characterizing the » — 0 limit of the replica matrix g,;,

we can write (6.28) at » = 0 as (see Appendix E.5)

2Rigle) + 2000 = Ra [2406) [ gdo s [t = g2]. 69

Thisis the same as Eq. (3.74) in Ref. 3 for the classical case. A replica-symmetric solution with g(x) =
constant is possible, but this is not the preferred solution at » = 0 (as in the classical case, and, as we

will seein Sec. 6.2.5, for the quantum b # 0 case). So, we only consider the replica-symmetry-breaking
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Figure 6.4: The Parisi spin glass order parameter for the Ising model at » = 0.

solution here, as shown in Fig. 6.4:

q(n) = :
9gEA , x<u<l
with
R, — (R} — 4R,R;)"/?
gE4A = )
2R,
2R
o 2AB9Es

Ry

Using (6.25), we can exactly simplify (6.37) to

Q(0) = ~2gks,  x=2yqea/ (Br).

It can now be verified that the term proportional to J,, ¢ in (6.29) vanishes

@ [ dulg(o)l ~ gk~ 26040.0) Lty =0,

IS5

0 @ w1

(6.39)



We can therefore conclude that the complete saddle-point equations for Q, (77, ) and g(#) reduce to

the following three equations for Q,(7v,), gr4 and x:

0= 103 7) — x[Q U+ 5 300 + g

- _j‘; S° Q) Q) Q(—iv, — i, — i)

YV, V.

= a1 2 Q)0 — ) ~ 2240, %), (6.40)
¥qt4 = —xQ,(0), (6.41)
Brx = 2yqr4. (6.42)

Note that only the value of gz is needed from the spin glass solution for the solution of the quantum

equation for Q,(7v,) in (6.40).

GAPLESS CONDITION:  Now, let us analytically continue (6.40) to real frequency, and assume that

Q@ = 0) = Q(0) + [w]* [ + ibsgn()] (6.43)

with @ > 0. Then, at 7'= 0, the terms of order Q and Q2 in (6.40) will have imaginary parts which
vanish faster than |w|* as |w| — 0. Collecting all terms of order |w|* in the imaginary part of (6.40),

we obtain the condition

—2xQ,(0) — 2yg74 = 0, (6.44)

which is automatically satisfied from (6.41). So, the spin dynamics are gapless at all values of y in the

spin glass phase with » = 0. We will see in the explicit solution below that the exponent & = 1, so
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that ImQ,(w — 0) ~

Sorution: Theequations (6.40-6.42) can be solved iteratively in powers of y. At order y°, we have

x=0. (6.45)

The order y! corrections to the saddle point appear in Appendix E.1.1.

FREE ENERGY: Inserting the solution (6.36)—(6.38) back into (6.24), and using the relation (see

Appendix E.s5)

Ryl
—R T — ——T 32 4
1 rq 3 q 6 n ﬂb qﬂb
2 — 2 Ry [ 4
=R du du ulg(@)]® + 3q(u dv + dulg(u)]*, (6.46)
0
we obtain
" E4 )’Z%SEA
Fp=0Ea | Y Es (6.47)

K Sk

This is the full expression for F, in (6.22), valid to all orders in y in terms of the exact gx4. However,
g4 is known only to order y! in (E.8).

As in the paramagnet, we will only determine Fy in (6.22) order-by-order in y. At order °, the
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value of Fois

2
20x%°

7 2
Fo= "1 - Zo NP - (6.48)

K 3x2p

The order yl correction to .7:Q appears in Appendix E.1.1.

PHASE DIAGRAM

At order yo, the system is the spin glass phase for » <7y, where r, is given by Eq. (6.33). In the
classical limit, 7> A, we need only consider the », = 0 term, so the phase boundary is at » = 0.
In the quantum limit 7" < A, we can evaluate the summation over Matsubara frequencies using the

identity

T

1 ‘ Cdv__ . > dQ ImD(Q)
[E ;D(Wﬁ = /0 —D(iv) + 2/0 7 OT | (6.49)
for odd spectral functions InD(Q) = —ImD(—Q). Then, we obtain the phase boundary at

A? 7*
r= Uz— — U% . (6.50)
4

The phase boundary depends on the value of cutoff. However, the temperature dependent part is

cutoft-independent.

6.2.5 NONZERO FIELD

Having reviewed the results in the absence of a longitudinal field above, we now address the » # 0

case and determine its phase diagram.



REPLICA-SYMMETRIC SOLUTION

Due to the longitudinal magnetic field, there is an average moment on each site, so gz is always
nonzero; therefore, the replica-symmetric solution is nothing but the paramagnet. Thus gz4 is no
longer an order parameter, and we will rely on replica symmetry breaking to identify the spin glass

phase in Section 6.2.5. For ¢, = qr4(1 — 9,4), Eq. (6.28), together with (6.25), reads
30 + 12x4,,4,0,(0) + 4943, = 0. (6.51)

Resultantly, the term proportional to d,, ¢ in (6.29) vanishes so that the equation for Q,(i%,) re-
mains unchanged from that in (6.40). The gapless condition in (6.44) Zs nor satisfied by (6.51), even
though g4 # 0. Thus, the solution for Q,(7v) will have a gap.

Atorder »°, the solution for Q, (7%, ) from (6.29) has the same form as (6.3 1), but the equation for
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the gap A in (6.32) is now modified to

Uxh* U
A2 =+ o _? Z \/ 72+ A? (6.52)

[va| <A

while

bz

qEd) = - (6.53)

The solutions to Eq. (6.52) are shown in Fig. 6.5. Note that the gap A is h-dependent. The order y*

corrections to the saddle point appear in Appendix E.1.2.
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Figure 6.5: The gap A of the replica-symmetric solution of the Ising model as a function of 7 and / for various tempera-
tures, as determined from (6.52). The parameters U, x, and /A have all been set to unity in these calculations.

FREE ENERGY: Inserting the solution for Q,(0) in (6.51) into (6.23) we obtain the spin glass com-

ponent of the free energy

25 2 2 4
9ra” | YV 9Ea | P 9EW l4 L,
= — —y, b°. 6.
f;g’h K + 9% + 6x + 16g,x ZXM (6:54)

Note that we need to insert the solution for gz in (E.15) into (6.5 4).

For the quantum component, the order y° contribution to the free energy in (6.26) is

R == N
which reduces to (6.34) at b = 0. The order y! correction to Jo appears in Appendix E.1.2.
REPLICA SYMMETRY BREAKING
From (6.28), the equation (6.3 ) for the Parisi function is modified to
O 4 aRug) + g ) = R, 2400 | (oot [ dvta = q0?|. (656
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The solution of (6.56) is modified from (6.36) to that shown in Fig. 6.1

b 0 << (qp/qEa)%
q(n) = qean/x, (qp/qea)x <u <x - (6:57)
qEA, x<u<l

The function g(#) is nonanalyticat # = (g)/gr4)xand # = x, but has no discontinuities. The values
of gg4 and x are unchanged from those in (6.38), and the value of g, is in (6.11). The resultin (6.11)
is the origin of the nonanalytic dependence on y.

It can now be verified that the term proportional to d,, ¢ in (6.29) vanishes, and the equations for
Q,(#v), %, qE4 remain unchanged from those in (6.40)—(6.42). Indeed, the only change from the
b = 0 solution in Sec. 6.2.4 is in the form of ¢(«) for x < (¢5/gr4)xin (6.57).

Hence, the gapless condition in (6.44) s now satisfied, and the solutions for Q,(7v, ) and g4 remain

unchanged from that for the » = 0 gapless spectrum in Sec. 6.2.4.

FREE ENERGY: Inserting the solution (6.57), (6.11) into (6.23), we obtain the extension of (6.47)

to nonzero b

25 10,\1/3
9es” | V94 | 309K7y) 1 2
Forp = + + — —y.. b 6.58
&b K Sk 40x ZXM ’ (6:58)

which agrees with (6.47) at b = 0.
As the introduction of b does not modify the values of Q,.(7v,) and g4, the free energy F¢ remains

the same as that in Sec. 6.2.4.
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Figure 6.6: Phase diagram of the Ising model in the (r, 19) plane for various values of y at T = 0.2, illustrating the
replica-symmetric (RS) and replica-symmetry-breaking (RSB) phases. Here, the Landau parameter 7 is interpreted as
proportional tog — g, whereg is the transverse field, and 4 is the critical transverse field at 7 = 0, » = 0. The value
of A at each point in parameter space is obtained from Fig. 6.5, and U, «x, /A have been set to unity, as previously.

PHASE DIAGRAM

To obtain the phase boundary between the replica-symmetric and replica-symmetry-breaking phases,
we compare their free energies at leading nontrivial order in y.
For the gapped replica-symmetric phase we have the free energy given by (6.53)—(6.55)

A 2

[Az — V]z 1
o 38 20U

2
22U _EZM,]? ) (6.59)

Fro=TFgp+ Fo = PRGN S

| <A

where the gap A is given by the solution of (6.52),

For the gapless replica-symmetry-breaking phase we have from (6.48) and (6.58)

3(91910)})1/3 B 2
40x 3x24

» 1
Fop = Fogn+ Fo = PR — S (6.60)

22U
[va| <A

The summations in (6.52), (6.59), and (6.60) can be evaluated for 7, A < A using identities
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obtained from (6.49):

AZ AZ < 10 (QZ _ AZ)I/Z
2 A2 =2 4 D (14 In(4A%/A% —2/ aiadh e A
|Z<:A(Vn+ ) or T an (1+1In(4A%/A%)) . 7 Q71

> G+ A=

[vn| <A

1
£
1

A

A* 3AAT 3A* > dQ (QF — A?)3/?
— 4+ —— + — (3+In(16A%*/A* 2/ —
i T a3y O In(16AY/AT)) 4 . 7 T 1

(6.61)

The phase diagram so obtained is shown in Fig. 6.6; note that due to the » — 0 limit, we have to
choose the phase with the maximum free energy '7*>. We observe that the extent of the RSB phase in
parameter space, which occurs for » < 0, shrinks with increasing » and as y is reduced. Note that A
remains finite, albeit small, at the transition point for » > 0 (it vanishes at the transition for » = 0),

indicating a first-order transition.

6.3 QUANTUM SPHERICAL p-ROTOR MODEL

We now turn to the analysis of the p-rotor model described in Eq. (6.3). The classical infinite-range
spin glass with p-spin interactions, but without any spherical constraints, was originally introduced by
Derrida#4,%5. Gross & Mézard7* first studied the generalization of this model to nonzero magnetic
fields, obtaining an exact solution for p — 0c. The classical spherical model ** can also be solved for any
finite p, including in the presence of an external field 3927, Quantum extensions of these models, by
adding a noncommuting transverse field, have been investigated both with (forp = 3)3%7 and without
(for p — 00) 7 the supplementary spherical constraint. However, the problem of the quantum model

in a longitudinal field, which we examine next, has remained unexplored so far.



6.3.1 EFFECTIVE ACTION

To begin, we derive the effective action for the quantum spherical p-rotor model, which will then form
the basis for our subsequent saddle-point calculations. In the path integral, the spherical constraint

(6.4) can be enforced using the exponential representation of the Dirac delta function

N 8 N
J (Z o,(7)o;(7) — N) = /Dzexp [z’/o drz(7) (Z oi(7)o(7) — N>] , (6.62)

=1 =1

which is then inserted into Eq. (6.3) at the expense of introducing an auxiliary field z(7).

At this stage, since the disorder is quenched, we average the free energy log Z[/;, ;| over disorder—

1...1;17
using the replica trick—instead of the partition function Z[/;,. ] itself (which would correspond to

the annealed average). The replicated partition function is given by

0

4
-/ dr(zlga'ﬁf)a'f(fw > f,»l...z-poizw)...az(r)+bZa¢<r>>

z'1<...<z‘p

£
2= [ @i PUs) [ D7D e [ [ @ E@ae-N) e

where 2 = 1,..., 7 is the replica index. Now, we can perform the disorder average by evaluating

simple Gaussian integrals to find
_ 8
7~ [ Da D e —/d 210~ ) ) - N) 45 ()
0 2g

- /m@(i )] ”

a,b=1 \i=1



Note that the overlap between two different replicas of the system
1 N
Qu(r,7) = 5D (e (D)al(7)), (6.65)

i=1

where the overline denotes an average over disorder realizations, appears naturally in Eq. (6.64). We

then insert the identity

N

1= /DQﬂb 9<NQﬂb(Ta 7) — Zo?(r)o:’-’w))

=1

6 N
_ / DQuDluy exp [l- /0 /O drd? 2(z, ) <NQﬂb(7,7j)—Zaf(7)Jf(7j)>] (6.66)

into the partition function, which, in terms of the collective variables Q,, A, reads

Zn:/pa»;pzﬂpgﬂbmﬂ,, exp[—/ﬁdr<21goﬂ( 2)#4(7) — i2°(7)o" +bzaﬂ )

/ / drde 71 (2)2,4(7, 7 ) )]

exp | — N d'rz”('r)
+N drd? | (7, 7)Qu(7, 7) + . Qus(7, 7)) ] (6.67)
[ [ {utet0s000% 5= 0t 7

Here, we have replaced bilinears of ¢; with Q,, wherever possible and collected in the first two lines

all the remaining terms involving the o; fields, which we will integrate out in the next step. Using, for



concreteness, the convention

/ Do(x) exp [—; / / dvdid () M(x, ') o(x!) + / () U(x)] (6.68)
_ \/g exp E / / deedij() M7 (v, ) j(x’)] (6.69)

for n-dimensional vectors v, and an # X 7 matrix M, we obtain

7n = /Dz’“ DQ. DAy detN/2 [—71[3455(7— 7) (;g@i —l—z'z”(’f)) + ;rlﬂb('r, 7’)] (6.70)
2 B B
X exp {NZ’”/O /0 drd? 3 (26(z,7) + 20z, f))d;}
ab
L 8 r#
X exp [—Nz'Z/ drz*(7) +N/ / drd? <z’lab(r, 7)Qu(7,7)
= o o Jo

23 (e W)]

a,b=1

= /Dz" DQ,; DA exp(—Sefs), (6.71)

with the matrix G defined in replica and imaginary-time space as

Go(7:7) = =34, 3(r = 7) (2;83/ + z'z"(r)). (6.72)
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The replicated effective action can thus be extracted as

"L b
SLfo = %logdet |:711’ (gﬂb(T’ 7/) + l')'ab(fa T/)):| + ZZ/O dTZﬂ(T) (6.73)

8 ré 2
—/0 /0 drd” [z’lﬂb(r, 7)Qu(7, T/)+]Z Z (Qu(z 7))

a,b=1

+% > (G(z.7) +iMr, a));;] .

a,b=1

One of the advantages of the replica approach we are now positioned to harness is that since the effec-

tive action (6.73) is proportional to NN, the saddle-point approximation is exact in the limit N' — oo.

6.3.2 SADDLE-POINT EQUATIONS

We will only be interested in the saddle point of the theory (6.73), in which case we can assume that
all fields are time-translation invariant and transform to Matsubara frequency space, asin (6.7). Then,

we have

if Z]ogdet[ ( <1ga) —zz”>+zl )]JrzﬁZz” (6.74)

Y wng,,w,,)—ﬁz{ B4 + Dy (0 o)y1

a,b=1 w» ab
2 B 8

_]/ / drd? (Q(7 — T/))P .
4 0 0

We now employ a slight change of notation to obtain expressions similar to those in Ref. 5, defining

—ig = i ) l’/lldb(wn) = _24172(6()71)7 (675)
g

N



in terms of which, the effective action is

n

Lff Zlogdet[ (w(m +/1) b(%))] —ﬂZ ’

2

2

- Z <2g > T~ wn) Quo(wn) — ﬂng [23[ —Zy(wn = 0)} _

a,b=1 ab
Pt

Now, we use the identity (E.96) to absorb the / term into the log det as

S _ Zlogdet[ ACICERIEE <wn>—ﬂh2g5wn,o)}—ﬁfjl

a=1 Zg

2 B b
S <2g2 e (Qﬂm—f))f’).

a,b=1
Then, the saddle-point equation with respect to X,;(w,,) is

—1

Qup(@n) = g[%b (wfl + /1> —Z,(wn) — ﬂbzggwm]

ab

Inserting this back into (6.78), we obtain an effective action just for Q,; and A

SW:_*ZlogdetQﬂbwn [gz

+Z( 3 63+ D ~ 80h.0] Qo)

a,b=1

L e (- >)>.
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From this, the saddle-point equations for Q,; and A can be read off as

1
1= ﬂ%:Qﬂﬂ(wn)v

S(?) = 2 (Quay

Q. @) = dap(w2 + 2) — =, (wn) — BB g0, 0, (6.81)

with the Fourier transform defined by

8 .
Qusl@n) = / dr Qup (7)™ (6:52)

and similarly for %,;(, ). We numerically study these equations for the replica-symmetric and one-
step replica-symmetry-breaking cases for specific values of p. In the discussion below, we focus on the
2 =3 model since, as we show below, it exhibits an interesting and nontrivial phase diagram due to
the competition between these solutions.

For completeness, the solution of the p = 2 model is presented in Appendix E.3. Note that with
p = 2and b = 0, Eq. (6.81) reduce to (33.32) and (33.33) in'5°. Moreover, for p =4, h =0 the
equations (6.81) are very similar to Egs. (S50-Ss3) in Ref.?3, the main difference being that &2 is

replaced by zw,,.

6.3.3 REPLICA-SYMMETRIC SOLUTION

In this section, we numerically determine the replica-symmetric (RS) solution of the p = 3 model asa
function of transverse and longitudinal fields (g and b, respectively), while choosing the temperature
to be close to zero.

The ansatz (6.8) for the replica overlap functions in the RS case necessarily has a replica off-diagonal



component

Qﬂb((’)ﬂ) = ﬂq%n,o + Qr(a)n)é\ﬂba

Zab(wn) = ﬂe%n,o + zf(wﬂ)gﬂb) (6-83)

since, for nonzero b, the static moment is always nonzero. Then, using the identities in Appendix E.s,

the equations in (6.81) become (for p = 3)

=g+ ; Z Qr(wn)v (6.84)

2,(7) = 35‘2]2(4 + Q) — 3;‘/242, (6.85)

= %gfzqza (6.86)

wan) =2+ 2~ 3 (w,), (6.87)
Qr(wfq: 0z~ ¢ + gh*. (6.88)

We solve these equations self-consistently in the imaginary-frequency domain for the order param-
eter ¢ as a function of the transverse field ¢ at low temperatures for several values of the longitudinal
field, as shown in Fig. 6.7. In this model, the phase transition between the RS phase (4 # 0) and
the paramagnet (PM, g = 0) occurs only at zero longitudinal field. With even a slight increase in b,
the replica-symmetric solution becomes equivalent to the paramagnet for all values of g as 4 is always
non-zero (see (6.88)), as in Sec. 6.2.5.

Regardless of the value of the longitudinal field, we can show that the spectrum of the RS solution
is gapped. To do so, we compute the dynamic spin susceptibility of the system, which requires analytic

continuation of the equations (6.84)—(6.88) to real frequencies. Taking the zero-temperature limit,
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Figure 6.7: Behavior of the order parameter g for the replica-symmetric solution of the quantum spherical p = 3 model
as a function of the transverse field g for different values of longitudinal fields / (with / = 1, 7" = 0.005). The phase
transition between the replica-symmetric and paramagnetic solutions occurs only for » = 0.

we obtain equations of the form

g 3 (w)
A = S W + (—a? + T =S (689)

1(0) =35 (o) + 3 [ donplonlelin = ). (650

T dy v (v) — Wl ()
/ _ id r r
Z},(d)) - 2/0 . 7/2 _ wz ’ (691)
3
6= 5 zqz’ (6.92)
g+ gr
_ : 6.
T Sw=op o)
+o00
=g+ /0 dwp(w), (6.94)

where the spectral representation of the regular component of the replica overlap Q, (7w, ) is

Q(2) = /_Oo dw:;ﬁf;)za (6.95)

and ¥ (w) and =/ (w) are the real and imaginary parts of =, (7w, ), respectively. The spectral function
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Figure 6.8: Spectral functions of the quantum spherical p = 3 model for (@) » = 0 and (b) » = 1 at zero temperature
(with / = 1). (a) The phase transition between the RS phase and the quantum paramagnet occurs at a ﬁniteg > 3, and
the gap thus eventually saturates upon increasing g. (b) The replica-symmetric solution persists for all values of g with a
gap that grows with increasing g.

is related to the retarded Green’s function as p(w) = Im Q,(w)/#. Taking the z — o0 limit above,
the associated sum rule becomes f0+oo dw wp(w) = g/2.

We note that the equations above, strictly speaking, permit several solutions, one of which has a
discontinuity at zero frequency given by p(& = 0) = 1/(2a/,/64). To avoid this, we initialize the
system with a simple step function with a small gap and let the equations converge (defined as when
the error reaches 1072°). As a final step, we also check that the sum rule is satisfied.

The spectral functions obtained in this fashion are presented in Fig. 6.8. For b = 0, we observe that
as g increases, the gap saturates to a finite value and eventually, after the transition point, the system
becomes a quantum-disordered paramagnet, as shown in Appendix E.4. However, at a finite field, the
gap increases with increasing ¢ without a visible saturation since the replica-symmetric solution and

the paramagnet are one and the same.
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6.3.4 ONE-STEP REPLICA SYMMETRY BREAKING

In this section, we now allow for nontrivial structure in the replica off-diagonal space. In general,

replacing Eq. (6.83), we can write

Qﬂb(wn) = (Eqabgwn,o; a 7é ba

Zﬂb(wﬂ) = ﬂﬁﬂbgw,,,o; a 7& b. (6-96)

The matrices g, and g, are characterized by Parisi functions g(x) and p(«) with « € [0, 1]. For the

diagonal components, we make the same ansatz as in (6.83)

Qﬂa (a)n) = 1841 é\wn,O + Qr(wn)>

zzm (wn) = ﬁ@] é\4«),1,0 + Zr(wn) (6'97)

We consider the one-step replica-symmetry-breaking (RSB) ansatz, for which (see Fig. 6.2)

g1, x<u<l fr, x<u<l
q(u) = , and p(x) = : (6.98)
q0, 0<u<x fo, O0<u<x
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Using the identities in Appendix E.s, the equations in (6.8 1) now become

l=q +;ZQ7(‘%)7 (6.99)
_

b+ 20 =S+ QD)) (6.100)
2 =Pg2]26/f_1, (6.101)

oy = pgj%_l, (6.102)

Qlen) = D2+ m? — z,(ai) L5 (w0, = 0)’ (6.103)
o (ATER,
&+, = &0 (6.105)

lg/m? + (g1 — q0)]*

where we have simplified the equations by changing variables and introducing m? = 1 —3,.(w, = 0).

There are eight unknowns, namely, m2, Q215415905 ;5 £> and Bx, in the equations above. All but
one of these variables can be determined by solving the seven equations (6.99)—(6.105). However, the
value of the breakpoint 4x is undetermined and can be fixed either by demanding a gapless solution,
as in Appendix 3 of Ref.??, or by requiring the free energy to be stationary with respect to x. The
additional equation then makes the system complete and the solution can be obtained by solving the
set of equations self-consistently. In the following, we derive this extra equation in both cases: by
imposing the gapless constraint, and by using the free energy. In general the two methods lead to
different solutions. Itis known for the classical system that the gapless condition is chosen by dynamic
preparation*"'®'7, while the free energy stationarity is chosen by the thermodynamic equilibrium

state 19,
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GAPLESS CONDITION

Let us first determine the condition for a gapless spectrum in the RSB case; our approach here is similar
to the analysis in Ref. >3. For a gapless spectrum, we expect the low-frequency expansion of Q,, for real
w, to have the form

Qi (w+1iy) = % + |w|* a4+ ibsgn(w)] + ..., (6.106)

for some & >0, 6> 0. From (6.100), we find that the leading singularity in X,(w) is given by the

linear-in-Q,(w) term in (6.100), so

_ 2
30+ ig) = L 0,0 41y,

_ 2
_ W{%;wyﬂsgn(@). (6.107)

However, from (6.103), for low frequencies, we also have

4

I3, (w+iy) = —¢Im [Q (w0 +1y)] ' = m?b |w|* sgn (@) . (6.108)
Therefore, comparing equations (6.107) and (6.108), we arrive at the constraint on the variable 7 that

has to be satisfied for the gapless solution to exist:

— 1D
m‘*zp(pz)gzjqil’ 2 (6.109)
It is easy to check that for the special case of p = 2, this expression precisely agrees with Eq. (33.41) in
Ref."55 and is similar to Eq. (4.11) in Ref.”.

It is important to note that upon solving the replica-symmetric equations self-consistently, we did
not obtain a gapless solution. One way to understand this is to plug the gapless constraint (6.109)

into the equations for the replica-symmetric case (6.84)—(6.88), which expressly demonstrates that the
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constraint cannot be satisfied for any values of ». Therefore, the replica-symmetric solution always has

agap.

FREE ENERGY

Another way to fix x is to determine the saddle point of the free energy with respect to x. To do so, we
rewrite the effective action of the p-rotor model (6.80) explicitly for the one-step replica-symmetry-

breaking case

oS o)L L, Qm=y
Zl glQr(n) 2 Qr(wn = 0) + Bx(q1 — 90) o Qr(wn = 0) + (g1 — 90)

iz 21g %:((IJ + A)Qr(wn) lﬂgql - ﬂ% [Qr(d)n = 0) —i—ﬂx(ql — qo)]

_ ﬂf/o dr [(Qr(’f) +q1) — ql’ 1—x) 9{; } (6.110)

This action allows one to directly verify that the saddle-point equations are in fact correct: taking the
derivative of (6.1 10) with respect to go and 1, we see that the equations (6.99) and (6.105) indeed hold
after a change of variables to m? = 2 — 3,(w, = 0).

To obtain an equation for x, we differentiate the action with respect to the breakpoint and obtain

dS. Vi 1 Bx(q1 — 90)
L | O re]
‘52192

gh, B(q1 — 90)(Qr(@n = 0) + fg1x — 28g0%) _ -
+ (91— 90) + 2(0s{n = 0) + fxlgs — 70))° 0. (6.111)

Although such a saddle-point condition has been employed to obtain the equilibrium state for the
classical model '*?, we will not use (6.111) here. It what follows, we instead use the gapless constraint

to determine the breakpoint x.



SPECTRAL FUNCTIONS

As for the replica-symmetric case before, we are interested in the behavior of the spectral functions

in the RSB case. To this end, we analytically continue the equations on the imaginary-frequency axis

(6.99)—(6.102) and (6.103)—(6.105), focusing on the p = 3 case at zero temperature. After such

analytic continuation, we obtain

“+o0o
lqu+/ dwﬁ(w)a
0

1(0) = 3 (960) + 3 [ dwnplanleto— ).

/() =2 / 0 dy 5 () — 0% (o)
0

T 92 2 ?

— W

_ 3

81 2 ql?
3 2
bo = %qé,
(w) _ g ZZ(”) — ZZ(” - O)
£ 7 (I () — Zl(w = 0))? + (&? — m* + Z(w) — Zy(w = 0))*’
g, = D8 B o)
b lg/m? + (g — qo)P

g +e, = =

lg/m?* + Bx(g1 — q0)]>

For the final equation, as mentioned, we use the gapless constraint

m4 — 3g2]241’

(6.112)

(6.113)

(6.114)

(6.115)

(6.116)
(6.117)

(6.118)

(6.119)

(6.120)

derived above in (6.109), and this gapless behavior should also be reflected in the spectral functions.

Therefore, we are allowed to make a linear ansatz

£©) = 0flo).
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We insert this ansatz in Eqs. (6.113)-(6.119) and solve the equations self-consistently for flw). It is
quite challenging to obtain the self-consistent solution to these equations for all unknowns. Instead,
we simplify this task by solving the equations on the imaginary-frequency axis and self-consistently ob-
tain the value of the order parameter ¢; at a temperature close to zero with a high precision. Then, we
use this result to obtain the behavior of the spectral functions. To ensure that the converged solution
is meaningful, we check the sum rule, which, in this case, is given by [ 0+OO dww*flw) = g/2.

We sketch the behavior of the spectral functions Im Q,(w) in Fig. 6.3. From the equations above,
it is clear that spectral functions are independent of 4, Bx and 9. Only two parameters, namely, go
and B, depend on h. This is similar to the behavior of the Ising model in Sec. 6.2.5, where the only
change from the » = 0 solution in Sec. 6.2.4 was in the form of ¢(u) for # < (g),/qr4)x in (6.57).
It is also instructive to determine the dependence of ¢¢ and Bx on b in the » — 0 limit, which can be
calculated from the equations (6.118) and (6.119). We find that, to the lowest order, the dependence

is simply

e ‘:fjbz [gx: g 4g2 2 (6.122)

7 , qm* - 37”2]24% ’

which, as noted in Sec. 6.1.1, is in distinction to the »*/3 scaling observed for the Ising spin glass.

6.3.5 DPHASE DIAGRAM

Finally, having assembled all the necessary ingredients, we now compute the phase diagram of the
quantum spherical p = 3-rotor model in a longitudinal field at low temperatures. To do so, we first
determine the boundary of stability of the RSB solution by self-consistently computing the spin glass
order parameter from equations (6.99)—(6.105) and comparing ¢ and g;. For the stability of the
RSB solution, one has to require g9 < ¢1 26 and the solution ceases to be physical when go > ¢1. Our

numerical results in this regard are displayed in Fig. 6.9. In particular, Fig. 6.9(a) presents go and g; as
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Figure 6.9: (a) Behavior of ¢ and g1 as a function of ¢ for the spherical quantum p = 3-rotor model in a longitudinal
field with 7= 0.005 and/ = 1. Note that ¢; is independent of 4 but g is not. (b) Boundary of stability of the RSB
phase as determined by setting g0 (g, »*) =¢1(g). For b > b*(g), the necessary condition g9 < ¢ required for the
RSB solution no longer holds. Note that both plots are extrapolated around g =~ 0and b* ~ 0.

a function of g for various values of /; the RSB solution exists only for ¢ that lie below the line 41 (g).
Based on this information, Fig. 6.9(b) traces, in g-b space, the line #*(g) along which g¢ (g, *) = g1(¢).
Since this marks the boundary of stability of the RSB solution, the phase transition between the RSB
and RS phases may occur at this line.

To check whether this is indeed the case, we compute the free energies of both the RS and RSB

solutions. The free energy in the RS case can be written using (6.80) and we obtain

S
Nleg - _ 2; E log[(a)i + rZ)Qr(wn)/g] ;Qr(wnq— =0)
j —
2g 2g/3 E 2)Qy(w,) ]

- gQr(wn =0) - ]2 / dr [(q+ Q.(7))° - ﬂ + g +;ln [1 — e‘ﬂr} ,  (6.123)

where we inserted a factor of (w2 +I?) /ginto the argument of the logarithm to regularize the behavior
at large |w, |, and subtracted a constant to regulate the frequency summation in the term linear in Q,.
This is equivalent to normalizing the path integral with an oscillator of frequency I'. In order to make

the resulting expression independent of I, we subtracted the free energy of this oscillator. For the RSB
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Figure 6.10: Phase diagram of the spherical quantum p = 3-rotor model in a longitudinal field with 7 = 0.005 and
J = 1. The phase diagram is evaluated by calculating the difference between the free energies of the replica-symmetric

(RS, 6.123) and replica-symmetry-breaking (RSB, 6.124) solutions. The orange line on the phase boundary traces the
function 5*(g) plotted in Fig. 6.9(b).

case, we use the expression for the free energy computed above, focusing on p = 3

};::SB , 2

Nn Zlog o, +T )Qr(@n) /8] — ZQr( on = 0) + fx(g1
el Q(wn =0) _ i B 2] o) —
28x Qn(w, = 0) + fx(q1 —q0) 24 * 2g8 %: (@ + DQ (@) — ]
2 Qo = 0)+ o — o)

R A

7i(1—x) — qu} + g + ;ln [1 — eiﬂr} . (6.124)

Here, we use the same regularization as for the free energy of the replica-symmetric solution. In both

cases, I has to be much smaller than the Matsubara frequency cutoft.

We evaluate the difference in free energies between the RSB and RS solutions to find the parameter
regions where each phase is dominant. Following the discussion in Ref.'7?, we pick the ground state

as the one that has a larger free energy. The resulting phase diagram is shown in Fig. 6.10; we find
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that the phase boundary obtained by comparing the free energies coincides (to a precision of | F53® —

F&|/(Nn) < 107°) with the line 5*(¢) demarcating the stability of the RSB solution in Fig. 6.9(b).

6.4 CONCLUSIONS

Motivated by the quantum simulation of spatially disordered long-ranged interacting systems for solv-
ing combinatorial optimization problems**'7*, we have studied the equilibrium dynamic properties
of two quantum spin glass models with infinite-range interactions: the Ising model in (6.1), and the
spherical p-rotor model in (6.3) and (6.4). In addition to random couplings between spins/rotors,
both models have an applied longitudinal field 4, and do not break any global symmetry in any phase.
A coupling g tunes the strength of the quantum fluctuations, and at large g, we obtain a gapped para-
magnetic phase. Our primary interest was in the small-g regime, where replica symmetry breaking
leads to a quantum spin glass phase.

For the Ising model, we employed the Landau theory approach of Ref. *>° to show that the spin glass
phase has full replica symmetry breaking, with the Parisi function sketched in Fig. 6.1. We computed
the spin autocorrelation function in this spin glass phase, and showed that it is generically gapless,
with a spectral density which vanishes linearly with frequency (see (6.9) and Secs. 6.2.4 and 6.2.5).

In contrast, the spherical p-rotor model (p > 3) has a different behavior in the spin glass phase.
There is only one-step replica symmetry breaking (see Fig. 6.2), and the breakpoint x remains unde-
termined by the saddle-point equations for the matrix spin glass order parameter. Rigorous mathe-
matical work on the classical ¢ = 0 model "** has shown that the equilibrium value of x is determined
by the stationarity of the free energy with respect to x. For this x, we showed that the spin glass state
has an energy gap. In contrast, if a marginal stability condition 3+"3* is used to determine x, we found
a gapless spectrum with a linear frequency dependence at small frequency (see Fig. 6.3), similar to that

of the Ising model.
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Our results on the nature of the spin glass phase also find relevance in the context of quantum
optimization problems since the properties of the gap—or lack thereof—directly inform the feasibility
of preparing low-energy states via adiabatic algorithms>**57,

Looking ahead, it would be useful to obtain the results described here without the replica method,
using a path integral on the Schwinger-Keldysh contour. This has already been studied for the spher-
ical p-rotor model*"*®'7, where the breakpoint of one-step replica symmetry breaking, x, has been
connected to an effective temperature of the aging dynamics. Moreover, the equation for a gapless
spectrum in (6.109) is the same as Eq. (6.24) obtained in Ref.*' from aging dynamics. However, the
aging dynamics of the quantum Ising model*7 with the crucial y quartic term have not been studied
so far, and it would be interesting to relate that to the full replica symmetry breaking characterized by

Fig. 6.1. Such a computation would be the analog of earlier studijes *¢316>16+

425 of aging dynamics in
classical spin glasses described by Langevin equations, and we expect that there would be significant

differences*®5 between the Ising model and the spherical model in the quantum problem too.
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Supplementary Information for Chapter 2

A.1  FREE ENERGY FROM CONFORMAL PERTURBATIONS

We can also use the conformal perturbation methods of Section 2.3 to compute the low temperature

expansion for the free energy. We find '°7>5">'**

8 1 8
ngSYK :ﬁFCFT + Zgh/ dT(OhM — 5 Zgbgb/ / d71d72<019(7’1)019/(2’2)>[g
b 0 b 0

1

*s

4
> angrgw / dnidrrdr2(0,(71) Op (72) O (73))g + - - - (A.1)
b b 0

The one-point functions in thermal CFT are not necessarily zero and from the scale symmetry we

have?5-9°

(Op)g = Nby/(8)) . (A.2)

To find constants b;, we consider thermal conformal two point function

1 b* sgn(7)
Gﬂ(f) = —N%(T)ZZ'(O)M = T zion (A.3)
| sin 7 ]
Expanding it in series for 7 — 0 we obtain
b” sgn(7) |72 7t 7|4
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On the other hand using OPE in (2.32) we find

Gp(7) = — bVSgEA (+Z%UT| (Op) ) (As)

where we assumed that the two-point functions of Oy, are normalized as in (2.32). Comparing (A.4)
and (A.s) we find that only operators with b/ = 2k, where £ = 1,2, 3, ... have non-zero one point
function, but all operators with by, b5, b3, ... should have zero one point function. As we already
stressed before conformal symmetry is broken in the SYK model and the analysis above should be
taken with caution. The role of higher expansion terms in (A.4) with £ > 11is unclear. Moreover in **
it was conjectured that the free energy has a term 7%77 in small 7'expansion and thus this would imply
non-zero one point function (Oy,) g- Whether this is correct or not remains an open question. For
ho = 2 operator we find bycy = éA. Thus the contribution of the one-point function of by = 2

operator to the free energy is

NWZA@i 272N
380> 0 (B)) =

Igano = lgg0<0b0>/3 = (AG)

where zg = 1(1— A)b" k), (2)|o is the Schwarzian action coupling and this result agrees with 214,

For the second order correction we find

2h
ﬂz;ZFb _Zgb/ dTldTZ 019(71)019 72 :_ZNg}’ﬂ/ <]sm )

N@G/P)E) | N@/P) 72T - b)
Z( (h—1/2)(g))?~ it & gH I(1—h) >

(A7)

where we regulated the integral in UV by a cutoff ¢ ~ 1//. The first term is proportional to N(4/) and

represents correction to the ground energy, whereas the second term is finite and gives contribution



to the free energy of order 1/(8/)?"~2, so we find

(7/2)% Y (cos(zh) + )T (h)?>  aF
(2h — 1) cos(wh)T (b _ %)2 (B2

B9*Fy = N(g — 1)0* (—ky () (A.8)

For by = 2 this result gives ﬂSZFbO = N27*qasa/ (8])%, which exactly agrees with N/ (8/)? correc-
tion computed in'®**5 using careful analysis of by = 2 mode *. Moreover using the result for the

large ¢ free energy from '7° we find for 1/ (87 )? term

> 7*(24 +57%) N

FO|l————+ ... ) ——. A.
¢ D<qz 9%° ) BI)? )

On the other hand taking large ¢ limit of (A.8) for /g operator and using that 2y = % — 712;;72”2 +.

(see Appendix A.2) we obtain
2 7 (24 +57%) N
PE, = W————i—... . (A.10)
A <qz 99° ) BT)?

We see that 89> Fj,, exactly coincides with 1/4? and 1/4> orders in the large g expansion. This implies
that if the one point function (Oj, )z is not zero it should start contributing only at the 1/4* order,
which seems unlikely. The third order correction is given by

ﬂéGF 1 /‘g dridrydrs Neyy
bb’b” = 7g19g19/g17” / 11 /1 / / /!
6 0 (ﬂ;jsin %)Hb —h (%jsin %)Hb —h (%jsin g ith —b

 Nepypigngy g T2 p( 2O p (2D (i — 1)
_ : .

6m2 PP =R (@Y T (1 — 2h)T(1 — 21)T(1 — 24")

(A.r1)

x . _ Nér’a _ N
In"*" it was shown that (O, (71) Oy, (72)) = i rather than (O, (71)Op, (72)) = T2+ Nevertheless
in our computation we assumed the later form of this correlation function and obtained the correct result.
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Using general expression for ¢ 75 for the case when b = ' = b = hy — 2 we find ¢y, X
1/(hy — 2)*/? and therefore the full result (A.11) is divergent in this case. This signals that the con-
formal perturbation theory developed above should be taken very cautiously for by = 2 operator and

in general may produce incorrect results.

A.2 LARGE g TWO POINT FUNCTION IN THE FERMIONIC SYK MODEL

We consider the fermionic SYK, model with zero chemical potential p = 0. In this case there is
a Particle-Hole symmetry and the Schwinger-Dyson equations are G(iw,) ™' = iw, — Z(iw,) and
2(7) = PG(7)77". At the limit 4 — oo the two point function at finite temperature 7 = 1/4

admits 1/ decomposition "'

Glz) = —%sgn(r) (1+ ;g(r) + ;219(7) r), (A.r2)

m

Z ) and we definedx = 5 — %T and v is found from transendental equation

where g(7) = 210g<

Ccos
cos

Ccos

BT = —Z% with rescaled coupling 7 = (21774)"/?J. The next order h(7) was found in '7° and reads
2

4(tan 2 0% dyl(y) +1)(1 + xtanx)

i1 i1
1 + 5 tan 5

I

h(z) = £ — 20(x) — 4<tanx/0xdy€(y) + 1) +

2
(A.13)

where £(x) = g(x) — e €O Liy(1 — &¢¥)). Also the expression for the large 4 free energy of the

Majorana SYK is

1 1 1
ﬂF/N:—ElogZ—mJ(tan%—%)—z—m)(mJ—2tanﬂ(1— rY )>—+



Atlarge 7 limit one finds

2 4 24472 8(6+77)

ST A T S ERE T AL PR AT

(A.15)

Using this expansion and equations for g(7) and h(7) we can find at 8 = oo that g(7) = log #* and

S

h(r)=—=(1—u) — 75%(3 + u_3) - %log(uz) + é(/m +3) logz(uz)

o W

1 2
+ gulog(uz) log(14+#7") — géuLiz(—ufl) + gu(z +u3)Lip(1 —4?), (A.16)

where we denoted # = 1/(1 + J 7). Conformal approximation to the two-point function at 8 = 0o

has the form

(o 1/q580(7) _q-2 A
G'(7) b UT’ZM’ 27 tanq, (A.17)

therefore we can write the two point function (A.12) as

6(e) = G()(ID)7 (12 an ;’)‘”"’ (14 g + ;bw )

i q
2
= @1+ 2log J7 | 21+ log” J7) + (- MJFLZMTHW)'
q q q P
(A.18)
Finally using result (A.16) and expanding everything in the limit 7z — oo we find
2 1 2 1
6) =601+ (- 2+ o~ 3y + o)
n (WZ (1 RS 1)
9 Jr (jr)z (j7)3
7 3 6log(Jr) | 12log(J7) 1 )
B - )=+, A
2T (TP (T T )qz + (A.19)
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On the other hand from the resonance theory described in Section 2.4 we expect to have
APkl Aeml%kOm]
G(7) (1 - Z Vf‘b" I Z Uf‘lak—i—/o 2 Z V7|bk+b =3 ) , (A.20)
where 2y, 4y, apyy are all functions of ¢. In the large ¢ limit solving £ (b) = 1, where

ka(h) =

I(2A —hI(2A+h—1) sin(7h)
I[(2A —2)T(2A +1) ( B sm(27rA)> (A.21)

we find that operators dimensions apart from by = 2 admit 1/¢ decomposition and read

4 22 202k +k+1)
hh=3+—+..., hh=5+"+4...,hp=2k+1 cee (A
1 3+q+ , b 5+9q+ P + +(/€+1)(2k—1)q+ (A.22)

Using these anomalous dimensions in (A.20) we find

Glr) =i (o) [ 1 — 2o _ Aoy a1 — a000%y 24010404051 B 2 .
(T) (T) < (jT) (jT)Z (jr)z_;,_;_;,_m (j7)3 (jr)3+;+... (\72')44_%4_“'

o) (1- B B S )
(0~ T et g BT

(1—;;10g(JT)+...)—...>, (A.23)

(J7)*

by —
where we denoted @ (g) = (2'7g) leak (g). Comparing (A.19) and (A.23) we find relations

3 2 124772 N 3 772 433 — 2449
ﬂO(q):;_T-l-... s dl(q):—?q+ qu 00 +..., (A.24)
an(g) = §+ﬂé%)+---, anlg) =T +ag +..., (A2s)
7
ag00(q) = —3 4q2 4 (648? — 84 + &)+ .. (A.26)



We notice that log(J7)/(J7)* and log(J7)/(J7)? terms in 1/4* order arise due to b; operator.

The large g results (A.26) for g, 401 and agoo match with an arbitrary ¢ formulas (2.80) and (2.85)

derived in the Section 2.4. This comparison also fixes a(()%)) = 0and ﬂg) =-3/2.

A.3 TwoO POINT FUNCTION FOR g = 2 IN THE FERMIONIC SYK MODEL

For g = 2 the exact result for the two point function for 7 > 0 at zero temperature is'**

_ T df 2 p,—2frsind __ Ll(ZJ’Z’) - [1(2]7) _ 1 1 3
Glr) = /0 z % B 2 o * 47(J7)3 * 167(J7)5 T

(A27)

where /1 (x) and L; (x) are modified Bessel and Struve functions. For ¢ = 2 the conformal two point

function is

() = — L
G'(7) = l (A.28)
where we used that #'/2 = 1/7. Thus we find
. 1 3 45
G(7) = G(7) <1 TR 16U GagE ) . (A.29)

On the other hand using formula (A.20) and that for g = 2 operators dimensions are simply 4}, =

2(k + 1) we expect to have

o
G(7) 1— Z Z ﬂ/em“/eﬂém Z ﬂ/eml“/e”‘m“l .
(J7) 2k+1 (J7)2(k+m+1) (J7)2(ktm+D)+3 )
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Comparing (A.29) and (A.30) we obtain relations between a; () and a4,,(¢), @pmi(q), etc forg = 2

20(2) =0, a1(2) = —a000(2)2(2),  a00(2)a5(2) = é, 2401(2)a0(2)a1(2) = %
(A1)

Moreover using that ao(g) = §(g7—2)+. .. forg — 2'*" we obtain thatzgo(g) — % +...,

which agrees with the arbitrary ¢ formula (2.80) for 2 (¢).

A.4 FINITE TEMPERATURE GENERALIZATION FOR SPECTRAL DENSITIES

Consider retarded Green’s function in real time

Gpr(£) = —ib(2)({f10),. 1(0)}),  Ger(e) = —ib(2)([b(2), bT(0)]) , (A.32)

where §(¢) is the Heaviside step function and should not be confused with the asymmetry angle. Be-
low we again suppress subscript 2 = £, b and only retain {'factor, where é} = —land{, = 1. Wecan

obtain retarded Green’s function by analytically continuing imaginary time one:
Gr(t) = i6(2)(G(it 4 0) — G(it — 0)) . (A.33)

The full retarded Green’s function can be written as a conformal part plus corrections Gg(z) =

G%(2) + 0GR (¢) and for the conformal retarded Green’s function we find

(efz’w(AJrz'S) _ é/eiz(A+z'€) ) e 27;5 t

( sinh 7)28

T

Go(2) = —i8(2) (A.34)
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We split correction dGz(¢) on two terms dGz(¢) = dG4(z) + 0G5 (¢) where

BGYS(0) = — on £ 01) i (OG0, (A35)

and for f;’és (¢) we have

R =

h g—l'W(A—i-iﬁ) _ Zez'ﬁ(A+1‘5) ) (A}G)

where functionsj‘j,:’/S (7) are defined in (2.93) and (2.94). To ﬁndf]:‘/s (72 £ 0) we notice that function

Aj(u) is analytic in C and has a branch cut [1, +00). Inside the unit circle |#| < 1 we can compute

_ 2t

Aj(n) using series expansion. Analytic continuation of f;’ / (7) will produce two terms A, (¢ # ) and
2mt

Ajp(e ¢ £10), where the last function is computed above or below the branch cut. Using formulas for

linear transformations of the hypergeometric function we can represent £3* (¢ = 0) in the convenient

form

(22T (h)2 AT\ B, (7 F
Frlit£0) = 7;19(2 L) <(1 u (1 )ih)(z o (h—1- b)) ;

2sin Z2 sin(27h)[(2h — 1)
U <(1 — eEY B (e F)

2
2cos 2 sin(27h)T(2h — 1) I(1—h)?

- (b —1- b)) ) (A'37)

where By, () = (1 — u)"F(h, b, 2h,1 — #) is unambiguous for # = ¢ % and canbe computed using

series expansion. We notice that B), coincides with the function Blj_o used in"*#"°»%* Using (A.36)
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we obtain for the fermions

(27)" % cos FT(h)? 2 cos(m(A — b +4E)) _m
fan) = e (r(b) (14 2Pt Dy ﬂ)—(bﬂ—b)>,

(
i(27)" 2 sm— I'(h)? , cos(7(A — b+ i€)) o
ful? COS(”@ (2h—1) (m O e s ”—Ufﬂ—b))

and for bosons we need to change cos — sin inside the brackets. For loé = 2 mode we find

mtan(7w(A +€)) + i
frolt) =2~ tanh(%‘) , Jro() @ (A.39)

and for bosons we need to change tan — — cot. To compute expression for the spectral density
we need to find retarded Green’s function in frequency space Gg(w) = G%(w) + dGg(w). For the

conformal part we take the Fourier transform of (A.34) and find

=24 T(A —id
Gilw) = S () e TA ) (A.40)
J\2z I'(1—A—io)
where o/ = ‘g—‘; — & and the constant C is defined after (2.53). Formulas written with the use of

asymmetry angle are the same for both fermions and bosons. Next for G (») = dG4 (@) + IG5 ()

. /s
we introduce )" (@) as

X

({gj)h I R/S( )Gr(@), (A.41)

1
Gy (@) = =5 (o £ 0
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S
and we stress that f;é (w) are not Fourier transforms just of jA /S(2). After some computations we

obtain

27)" 2 cos ”hr h)? r'(h o  Sin 27A
finlw) = (cos) Zh)[(2h —(1)) <r(1(—)lo) <€ - (sm(fj))>jb(”) — (=1 _h)> !

(
i(2m)’~ zsm— I'(h)? T(h) scos(Z —2zA)
f?%ly ( <I~ (

— ew)jh(w) —(hs1- b)) ,

COS ﬂb)r(.?.h — 1) (1 — b) cos(”zh)
(A.42)
where the function /, () is
, h,b,1+h—2A
Jp(@) =T(1 — A — i \T(1 + b — 2A)T(2A)3F, (219 L h— A '1> (A.43)

and 3F; is the regularized hypergeometric function. For 3 = 2 we find f3, () = 7' /A and

Sfro(w) = %<2A —1—ia (ztan(z(A 4+ 4E)) + y(1— A — i) — y(A — z'a)/))) . (Agg)

where y¥(z) = I'(z) /T(z) is the digamma function and we used that tan(7(A + 7€)) = tan7A +

(¢¥? — 1)/ sin(27A) for fermions. For bosons we need to change tan — — cot.

For the spectral density we find p(w) = p(w) + Jp(@), where

oy _Lp ey CrBIN Ty (i T(A—i)
Ple) == ImGy(e) = 7z](27r> Re( I(1—A— za))) (A.45)
and the correction is
sf’(w):ZL«UMJF% )Im (G (@)fzy (@) + (044 — v ) Im(GR (@) (@) >
- 27(8/)P 1 Vr
(A.46)
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Finally we find formulas for the spin-spin correlator and spin-spin spectral density at non-zero tem-
perature. The spin-spin correlator in imaginary time is Q(7) = —{G(7)G(—7) (note, Q(7) is denoted

x;(7) in Section 2.1). Retaining only leading linear corrections we obtain

Qr) = Q&(7) (1 = (o + vh—)#ﬁ(ﬂ - ) : (A47)

b

where we notice that functions jz(r) don’t contribute at the leading order and the conformal part of

the spin-spin correlator is

bzA

Q(7) = ~{G ()G (=7) = TS (A.48)

in %T]M

We can find retarded spin-spin correlator in real time Qg (¢) = —i6(¢)([S(¢), S(0)]) by analytic con-

tinuation of the imaginary time one:

Qr(#) = #8(2)(Qét + 0) — Q(ir = 0)). (A.49)

We notice that all formulas for Qg (#) are essentially the same as for bosonic Gg(¢) with replacement
A — 2A and € = 0 (or § = 7/2). Below we still repeat some main steps.
As usual Qg(z) is split on two terms Qr(#) = Q%(#) + dQr(z) where the conformal part and

correction have the form

sin(27. 24
Q) = MW’ 3508(6) = —(ons +

A.5o0
sinh 255 Wlf“b )QR(5)  (Aso0)

and here the bosonic function fﬁb(t) in (A.38)isfor & = 0 and A — 2A. Now taking the Fourier
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transform of Qg () we get Qr (@) = Q% (@) + dQr(w), where the conformal part is

bt pry1—4a T(2A — z’ﬁ—“)
w) = — o -, A5t
(@) JT(4A) cos(27A) ( ) I'(1—2A— zi—‘;) (A1)
The correction has the form
OQr(w) = = Y (ons + 01 ) i (@) Q@) (As2)
Zh: * (f])h—V RIIRR

where the function fAb )in (A.42)is computed herefor A — 2A,0 = 7/2and o’ = ‘g “ . Therefore

for b = 2 mode we find

Fro(w) = i <4A —1- z"i—w (p(1—24 - zi—w) —y¥(2A — zi—w) — meot(27A)) (A.s3)

T T T )

We are mainly interested in A = 1/4 case. At A — 1/4 limit the conformal part Q% () is diverging

and we get

26\/? 1 1 ifw i
—— 1 ] A.
oo =27 (g - B o m() (a3
The diverging part is real and doesn’t not contribute to the spectral density. On the other hand the
function /3, () goes to zero as (A — 1/4) and we obtain

P2 (2m) " cos 2T (h)?
fir @) Q@) =~ )

21~y T— 1w
* [i(n)r((; < %;1) _(b_”—h)] : (Ass)

(2

2w

where 3F, is the regularized hypergeometric function. The spin-spin spectral density ﬁQ(w) can be



found as

JOQ((’-’)

1
= ——ImQp(«)

We writeﬁQ(a)) :jo‘Q(a)) + @OQ((L)) and using (A.s 5) we obtain

bl/z

JoQ(a)) = tanh (%) <1 —

where the function R% (w) is

Ri(w) = —2)

b

> (o +05-)

"T(h)

Vasin ()T (h=5)

Re 3F2

(ﬂ;ZIRQ(ﬁ) T )

(b1—b§+mﬂ>.
11

)

To get this expression we used two identities for the regularized hypergeometric function

g (1 hl=h1—b
T2 -2b1—bh+a

e b A—hl-a
2\ohh+4d ) T TWTh+a)TA—h—a) * 1,1

F <19,1—}J,d;1) '
11

L(h)®

;1) =———3F i1
) T(1 —h)3° 2<2h,h+a’ )

T(h

NN

)3

[(1—a)[(1—h)?

p (1= hh
T()I(2—2hI(2h—1)"" 1,1
b

L(1—h)?
T(h)I(a)>*

_'_

Retaining only /4 = 2 mode we obtain

ﬁQ(“’)

pl/2
= —tanh

J

(

B

2
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(A.60)

(A.61)



where we used that vg4 + vo— = 2 and

1—h, b, % +i
3F2< IV 1) = ~2iw — 2i0(Y(1/2 — i) + ) (h = 2) + O((b = 2)") . (A2)
A.s ZERO TEMPERATURE NUMERICS FOR THE BosoNIc/FERMIONIC SYK AND THE RAN-

DOM ROTOR MODELS

We consider Dyson-Schwinger equations for the retarded Green’s function for bosonic and fermionic
SYK for g = 4 case, which is obtained by analytic continuation from the Matsubara frequency 7w, —

w + 0. The first Dyson-Schwinger equation reads
Gr(w) ' =w+i0 +p—Zp(w). (A.63)

Here for brevity we don’t explicitly label Green’s functions by index 2 = £, b but we will use symbol
{z» whichis{y = —land{j = 1. In general for the Green’s function and self-energy we define analytic
in the upper half plane functions G(z) and X(z), which are expressed through the spectral densities
p(w) and o(w) as

G(z) = /+OO a’a{)M 3(z) = /+OO dwm (A.64)

, .
o Z—w oo Z—w

The Matsubara and retarded Green’s functions can be obtained from these functions by taking z =
iw, and z = @ + 0. We can find the spectral density as p(w) = —LImGg(w). Also using the
representation (A.64) we can obtain Green’s function in imaginary time expressed through integral
over the spectral density

) +oo w)e %7
G(r) = ; Z Glimy)e " = — /_ ) dcaf(_)w), 7€ (0,6). (A.65)
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We notice that {G(8~) — G(0T) = fj;o dwp(w) = 1 for arbitrary temperature. To obtain the
second Dyson-Schwinger equation for the retarded self-energy g (w) we consider this equation in

the Matsubara space £(7) = 2G?*(7)G(8 — 7) and use (A.65) to write it through the spectral density

oo 2 n(wy)n(wr)n(—w3) + n(—w))n(—wy)n(ws)

(i) =~/ H(dwzﬁ(wz‘))

. (A.60)

oo W+ wy) — w3 — tw,

where 7(w) = 1/(¢® —) is the Bose or Fermi distribution and we can get ¥ () = =(iw, = w+10).
At zero temperature 8 = 00 we can replace 7y (w) by —0(—w) and nf(w) by 6(—w). Though 7,(w)
is divergent for @ — 0, we assume that this divergence does not play any role. Functions Gg (@)
and X (@) are complex valued and further we will adopt notations for their real and imaginary parts

Gr(w) = G (») + iG"(w) and Zg(w) = T/ (w) + =" (). So for f = oo using (A.66) we find

, ‘nf? OWFMSM dwdwyp(wr)p(wr)p(w1 + w2 —w), @ >0
2 (w) = (A.67)

‘nf? fai+w22w dwdwyp(wr)p(wr)p(w1 + w2 —w), @ <0.

Below in all formulas we set / = 1 for brevity. We anticipate that at zero temperature the functions
p(w) and = () will have discontinuity. So it will be convenient to use a new set of functions defined

separetely forw > 0andw < 0

(ESCH R 4yJwsy (
% ) + &))7 w>0
pw)=4 ¥ . () = . (A68)
%, w<0 dmy/—ws_(—w), @ <0

2 2

We make change of variables w; = w sin® # cos* @ and w = wsin” # sin” @ in (A.67) and obtain

st(w) = [/ * dusinu /2 do g1 (wsin® u cos® @)g (wsin® usin® @)g=(wcos®u),  (A.69)
0 0
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and we notice that s+ (x) and g+ (x) are defined only for a positive argument. Now it is left to find a

real part ='(w) of the self-energy. For this we use the Kramers-Kronig relation

T VY — @

00 4y S ()) — S (w

—00

Defining ¥/, () as ¥'(w) = ¥ (»)8(w) + = (—w)8(—w) we find

)= af "% (B B0 T

T Y —w v+ w

At zero temperature we set chemical potential x = X' (» = 0), so introducing b4 () as

4\/why(w), >0

4/ —wbh_(—w), »<0

() — 3(0) =

and simplifying expressions we finally obtain

W) — +oo Y Vose(v) — Vise(@) | Vosg() + Vst (w)
b ( )_i]é d ( S—a) T h+w) >

Now using the first Dyson-Schwinger equation we can get ¢+ from s+ and b4

gt(w) = = 1 (o) :
(4h+(w) F Vw)? +167% (51 ())?
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We solve Dyson-Schwinger equations iteratively using (A.69), (A.73) and (A.74) and also imposing

the initial conditions coming from the conformal solution (2.53)

_ Csin(’f:tﬁ) _sin (%’:I:ﬁ) b (0) *:FCOS (%’:tﬁ)’ co ( —{r )1/4'

47C N 4C cos 29
(A.75)

2+(0) ; 5+(0) =

We can compute the chemical potential numerically using that x = X'(» = 0) and eq. (A.71):

oo s (w) —s_(w
u= 4/0 dww . (A.76)

In the random rotor model defined in the Section 2.6 the spectral density p(@) is an odd function
due to the particle-hole symmetry. Thus we have g () = —g4(») ands_(») = —sy (w), where

equation for 54 (w) is written in (A.69) ({ = 1 in this case). Also h_(w) = b4 (@) and from (A.73)

we find
oo 2w(ywsy (v) — sy (w))
— A.
hi(w) /0 dv S0 — ) (A77)
The first Schwinger-Dyson equation in the random rotor model reads
451 (w)
S A.78
g+(@) (3/2 — 4hy (0))* + 167254 (w)? (A78)

and the boundary conditions are obtained from (A.75) for § = /2.
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Supplementary Information for Chapter 3

B.1  ZERO TEMPERATURE NUMERICS FOR # — / MODEL

We consider Dyson-Schwinger equations for the retarded Green’s function for # — / model, which is

obtained by analytic continuation from the Matsubara frequency 7w, — @ 4+ 70. The first pair of the
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Dyson-Schwinger equations reads

GﬁR(w)_l :w—i—z’O—}—/Lf—EﬁR(w); (B.1)

Gor(@) ' =w+i0+p, — ). (B.2)

As before, we define analytic in the upper half plane Green’s functions G(z) and self energy X(z),

which are expressed through the spectral densities p(w) and o(w) as

+oo w T s(w
G(z) :/ dw&, >(z) 2/ dw («) ) (B.3)

—co z—w o Z—w

The Matsubara and retarded Green’s functions can be obtained from these functions by taking z =
iw, and z = @ + 0. We can find the spectral density as p(w) = —1ImGg(w). Also using the
representation (B.3) we can obtain Green’s function in imaginary time expressed through integral

over the spectral density

+o0 —wT

(Mﬂ_;z;@wwgmp__/wdﬁfzﬂw re(0,8)), (B.4)

wherea = f,band r = —1,{; = 1. We notice that GOT)—(G(B™)=—-1=— fj;o dwp(w) for
arbitrary temperature.
Here we consider an original model with fermionic spinon and bosonic holon, that gives the fol-

lowing second pair of the Dyson-Schwinger equations

2(7) = PGH)GAB — 7) + k> GH7)Gy(7) Gy(B — 7) ; (B.s)

5(7) = £ GH7)GAB — 7)Gy(7) - (B.6)
To obtain the second Dyson-Schwinger equation for the retarded self-energy =g (») we consider
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the equations in the Matsubara space above and use (B.4) to write it in terms of the spectral densities

for fermions

zwn

+o00 3
P / H dwzﬁf o) nf(wl np(wy)nf(—ws) + nl—w1)n—w)ndws) ()

W] + wy — w3 — 1w,

oo3 w1 )np(wr )ny(—w nl —aw)ny(—w ) ny(w
+ kt? /+ Hdwzﬁf")l)ﬁb(wzm(wg) np(w1)ny(w2)ny(—w3) + nl—w1)ny(—w2)ny(w3)

W+ wy) — w3 — tw,

(B.8)

and for bosons

+o0 3

) =7 | Hdwfﬂf<wl>fab<wz>ﬁf<w3>”f(‘”l)”h(”””f(”3>+”f<wﬂnbwz)nﬂwa)

W —wy + w3 —iw,

(B.9)

where 2, () = 1/(e#*—{) is the Bose or Fermi distribution and we can get ¥ () = =(iw, = w+10).
At zero temperature 8 = 0o we can replace () by —6(—w) and ng(w) by 8(—w). Though 7, ()
is divergent for @ — 0, we assume that this divergence does not play any role. Functions Gg (@)

and g (@) are complex valued and further we will adopt notations for their real and imaginary parts

Gr(») = G (») + iG"(») and Zg(») = ¥ (w) + 7Z"(w). So for § = oo for fermions we find

j’bf@)h w2, w) = ktzﬁb(WZ)ﬁb(wl +wy — 0—’) _Jzﬁf(a)z)ﬁf(f’-’l +wy — 5‘)) (B.10)
x [ortese dwrdwyp (w)p, (w1, w2, w), @ >0
Z]/[/(a)) = Jo f v (B.11)

a &?1-%-&)22&0 dwldwsz(a)l)ﬁbf(wlawbw)v w <0
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and for bosons

v — 7 fo“”ﬂ)zgw dwldwzﬁf(wl)ﬁb(wz)ﬁf(wz +ow—w), >0
p (@) = (B.12)

) fa? e dwldwzﬁf(wl)ﬁb(wz)/of(a)z +w—w), w<O0.

1

We anticipate that at zero temperature the functions p(») and =" () will have discontinuity. So it

will be convenient to use a new set of functions defined separately forw > 0 and w < 0

g (@) +
=, w>0 drJwst (w), w>0
pw) =9 V° L T(w) = . (Ba3)
‘%, w<0 4dm/—ws; (—w), » <0

2 2

We make change of variables w; = wsin® # cos* @ and w, = wsin® # sin® @ in (B.11) and obtain

J}t(a)) = /2 dusinu /2 do gjjf(a) sin® % cos? gD)(/etzgzt(w sin”  sin® @)g;f ( cos® u)
0 0

2

—]Zg}t (sin® u sin” g))gj:f (wcos®u)), (B.14)

and for bosons
szt (w) = —1> /2 dusinu / ’ do gfi (sin® # cos” g))gbi (& sin® u sin” @)g;f (wcos®u), (B.1s)
0 0

and we notice that s+ (x) and g+ (x) are defined only for a positive argument. Now it is left to find a

real part X'(w) of the self-energy. For this we use Kramers-Kronig transform

+0 0, 5"()) — 3 (w
Z/(w) :][ ‘LM (B.16)

e T Y —w
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Defining s/&) (w)asZ (w) = s/ (w)f(w) + >/-) (—w)8(—w) we find

0 1 vV —w v+ w

+00 () 1(+) 1(F) ()
ﬁﬂwzéf w(z () =3P @) _2P0) -5 w>'
At zero temperature we set chemical potential ¢, = X/, (w = 0), so introducing b (w) as

4/wb (), »>0
s (w) — 2 (0) = . (B.18)

4v/—wh; (—w), w<0

and simplifying expressions we finally obtain

ﬁ@:ifmm<ﬁﬁm—wﬁ@hA@ﬁw+ﬁﬁw). 510)

Viy =) Viy + )
Now using the first pair of the Dyson-Schwinger equations (B.1),(B.2) we can get ¢ from s and b

g:i: (w) — 45} (a)) ]
’ (457 () F va)? +1672(s7 ()2

(B.20)

We solve Dyson-Schwinger equations iteratively using (B.14), (B.15), (B.19) and (B.20) and also im-

posing the initial conditions

gE(0) = Zsin(i + 54>, s£(0) = _47r1Cﬂ sin(% + ﬁﬂ), hE(0) = 41424 cos(z + 94) .

where the constants C, are given in (3.23).
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Qs as a function of 0y at 0, = 0.267, k = 0.2

Qp as a function of 6, at 0y = 0.1m, k = 0.2

0.5F T T T ... 0.58 — T T T T T T
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Figure B.1: The Luttinger constraints for fermions (left) and bosons (right). Blue dots are numerically computed Luttinger
constraints and the dashed black lines are the analytical functions (B.22),(B.23). Here we fix the parameters £ = 0.2,
and &, = 0.267 (left), 6’f = 0.17 (right). We note that the precision for each point is in the range of 1075 —1077.

B.1.1 LUTTINGER CONSTRAINTS AND FERMIONIC CHARGE VS CHEMICAL POTENTIAL

We can numerically investigate the solution similarly to the previous paper'7# computing the Lut-

tinger constraints (3.92),(3.93) both numerically and analytically that we rewrite as follows

g
Q) = ——7]; - isin(Zﬁf) = <f‘Lf> — %, (B.22)
Q,(6,) = —% - %sin(Zﬁb) - —% - <m> . (B.23)

Numerically we compute the areas under fermionic and bosonic spectral density curves respectively
at fixed parameters. We show the comparison of the analytical and numerical results in the Fig.B.1.
In addition to the Luttinger constraints, we numerically compute the fermionic charge as a func-
tion of the chemical potential that is given by the real part of the self energy at zero frequency p =
¥'(w = 0). The result is presented in the Fig.B.2.
The behavior of the fermionic charge as a function of chemical potential is similar to the SYK

case'74. We do not see special features in the bosonic charge Q.
p 8¢ Xb
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Qy as a function of yy at 6, = 0.267, k = 0.2 Ky as a function of Qyat 6, = 0.26m, k = 02,7 =0

0.5F - - .__”‘.5__‘ . - 30 T T T T - - -
L \.“‘ |
0.4+ .}.
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() _’r’_‘ R X N N N I I n 1 1 1
0 0.1 0.2 0.1 0.2 0.3
—pus Qs

Figure B.2: Left: Charge as a function of fermionic chemical potential at 77 = 0. The function Qf depends on /“f

through t9f. Right: Compressibility as a function of charge at 7 = (. Parameters for both plots: §, = 0.267, k =
0.2,/ = land¢ = 1. Dashed line on the left plot is numerical line connecting the blue points. The divergence of
compressibility happens at ﬁf ~ 0.157.

B.2 CoRRrRECTIONS TO CONFORMALITY

The notation we adopt here is the same as7%%">'7#, where we represent the functions as a four-component

vector indexed by boson/fermion and £z branches. We use the following basis for the UV-source and

the corrections of Green’s function and self-energy:

97+ 23 (7)
97— %, (7)
ay(7) = ’ V=7, (B.24)
Sa'erZ}(z')
30’f_2}(7)
3G, Gy (7) 0%y 2 (7)
0G,_G5 (T 0%y (7
s = |V o s = | o ag)
é\Gf_A'_ G}( T) 3Zf+ 2}( T)
3G Gi(v) 55 5Y(7)

Here £ means positive/negative 7 branches, and 4, f denote boson and fermion respectively.
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KERNEL OF THE tJMODEL IN THE BOSONIC SPINON + FERMIONIC HOLON CASE

In this part we compute the kernel K¢ of the -/ model in bosonic spinon + fermionic holon case. The
basic ingredient is s and W as defined in7%81 We elaborate the definition by explicitly writing

down on indices 3G )

*xa\T1, T2
W : P ey
2(71772773,74%;; 325(73774)

0Zia(71, T
a 3

¥ (B.26)

Gl
where 2,4 = §, b denote fermion and boson. Using Eq.(B.26) and the conformal saddle point equa-

tions, we obtain

GB G2 0
we(1,2:3,4) = ] (B.27)
0  GyGy
and diagramatically
l1---<---3
0
dem->-m- 4
Ws(1,2;3,4) = 1 ; (B.28)
0
S —
Here we use dashed line to denote fermion and solid line to denote boson.
W difters from the other scheme by a switching b <+ £, § <+ & and an overall minus sign.
Gy = 2GR G 4 (G255 (B.29)
2'2 G12 G21 5\24;13 t2 G43 G12 (5\24;13 + 523;14)
WG(1727374) = 0 ° (B-BO)

—k?GPGR (74 4 251 kP GPGHPHE + PGy
where notation 37# = §(z, — 7;)d(7; — 7;). Diagrammatically, 77 has the following representation
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1 poeeee 3 1[ ..... 3 1[ s 3
2 O 2 4} + 4):::-::11

2V 4 e s 2
WG’(lv 2;3, 4) =

where a dotted line without arrow represents a 0-function. In the basis given by (B.24) and (B.25) W

and Ws take the familiar form

Wz(b) = w(Af7 efv h) S w(Abv 55; b)v

(8.5:1) T(2A — 1+ h)[(2A — b) sin(7h + 20) —sin(27A) + sin(26)
w(AQ, ] = . )
T[(28)I(2A —1)sin(274) | _ sin(27A) — sin(26) sin(7wh — 20)
(B.32)
and
1 0 1 1
) 0 1 1 1 ( )
Wea(h) = . B.33
cos 26, cos 26, cos 26, cos 26,
~eos 292 - cosZﬁZ kcosZﬁff, +2 /ecos 25; +1
cos 26, cos 26, cos 26, cos 26,
~ eos 29:, - cos?ﬂz kcos 29:, +1 kcosZé’Z +2

Finally K¢(h) = Ws(h)Weg(b) and Kx(bh) = We(h) W (h). It turns out that in this scheme the
kernel is identical to that of the fermionic spinon + bosonic holon theory if we substitute 6r — 6,

6’5 — (9f




LINEAR ORDER CORRECTION AT ZERO TEMPERATURE

Following derivations in '7#, the first order conformal corrections at zero temperature take the follow-

ing form :

=> 56(2),
b

GC(T) wy, Wz (/ﬂ) ;19

9hG T) = —apVhp7"7 7 » ay, = —
) T eh)

Here the sum is over the operator spectrum of the #-/ model determined by (2.58), and v, and wy, are
the corresponding right and left eigenvectors of K (/) respectively which have eigenvalue £¢(h) =1
and normalized as w0, = 1,and ), = (3734, 9o, dopy., SJf_)T.

It can be verified that the eigenspace corresponding to the two b = 1 operators are spanned by
0G /99y and 3G, /39, (i.e. changes of §, and §y) which by the Luttinger relations (3.31),(3.32) are
related to 0 Qf and 09, respectively. Therefore, there is no need to include these corrections if we use

the renormalized value of &f, 6.

NONLINEAR ORDER CORRECTION AT ZERO TEMPERATURE

It is also possible to obtain corrections of higher order in « following derivations in'7#. The result

takes the form
apvp ﬂhb/%%/ Al b A2y Ay
G(»;)—Gf(T)(l_z Uy @iy g _> (B.3s)
_ +19’ 17+17’ Hr— )
h VT| b,bl VT| h7h/7b// VT|

where vy, ap)y, apy, etc are four-component vectors. The coefficients @y, ) can be calculated

using the recursion procedure described in '7#. As an example, we perform a calculation for a,,, using



Eq. (4.32) of 7%
1

¥G=——r
1-WsWg

[Wzézz*[c] + 3G, [2]] , (B.36)

where 2, [G] and G, [X] denote the RHS of Schwinger-Dyson equations (3.15)-(3.18) with (i@, + )
dropped. The meaning of 522* [G] is that we compute the second-order variation of %, using only
first-order variation of G.

The second term in the bracket of (B.36) can be computed using the same procedure as'74, with

the result
2 apiy
ZF/O—'—IOI —1 ( (b)vb‘F(b/)U},l)W, (B37)
/N4
where “-” means multiply two vectors entry-wise and F(b) is a 4 by 4 matrix that acts on v):

(b) :.f(ba (917) @ﬂh’ ef)a

Abs r(3/2—h) [ —¢ T (1) —eF (20— ) (B.38)
’ a Zﬁ ; (621'5 + l.) 6,%1'(7#9—45) (_1 o 1-62:'5) 6—%1’(%19-&-49) ’

The first term in the bracket of (B.36) can be computed by expanding the Schwinger-Dyson equa-

tion ¥ = X, [G] to second order, with the result

ape
=> o2 Ty =2 (B.39)

b,



and dj,y is a four-component vector whose entries are

1

Ay = S (onr (o= +ompe) + onp (e + o) + oppe (oo +owp-)) - (Bugo)
1

dpyyp— = E(Ulab—(vh’f— +op ) + op (Opo— + vy ) + opey (Op— + opr-)) (B.41)
1

e = 37 (U/ob— (ot + owpr) + v (o + vy ) — 2050 vppy (B.42)

oy (opp— + opor — 2(opp + Ub’]’+)>> + vpp vy + oy (O + o)
1
dpy.p = 577<Ubb—(vb’b+ +vpp) + vppy (Vo + o) — 20007 (B.43)

+opr (o + oy — 2(opp- + vh'f+))> + opr— (Owp— + o) + ooy
We remind the reader that y = —k cos(26,)/ cos (2L9f). Combining (B.37) and (B.39), we obtain

apy = — (1 — Wz(/ﬂ + 4 — 1) Wc)il

X (F(b N — 1)_1 (F(b)vb 'F(lo,)vbl) + Ws(h+ J— l)dbb/) . (B.44)

B.} QUALITATIVE ANALYSIS OF POTENTIALLY RELEVANT OPERATORS IN THE £ — ]

MODEL

The goal of this analysis is to determine the range of parameters regarding the existence and stability
of the saddle conformal solution, and to study the relevance of time-reparameterization mode b = 2.
The outcome of the analysis is in Fig. 3.2 and Fig. 3.4. We will mainly discuss the fermionic spinon
+ bosonic holon model. The analysis of the fermionic holon + bosonic spinon model is completely
parallel as the kernel is related to by 8r — 6, 6, — 6; .

We will be analyzing the function

E(h) = det(Kg(h) — 1) = 0, (B.45)
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whose zeroes determine the scaling dimension of irrelevant operators appearing in the corrections.

The conformal saddle exists if the Eq.(3.22) has real solutions for Crand G, which implies
cos(26y) + kcos(26;) > 0. (B.46)

Here 0r € [~7/4, w/4] and 6} € [n/4, /4] are assumed to respect unitarity constraint.
By numerically inspecting the function F(/), we found that there is almost always a solution with

scaling dimension Re by < % Depending on parameters, this solution may be on the real axis within

3
2’

the range % < by < 3, or it may move onto the imaginary axis such that by = 1/2 + 45, s > 0.
Qualitative behaviors of the solution can be described by simple inequalities, which we describe

below. First, whether the solution /; is real or complex depends on the sign of F(b) near the pole

h = 1/2. When b; moves from real to complex, the pole switches sign. Therefore the existence of a

complex solution corresponds to

0 >167" lim (5 %)4F(19) — 8 (4cos (26)) + 7) cos (265) + 16k cos (48;) + 16k + #(37 — 4)

+ 2(m — 2)kcos (26;) (8 cos (26;) + 37 — 4) sec (26f) + 4(37 — 4)(k + 1) cos (26),) .

(B.47)

Second, generically £(b) has a double zero at » = 1, corresponding two gauge charges Qf, Q,, which

have scaling dimension 1. When b, crosses 1, F(1) will be a triple zero such that
0= F'(1) = 16 (zcos (26;) 4 2) (m cos (265) + 2) sec (26y) (kcos (26,) + cos (267)) . (B.48)

Assuming, (B.46) holds, the only factor that could change sign is 2 4 7 cos(26;), so the condition for

1/2 < by < 1is

1
g, > — arccos <) ~ 0.3598~. (B.49)
2 T
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3
2)

will be absorbed by the pole of F(h) at b = 3, so the mode disappears (it has zero OPE with the fand

We also remark that this is the maximum of the LHS of Luttinger constraint (3.32). When by = 3, it

b). Physically, this corresponds to 8, = 7/4, i.e. the holon density is zero.
Additionally, there can be a second solution near », near b = 2. When this mode crosses b = 2,

F(2) changes sign. The condition that b, < 2is

0>F(2) = gsec (265)

X (—4k cos (28,) — 3k cos (46;) + 4 cos (29f) + 37 cos (45f) — 37k + 37) . (B.so)

The above constraints define all the boundaries in Fig. 3.2. Same inequalties with 0r — 6y, 6, — &

define the boundaries in Fig. 3.4.

B.4 CarcuraTioN oF OrTicAL CONDUCTIVITY

In this appendix we give details on the evaluation of (3.80). For convenience, we will work in units

where 8 = 27. Our starting point is the Kubo formula (3.77), recast into the following form

“+oo
% 1/ 1 1
Reo(w) = R /_oo dQ; (62”0 1 Ao 1>Joe(_(),) (Q+w), (B.s1)

here the prefactors are chosen such that the conformal contribution is op. The electron spectral weight

is given in (3.73),

L) = pi (@) (1 - Z ViR (0 — &) — VIR (@ — 56)) , (B.s2)

b

where

/s ap
7" = 2T e o o+ o). (B:53)
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The conformal contribution is

Regy(w) = ool(w), (B.s4)
where the integral /() is
&0 1 1 cosh(7Q) cosh(7(Q + w))
[(w) = [ dO— - .
w \ 2™ +1  27(Q+e) 11 ) cosh(z(Q —&,)) cosh(z(Q + w — &,))
(B-ss)

We have added a convergence factor &2 with ¢ — 0, which allows to split the two terms in the paren-
theses. The individual integrands are periodic under QO — Q + 7, so we can use an rectangular
contour with infinite sides at ImQ = 0 and at InQ = 1. The encircled poles are at Q = &, + % and

Q=& —w+ % We obtain
1 675&)
£Ee

[(C()) - 2 . € 9 (B.SG)
@ SIN 3

and in the limit — 0 we get

RCO’Q(&)) = 0'0[(&)) = 09, (B-57)
which is independent of frequency as expected from scaling analysis.

Next we look at contribution due to corrections
&L 1 1 cosh(7Q) cosh(7(Q + w))
Red, = — dQ— —
<d(®) 7 / w (eZWQ +1  27(Qte) 4 1) cosh(7(Q — &,)) cosh(7(Q + w — &,))

x (MRE(Q-E)+ R (Q—E) + VERE(Q+w— &) + R(Q+0—E,)) .

(B.s8)

216



Using explicit expression (3.75) for ’RbA/ S, we need the following auxilary integral (¢ — 0)

B & 1 1 cosh(7Q) cosh(7(Q + w))
Jw) = /an) <627’Q +1 Qo) 4 1) cosh(7(Q — &,)) cosh(7(Q + o — &,))

_}3 1 ; _
(PR -E)
1,1 ’

(B.s9)

which is evaluated by expanding the hypergeometric function in series, doing the integral term by
term with the contour method as for the integral /(w), and then resumming the series.

Using /(w), we can express the correction as

2(2)1(h)

Redyo(w) = —oo Vzsin (Z)T(h—1/2)

(ViRe((@) +J(—2)) + ViIm(J(w) +J(~w))) -
(B.6o)

Here the /(—) terms come from integrating R2/(Q + w — &,). Since /(@) = J(—w)*, only the I/

terms are nonzero, and we obtain (3.80).
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Supplementary Information for Chapter 4

C.1  DETAILS OF THE EIGENVALUE EQUATION

In what follows we derive the one dimensional eigenvalue equation that is solved in the main text. A
similar analysis of the Feynman rules for the OTOC was done before e.g. in 3451, We will present
explicit derivations for each diagram and describe how the final structure is obtained. The analysis is

first done for the single patch theory, and we later on generalize to two antipodal patches, and show
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that our results and conclusions do not change.

The object of interest is the regulated squared anticommutator of the fermion operators

N

1
Ci(r,0) = — 8(8) Y Tr |2y, (x,1), ¥, ()} P2y, (x, 0, ¥h, O} |, (Cn)
]\]2 S~ n m n m
where ¥(x, 1) = Uj ¥, (%, 1) Urand Uy is the interaction picture time evolution operator. The nota-
tion ¥(0) = ¢(0, 0) is introduced for simplicity. In the following, we drop the subscript “0” on ¥,
assuming that the fields are free.

A Taylor expansion of the evolution operator up to second order reads

Ur = exp Z / / dsguyl(y, )¥;(,9)2,(0,5) (C2)

7l

1yl z//dsggm 99,052,

7l

" <N> 2 / , / ds / 4 gi1g719),9)00 0 W 0o, 0,0V 0 )9 () +

all indecies ¥

An expansion of its conjugate is therefore given by

vh=ep |~ 2 [ [ dano:990:99.009 ©3)

7l

—1— JZ\ZZ//O d;ggzwj(y,f)%@af)%(%f)

()2

We use the following definitions of retarded Green’s functions and the symmetrized Wightman func-

[ [ [ asgormei 000 Wi0:9%, 090/ 41,0/.9) +
»y

all indecies
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tions for fermions and bosons:

G® (%, 1) = —i8(2) ({¥,(x,2), ¥3(0)}), (C.4)
DR (x,8)3, = —i8(0) ([, (x,2), £,(0)]), (C.s)
G (x, )30 = Tele*y,, (x, 2)e' 29} (0)], (C.6)
DY (x,)3. = Te[p"*p, (x, )60, (0)]. (C7)

where p = ¢™

Leading contribution.
The zeroth order Taylor expansion of the evolution operator (C.2), along with the above definition
of the retarded Green’s function for fermions (C.4), gives us the leading contribution to the expression

for the squared anticommutator

N
CO(1,0) = 1500) 3 T [y, (5.0 YL O}y, (.0, 7O

n,m=1

= G (x,) (6™ (x,1)) = | GM )P

Diagrammatically, we represent it simply as

R

O, 0) = : (C.8)

—_————

First order.
To derive the eigenvalue equation at the first order, we note that only the product of even numbers

of the coupling constants g;; gives a non-zero result. The combination of the first term on one of the
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time folds, and the expansion (C.2)-(C.3) to higher orders on the other time fold leads to corrections
self energy corrections to the Green’s function. Thus we are left with the expansion (C.2)-(C.3) to

the first order on both time folds, and we obtain

00 = 1580 [ [ 3 T ey 914, 5.0, 409,09 ¥ (0)
55 Jy

k ¥ all indices

%0 g oy Y0, 70 ) ) AL (O} ]

Using definitions (C.4)-(C.7), and counting the powers of N for each term, we obtain the following

expression

c§l>(t,o)_g; / GR(x =9, =GRy, )D" (y =y ;s = )G (x — .t = ) GR (Y, ),
ss' Jyy!

which gives the “rung” diagram

cW(z,0) = \’E : (C9)

Second order.
At the second order we find three terms, but only one of them is both nonzero at large N and is

not two ladders of type (C.9). This term is a “box” diagram and is similar to the one found in "5 and
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reads

) (2,0)

4 t 51 ¢ 3
= i‘v/ / djl/ d52/ d.f3/ dj4GR(x —yl’ — Sl)DR()/l _)/2751 _ SZ)GW()/I _}/3)}1 o 53)
{1 Jo 0 0 0

X GWO/4 — V254 — JZ)GRO/Z,JZ)GR*(X — V3 t— SS)DR*()% V453 — 54)GR*0/4)54)
The diagram is
CA(0)= ! b (C.10)

In the large Nlimit, we don’t find any new types of diagrams other than boxes and rungs contributing

to (C.1), after expanding the unitary operator (C.2) to higher orders.

The eigenvalue equation.

We now evaluate the ladder sum and work with the following function:

3
Clw) = ;{/ (;ZW/;C(/aw), (Cr1)

where C (@) is the Fourier transform of C(#, 0) with respect to x and . The spatial Fourier transform
converts x to a momentum p, that is taken to be along the x direction (normal to the patch Fermi
surface), as the butterfly velocity is the largest along this direction '#5.

The Bethe-Saltpeter equation (Fig. 4.2 of the main text) then reads

K

(27)? (PD" (k — k) + K (k, ¥, 0))C(K, )] .

Clk, ) = GR(R)GR (k — py — o) [1 + /

Each of the terms corresponds to Fourier transform of the perturbative expansion found above. The
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exponential growth of the squared anticommutator in the chaos regime is expected if the eigenvalue

equation is invariant under adding a ladder, and we can then write

R R dSk/ w / / /
Clk,0) = GRB)G (/e—px—w)/(zﬁp(gzD (k—¥) + Kok, 0))C(H, ), (Cor2)

where the function K, (k, ¥, ») is the kernel of the “box” diagram found above (C.10), which in

Fourier space reads

K / _ 4 d3/€1 R Rx w Wil
(b ) = g /(27[)30 (k) DRy — s — )G (k — k)G (¥ — k). (C13)

We can now explicitly compute each term in (C.12). The fermion and boson Green’s functions

the single patch theory* are given by

1

R _

G (/6,&)) = /ex+/e§—ZR(w)—zp(7")’ (C.14)
G (k) = — m>" (@) +¢(T) : (C.15)
cosh fiz‘” ([(kx +£2) + ReZF ()2 + Im=F () + MT)P)

DR(q,Q #0) = ’9y|3+|7iq’ly2|—l'fbﬂ’ (C.16)

CbQMy’

(C.17)

DW(qv ‘Q) = )
sinh /%Q((]qy\z’ + m?)? + 2 Q%)

where we added a small mass term in the boson Green’s function as an IR regulator that will eventually

be carefully taken to zero, and

. —iw— 7T
ER(&)) = leTQ/SHI/S (M) (CIS)

The function Hj /3(z) = {(1/3) — {(1/3,2 + 1) is the Harmonic number function, as noted in the

main text, and the constants take the values ¢r = 25/3¢43 /(3y/3) and ¢;, = ¢%/(87) in the single
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patch theory.
Since our theory has sliding symmetry about the patch Fermi surface, the function C(k, ») depends
on momentum as C(k, w) = C(ky + kyz, ko, w). Our main goal further is to express the equation in

terms of 2 momentum independent eigenfunction " (which we call C(ko, w, 7|px|) in the main text)

5 Ak,

C( /07w) z/zﬁc(k;—i—/eyz, 675‘))1 (C'I9)
which we will see is possible to do because of the special momentum dependence of C induced by the
sliding symmetry.

We now compute each term in (C.12). The diagonal term in the equation is simply

s o Ry — d
/ZWGUe)G =2 =) = RO =Sk — )+ 20 T) — o

1 1
- 3 —iko—7 —i(w—ko)—7 L
51 Hy 5 (7% T) +Hys (7( = T) +2u(T) +ips

The “first order” term can be written as

31!
¢ [ S k- K

(27)3
3 / dkydk, (ko — ko) |4 C(k),w)

= b 7
L) @rp w2y + Gk — k)P sinh ik

The second term in the eigenvalue equation, Ze. the K, - term can be evaluated as done in Ref. 45

31/
/ (‘;;31@(/«, ¥, w)CH )

4 d3k1d3/€/ R R w Wiyt /
=g D (kl)D (kl —px—a))G (k—kl)G (/€ —/el)C(k,a))

(27)°
_ gP4m*B [ dkydkor (ko + (—ikot) ™ (i(kor — @) C(ky, ») (C.20)
W3 ) @D ka(ilkor — )2k — ) cosh Bzt cosh fo
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The integration over frequencies has to be done numerically. Combining the above equations, we

obtain the eigenvalue equation that we solve in the main text, for p, = 7|p.|:

[‘me <H1/3 <_lk207r_T7[T> + Hyy3 <_i(w _27/?)72 — ﬁT)) +2u(T) — |pv@ C(ko, w)

_ 2 dky d/e’ ey (ko — ko) [k} C(k), )
/ WP—Fm )2+ (ko — k§)? ginh ko ko
g‘*/347r‘*/3 il G + (b Pk =) ko) (Ca)
3V3 (27)%  koy(i(kor — @))/3(2ko1 — @) cosh ko /€01 cosh Kozku” )

2T

We then numerically solve the equation following Appendix D in 45

Our numerical procedure is as follows. We first perform the integration over £, with a small finite
mass term 72 = 0.02. We then discretize the integration over k{, as well as the variable k in the region
ko, ky € [—15,15] with the step size dky = 0.005. We solve the eigenvalue equation for different
w on the positive imaginary axis, and look for » at which eigenvalue of the equation (C.21) is closest
to zero. Whenever we obtain a solution with multiple eigenvalues, we choose the largest one since it
corresponds to the Lyapunov exponent A7. As a check, we find the value A, ~ 2.48T at |p,| = 0,

which is exactly the result that was found in 45

Antipodal patches.

We now consider the evolution of the OTOC in the non-chiral theory with two antipodal patches.
We will show that our conclusions about maximal quantum chaos are unaftected in the large N limit
by the interactions induced between the two patches.

The action for the two patch model ((4.1) of the main text) tells us that the fermions in the
patches disperse as -k, + /e},2 respectively. We therefore expect that the eigenfunctions for the two
patches =+ are given by C+ (&, ko, w) = C(Lky + /e),z, ko, w), which is obvious at the non-interacting

level (7.e. (C.8)), and can easily be shown to be self-consistent when interactions are included in the
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Bethe-Salpeter equation.
In addition to the K, term in the eigenvalue equation, we now have a term that couples fermions

from opposite patches at the two ends of the “box” diagrams. For the + patch, it is given by (C.22),

@wo =] ] (Ca2)

which yields

Gl K, (k, K, 0)C_ (K _ [ 4 K (ky ky, Koy K ) C(—K. + K2 R C
W 2(7 7(‘)) —( 7“) - W 2(7 07 Fxs va) ( x y 0’5‘))' (C.23)

Then, by exploiting the sliding symmetry and shifting &, — &+ k;z, we can complete the internal
momentum (ki , k1) integrals just like Ref. '#5 did with the K5 term, followed by the (£, /e;) integrals.
This yields

K / /
/(2”)31{'2(/%,/% yw)C_ (k' )

i [ PhdPE g w Wy /
=g D (/Cl)D (kl —px—w)G+ (k*kl)G_ (/6‘ —/el)C,(/ma))

(27)¢
— §34m 3 [ dkydkor (ko + (= ko)™ (i(kor — @) Clkp, )
24/33,/3 (27)? kot (2(ko1 — &)))1/3(2/‘301 —®) cosh % cosh %2*7%01 |

where G are the Wightman fermion Green’s functions for the & patches respectively. This is just
proportional to the action of the K5 term on C4 (C.20). The sum of the action of the K and K}
terms therefore yields the RHS of (C.20) divided by a factor of 21/3. However, since the two patch
value of ¢, is twice its one patch value, and the two patch value of ¢ris1 / 21/3 times its one patch value,

this extra factor of 1/2!/3 cancels out in the equivalent of (C.21) as m is taken to 0, leaving us with
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the same final one dimensional integral equation to be solved numerically.

Therefore, at Z|p;| = 0, there is no difference between the solutions for the one-patch and two-
patch OTOC:s. For non-zero external momentum, we can see that if we apply +z|p.| to the + patch
and —z|p,| to the — patch, corresponding to a pair of chiral scrambling modes traveling with the same
speed but in opposite directions (one coming from each patch), we get the same 7|p,| dependence
for the OTOC as well. The only difference is that the value of 7|p,| is rescaled by a factor of 21/3 and
therefore the butterfly velocity is rescaled by a factor of 1/2!/3. However, since this merely corresponds
to a rescaling of the x-axes of Figs. 4.3, 4.4 of the main text, our conclusions regarding maximal chaos

remain unchanged.

C.2 GENERALIZATION OF THE LADDER IDENTITY

In this section we discuss the generalization of the single mode ansatz*°+777? to the spatially depen-
dent case, and show that the result obtained by Gu and Kitaev”” holds.

The “regular” OTOC we are considering consists of connected and disconnected parts

N

OTOC (11,12, 13,14) = % Z ({p1/4¢n(x, t1)ﬁ1/4%1n(0,t3)ﬁ1/4¢l(x, tz)Jo1/4;km(0,t4)>
n,m=1

+ (¥, (6 0) V] (%, 22)) (¥1,(0,23),,(0, 24))). (C.24)

We consider the Fourier transform of the connected part:
OTOC, (11,12, 13,24) = / e OTOC,, (1,12, 13, t4; k, k') (C.25)

kK

and use the assumption that the single mode ansatz works for every momentum eigenmode. The
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tl k+§ k +§ t3
1 p ,_P

to 2 K-35 "l

Figure C.1: Diagram representing the ansatz (C.z6). The wavy line represents the scramblon. The figure is adapted
from’” for the momentum-dependent case.

OTOC then has the following form

K(p) (1‘1 +t2—t3—t4)/2
¢ YR (10, k) YA (134, ), (C.26)

OTOCp(tlatl)t%t/};kak/) = C(P) ? ?

where we assume that the times are well separated s = (# + t2 — #3 — #4)/2 > x(p) 7}, the ex-
ponent represents the “scramblon”, the momentum-dependent function C(p) is to be determined
below from the consistency condition, and Yﬁ’R (i, k) are the momentum-dependent vertex func-
tions. The diagram that represents the ansatz is shown in Fig. C.1.

Let us consider the following form of the regular OTOC, where we distinguish 2 ladders some-

where in the middle. We can then write down the self consistency condition as follows

OTOC, (11,12, 13, tas b, k) =~ / OTOC, (11, 12, %5, t6; k. q) (C.27)
t5,L6,7,1839+9

S 7

—

X 11 X OTOC(t7, 85,13, 144, K).
—
6 8

BOX

The points #5 and #5 have the same corresponding imaginary time components as #; and #,. We there-

fore need to shift the coordinates on the Keldysh contour by +77/2 to either direction as shown in
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Figure C.2: Double Keldysh contour for the equation (C.27).

Fig.C.2. There are two choices

k(p)(1t+t2—ts—tet+im) /2
€
Cp) Y;]; (112, /C)Y;(fse, k),

k(p)(+r—ts—ts—im) /2
¢
C(p) ij (12, k)T; (ts6, k'),

OTOC, 4 = OTOC, (11, 12,5 — i% e — i k. ) =

T T
OTOC, 4 = —~OTOC, (tl, st i 15 + i3k, /e’) ~

that we need to add together. The other OTOC in (C.27) is regular because the points #3, 4 and 7,

tg have different imaginary parts, and we obtain

eK(p)([7—|—l‘g—l‘3—t4)/2 R 4 ,
() X, (78, k)Y, (34, &'). (C.28)

OTOCp(t% 13,13, L4; ka kl) =

Plugging in the ansatzé for each OTOC on both sides in (C.27), we can schematically write

x(p)7

2 cos —5— (1t —13—14)
R A N =N 2 x(p)
—C(p) YP (1'12, k)YP (l‘34, k ) CQ(p) 4 2

_ (rs+16)
X / 14 *(p) 2 Tﬁ(l‘u,/@)Y‘f(t%,q)
15,16,17,1339,9"

(4t —t3—14)
ex(p)l 223 4

(17+15)
- BOX(t5, £, 17, t5:4,4) - O 2 Xf (t75,4') Y7 (134, &),

where the dot product is a notation for the integration over the intermediate times and momentum.
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The factor of N comes from the definition of the OTOC and needs to be compensated since we have

two of them on the RHS. Simplifying the equation, we obtain

C(p) = 2N cos W/ e'c(p)(tﬁ[s_[s_té)/zrf(fsea4) (C.29)

15,t6,7,1839,9

X BOX(Z’5, te, 7,18, 9, q,) X Y]]f(hg, q,)

We are interested in the fact that the momentum dependent coefficient C(p) is proportional to

C) k()7
N cos 5 (C.30)
which becomes zero when x(p) = 1. In our case Az (p) = 277Tx(p), which means that A; = 27T

corresponds to a pole in the regular OTOC (C.24).

C.3 VARYING THE DYNAMICAL CRITICAL EXPONENT

In this section we derive the generalized eigenvalue equation for non-Fermi liquids with dynamical
critical exponent 2 < z < 3. The retarded boson Green’s function and boson Wightman function

have the following forms:

1
DR, Q#0)= ——
) SO
lgy[*= + s g
CbQ|4y|

. 80 )
sinh %(]qylzz + CI%QZ)

DW(qv ‘Q’) =
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where ¢, = ¢*/8 as before. The fermion self energy changes to

) ST sgn(w, + Q,,)
i) =iy 3 [ BT (C:33)
0,207 |9 T 8T

: 2_
= 22_gg§ Tr~: .l 5 Z Q lsgn(wn +Q,)
Zsin Yy 00
. g4 4 2 1 |wn| — T
= sgn(en)27 g T o e (m ‘
In a simpler form, the self energy is
| — 7T
S(iw,) = Z'Sgﬂ(wn)fﬁzT%Hl_g <|602|7[T7[> ; (C.34)
1
P C.
= £ Zsin(%ﬁ) (C.35)
and the fermion Green’s function reads
. 1
Glk,iw,) = P ) (C36)
ki + k5 — z'Cﬁzsgn(wn)Tﬁ/ZHl_% ("27) — isgn(w,)u(T)
T
w(T) = ) (C.37)
2zsin (27”) m2—§

where u(7), as before, is a term generated by a finite but small boson mass 72. The derivation of the

eigenvalue equation is the same as before, and it can be written as

ity — T o~ k) — =T .
['ﬁ/zcﬁz (Hl_z/z <1207TT”> +H1_2/z( ok~ >) T 2u(1) - px|] Clko, )

e / dkydk, c(ko — ko)) C(ky, »)
€)@ e+ w2+ Gk — k) inh
ic* dkydkon (—ikor) = ™" = (ko — @)™ C(kp, @)
- 2 2 k/—/e . (C38)
8z sin(zzl)fb_; (27) 2kor =@ cosh koz_ﬁm cosh OTTOI
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Checking this for 2 = 3, we obtain the result of the previous section. The numerical approach to
solve this equation is the same as in the previous section; we vary the external momentum p, on the
imaginary axis and looking for a value of ¢ at which the equation has a solution. We present the result
of Az(Z|py|)/ T in the main text, and show that any theory with the dynamical critical exponent in a

region 2 < z < 3 is maximally chaotic.

C.3.1  QUASIPARTICLES

Here, we would like to explore a Fermiliquid regime where quasiparticles appear, specifically when the
dynamical critical exponent 2 is in the region 1 < z < 2. We explicitly derive and solve the eigenvalue
equation, and find and compare the saddle point and pole values. We show that the saddle point gives
dominant contribution to the OTOC, and the theories are therefore not maximally chaotic as per the
criteria of Ref.77.

We first compute the fermion self energy with the dynamical critical exponent in the region 1 <
z < 2. As compared to the previous case, we set now the boson mass to zero, but have to include a

finite UV cutoff A when integrating over ky. The fermion self energy reads

d 2+ Q
oy = T3 [ IR0

A 2T |4y|z+fb|Q |

T AF wef ]Q \’_1
2 b

E 2+ Q, +

=8y, 27 5 sgn(« ) 2—z zsin (2”)

&N, (chb);_lH i <\wn] —7rT>

- T: Y
2722 —z T Tosgn(en) 27T

= iw,
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The diagonal term in the eigenvalue equation reads

d/e R Rx (1 —w — ‘ I
/2 CRCT = pr— o) SR (k) — =R (kg — @) + 0 — p (Ca1)

where we have retained the bare kg term in the fermion Green’s functions, as it is no longer dominated
by the self energy unlike the previously considered 2 < z < 3 case. Combining (C.40) and (C.41),

we obtain the diagonal term

1
g (e (2 + e (D) i+ 5 2

The “first order” term is simply

Akydk, el (ko — k) C(k), ¢ ! (ko — K))ETY
gz/ ko, 2) gzb / 0 — k) Ckp, @), (C.43)

(27)? |k/|zz+5b(/€0 k0)* sinh "k 0 /e _Zzsm; 27 smh%

and we note that itis free of IR divergences. We also note that the K term is the same as in the previous

case (C.38) for 2 < z < 3, and the eigenvalue equation becomes

/2 —tkg — nT —i(w — ko) — 7T
[TZ fz <H1—2/z (27rT > +Hy oy, ( T
AZ—Z
i (14 52 - @x] (ko.)
g / [(kok'rl
2zsm; 27 inh =

B l;gz /dkol (—l'/e()l)’— _ (-(k()l —0)))7_ ]CN(%,&)), (C.44)

8COS(%)% 27 (2kg1 — w) cosh ko k‘“ cosh X km

where the constants ¢z, and ¢, are defined above.

We solve the equation for parameters ¢ = 1.5, ¢ = 0.5, 7 = 1, and the UV cutoft A = 50. We
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Figure C.3: Analysis of the eigenvalues numerically obtained from (C.44) forz = 1.5,g = 0.5and A = 50. ()
Lyapunov exponent as a function of |p,c| on the imaginary axis. The saddle point [p5| gives the dominant contribution
as |ps] < |p1]”’. Inparticular, we obtained |p| = 4.28 and [p;| = 7.84. The butterfly velocity therefore is

vg = (dAL(px)/d|ps|)p.=p. = 0.8vr, where v = 1is the Fermi velocity. The purple line is a fitting function

A = 0.04 + 0.78p.| + 0.002|p,|* of the numerical data. The accuracy of the results is within ~ 5%. (b) Finding
the saddle point, which is given by the root of the plotted function.

find that the ballistic growth is present with the Lyapunov exponent 1; = 3.42 and butterfly velocity
vgp = 0.8 vr. Since the solution is numerical, we obtain the result with some error, that we estimate
to be ~ 5%. We show the behavior of eigenvalues upon changing the external momentum on the
imaginary axis in Fig. C.3. We find that the magnitude of the saddle point momentum is |p,| = 4.28,
and that of the pole momentum is [p;| = 7.84, which is much greater than [p;|. Therefore, there is
no maximal chaos according to the criteria set by Ref.””.

We also solve the eigenvalue equation for several other values of the dynamical critical exponent in
therange 1 < z < 2, where quasiparticles are present. As in the main text, we compute the difference
between the velocities ; and instantaneous slopes v at p, = p1. We show the result in Fig. C.4.
Within our numerical accuracy (~ 5%), we find that the instantaneous slope v, is always larger than
the velocity v at the pole p = 7|py|. Since A1 (Z]py|) is a positive, monotonically increasing, and convex
function, this implies |p;| < |p1]. Therefore, following the criteria set by Ref.”7, we can argue that for

z < 2, the theories are not maximally chaotic.
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Figure C.4: Difference between v; and the instantaneous slopes v at p, = py, for several dynamical critical exponents
zintheregion1l < z < 2. This difference is negative within numerical accuracy, and therefore there is no maximal
chaos when z < 2. This is in contrast to the 2 < z < 3 case, where the difference is always positive (Fig. 4.4 of the
main text)

We also note that the leading behavior of the eigenvalues is controlled by the linear in frequency
behavior in the diagonal term of the equation (C.44). Therefore, to first order, we see that A7 ~

T2/% < 27T, and we can also estimate the butterfly velocity as

1
Up = W”ﬁ (C.4s)

272 2—z

where v = 1 is the Fermi velocity. For the chosen parameters, this equation approximates vp =~
0.85 vy, which is close to the actual numerical solution we obtained above. We therefore argue that,
within the class of problems we are interested in, any theory with the dynamical critical exponent in

the region1 < z < 2, 7.¢., one that has quasiparticles, is not maximally chaotic.
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Supplementary Information for Chapter s

D.r  REeaL FREQUENCY EQUATIONS FOR CRITICAL METAL WITH FERMIONIC SPINONS

In this appendix we present details related to solving the saddle-point equations in Egs. (5.12)-(5.17)
of the main text on the real-frequency axis. We shall focus our attention at zero temperature. In
addition, we also present more details of our solution and present arguments for the absence of a

Fermi-liquid solution.
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D.1.1 ANALYTIC CONTINUATION TO REAL FREQUENCY

We can separate the zero frequency bosonic greens function into a part which is regular at 7w, = 0

and a part which diverges at zero temperature:

B7 = Br — Gy(iw, = 0) (D.1)

We can then rewrite the saddle point equations in terms of 7 and G, as:

Gy(iw, = 0) — fr= ! 2
Gyliw, = 0) — Br = =%y = 0) (D.2)
. 1

Gb(“‘)n) = itom + tt, — z;,(l'a)n) (D:3)
54(2) = ~GARGA—7) [~ + Go(2)] (D)
Gliwy) = ! (D.s)

iw, + e Zf(lwn)

Zf(z') = —]ZGf(T)ZGf(—T) + /etZGf(r) [72 — 1(Gy(7) + Gyp(—7)) + Gy(7) G;,(—r)] (D.6)

We wish to solve the above equations on the real frequency axis so that we may obtain physical ob-
servables like the electron and spin spectral functions. The above equations can be rewritten in terms
of the spectral functions for fermions and bosons by analytically continuing the imaginary frequency

greens functions to obtain the retarded greens function Gf@/ b (w):

1 . . 1
pp = —ImlGylion = 0 +10%)] = —~ Tm[Gh, (o) (D7)
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We can similarly define the retarded self energies as Ej]f/ (@) = Zgy(iw, = w +i0™), leading to the

following real frequency expressions for the saddle point equations:

//R
1 Zf/b (@)
Popw) = —= ; - (D.8)
s (0 — Zfﬂ(w))z + Zf/’i(w)z
Where we define the imaginary part of the retarded self energy for bosons as: EZR (w)as follows:
%% (@) = Zj(0) + Zj(») (D.9)

with:

S (w) = ;er/dwlﬁf(a)l)ﬁf(wl — o) [nfw1)nfw — w1) — nf(—w1)nfw) — w)] (D.10)
Zi(w) = tzﬁ/dwldwzjof(a;l)ﬁb(wz)ﬁf(wl +w; —w) (D.11)

X [nfw1)np(w2)nfw — w1 — w2) + nf—w1)ny(—w2)ndwy + w2 — )] (D.12)
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We also define the imaginary part of the retarded self energy for fermions as Z}IR (w) as follows:

SR () = Z}(w) + Zj%(a)) + E}(w) + Ejﬁ(w) (D.13)
Z}(w) = —J /dwldwzjof(wl)ﬁf(wz)ﬁf(a)l +w; —w)

X [nfwr)nfwr)nf(w — w1 — w2) + nf—w1)nd—w2)nfw1 + w2 — w)] (D.14)

2Hw) = —rkap () (D.15)
SHw) = b [ dongon) [pyw — 1) ~ pyfon — o)

X [ny(@1 — @) —w1) — ny(w — o1)nw1)] (D.16)
$Ho) = b [ dindungylon)p, on)o,fon + 02— 0)

X [nfw1)ny(w2)ny(@ — w1 — w2) + nf—w1)ny(—w2)ny(w) + w2 — )] (D.17)

The constraints on the fermionic and bosonic fillings in real frequency can be rewritten as:

r+/_oo dwefﬂ’i(f)lzp /_OO dwlﬁff:;wzx—kp (D.18)

The real parts of the bosonic and fermionic self energies are related to their imaginary self energies
via the Kramers-Kronig relation. Atzero temperature, the Fermi-Dirac and Bose-Einstein functionsin

the imaginary self energies are replaced by §(—) and —(—w) respectively. Then at zero temperature,
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the saddle point equations become:

%% (0) = Zj(w) + (@)

(@) =

(@) =

—rr [ dwljof(wl)ﬁf(wl —w), forw>0

Prm fﬁ dwlﬁf(a)l)ﬁf(a)l —w), forw<O0

_tzﬁfow1+w2<“’ dwldw?-ﬁf(wl)ﬁb(wz)ﬁf(wl + wy — a)), forw >0

—Pr fﬁl+w2>w a’wldwzﬁf(wl)ﬁb(a)z)ﬁf(wl +w, —w), forw<0

2R (@) = THw) + T (o) + ZH @) + ZH)

P [T didewnp (o dwr )pd @1 + @2 — @), forw >0
P [ o derdenpon)phwr)p @1 + w2 — 0),  fore <0
— zrzleﬂpf(w)
—ke*rm [ d“’lﬁf(a’l)b%(w —w1) —py(@1 — )], forw >0
| k2 [} doipden) oy — 1) = py(@1 — )], fore <0

ktzﬂfow1+wz<w dwldeﬁf(wl)ﬁb(wz)ﬁb(a)l + wy — a))7 for w >0

ktzﬂfa? d“’ldwzf’f(wl)ﬁb(wz)ﬁb(M +w; —w), forw<0

1Fw2>w

Subject to the filling constraints:

0 0
r— /_ dwp,(w) = p /_ dwﬁf(w) =x—kp
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D.1.2 ABSENCE OF A FERMI—LIQUID SOLUTION

In the above saddle point equations, the low frequency structure for » > 0 implies G, (iw, = 0) ~
1/|w|. Such low frequency behavior leads to a logarithmically diverging boson density and 7, meaning
that we must have » = 0 at 7= 0. We then set » = 0 and begin looking for critical solutions to the

above equations at 7= 0 of the following form:

(D.28)

wl—ZAﬂ

and corresponding low frequency form for the spectral density:

C, sin(wAﬂ + 9/5) 1
_Pa(&)) D / wl—20, (D2'9)
sin(zA, — 6,)

where 2 = f/b and with the additional constraint Ay + A, = 3. To resolve the low frequency
divergences in the spectral densities in our numerical integration, we absorb the the low frequency @
dependence of the spectral functions into the numerical integration measure such that the numerical
integrals do not contain any divergent pieces. We use 4 X 10* frequency points on our real » axis and

a frequency spacing which is smaller at small @ and larger at large w.

D.1.3 FIXING THE LOW ENERGY SOLUTION

In this section we will detail how we fix the coefficients Cy, C, Ap Ay, b5 and G, in Eq. D.29. The
filling constraints for bosons and fermions will be imposed by the initial conditions we select for &y,
O, Ap and Ay. In constraining these coefficients in the low energy solution, we first solve for §rand

8 as a function of A, at fixed doping. We do this for a given A, and p by separately solving the two
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Luttinger constraints for fermions and bosons to obtain corresponding values for frand 6,

g 1 sin(2z9)

f r

el AL S 2

1 < f> Siﬂ(Z?Z’Af) KA

T2

sin(26,) 1
z Sl N i S 2
T + <2 b) sin(27h,) 2

For a fixed doping, we can then use Jrand 0, calculated as a function of A to compute the coefhi-

+p. (D.30)

cient k as a function of A;, using its expression in terms of the self-consistency conditions,

F(Z — ZAf)F(ZAf) sin(?rAf—i- ﬁf) sin(ﬁAf— (9f)
" T(2 — 2A,)T(24y) sin(wAy 4 6,) sin(zA, — 6,)

k= (D.31)

We then fix A, by selecting the value of Aj, at which # attains its physical value £ = % We show for 3
different dopings the £ we compute in this way as a function of A in Fig. D.2 and the values of 65, 6,
Ap, Ay, we obtain by choosing £ = % in Fig. D.3. We then have fixed every free parameter in Eq. D.29
except for C and Cr. Crand Cj, are parameters which are unconstrained in the original low frequency
ansatz and generally have values which depend on the full @ dependent solutions p f(a)) andp, (»). We
solve for these constants at each step of our iterative procedure by taking the Hilbert transform of the
spectral densities to obtain the bosonic and fermions greens functions from which we may extract the
constant Crat low frequency and a small temperature 7' = 1073. C} can then be obtained from Crvia
the self consistency equations and these extracted values for Crand Cj, are then plugged in to the next
step of numerical iteration. Their values are shown in Fig. D.3. Results for the boson and fermion
spectral densities computed in this manner are shown in Fig. D.1.
1

We also compute the physical observables, the spin and electron spectral functions, p (») = —y" ()

and p (). In the limit » = 0,these observables have the following expressions on the real frequency
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Figure D.1: Plot of the boson spectral density (left) and fermion spectral density (right) obtained at # = / = 1. Both the
boson and fermion spectral densities show deviations from the conformal power law behavior for small frequencies.

axis:

po) = [ poneyfon - ) Ifn) + mfor o] (D32)

(@) = mp (w) = ﬁ/ooﬂf(wl)ﬁf(wl —w) [nf(a)l —w) — nf(wl)] . (D.33)

Results for these spectral functions appeared in Fig. 5.3. The electron spectral density satisfies the sum

rule,

/_ dwp (@) = 1% : (D.34)

Note that for canonical fermions this sum rule results in unity. However, here the electron operator is
being fractionalized and the Hilbert-space has only three states. Hence the sum rule is modified. There
is a also a simple way to understand this modification. The electron spectral density sum is equal to
({cas L }). For canonical fermions, {c,, c}} = 1, but in our case {c,, s} = b7 —I—fif;, which gives

the modified sum rule in Eq. D.34. The sum rule for the spin spectral density is not easy to obtain at
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Figure D.2: Plot of the value of £ as computed from the zero frequency self consistency conditions for three different
dopings. The values of @rand 6}, are computed from the Luttinger relations at fixed A, (and fixed Af = % — Ay)and
are then used to compute £ via the self consistency condition. We find in general there are two possible values of &,
which are compatible with the Luttinger constraints, leading to the two distinct branches of the function for £ shown
in red and blue above. The correct value of Ay, is selected by choosing the value of Aj, where & = % The physical
value £ = % is denoted with a dashed black line. As is shown in the above plot, for p > % this leads to selecting the
first (smallest) value of 6, and forp < % leads to selecting the second (largest) value of 8}, with the two values of g,

coinciding at p = % and kb = %

finite temperature. But at zero temperature we have,

D.1.4 VARYING/

In this section, we will discuss the behavior of the spectral functions as /is varied between 0 < J < z.

For the case where 0 < A, < 1 and% < Ap <

3 the Luttinger constraints and saddle point

3
equations exactly at zero frequency have no dependence on /, meaning the values of A;, Az 6, and 6¢
we solve for do not depend on the value of / (though Crand €}, which depend on the full @ dependent
forms of p f(a)) and p, (») do depend on /). We then follow the same procedure as for # = / = 1and
solve the saddle point equations for 0 > J > ¢ = 1. We find mostly qualitative changes for high

doping, however we find a curious feature in the electron spectral density at low doping as shown
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Figure D.3: In the left plot, we show the converged values of Cfand C} as a function of doping for # = J = 1. In the
right plot, we show the doping dependence of Ay, Af, 8, and €f, obtained by simultaneously solving the two Luttinger
relations and the two constraints, as discussed in the text.
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Figure D.4: Plot showing how the electron spectral density varies with / for three distinct dopings and # = 1.

in Fig. D.4. We find that for small enough doping around p < .3 that the electron spectral density
acquires a second local maximum or peak at finite & < 0 for small / which does not appear for larger
values of / or larger values of doping p. We find that this peak originates from a similar peak in the
bosonic spectral density that occurs when w = X} () and p, (w) = — m While we do not have

an analytic reason for this behavior of the boson and electron spectral functions, we reason that this

feature originates from strong corrections to the conformal solutions for p, and p, away from w = 0.
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Figure D.5: (a) Imaginary part of the fermionic spinon Green'’s function on the Matsubara-frequency axis for different
dopings at 7'= 0.01. (b) Real part of the bosonic holon Green’s function on the Matsubara-frequency axis for different
dopings at 7'= 0.01. We haveused t = / = 1.

D.2 ADDITIONAL RESULTS FROM IMAGINARY-FREQUENCY CALCULATION

In this appendix we present additional results obtained from the imaginary-frequency analysis. In
particular, we will discuss an independent way to extract the exponent Arand numerical analytic con-

tinuation to real frequencies.

D.2.1 HOLON AND SPINON GREEN’S FUNCTION IN THE CRITICAL METAL PHASE

The strategy to solve the saddle-point equations, Eqs. 5.12-5.17, is straightforward. We first fix 7 and
solve Egs. 5.12-5.15 until we find a converged solution. Then we check if these solutions give the
same doping value using Egs. 5.16 and 5.17. If it does then we have our final solution for a given
doping. Else, we go back to step one and change 7, and repeat the next steps until we find the final
solution. In this fashion, we obtain the holon and spinon Green’s functions on the imaginary fre-
quency axis, which are shown in Fig. D.s. Recall that in the critical metal phase, holon is a bosonic
and spinons are fermionic operators. We have checked that these satisfy the respective sum rules:
G.(01) = £,G.(f7) = =1 = — [%_p,(w)dw, where £, = 1 fora = b, frespectively. Once we

have the holon and spinon Green’s functions it is then straightforward to obtain the electron Green’s

246



0))

== = 0.05 |

5,
I T
o 41 —p=053]

-+ =0.76

2 3t —
=
i
=1
(<) . . . . . .
— -5 —45 —4 =35 —3 —2.5

log(T)

Figure D.6: Log-log plot of the relation in Eq. 5.25
for different dopings. We find that the data fits a linear curve to a good accuracy. Thus we
can use the value of slopes of these curves to determine A, as discussed in Section 5.3.2.

function and the spin correlator.
As discussed in the main text, using the temperature dependence of the holon Green’s function at
o = 0 we can estimate the exponent, A;. In Fig. D.6 we show the data points used to estimated A,

at different dopings.

D.2.2 SPIN-CORRELATOR IN THE CRITICAL METAL PHASE

Let us consider the spin correlator,

T = Q) = G)Gl(—). (D-36)

In the critical metal phase, the solution has a conformal form in the low-frequency or large-time limit.
At a finite temperature, in terms of the imaginary time this limit corresponds to 7 = /2, where we

expect the conformal form,

o) 1
QE/2) ~ fsin(me/B)Y
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Figure D.7: (a) Log-log plot of Eq. D.37 near 7 = [8/2 for different temperatures at p = 0.91. The data considered for
the plot is in the range 1/2 < T/ﬂ 5 0.7. (b) Plot of Afas a function of temperature 7 for different dopings. Note
that 4Afis the exponent of the spin correlation.

Thus if we make a log-log plot then we can extract Arfrom the slope of the resulting linear curve. In
Fig. D.7.4 we show such a plot for several different temperatures at a fixed doping, p = 0.91. These
curves fittoalinear curve. In Fig. D.7 (b) we plot the extracted value of A ras a function of temperature
for different dopings. Remarkably, the extrapolated zero-temperature values of Arin the overdoping
region for p 2 0.3 are in agreement with those found analytically earlier. At lower dopings we find
some disagreement with the analytic resul.

As discussed in Section s.3.3, using the local spin susceptibility, y(7@ = 0), we can estimate the
critical doping below which the spin-glass is stabilized. We therefore plot the coefficient of quadratic
term in Eq. 5.26 as a function of doping for different temperatures in Fig. D.8. This gives the critical

doping as a function of temperature, which is used to plot the phase diagram in Fig. 5.15.

D.2.3 NUMERICAL ANALYTIC CONTINUATION

We also perform numerical analytic continuation to real frequency. In general, performing analytic
continuation is an ill-posed problem if the function on the imaginary axis is known only at a finite

number of points. There are several techniques to do analytic continuation. But for simplicity we
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Figure D.8: (a) Coefficient of quadratic term in Eq. 5.26 as a function of doping for different temperature. As explained
in the text, a sign change of this coefficient gives the critical doping. (b) Enlarged plot for T=0.062.

use the Pade approximation method. This technique parametrizes the function on imaginary axis
as a ratio of two polynomials or by terminating a continued fraction. There are several ways for
implementing Pade approximation. We adopt the simple strategy outlined in Ref.'7? of evaluating
the coefficients of the two polynomials recursively, which is based on Thiele’s reciprocal difference
method. Details of the algorithm can be found in the Appendix of Ref.'7?. Briefly, we first solve the
saddle-point equations on the imaginary-frequency axis to obtain the required Green’s function, say
F(iw), at non-negative Matsubara frequencies. The number of Matsubara frequencies used in our
calculation is 10°. Then we evaluate the required polynomials, 4, (z) and B,(z), to approximate the
imaginary-frequency function, F(z) = 4,(z)/B,(z). The accuracy of these polynomials depends on
the number of Pade points, 7, and in our calculation we find that » = 200 points are sufficient to ob-
tain accurate results. We have checked our results by increasing or decreasing 7 and it does not result
in any significant improvement. The resulting ratio of polynomials then corresponds to the retarded
Green’s function on real-frequency axis, once we identify 2 = @ + 77. Using the imaginary part of
this function we then readily obtain the spectral densities.

In the critical non-Fermi-liquid metal phase, we find the electron and spin spectral densities using

this approach. In Fig. D.9, we plot the results of analytic continuation at 7 = 0.006 alongside the
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Figure D.9: Comparison of electron and spin spectral densities obtained for similar dopings from the 7" = O real-
frequency numerics and analytic continuation of the imaginary frequency solution to real frequency at 7'= 0.006.

results from real-frequency analysis at zero temperature. The agreement is remarkably good. We have
also checked that the electron and spin spectral densities obtained via numerical analytic continuation
satisfy to a good accuracy the appropriate sum rules in Egs. D.34 and D.35. In this phase, as shown

earlier, the spinon and holon spectral densities have a w720

divergence. In principle, we can adopt
our method if we scale this divergence, as done in the real-frequency analysis. However, we do not
attempt to do it here. Anyways, these quantities are not gauge-invariant observables.

In the spin-glass phase the holon and fermion spectral densities do not have divergences. So in
this case we calculate the holon and spinon spectral densities in addition to the spin and electron
spectral densities. In Figs. D.10 and D.11 we plot these spectral densities at p = 0.027 and p = 0.2
respectively, obtained by analytic continuation of imaginary-frequency resultsat 7= 0.01. Alongside
it we also plot the results obtained at 7= 0 for a nearby doping value. The agreement is remarkable.

The spectral densities obtained via numerical analytic continuation satisfy the respective sum rules

listed in Eqs. D.80o, D.83, and D.84.
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Figure D.10: Comparison of spectral densities in the spin glass phase at small doping obtained via analytic continuation
at 7= 0.008 forp = 0.027 and via real frequency analysis at zero temperature forp = 0.029. From (a) to (d), we
plot the holon, spinon, electron, and spin spectral densities respectively.
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Figure D.11: Comparison of spectral densities in the spin glass phase at small doping obtained via analytic continuation
at 7= 0.008 for p = 0.2 and via real frequency analysis at zero temperature for p = 0.21. From (a) to (d), we plot
the holon, spinon, electron, and spin spectral densities respectively.
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D.3 INSULATING SY MODEL WITH BOSONIC SPINONS

This appendix will recall the solution of an insulating spin glass obtained using bosonic spinons in

Ref. 3. We consider the spin model

\ﬁ Z ijsﬂ ()S5(7) (D.38)

i<j=lap=1

where Sg(z') = [Sf ()]" are generators of SU(M) on each site 7. Each site contains states correspond-

ing to the symmetric product of ¥ fundamentals, and these are realized by bosonic spinons with

5(0) = sh(1)5(6) — w35, Z ) = xM (D-39)

on each site 7. We have made the spin operators traceless. The exchange constants /;; are mutually
uncorrelated and selected with probability P(/;;) ~ exp (— 2 / (2]2)) .
We introduce replicas 2 = 1.. .z, and average over /;; to obtain the averaged, replicated partition

function

Zr = / Ds; (i, 7)DAu(t, 7) exp [—Sp — ]

Sp = Z/dr HOEZ2» ()( 1 (0)s5(7) — KM)}

Z 26 7)S ] ZSfa 9S8, 7)|  (D40)

S_/ = 4NM/de2J

We can now decouple Sy with a Hubbard-Stratonovich field QZZ ‘85(7’ 7) and take the large N limit.

Then the problem reduced to finding saddle points of the action

9L [ 471 ()~ 20 (D.41)
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where Z4Q] is the single site partition function

Z,[Q] = /Db‘;‘(T)Dlﬂ(T) exp [—Sg — S (D.42)
Sp = /dT T 2055 + ik, (MJ}; — K‘M)] (D.43)
Sy = /dfd?jQﬂbﬁs { (2)5(2) 55} {557(71)52(7/) - Kﬁ] (D.44)

Note that we have taken the N' — o0 limit, and there is no remaining path integral over Q. We
simply have to find the saddle points of S[Q] in Eq. D.41. Let us assume that the saddle point does
not break spin rotation symmetry: this is true in both the spin glass, and spin liquid phases. So we

take the ansatz

Q, bﬂs( 7) = %%Qﬂb(f— 7) (D.4s)

where Q,;(7) is a real function. Also, because there is no path integral over Q, we can also assume

from now on that Q,;(7) is independent of 7 for @ # b. Then Eq. D.41 is replaced by

Sl _ M
4

& [ e Qute = - 21(g) (D.46)

while Eq. D.44 is replaced by
Sy = A /deT/Qﬂg,(T— [ J‘i Sb‘e () — M (D.47)

The saddle point equations for Q from Eqs. D.46 and D.47 are

Qulr =) = 35 (L), ~ T (D.48)
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Now we need to evaluate Z{Q]. This is conveniently done using G-X theory, where we define

Gu(r,7) = —— Z ‘ba (D.49)

Then we can write

Z,Q] = / DG,y(7, 7 ) (7,7)DA(7) exp {M[[Q] < / dfdaZQﬂb T— ]

I[Q] = Indet [—3’(7— ) — ida(7)0(7 — 7)d — Zan(7, 7’)] — z'lc/drlﬂ(f)

]2
+ / ded? [zﬂb(f, #)Gu(?.9) L Qulr - a)cﬂb(f,a)sbﬂw,f)] (Dis0)

Unlike the fermionic case, it is sufficient to work at A4 = 00 to obtain the spin glass phase, and

there is no need to consider 1/1 corrections. The large M saddle-point equations of Eq. D.so are

Zab(f) = _[ZQﬂb(T)Gab(T) (DSI)

, LT -1
Gu(iw) = |[(iw+ 1) — Zuliw)] (D.s52)
where ;2 = —2 at the saddle-point. The saddle-point equation Eq. D.48 now becomes

Qub(7) = Gup(7) Gpa(—7) (D.s3)

Then Egs. D.s1, D.52 and D.53 combine to yield the bosonic SY equations'5° for replica diagonal

case. We also have to include the saddle-point equation for 2 which is

TZ Gﬂa(l'wn) = K (D.s4)
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D.3.1  SPIN GLASS

The spin glass phase was described in Ref. 3. In this phase, we must include replica off-diagonal com-
ponents for G,;(w, = 0), while other w,, remain replica diagonal. We characterize the replica off-
diagonal components of G, (7) by a z X 7 matrix g,;, which is independent of 7. In other words, in

frequency space

Gup(iwn) = —pgatdu,0, aFb (D.s5s)

In Parisi’s theory of the infinite-range spin glass, the z — 0 limit of the matrix g,; is defined by a

function g(«), with # € [0,1]. We make the one-step replica symmetry breaking ansatz

gu) = g, forx<u<l

= 0, foru<w (D.56)

Ze. itisa step function at the ‘breakpoint’ # = x. The matrix g, is therefore fully defined by the

values of ¢ and x. For the replica diagonal components, it is convenient to define

Gﬂﬂ(l'(‘)n) = —ﬁgé\wn,o + Gr(wn) (DS7)

At the moment, there is no prescribed frequency dependence for G,, and so this ansatz can be made
without loss of generality. However, as we will see below, this ansatz is convenient because it leads to
solutions in which G, is a smooth function of frequency.

Similarly, for the self-energy, we have from Eqs. D.s1 and D.53

Saliwn) = —BFPgdu0, a#b, (D-58)
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and for the diagonal component we write

zﬂﬂ(l‘wﬂ) = fZgS%n,o + zr(wn) (D'59)

Now we need to insert the ansatz Egs. (D.ss), (D.56), (D.s7), (D.s8), (D.s9) into Egs. (D.s1),
(D.s52), (D.53), (D.s4) and obtain equations for the unknowns x, g, G.(#,), =,(w,) and 2. To do
this, we need an expression for the inverse of a matrix in replica space. To obtain this, we use the
following results for the product of 2 matrices in replica space '*5. We consider the matrix 4, whose
off-diagonal elements are parameterized by the function (#), » € [0, 1], and the diagonal element

A, = a. Similarly, we have matrices B,;, and C,;. Then if C = 4B, we have

¢ = ab— (ab)

c(n) = (b—{b))a(u) + (@ —(a))b(u) - /Ou dv(a(n) — a(v))(b(x) — b(v)) (D.6o)

where

<a>:/0 dua(u) (D.61)

Soif B=A"'and C = 1, then¢ = 1and c(#) = 0. Applying these results to the one-step replica

symmetry breaking ansatz for #(«) and b(x), we obtain

—a

e D@l -9 3
= a+(x—2)a 5
O P P ) (D62)

where 2(x) and b(#) have the same breakpoint x.
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Applying Eqgs. D.62 to D.52 we obtain the equations

Gr(l’&)n) = m s forall Wy

/G (iw, = O))* =1+ BPFxG,(iw, = 0) (D.63)

Notice that same equation applies for G,(iw,,) for w, = 0 and w, # 0, and this was the rationale for
ansatz in Eq. D.57.

It is useful to now introduce the dimensionless variable ©, defined by
© = —J¢G,(iw, = 0) (D.64)
Using Eq. D.63, we sce that © is related to x by

fx :]glz (é - 8) ) (D.65s)

and so we eliminate x in favor of ©. We also use the w,, = 0 equation in Eq. D.63 to express 2 in terms
of ® and 2, (1w, = 0).
Now the saddle-point equations are expressed in terms of G,(w,), Z,(iw,), ©, and g. The com-

plete set of equations determining these parameters is

(Grliwn)] ™ = oy =75 — [Er(iwn) — (i, = 0)] (D.66)
5(7) = P([GAD) G(—7) — 246G (7)Go(~7) — ¢ [G(7)]”

+282G,(7) + £GH(~7)) (D.67)

¢—G(r=0") = « (D.68)

These equations leave the parameter ® undetermined.
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Following Appendix B.2 in Ref. ©3, we determine the value of ® by the requirement that G, have a

gapless spectrum. For a gapless spectrum, we expect the low frequency expansion for G, for real @
: @ : a / 7! a
Gow+1y) = g—] + (2 + b)) () + (a' + V') |w|*0(—w) + ... (D.69)

where §(w) is a step function, for some @ > 0, and with b < 0,4’ > 0. Then from Eq. (D.67) we

find that the leading singularity in X, is given by the last 2 terms in Eq. (D.67)
Im3, (0 + ip) = & [(26 — ¥ )o*0(w) + (26 — b)|w|*6(—w)] (D.70)
But from Eq. D.66 we have
. . —1 ngz o / a
Im2, (0 +iy) = —Im[G.(w + 77)] = o [(ba™8(w) + ¥ |0]*6(—w)] (D.71)
Comparing Egs. D.70 and D.71 we have

(1/0* —=2)b+¥ = 0

b+ (1/0*=2)) = 0 (D.72)

These equations are compatible only for ® = 1,1/4/3. The replica symmetric choice ® = 1is
excluded because it yields # = &/, which is not allowed by the positivity constraints on the spectral

weight: b and ¥’ need to have opposite signs. So the only choice is

-
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Figure D.12: Plot of spin-glass order parameter, g = gz as a function of doping at different temperatures.

D.4 ADDITIONAL DETAILS FOR THE METALLIC SPIN-GLASS PHASE

In this appendix we present details regarding the spectral densities in the metallic spin-glass phase. We
show explicit form of the equations that are solved at zero temperature as well as details on spin and

electron spectral densities at zero and finite temperatures.

D.4.I DETAILS OF THE SOLUTION AT ZERO TEMPERATURE

The analytic continuation of the equations (5.28)-(5.33) at zero temperature leads to the following

equations for the spectral functions

w ——l Z;’(w) : D.
A e E — (S S0 + @) (D74
L j (@)
A = o= — (5l(@) — S0 + (@) (D75)

Equations for self energies are more cumbersome and we list them in several parts. For the imaginary

part of the boson self energy we have three terms X (w) = X (@) + =7, (@) 4 Z;(w). The linear

260



term reads

S(0) = 2Pele (o) - 2, )

+oo
() = ”g/ dew (0(—w1)0(w1 — w) — O(w1)0(w — w1))
X (Pp(w1)[—2p, (01 — @) +p (0 — w1)] + letzﬁf(a)l)ﬁf(a)l —w))
+oo
25w = ”/ dwide; (0(—w1)0(—w2)0(—w + w1 + w2) + O(w1)(w2)0(—w1 — w2 + @)

— 00

X (Pp(w1)p (w2)p, (01 + @y — w) + ktzﬁf(wl)ﬁf(wz) (w1 + 0y — w))

Similarly, the imaginary part of the fermion self energy can be written as ¢ (w) = X} (w) + X, (@) +

2{5(w), in particular

(@) = —algp()
+o0
i) = we [ dumponle o o) =g, (on =)

X ((—w1)0(—w + w1) — 0(01)0(—w;1 + w))
+o0
Z%(a)) = 7n‘2/ dwdw (0(—w1)0(—w2)0(—w + w1 + w2) + O(w1)0(@2)0(—w1 — w2 + @)

X pi(w)p,(w2)p, (@1 + w2 — o)

We obrtain the real parts of the self energies by using the Kramers-Kronig relation. The filling con-

straints read

0
g—/_ dwp () = x—kp (D.76)
0
| depte) = » (D77)
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We fix parameters to / = ¢ = 1and x = k = 1/2 everywhere for the spin glass phase. The solution of

these equations is showns in Fig. 5.8 for different p. For the boson spectral density p () we see linear

in frequency behavior at small frequencies.

D.4.2 SPECTRAL FUNCTIONS

In this section we find spectral functions of gauge invariant observables: spin and electron spectral

densities. We also compute the sum rules for these functions at finite and zero temperatures. Recall

that in the spin-glass phase we use the SU(M|AL") representation where the holon is fermionic and

spinons are bosonic operators. From Eq. 5.27,
Ge(7) = G(7)Gi(=7) = [G/(7) — g] Gj(—7).-
Therefore the electron spectral density is

£®) =~ Im[G(o +10%)] = goy(~o)

n /_OO da)zﬁf(wz)ﬁr(") + wy)[np(@w + w2) + np(ws)] .

It is straightforward to obtain the sum rule,

/ da)ﬁ[(a)):Tp.

—00

Recall that this is same as that obtained in the critical metal phase.

For the spin correlator we have,

2(7) = Gy(7)G,(—7) :gz —g[GH(7) + G(=7)] + G(7)G,(—7) .

262

(D.8o)

(D.81)



I 2.07
0'8: p =006 s P =0.06
0.6 — P=021 Lo p=021
. F—p=035 1 — r —p=0.35
3 0.4t o046 i SR p=0.35
< t —P=0 1 E —p=046
0.2+ [
r 0.5¢
0 \ﬁi [
02l ] ok = s
-3 -2 -1 0 1 2 3 4 5 -2 —1 0 1 2 3
w w

Figure D.13: Spectral functions obtained at zero temperature via real frequency analysis for several values of doping.

Parametersare /] =t = 1.

Here, ¥/ = Im[y(7)], where y(z) = (S(z) - 5(0)). This gives the spin spectral density,

@) =22 _ 20050) 4 g () — ()

T

_ /_Oo dwy p (w2)p (0 + w2) [np(w + w2) — np(w2)] .

(D.82)

The sum rule for the spin spectral density at non-zero temperature is not easy to obtain and we do not

have an exact expression for it. At zero temperature, however, we obtain

/Ooodwﬁf(w) _ (1—1))4(3 ) _ o

In addition, we have the usual sum rules,

| dwpe) = [~ dog o) -1.

Solution of these equations for several values of doping is presented in Fig. D.13.
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Supplementary Information for Chapter 6

E.1  TERMS OF ORDER )' IN F( FOR THE ISING MODEL

This appendix contains the O(y) corrections to the free energy and saddle-point values from the

‘quantum’ contribution to the free energy, Fo.
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E.1.1 ZERO LONGITUDINAL FIELD

As in the main text, we first consider the » = 0 case of Sec. 6.2.4.

PARAMAGNET

Here, we continue the analysis of Sec. 6.2.4.

For the saddle point at order yl, we write

Q(ivy) = — - ) (E.1)

where we can choose £(0) = 0 without loss of generality by adjusting the value of Af. Then, from

(6.30), we obtain

— [)}Az y2( an ﬂ Z { V2 + A%+ yAT — yS(iv),) — V2 + AZ}

e ’2+A2¢ 2+ 82/ 6 — v, — ) + 2. (E2)

/ /l

After subtracting from (E.2) its value at », = 0, we determine

. 2
3(iv,) = 3{82 > Z V2 + AZ\/VZZ + A2 |:\/(Vn — v, — V)2 4+ A% - \/(Vﬁi + )2 + Az} .

V/ V”

(E.3)
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Then, A? can be obtained from (E.2) as the solution of

A} = 38x 22\/7’,2+A2\/ JFAZ\/V+V” +AT 2 Zm
—limZZ[\/V%—FAZ—FQA%—\/V%—FAZ]. (E.4)

=0 Y/

At the critical point, where A* + yA7 = 0and » = 7,9 + y71, using (6.32) and (6.33), we can write

the term proportional to # in (E.2) as

3(7v,,
.yAlz +.yrz‘1 Z |A 0 (ES)

‘”n’

where X(7,) is to be evaluated from (E.3) at A = 0. Then, (E.2) at » = 0 yields the shift in the

position of the critical point at order y as

Yo — —

S(iv,)|
|1/ ||1/n\|1/ + | — S RIA=0 (E.6)
> zﬁZ o]

Vn,Vh

3ﬂ2 2

For the free energy at order y!, with Fp = .7:& + yF¢), we can just insert the O()°) saddle-point

values into the terms explicitly dependent upon y in (6.26):

1 _ 2 /2 2 /12 2 /! 2
Fy = 6/5%4?;,,\/ + A2 4 A2\ 2 4 82 (5, 4 5+ )7 + AL (E)

SPIN GLASS

We continue here the analysis of Sec. 6.2.4.
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For the saddle-point aligns at order yl, we write

g4 = K*(Vco —7) + yqEa1,

Then, Eqgs. (6.40) and (6.41) yield

0 =2{,,| Q1 (ivy) ‘8 ZQ”I (v, —l—quAl—l— 2 Z (1|9 — o, — o

l l/
YusVn

- TIQQEAOZ’V;HV”_V;’ —2Q,1(0) |74, (E.9)

n

gr00 = — xQ1(0). (E.10)

From (E.9,6.41), we determine that

qEA = Zer vy) — » 3Uﬂ2 Z|v |val|¥, + va| + zUﬁqEAOZ]V,A (E.11)

Y,V

and

2
1
Qi) = ~TE20 — S (sl — o, 1 11+ )
K 3Kﬁ ‘Vﬂ| Vﬁu”i/
-l—; EAQZ(‘V/HV - |- \1/|2> (E.12)
[8K2|V}’L|q o ? " " ? ' '

At T' = 0, we obtain, with a frequency cutoff |»,| < A,

1
ZqEAo|Vn]2. (E.13)

2 3 2
N 49Eq0 1 <2A A e 1 4)
er(”’n) = ¢ 3 ’Vn| + 20|Vn‘ + o

x 6w\ 3 i
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The shiftin the quantum critical point s obtained by setting » = r,0+y7 in(E.11)and (E.12), and
this yields the same value of 7,1 as that obtained from the vanishing gap condition on the paramagnetic
side in (E.6).

For the free energy at order y', we now obtain from (6.26)

2
1 "esn 9E40 2 29E40 / /
'FQ__ x - ﬂKZ . Vn+ 37C3£2 Z|V7IHV71HV”+V”|

VsVl
1

~ > allsl 91w+ 9, + 4. (E.14)
ﬂ K Y\ Vhy oVl

E.1.2 NONZERO LONGITUDINAL FIELD

Next, we consider the case of » # 0 studied in Sec. 6.2.5.

REPLICA-SYMMETRIC SOLUTION

This section continues the analysis of Sec. 6.2.5.

For the saddle point at order y', we write as in (E.1)

VR A2+ 8} — y3()
Qr(1vy) = — )

K

qEA = GEA0 T+ qEALS (E.15)

where we can again choose £(0) = 0 without loss of generality by adjusting the value of Af. Then,
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from (6.29), we obtain

— [)}AI —yZ( zvn {g Z { V2 4+ A* + yAT — yS(i) — \/V2 + AZ}

+ Ukygp + 7 22\/’/2+A2\/”2+A2\/( 2 4 A

/ //
V¥

2
- ﬂ—ymo > \/V:Z 0%/ (0 — )2 4 A7+ 2y /22 + A2 (E.16)
K

After subtracting from (E.16) its value at », = 0, we determine

) 2
Z(%):_WZN 1/;2—|—A2\/V;’2—|—A2 [\/(Vn—V;—VZ)Z—i—AZ—\/(VZ+VZ)2+A2:|

2
i 2 2 _ 2 2 ()2 2
+ﬂquA° E/ [ V2 + A \/(Vn V)2 + A — (VS + A )}

— 2440 [ v+ A% — A} : (E.17)

Then, A% obeys, from (E.16),

R e o e

- ﬁiqm Z \/ Vit AZ\/ (7 = ¥,)% + A% + 2ygi40\/ v; + A
Zm yg});;Z[\/V%—i—Az—l—yA%—\/V%—l—Az]. (E.18)

Determination of g4 and A; requires solution of (E.16), along with a second align obtained from
(6.51)
2

Af
—39r40 5 A — 30 + gy = 0. (E.19)
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For the free energy at order y!, we now obtain from (6.26)

2
2
fé:—ygE’;O (V2 + A%) + ;/qf‘;() Z\/V%—FAZ V;2+A2\/(Vn+vﬁ1)2+A2
x x

/
VsV,

Y
T > \/V%JrA2 V2 + A? VZ2+A2\/(vn+v;+v;’)2+A2. (E.20)

VsV Van

E.2 CrLassicaL SPHERICALP-ROTOR MODEL

In the classical limit ¢ = 0, all components of Q,;(7) and %,;(7) are independent of 7, and the theory
should reduce to that in Ref.3°. So, we have Q,(#,) = Q.4(7)du,.0 = BQu49s,.0, and similarly for

>, and A,;. Then, the effective action in (6.74) becomes

Segg 1 I , 2\
~ =3 log det [7; (—d2" + z,@ldb)] + zﬂZzﬂ

a=1

n 2 -1 212
_ Z (ﬁZ A Qup + ﬂ% [ — 07" + l}@lﬂb:| + [BTJ (de)P) . (E.21)

a,b=1 ab

Let us now change our notation a bit to obtain expressions similar to those in Ref. *>5. We define
—iZ* =7 , iy =—0y. (E.22)
Then, the effective action is
Ser _ 2 log det [1 (ap% — (8%17)] —8 Zn: z
N 2 T o

n 2 —1 272
+ (ﬂz b Qab — % [z9cd - ﬂ%z] - ﬂjj (Qu) ) : (E.23)
1

ab

a,b=
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Now, as before, we use the identity (E.96) to absorb the »* term into the log det

3~ Lgan [ (- pra-2)] 135+ 3 (P~ L 0y ).

a,b=1

(E.24)

The saddle-point align with respect to o, is

"

ab

BQup = - [abz o

Inserting this back into (E.24), we obtain an effective action just for Q,; and %,

n n 2 2
%:—élogdetQ—ﬁZE-F Z <ﬁ3ab b_& _Q(Qab) ) (E-26)

a=1 a,b=1

Then, the remaining saddle-point aligns are

1= Q/ma
27
_ J _
Q. =283, — Fh — PLZ Q). (E.27)
E.2.1 REPLICA-SYMMETRIC SOLUTION
Now, we use the replica-symmetric ansatz
Qur = q + Qo
T =+ 70, (E.28)
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Then, using the identities in Appendix E.s, the aligns in (E.27) become

l=gq+ Qs
2 2

7r = %(7 + Q}’)pil _%qp717
2

BZ%qP’I,

1
ﬂQr _Z(ﬂg_r&ri’)?
9 ﬂ2h2+ID{8T]qp_l'

Q-

Focusing on p = 2 first, we can simplify the above to

1:q+Qr7
1
=

RNV

(E.36)

These aligns are easily seen to be equivalent to the classical limit of Eqs. (E.49,E.53,E.55) derived for

the quantum model later. Figure E.1 showcases the temperature dependence of the order parameter

g for nonzero h. For p=2, h=0, it is known'""

optimal, and we expect that this statement continues to hold for any » # 0 as well *°.

E.2.2 ONE-STEP REPLICA SYMMETRY BREAKING

that the replica-symmetric solution is stable and

The classical spherical p-rotor model can be solved exactly for all p, temperatures, and fields, and hosts

a one-step RSB phase for any p > 23° (akin to the model without the spherical constraint®). In this
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T

Figure E.1: Spin glass order parameter g of the classical spherical p = 2-rotor model (with /=1), as a function of the
temperature 7 for several values of the longitudinal field /. For the replica-symmetric solution considered here, the spin

glass phase transition occurs at 7' = 1.

case, for the diagonal elements of Q,; and ¢, we use the ansatz

Q;m =7 +Qra

Oaa = 1+ Trs (E-37)
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while the off-diagonal elements are as in (6.98). The aligns analogous to (6.84)—(6.88) are

1= q1+ Q/v (E'38)
2 2
Tr = p] ( + Qr - P] qp_ (E'39)
2
6= %ﬁf— ) (E.40)
2
6o = %7‘371’ (E.41)
/;QV = 2(z— Br), (E.42)

(E.43)

qur+x(q1—q())2 _ 22 ﬁ —1
0O g g EV A

22
e R (E44)

We are mainly interested in the £ — oo limit. From the aligns above, we see that this limit exists if

we write

(E.45)

I

=9

where g is a f-independent constant, and and y are finite as # — o00. For the present classical theory,

g = 1, but we will see thatg < 1in the g # 0 theory.

(GAPLESS CONDITION

The gapless condition, obtained in the ¢ — 0 limit of (6.109) is

1 pp—1P ,—
pg= 2 1
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FREE ENERGY

The classical limit of the action (6.110) is

Sefr 1 1 70 ! %
- ) ——————+ I —F———
- 5 loglQ] = 5 O +x(g1—q0) 2¢O+ (g1 — qo)

B+ 8Q +4) - [0 4+l — o)) - L [(Q 4 0 - 09— ]

(E.47)

We can now confirm that the aligns (E.38)—(E.44) are indeed the saddle-point aligns obtained from

Eq. (E.47).

The stationarity condition with respect to the breakpoint yields

o5 IE ! (41— 90)
8xff:0 = f(%—%)—mlog[lanqurqo}

(91 — 90)(Qr + q1x — 290%)
2x(Qy + x(q1 — 90))?

2]02
+T(ql—qo)+

One can use either (E.46) or (E.48) to determine x.

E.3 REPLICA-SYMMETRIC SOLUTION FOR THE / # (0 QUANTUM SPHERICALp = 2

MODEL

We now consider the quantum version of the spherical p = 2-rotor model in a longitudinal field 5. As
discussed in Ref. "3, for b = 0, the replica-symmetric solution is the optimal one. Anticipating the
same conclusion to hold for the case of » # 0, in what follows, we focus on the replica-symmetric

solution.
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For p = 2, the aligns (6.8 1), combined with the replica-symmetric ansatz (6.83), reduce to

1= 7 + ; Z Q/((’-’n)a (E-49)

e =glq, (E.50)

w,) = _ < , Es1

SRR R sy
2

q= et Lk (E.52)

A gPQ(wn = 0)

Specifically, the align for Q,(«w,,) can be written as

Qr(“)n) = — % ) (E.s3)
2+ 1402+ 12 - a2P
Qr(wn =0) = ZL (/1 7T - 4g2]2> : (E.54)

Then, the order parameter is given by

[AJF\/@T‘

From the align above, we observe that the condition A > 2g/has to be satisfied for the order parameter

g =4g"

(E-ss)

to be a real number. Note that for » = 0, we find

Ap=0 = 2], (E.56)

which is consistent with Eq. (33.41) of Ref.'55. For b # 0, the align for the order parameter can be
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formulated as

4g*b* B 20 h*

{’1+\/22—4g212]2—4g2ﬁ T —agp +j\/f—4g2f2'

We can simplify the expression above further to

q= (E.s7)

L T 4P I Ao

R A e N sy bzl*—l_b2<2_1>

o2 2

(E.s8)

where we introduce the notation

22 =7 4P (E.59)

We note that the order parameter has to be positive, g > 0,501 > 2*. In addition, we require 2 > 2g/
such that 1* > 0.

Finally, we rewrite the correlator Q,(w,) in terms of our new notation as

Q(wn) = — % — . (E.60)
w2+ )+ \/wﬁ + 2022 + A*?

Since A* > 0, there is always a gap in the spectrum. The gap is given by the value of the frequency at
which the square root in the Green’s function (analytically continued to the real frequency) changes

sign. This value is simply

A=1\/2—2g] (E.61)
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Figure E.2: (a) Gap in the spectrum (E.GI) as a function of the longitudinal field strength / for the quantum spherical

P = 2-rotor model, taking g = 1. The system is gapless in the limit # — 0. (b) The order parameter q as a function of
the transverse magnetic field for several values of , illustrating the absence of a sharp phase transition at any nonzero g
and b.

which is always greater than zero in the presence of a nonzero field 4. The resulting behavior of the
gap as a function of the longitudinal field is shown in Fig. E.2(a).
To find the value of the spin glass order parameter, we need to find 1 according to

(2

q= ? F —1 ) (EGZ)

2
Qr(“)n) = — £ — ) (E.63)
w2+ 2+ \/wg + 202 + A+

1=q+ ;3 Qe (E.64)

The numerical solution for ¢ as a function of ¢ is shown in Fig. E.2(b). For » = 0, one can also

compute the critical point, g, analytically to find

97>
&= ?] ~ 5.55/, (E.65)

which reproduces the result obtained in Ref.'55.
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E.4 REPLICA-SYMMETRIC SOLUTION FOR THE / = (0 QUANTUM SPHERICAL p = 3

MODEL AT LARGE ¢

In the limit of large longitudinal fields g, one can analytically solve the aligns (6.84)—(6.88) at b = 0.
We first note that in this limit, the order parameter ¢ is zero, 7., the system is in a paramagnetic phase
as shown in Fig. 6.7. To obtain the solution in this phase, we rewrite the saddle-point aligns in the

following form:

1=Q,(r=0), (E.66)
%,(7) = 2P Q) (E67)
Qlwn) = 5—=5——. (E68)

Wi+ A -2 (w,)

We numerically solve these aligns for several values of ¢ and infer that 1 grows faster with ¢ than X,
which can be seen in Fig. E.3(a). In addition, %,(w,,) is close to a constant in this limit as evidenced

by Fig. E.3(b). We can therefore assume that, to leading order,

n

_ 3¢ . 3 3
1=% Q)= —5—. 5= Ko, x0) = X =gl e) G

To improve upon our earlier approximation, we compute the Green’s function to second order in
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1/g. At this order, we obtain the following result:

1 g: 2 (E71)

_ g R

V) e v ) .
2(7) = 3 %z, (E.73)

2 —9)
36

g 1
Ve e - aE ) (74

So(w,) =

We therefore conclude that at large g, the spectral function has the form of a delta function

plw) = g 3<w2—g2g2_3>, (E75)

P +3 4¢82+3

with a finite gap. Thus, within this approximate framework, we expect the replica-symmetric solution

to persist up to g ~ /3.

E.s REPLICA IDENTITIES

We consider 7z X 7 replica matrices 4,;, whose oft-diagonal elements are parametrized by the Parisi
function a(#), » € [0,1], and the diagonal element 4,, =  (similarly for B,, and C,;). We find it

useful to define

<4>E/O dua(n), (E.76)

and

[2](n) = — /0” dva(v) + na(n) . (E.77)
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For the replica-symmetric case, we take

=a+to,. (E.78)

Y

a(u) = a,
For the case of one-step replica symmetry breaking, we take

ZZ:éZl-f-G'ﬂ,

a;, x<wu<l
a(u) = . (E.79)
ap, 0<u<x

Then, we have (2) = 41 — x(a1 — a9), and

x(a1 — ao) , x<u<l
e =4 . (E.50)

0, 0<u<x

We now present some useful identities for matrix operations in the limit z — 0.

E.s.1  TERM-BY-TERM SUM

SN du=a () (E81)

a,b=1
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E.5.2 MATRIX PRODUCT

For

Cap =Y AucBus, (E.82)
=1

we have '*5

) = (b — (B))alu) + @ — {a))blu) - / " dola(u) — a(0)(b) — ). (E83)

E.s.3 MATRIX INVERSE

To determine B = A~!, we set C = 1 in the matrix product to obtain the relations

1= ab— (ab),

0= (b—(b))a(u) + (2 — (a))b(u) — /Ou dv(a(n) — a(v))(b(x) — b(v))- (E.84)

With replica-symmetric matrices, we have
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For the case of one-step replica symmetry breaking, we have

1= ;Zz — ﬂobox — ﬂlbl(l — x),
0= (é — box — bl(l — x))él() + (ﬁ — apx — ﬂl(l — x))bo,

0= (b—box — by(1 — x))ay + (2 — aox — a1 (1 — x))by — x(ay — a0)(by — bo).  (E.86)

Solving these aligns, we obtain

1
Tp = —,
a-ﬂ
b . a0, + x(al — él())z
e oa(o, + x(ay — ag))?’
by = — _ . (E.87)

(02 + x(a1 — a9))?

E.s.4 TERM-BY-TERM INVERSE SUM

If A~! = B, then from (E.81)

S g = ). (Es8)
ab
From (E.84), we have
1= ab— (ab),
0= (b— (b)) + (@ — {a))(b) — (ab) + (a) (8). (E.89)
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Taking the difference, we obtain

I 1
n%:A“b it (E.90)

E.s.s TERM-BY-TERM PRODUCT

For the product

n
Dy =Y AuBu, (E.91)
c,d=1

we use the fact that ) | A4, is independent of the index 4 for replica matrices. This yields a replica-

symmetric matrix D,;, which is of independent 4, & and using (E.81) we have

d=d(u) = (a—{a))(b— (b)) (E.92)

For the replica-symmetric case, d=d= 0,05, and oy = 0. With one-step replica symmetry breaking

d= d() = dl = (0'4 +x(ﬂl - ﬂo))(d’b +x(b1 - bo)), and g4 = 0.

E.s.6 TRACELOG

The trace log is needed in the computation of the free energy. We have **5

1 ! i — (a) —
Liind = Inz — (2) + <29 _ / duy a—la) —lal(w) (E.93)
n a—(a) o #? a— (a)
In the replica-symmetric case, we have
1 a
~Trln4 = In(s,) + —. (E.94)
n

a
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With one-step replica symmetry breaking, we have

a0 Ta

1
— ~In

1
~Trlnd =In(s,)) + —— _ .
no noa) + o, +x(ay —ay) x o, +x(ay — ao)

(E.95)

Let us now consider TrIn(A + B), where B is a constant matrix, ze¢., b= b(u) = b,and 7, = 0.

Then, we have

1 b
lTr In(4+B)=-Trln4d + ——. (E.96)
n n a—(a)

E.s.7 CuBIC TERM

According to (3.72) in Ref. 53, for the matrix ¢,, with g = 0,

iTrq3 = /0 ' du [u[q(u)]3+3q(%) /0 udv[q(v)]z]- (E.97)
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Figure E.3: (a) Behavior of 1 and Z,(a),l = 0) as a function of ¢ for the quantum spherical p = 3-rotor model; 2 grows
significantly faster with ¢ than >, In addition, Zr(wn = 0) <K i which justifies the leading-order approximation made
in (E.69). (b) Self-consistent solution of the paramagnetic aligns (E.66)-(E.68) for the self-energy, ,, for large values

of g. The self-energy becomes a constant in the limit g — o0.
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