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Abstract
This thesis delves into a study of phases of strongly correlated quantum matter con-

fined to two spatial dimensions. The thesis can broadly be divided into three parts.

In the first part, comprising of chapters 2 and 3, we investigate some interesting as-

pects of symmetry breaking and quantum criticality in the superconducting phase

of the iron-based superconductors. In particular, motivated by tunneling microscopy

measurements on FeSe, in chapter 2 we study the effect of spontaneously broken ro-

tational symmetry on the structure of the superconducting vortex. In chapter 3, we

study the critical singularities associated with the superfluid-density at a wide class

of symmetry-breaking and topological phase transitions in a clean superconductor.

Inspired by experiments on BaFe2(As1−xPx)2, we also analyze the effect of quenched

disorder on the superfluid-density in the vicinity of magnetic quantum critical points.

The second part of this thesis, consisting of chapters 4 and 5, is devoted to a study

of the pseudogap phase in the underdoped cuprates. In chapter 4 we study the effect

of thermal fluctuations of various competing order parameters, including preformed

superconductivity and short-ranged charge-density wave, on the electronic excita-

tions. In chapter 5 we analyze the feedback of pairing fluctuations on the landscape
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of various competing charge-density wave order parameters within the framework of

fermi-liquid theory.

In the final part of the thesis, consisting of chapters 6 and 7, we propose an

alternative picture for describing the pseudogap metal. In chapter 6, we study a

quantum-disordered phase of matter—the fractionalized fermi-liquid (FL*)—where

the electrons are coupled to the fractionalized excitations of a strongly fluctuating

antiferromagnet and propose it to be a candidate state for the pseudogap. We inves-

tigate instabilities of the FL* to density-wave order and compare with experiments.

In chapter 7, we describe a framework for describing a novel quantum phase transition

without any broken-symmetries—a Higgs transition—that describes a transition from

a conventional fermi-liquid to a parent phase of the FL* state via an intermediate

non-fermi liquid. We discuss its possible connection to the optimal doping critical

point in the cuprates.
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Chapter 1

Introduction

“The beginning is the most important part of the work.” - Plato, The Republic

1.1 Preliminaries

Two of the unifying themes in the study of quantum matter are emergence and

universality. Emergence corresponds to the idea that the “whole is greater than

the sum of its parts”, meaning that an assembly of billions of interacting electrons

may display non-trivial phenomena that are fundamentally different from what one

might expect from an ensemble of non-interacting electrons. Universality refers to

the observation that distinct physical systems often show remarkably similar long-

distance, or low-energy, properties. The physics of universal features typically requires

an emergent length scale, ξ, that is significantly larger than any other microscopic

length scale in the problem.

One of the most influential minds of the 20th century, Lev D. Landau, laid the

1
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foundation stone for much of theoretical condensed matter physics by proposing two

ideas that have been central to the field [141]. These include:

• An order parameter description of phase transitions and spontaneously broken

symmetries. The critical singularities observed at phase transitions are then

attributed to the long wavelength fluctuations of these order-parameter degrees

of freedom. The development of renormalization group techniques [246] in the

second half of the last century led to an immensely powerful ‘Landau-Ginzburg-

Wilson’ paradigm of symmetry breaking and phase transitions.

• The concept of quasiparticles, where even in the presence of strong electron-

electron interactions, the excitations above the ground state retain a long-lived,

particle-like form. In other words, there is a notion of adiabatic continuity,

where the sole effect of the interactions is to dress the original electron with a

cloud of excitations, and it is this composite object that behaves as a quasi-

particle. This idea formed the basis of Landau’s Fermi liquid theory and has

been immensely successful in describing the phenomenology of many electronic

systems.

The above ideas have played an influential role in describing the physics of metals,

superfluids, BCS superconductors, semiconductors etc. However, the discovery of a

wide range of exotic phenomena in the past three decades, such as the fractional

quantum hall effect, high-temperature superconductivity and frustrated magnetism

challenge the applicability of the above ideas. We shall delve into the intricacies of

many of the above unconventional phases in this thesis later. But first, let us briefly

review some essential concepts related to critical phenomena and fermi-liquids.

2
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1.1.1 Quantum Criticality

We begin by recalling certain essential features associated with critical systems,

identified by a diverging correlation length, ξ. The standard theoretical machinery

for tackling the universal aspects of this problem were developed to study the finite

temperature (T ) continuous phase transitions [246]. The critical singularity associated

with ξ at such transitions is given by a power law of the form,

ξ ∼ (T − Tc)
−ν (1.1)

where Tc is the critical temperature of the transition, and ν is the correlation length ex-

ponent. The specific-heat, order parameter, susceptibility, and other thermodynamic

quantities also show universal power-law behavior in the vicinity of the transition

with exponents that are fixed by the underlying symmetry of the problem, form of

disorder etc. The well developed ‘Landau-Ginzburg-Wilson paradigm’ can be used to

compute these exponents in a controlled fashion.

Classical phase transitions are driven by purely thermal fluctuations. In the past

two decades, a lot of effort has been devoted to the study of criticality at zero temper-

ature, where phase transitions are driven by purely quantum fluctuations; the ground

state of the system undergoes a singular reorganization across such a quantum crit-

ical point (QCP). Moreover, the criticality is not necessarily restricted merely to a

point; there are examples of entire phases being critical. With an advancement in

experimental techniques, evidence for quantum criticality has appeared in a number

of correlated electronic phases as a function of non-thermal parameters (g), such as

chemical doping, pressure and magnetic field.

Even in the quantum setting, the correlation length continues to have a divergence

3
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of the form ξ ∼ |g − gc|−ν , where g = gc is the critical point. Associated with the

diverging correlation length is a diverging time-scale,

ξτ ∼ ξz, (1.2)

where z is known as the dynamical critical exponent. Equivalently, this means that at

the QCP, there are gapless excitations dispersing as ω ∼ kz, where k is the momentum.

Therefore at T = 0, in a system defined in d−spatial dimensions, the ‘effective-

dimensionality’ is d+ z. There is a characteristic energy scale, ∆, which vanishes at

the QCP as,

∆ ∼ ξ−1
τ ∼ |g − gc|νz. (1.3)

Quantum Critical

g
gc

T

Figure 1.1: A cartoon phase diagram as a function of temperature (T ) and a generic
control-parameter (g) for a system close to a quantum critical point. The dashed
lines could be phase-transitions or crossovers depending upon the specific system
under consideration. In the shaded region marked ‘Quantum critical’, kBT is much
bigger than ∆, and hence it is influenced strongly by the underlying QCP at g = gc.

Thus far we have discussed the physics associated with quantum criticality at

4
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T = 0, where it is sharply defined. This also raises the question whether quantum

criticality is purely of academic interest or whether it has any role to play in real life at

non-zero (but low) temperatures. From our study of quantum statistical mechanics,

we know that a non-zero temperature introduces a finite length scale along the time-

direction, and thus necessarily requires one to carry out an analog of finite size scaling,

familiar from classical criticality. This leads to an appearance of the well known

‘quantum critical fan’ above the QCP (see fig. 1.1). The boundaries of the fan can

be obtained approximately by kBT ∼ ∆ ∼ ξ−1
τ (∼ |g − gc|νz). Far away from the

boundaries (kBT ≫ ∆), the system is completely unaware of the finite gap, ∆, since

the finite extent of the temporal direction, β = 1/kBT ≪ ξτ . Therefore, the higher

we move up in temperature, the system becomes less aware of the finite gap and

becomes more ‘critical’. This is why the influence of the QCP affects a large region

of the phase diagram as we move higher up in temperature. The quantum critical

region is also identified by the absence of well defined quasiparticles [193].

The strength of quantum fluctuations is stronger in low-dimensions, and fascinat-

ing quantum critical phenomena are therefore most likely to appear in (quasi-)two

dimensional systems. We shall focus on such systems, with a special emphasis on

their experimental connections during much of the discussion in this thesis. We note

that quantum phase transitions involve physics that is unbeknownst to the world of

classical phase transitions. For instance, some of the most dramatic consequences of

quantum criticality arise in problems with gapless fermi-surfaces coupled to Bosonic

order-parameters. We shall see later how this is a problem relevant for studying

various aspects of high-temperature superconductivity. Even in magnetic insulators,
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it is possible to have continuous quantum phase transitions that are forbidden in a

strict Landau-sense. The quantum critical point in such examples has emergent frac-

tionalized excitations, even in dimensions greater than one. The general framework

for describing such exotic critical points was developed in the theory of ‘deconfined

criticality’ [214].

1.1.2 Fermi-liquids and Luttinger’s theorem

Fermi liquids are ubiquitous in nature—from an elemental metal such as copper to

high-temperature superconducting materials (far away from magnetism), they have

been observed in a wide variety of systems. In this subsection, we introduce some of

the key properties of fermi-liquids, as this will serve as a convenient point of departure

later in the thesis for describing gapless phases of matter that are not adiabatically

related to fermi-liquids. In momentum space, the Hamiltonian for a collection of

‘non-interacting’ electrons may be expressed as,

H =
∑

k

(εk − µ)c†kσckσ, (1.4)

where ckσ is the destruction operator for an electron with momentum k and spin σ.

The underlying microscopic physics determines the band-structure, εk, and µ is the

chemical potential. In the ground state, as a result of the Pauli principle, all the states

with εk < µ are filled while states with εk > µ are empty. There is a sharp surface in

momentum-space, εk = µ (of dimension d−1, embedded in a d−dimensional system),

which separates the occupied from the unoccupied states and is known as the ‘fermi-

surface’. For the remainder of this thesis, we shall focus on Fermi surfaces in two

spatial dimensions (see fig. 1.2 for an example).
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Figure 1.2: An example of a fermi-surface of a two dimensional metal with C4 rota-
tional symmetry. The states shaded in cyan are filled.

The low energy excitations above the ground state consist of spinful particles and

holes near the fermi-surface. Close to the fermi-surface, it is sufficient to linearize the

dispersion of these excitations as,

(εk − µ) ≈ vF (k̂)k, (1.5)

where vF (k̂) = |∇kεk| is the Fermi velocity and k measures the distance from the

fermi-surface. We have allowed for a velocity that depends on the position along the

fermi-surface.

A quantity that is going to be used throughout this thesis is the imaginary time

electronic Green’s function, defined as,

G(k, iωm) = −
∫

dτ⟨ckσ(τ)c†kσ(0)⟩e
iωmτ , (1.6)

where iωm correspond to the Matsubara frequencies. In the vicinity of the fermi-
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surface,

G(k, iωm) =
1

iωm − vF (k̂)k
. (1.7)

So far we have only discussed the non-interacting fermi-gas, ignoring any electron-

electron interactions. Landau boldly hypothesized that if the interactions are turned

on adiabatically, and if during this process the system does not undergo any phase

transition, then the low energy excitations in the interacting fluid are similar to those

in the non-interacting gas, apart from a few modifications as highlighted below. The

resulting state was dubbed the (Landau) fermi-liquid.

The notion of the fermi-surface continues to survive in the fermi-liquid, as do

the particle and hole like excitations in the immediate vicinity of the fermi-surface.

However, the excitations are not the bare electrons anymore but are dressed exci-

tations, introduced previously as ‘quasiparticles’. The electronic Green’s function is

now modified to,

G(k, iωm) =
Z(k̂)

iωm − v∗F (k̂)k
, (1.8)

where v∗F (k̂) is the renormalized Fermi velocity as a result of the interactions and

Z(k̂) is a quasiparticle residue, measuring the overlap between the new quasiparticle

state and the original free electron. Equivalently, Z also measures the strength of

the ‘jump’ in the quasiparticle distribution, n(k), at the fermi-surface. Both of these

quantities are measurable in experiments on real materials, as will become clear during

our subsequent discussions.

Due to the abundance of gapless particle-hole excitations around the fermi-surface,

the Fermi liquid is a ‘critical’ phase. It is therefore important to address whether the
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quasiparticle introduced above survives as a stable excitation or if it decays into the

particle-hole continuum. A straightforward computation of the inverse lifetime as a

function of the deviation from the fermi-surface (δεk) of a quasiparticle in d > 1 gives,

1

τk
∼ δε2k (≪ δεk, for δεk small), (1.9)

with an additional logarithmic correction in two dimensions. Since the inverse lifetime

vanishes much faster than the energy itself as εk → 0 (i.e. upon approaching the fermi-

surface), the decay processes are irrelevant near the fermi-surface and the quasiparticle

survives as a well defined excitation.

A defining feature of a fermi-liquid is a relationship between the volume (or, area

in two dimensions) enclosed within the fermi-surface and the total density (ν) of

electrons,

ν = 2

∫

k∈FS

ddk

(2π)d
, (1.10)

where the factor of 2 accounts for electron spin. The above statement, trivial for a non-

interacting fermi-gas, is highly non-trivial for an interacting fermi-liquid and is known

as the ‘Luttinger’s theorem’. It was originally proven to all orders in perturbation

theory [142]. We note here that this is a property of the fermi-liquid that can also be

verified in experiments; the Hall-coefficient (RH) directly measures ν−1.

There is an elegant non-perturbative proof [173, 175] of the Luttinger’s theorem

using a ‘momentum-balance argument’, whose essential steps we reproduce below in

brief. The discussion will closely follow Ref. [175].

Let us start by defining the system, with N particles of charge Q on a lattice of

dimensions Lx × Ly with periodic boundary conditions, i.e. on a torus (fig. 1.3).
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Φ

Lx

Ly

Figure 1.3: The system with N particles defined on a Lx × Ly lattice with periodic
boundary conditions (i.e. torus). A flux, Φ, is introduced adiabatically through one
of the holes of the torus.

The density of particles is then ν = N/LxLy. The argument relies on adiabatically

inserting a flux, Φ = hc/Q, through one of the holes of the torus over a period of time

t = τ and keeping track of the change in the ‘crystal momentum’ during this process.

The change in the crystal momentum is evaluated using two different methods: first,

in an almost trivial way, independent of the phase that the system is in and which

only depends on the filling. In the second method, one uses essential information

about the phase that the system is in and its excitations to compute the change

in the momentum. By equating the two, one recovers Luttinger’s theorem for the

fermi-liquid.

We begin by evaluating the momentum change using the first method. As a result

of the flux-threading, the initial and final Hamiltonians are different, but related by
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a gauge-transformation, UG, i.e.,

UGHfU−1
G = Hi, UG = exp

(
2πi

Lx

∑

i

xin̂i

)
, (1.11)

where n̂i is the number-operator. The final wavefunction of the system is related to

the initial wavefunction by |Ψf⟩ = UGUτ |Ψi⟩, where Uτ is the unitary time evolution

operator. We are interested in computing the change in crystal momenta, ∆P =

Pf − Pi, where

T̂ |Ψi⟩ = e−iPi |Ψi⟩, T̂ |Ψf⟩ = e−iPf |Ψf⟩, (1.12)

and T̂ is the unit translation operator. It is straightforward to show that,

T̂UGT̂
−1 = exp

(
− 2πiN

Lx

)
UG, (1.13)

and so naturally,

Pf = Pi +
2πN

Lx
(mod 2π) = Pi + 2πνLy(mod 2π). (1.14)

This concludes the computation of the change in crystal momentum, obtained in a

rather general setting.

Let us now compute the momentum difference for a fermi-liquid, where the as-

sumption is that the only low energy excitations are quasiparticles near the fermi-

surface. These quasiparticles are adiabatically related to the bare non-interacting

fermions. As a result of the flux-threading, each quasiparticle picks up a uniform

shift of ∆px = 2π/Lx, leading to a displacement of the fermi-sea. The total change

is then given by,

∆Px =
∑

p

pxδnp, (1.15)
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where δnp = ±1 on a shell of thickness δp ·dSp (dSp is normal to the Fermi surface).

Then,

∆Px =

∮

FS

px
LxLy δp · dSp

(2π)2
. (1.16)

Using the divergence theorem, the above can be converted to a volume integral leading

to,

∆Px =
2π

Lx

LxLy

4π2
VFS, ∆Py =

2π

Ly

LxLy

4π2
VFS. (1.17)

Finally, comes the crucial step of equating ∆P evaluated using the two different

approaches,

∆Px = 2πνLy =
2π

Lx

LxLy

4π2
VFS + 2πmx, (1.18)

∆Py = 2πνLx =
2π

Ly

LxLy

4π2
VFS + 2πmy, (1.19)

for mx,my ∈ Integers. The above equations can be recast as,

Lxmx = N − LxLy
VFS

4π2
, (1.20)

Lymy = N − LxLy
VFS

4π2
. (1.21)

The strongest constraint can be obtained in the situation when Lx, Ly are mutually

prime integers, so that they can only be integer multiples of LxLy, i.e. Lxmx =

Lymy = pLxLy, for p an integer. Then,

ν =
VFS

4π2
+ p, (1.22)

which is the statement of Luttinger’s theorem, and we have allowed for filled bands

represented by p.
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Based on our proof of Luttinger’s theorem for the fermi-liquid, it is clear that in

order to violate the theorem for a phase with electron-like quasiparticles with a fermi-

surface, other global excitations need to be present in the system that can carry away

non-trivial crystal momentum. This will modify the momentum balance argument

for the electronic quasiparticles. We shall see an example of such a phase in our

subsequent discussion.

1.2 Beyond conventional condensed-matter physics

Now that we have reviewed some of the elementary concepts that will be used quite

frequently, let us list some challenging questions that will be raised during the course

of our discussion. While many of these questions have received a lot of attention in

the past couple of years and much understanding has been gained, a lot still remains

to be understood.

• Does a quantum phase transition necessarily require an order parameter? Equiv-

alently, is symmetry breaking involving a physical symmetry the only route to

‘ordering’?

• Do electrons have to retain their identity as well-defined quasiparticles in the

presence of strong correlations? If they do (and in the absence of superconduc-

tivity), can they realize a phase not adiabatically related to the fermi-liquid?

• Do the critical singularities at phase transitions always arise from the long-

wavelength fluctuations of an order parameter?
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• In the absence of superconductivity and disorder, are we guaranteed to have a

sharp Fermi surface at zero temperature?

Many of the above questions arise naturally in the context of high-temperature su-

perconductivity, which will be a major focus of this thesis. The answers will often

be quite counter-intuitive and will require a serious modification of lessons from con-

ventional solid-state physics. With the above set of questions in mind, let us now

introduce some of the key phenomenology associated with the high-temperature su-

perconductors before moving on to discussing some specific issues in the subsequent

sections.

1.2.1 High-temperature superconductivity

There are a number of different ‘families’ of high-temperature, or, unconventional

superconductors at this point, some of which were discovered more than three decades

ago. However, in this thesis we shall focus mostly on the copper-oxide and iron-

based superconducting families; these are possibly the most well studied families

and have some of the highest superconducting transition temperatures. The other

families that display similar phenomenology include the heavy Fermion and organic

superconductors. In general, most of these materials have complex crystal structures,

but contain quasi two-dimensional layers of square arrays of d− or f−electrons (see

fig. 1.4). In their phase-diagrams, as a function of temperature and doping, or other

control-parameters, superconductivity usually arises upon suppressing a parent phase

that is antiferromagnetic; there is evidence for sufficient overlap of the two phases in

some systems (fig.1.5). There are however fundamental differences in the nature of
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For example, for the three CuO2 layer Hg 1223 compound
(Chu et al., 1993; Wagner et al., 1995) with Tc ! 135 K
shown on the right, the first index denotes the number
of HgO planes, the second the number of spacing BaO
layers, the third is the number of separating Ca atom
layers, and the final the number of CuO2 layers. Thus one
has the ðHgOÞ1ðBaOÞ2ðCaÞ2ðCuO2Þ3 ¼ HgBa2Ca2Cu3O9

‘‘1223’’ three layer material on the right and the
ðHgOÞ1ðBaOÞ2ðCuO2Þ1 ¼ HgBa2 CuO5 ‘‘1201’’ structure
(Goutenoire et al., 1993) with Tc ! 94 K (Wagner et al.,
1995) on the left. Some of the O sites in the Hg layer are only
partially occupied giving the usual chemical formulas
HgBa2CuO4þ! and HgBa2Ca2Cu3O8þ!. A Cu in the CuO2

layer of the single layer 1201 material has two apical O, while
a Cu in the middle layer of the 1223 material has none. There
are also the so-called 214 families such as La2CuO4 which
can be hole doped La2&xMxCuO4 with M ¼ Sr or Ba and
Nd2&xCuO4 which can be electron doped Nd2&xCexCuO4.
These latter electron-doped cuprates have structures in which
the apical O is absent (see Fig. 3). There are also the so-called
infinite layer electron-doped cuprates (Jorgensen et al., 1993)
in which the CuO2 planes are separated by Sr1&xLnx layers
with Ln a lanthanide such as La, Sm, or Nd.

Figure 4 shows some examples of the recently discovered
(Kamihara et al., 2006, 2008) Fe-superconducting families
which are built up from Fe/pnictide or chalcogen layers. In
these layers the Fe ions sit on a planar two-dimensional
square lattice and the pnictide or chalcogen sit at the centers
of the squares, alternatively above or below the plane formed
by the Fe ions. Again these layers can be stacked in a variety
of ways leading to the LaOFeAs, BaðFeAsÞ2, and FeSe
structures illustrated in Fig. 4. These are called the (1111),
(122), and (11) Fe-based materials, respectively. The
alternating arrangement of the pnictides or chalcogens leads
to a doubling of the unit cell compared with the square Fe
lattice. In LaOFeAs, the Fe is tetrahedrally coordinated with
four As forming square pyramids. The LaO layer has the
same type of structure but with the O forming the square
planar array. There are many equiatomic quaternary pnictide
oxides of this type (Ozawa and Kauzlarich, 2008). The
phosphorus version of this material (Kamihara et al., 2006)
LaOFeP has a superconducting transition of 6 K. When
the As version is electron doped by replacing some of the
O with F giving LaO1&xFxFeAs, it can become superconduct-
ing with a Tc ¼ 26 K (Kamihara et al., 2008) and replacing
La with Sm has given Tc ¼ 55 K (Ren et al., 2008). In the
BaFe2As2 (122) compound, the Fe2As2 layers are separated
by Ba2þ ions. In this case the system can be hole doped (Sefat
et al., 2008) Ba1&xKxFe2As2 with an optimal Tc ! 38 K or
electron doped (Sefat et al., 2008) BaðFe1&xCoxÞ2As2 with
Tc ! 22 K. The third Fe(Se,Te) family shown on the right-
hand side of Fig. 4 is essentially the infinite layer member of
the family and has a Tc ! 13:6–37 K depending upon the
Se=Te composition and the pressure (Mizuguchi et al., 2010;
Okabe et al., 2010).

The active layers of these Ce, Cu, and Fe families are
illustrated in Fig. 5. For the actinide Pu family, the active
layer is similar to the Ce layer with Pu replacing Ce and Ga
replacing In or as recently found for the PuCoIn5 115 com-
pound, one can simply replace Ce with Pu. In each case, these
layers contain a square sheet of metallic d or f cations
surrounded by ligand anions. However, the spacing of the
metallic ions in these compounds is significantly different
with the Ce3þ ions separated by approximately 4:6 !A, the
Cu2þ ions by 3:8 !A and the Fe2þ ions by 2:7 !A. The Fe2þ

ions are close enough that there is a direct Fe-Fe hopping
which along with the d-p hybridization through the pnictogen
or chalcogen anions leads to a metallic ground state with the
possibility of itinerate striped SDW antiferromagnetism and/
or superconductivity. Observations of quantum oscillations
originating from the Shubnikov–de Haas effect (Coldea
et al., 2008; Sebastian, Gillett et al., 2008; Coldea, 2010)
provide clear evidence of well-defined Fermi surfaces

La  CuO2 4 Nd  CuO2 4

Cu O NdLa

FIG. 3 (color online). The 214 cuprate structures La2CuO4 and
Nd2CuO4. The former can be hole doped and the latter structure
which is missing the apex oxygen ions can be electron doped.
(Tc ! 38 K La1:85Sr0:15CuO4, from Takagi et al., 1992; 25 K
Nd1:85Ce0:15CuO4, from Takagi et al., 1992).

Fe As La

LaOFeAs BaFe  As FeSe

O Ba

2 2

Se

FIG. 4 (color online). Examples of the Fe-based superconductors.
Here the key element is the Fe pnictide or chalcogen layer.
[Tc ! 26 K LaðO0:92F0:08ÞFeAs, from de la Cruz et al., 2008;
22 K BaðFe0:92Co0:08Þ2As2, from Delaire et al., 2010; 38 K
ðBa0:6K0:4ÞFe2As2, from Rotter, Tegel, and Johrendt, 2008; and
13.6–37 K (4.5 GPa) FeSe, from Okabe et al., 2010].
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in the parent Fe-based compounds as well as the doped
materials.

In contrast to this itinerant electron behavior, the undoped
cuprate materials are Mott charge-transfer antiferromagnetic
insulators. In the undoped CuO2 layer, one has Cu2þ in a
ð3dÞ9 configuration. The crystal field is such that the dx2$y2

orbital has the highest energy and is half filled. The on-site Cu
Coulomb interaction energy is large leading to the formation
of local moments. The O orbital mediates an exchange
interaction (Anderson, 1950) between the Cu spins and the
ground state has long-range antiferromagnetic order. In the
three-dimensional crystal, the interlayer exchange coupling
leads to a finite Néel temperature. The undoped system is a
charge-transfer insulator with a gap set by the difference in
energy between the 2p state of the O and the dx2$y2 state of

the Cu. In order to have metallic behavior and the possibility
of superconductivity, the CuO2 planes need to be doped. The
occupancy of the oxygen site in the Hg layer typically con-
trols the hole doping of the CuO2 in the Hg cuprates while
cation substitution or O doping excess or depletion can
provide hole or electron doping for the 214 cuprates.

In the heavy-fermion materials one has the largest ion
separation but in this case the conduction band of the ligands
gives rise to a metallic state. The 14-fold degenerate f
electronic states of the ð4fÞ1 configuration of Ce3þ are split
by a large spin-orbit coupling into a low-lying j ¼ 5=2 sextet
and a higher energy j ¼ 7=2 octet. The one-electron states of
the j ¼ 5=2 sextet are further split by the crystalline electric
field of the In ligand anions into three sets of Kramer’s
doublets (Hotta and Ueda, 2003). Then, depending upon the
strength of the hybridization, these states are localized or
delocalized. For example, CeRhIn5 has an antiferromagnetic
ground state in which the 4f electron of Ce is localized with a
magnetic moment only slightly reduced from its full atomic
value (Hegger et al., 2000). The system is metallic due to the

conduction band associated with the ligands. Under sufficient
pressure, 1.7 GPa, the 4f electron takes on some itinerant
character and the system becomes superconducting (Park,
Bauer, and Thompson, 2008). In CeCoIn5 and CeIrIn5, at
low temperatures the 4f electrons are delocalized through
their coupling with the ligand conduction band and these
systems become superconducting at atmospheric pressure
(Hegger et al., 2000; Petrovic, Pagliuso et al., 2001).
Replacing a small amount of In with a few percent of Cd
leads to a metallic antiferromagnetic state (Pham et al., 2006;
Nicklas et al., 2007). The two-dimensional character of the
Ce ion layers leads to nearly cylindrical Fermi surfaces which
are seen in de Haas and van Alphen measurements. The
cyclotron masses are large consistent with the fact that the
4f electrons make a contribution to the Fermi-surface states
(Shishido et al., 2002).

B. Phase diagrams

These materials exhibit a range of different phases. There
are tetragonal and orthorhombic lattice phases, nematic elec-
tronic phases, charge density wave and striped magnetic
phases, charge-transfer antiferromagnetic Mott insulating as
well as metallic spin-density-wave phases, and of course
superconductivity. Via temperature, doping, chemical or
hydrostatic pressure, or the application of a magnetic field,
one can change the phase of these materials. However, the
feature that is striking in the phase diagrams for all of these
materials is the proximity of the antiferromagnetic or spin-
density-wave and superconducting phases. These phases may
in some cases coexist or alternatively there may be a first
order transition from the antiferromagnetic (AF) state to the
superconducting state. Then as noted by Emery, Kivelson,
and Tranquada (1999), Coulomb frustrated phase separation
can lead to a mesoscopic phase in which a lightly doped
locally AF and a more heavily hole-doped region are in close
contact. It has been suggested that this type of inhomogeneity
may in fact lead to an optimal superconducting transition
temperature (Kivelson and Fradkin, 2007).

Examples of phase diagrams for the heavy-fermion,
cuprate, and Fe-based materials are shown in Figs. 6–8. The
phase diagram for the 115 heavy-fermion system (Pham
et al., 2006) CeCoðIn1$xCdxÞ5 is shown in Fig. 6(a). For

FIG. 5 (color online). The active layers of the Ce, Cu, and Fe
families. The antiferromagnetic spin orders of the undoped ground
states are shown.

(a)

SC+AFM

(b)

FIG. 6. Phase diagrams for two heavy-fermion Ce-115 systems.
(a) CeCoðIn1$xCdxÞ5, from Nicklas et al., 2007, and
(b) CeIrðIn1$xCdxÞ5, from Pham et al., 2006. Note that Tc is
multiplied by a factor of 10 for CeIrðIn1$xCdxÞ5. In both cases
one sees the close proximity of superconductivity and antiferro-
magnetism. For the Co compound there is a region of coexistence.
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in the parent Fe-based compounds as well as the doped
materials.

In contrast to this itinerant electron behavior, the undoped
cuprate materials are Mott charge-transfer antiferromagnetic
insulators. In the undoped CuO2 layer, one has Cu2þ in a
ð3dÞ9 configuration. The crystal field is such that the dx2$y2

orbital has the highest energy and is half filled. The on-site Cu
Coulomb interaction energy is large leading to the formation
of local moments. The O orbital mediates an exchange
interaction (Anderson, 1950) between the Cu spins and the
ground state has long-range antiferromagnetic order. In the
three-dimensional crystal, the interlayer exchange coupling
leads to a finite Néel temperature. The undoped system is a
charge-transfer insulator with a gap set by the difference in
energy between the 2p state of the O and the dx2$y2 state of

the Cu. In order to have metallic behavior and the possibility
of superconductivity, the CuO2 planes need to be doped. The
occupancy of the oxygen site in the Hg layer typically con-
trols the hole doping of the CuO2 in the Hg cuprates while
cation substitution or O doping excess or depletion can
provide hole or electron doping for the 214 cuprates.

In the heavy-fermion materials one has the largest ion
separation but in this case the conduction band of the ligands
gives rise to a metallic state. The 14-fold degenerate f
electronic states of the ð4fÞ1 configuration of Ce3þ are split
by a large spin-orbit coupling into a low-lying j ¼ 5=2 sextet
and a higher energy j ¼ 7=2 octet. The one-electron states of
the j ¼ 5=2 sextet are further split by the crystalline electric
field of the In ligand anions into three sets of Kramer’s
doublets (Hotta and Ueda, 2003). Then, depending upon the
strength of the hybridization, these states are localized or
delocalized. For example, CeRhIn5 has an antiferromagnetic
ground state in which the 4f electron of Ce is localized with a
magnetic moment only slightly reduced from its full atomic
value (Hegger et al., 2000). The system is metallic due to the

conduction band associated with the ligands. Under sufficient
pressure, 1.7 GPa, the 4f electron takes on some itinerant
character and the system becomes superconducting (Park,
Bauer, and Thompson, 2008). In CeCoIn5 and CeIrIn5, at
low temperatures the 4f electrons are delocalized through
their coupling with the ligand conduction band and these
systems become superconducting at atmospheric pressure
(Hegger et al., 2000; Petrovic, Pagliuso et al., 2001).
Replacing a small amount of In with a few percent of Cd
leads to a metallic antiferromagnetic state (Pham et al., 2006;
Nicklas et al., 2007). The two-dimensional character of the
Ce ion layers leads to nearly cylindrical Fermi surfaces which
are seen in de Haas and van Alphen measurements. The
cyclotron masses are large consistent with the fact that the
4f electrons make a contribution to the Fermi-surface states
(Shishido et al., 2002).

B. Phase diagrams

These materials exhibit a range of different phases. There
are tetragonal and orthorhombic lattice phases, nematic elec-
tronic phases, charge density wave and striped magnetic
phases, charge-transfer antiferromagnetic Mott insulating as
well as metallic spin-density-wave phases, and of course
superconductivity. Via temperature, doping, chemical or
hydrostatic pressure, or the application of a magnetic field,
one can change the phase of these materials. However, the
feature that is striking in the phase diagrams for all of these
materials is the proximity of the antiferromagnetic or spin-
density-wave and superconducting phases. These phases may
in some cases coexist or alternatively there may be a first
order transition from the antiferromagnetic (AF) state to the
superconducting state. Then as noted by Emery, Kivelson,
and Tranquada (1999), Coulomb frustrated phase separation
can lead to a mesoscopic phase in which a lightly doped
locally AF and a more heavily hole-doped region are in close
contact. It has been suggested that this type of inhomogeneity
may in fact lead to an optimal superconducting transition
temperature (Kivelson and Fradkin, 2007).

Examples of phase diagrams for the heavy-fermion,
cuprate, and Fe-based materials are shown in Figs. 6–8. The
phase diagram for the 115 heavy-fermion system (Pham
et al., 2006) CeCoðIn1$xCdxÞ5 is shown in Fig. 6(a). For

FIG. 5 (color online). The active layers of the Ce, Cu, and Fe
families. The antiferromagnetic spin orders of the undoped ground
states are shown.

(a)

SC+AFM

(b)

FIG. 6. Phase diagrams for two heavy-fermion Ce-115 systems.
(a) CeCoðIn1$xCdxÞ5, from Nicklas et al., 2007, and
(b) CeIrðIn1$xCdxÞ5, from Pham et al., 2006. Note that Tc is
multiplied by a factor of 10 for CeIrðIn1$xCdxÞ5. In both cases
one sees the close proximity of superconductivity and antiferro-
magnetism. For the Co compound there is a region of coexistence.
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superconductivity. Furthermore the models show the close
relationship between d-wave and s!-wave pairing.

Motivated by this, the momentum, frequency, and orbital
dependence of the interaction which is responsible for pairing
in these models is examined in Sec. IV. The ‘‘same electrons’’
that are associated with the magnetism and superconduc-
tivity are found to give rise to a spin-fluctuation mediated
pairing interaction. The short-range near-neighbor antiferro-
magnetic fluctuations give rise to a sign-changing gap
[Sgn!ðkþQÞ ¼ &Sgn!ðkÞ] for large momentum transfers.
The Appendix contains a comparison of the traditional
electron-phonon Coulomb pairing interaction with this inter-
action. Based on the experimental phenomenology and the
analysis of the models, it is proposed that this spin-fluctuation
pairing interaction is the common thread that links this class
of unconventional superconducting materials. Although the
organic Bechgaard salts (Bechgaard et al., 1980) will not be
discussed, they clearly are also part of this class of materials
(Bourbonnais and Jérome, 2008; Doiron-Leyraud et al.,
2009; Taillefer, 2010). Section V contains a brief summary
and an outlook regarding the guidance this brings to the
search for higher Tc materials.

II. COMMON FEATURES OF A CLASS OF
UNCONVENTIONAL SUPERCONDUCTORS

In this section we begin by looking at similarities in the
structures and the phase diagrams of some heavy-fermion,
cuprate, and iron-based superconductors. Following this, ex-
perimental evidence of the interplay of antiferromagnetism
and superconducting and the dominant role of spin-fluctuation
scattering in these materials will be discussed. The section
concludes with an experimental definition of what wewill call
‘‘unconventional superconductors’’ in this review.

A. Structures

As illustrated2 in Figs. 1–4, these materials come in fam-
ilies and the common structural element is a quasi-two-
dimensional layer with metallic d or f cations arranged on
a nominally square planar set of lattice sites. Surrounding
these sites are an array of ligand anions which provide a local
crystal field and a hybridization network. Three members
of the heavy-fermion CeIn3 family are shown in Fig. 1. On
the left is the unit cell of the so-called infinite layered
(Tc ' 0:2 K) material in which CeIn3 layers are stacked
one on top of another (Shishido et al., 2010b). The middle
structure consists of a similar stack of CeIn3 layers in which a
CoIn2 layer is inserted after every two CeIn3 layers. This is
called a 218 structure corresponding to ðCeIn3Þ2ðCoIn2Þ1 ¼
Ce2Co1In8 and has a superconducting transition temperature
(Chen et al., 2002) Tc ' 1 K. On the right is the 115 structure
which consists of alternating CeIn3 and CoIn2 layers giving
ðCeIn3ÞðCoIn2Þ ¼ CeCoIn5 (Tc ' 2:3 K) (Petrovic, Pagliuso
et al., 2001). In addition, there are materials (Hegger et al.,
2000; Petrovic, Movshovich et al., 2001) in which Co is

replaced by Rh or Ir, or Cd is substituted for In. The heavy-
fermion actinide PuMGa5 materials have a similar structure
to the 115 CeCoIn5 with Pu replacing Ce and Ga replacing In.
In this case one has PuCoGa5 with a superconducting
transition temperature (Sarrao et al., 2002) Tc ¼ 18:5 K,
PuRhGa5 with Tc ¼ 8:7 K (Wastin et al., 2003), as well as
mixtures such as PuðCo1&xRhxÞGa5. Recently it has been
reported (Zhu et al., 2012) that PuCoIn5 becomes super-
conducting with Tc ¼ 2:5 K.

For the cuprates there are the well-known Hg, Tl, and Bi
families with different numbers of CuO2 layers. The one, two,
and three layer members of the Hg family are shown in Fig. 2.
In this case the naming scheme involves four numbers.

Ce In Co

CeIn

Ce  CoIn CeCoIn

3

2 8 5

FIG. 1 (color online). Some members of the Ce family of heavy-
fermion superconductors. The key structural element is the quasi-
two-dimensional layer of Ce3þ ions which sit at the center of a
tetragon formed by 12 near-neighbor In& anions. (Tc ' 0:2 K
CeIn3, from Shishido et al., 2010b; 1.0 K Ce2CoIn8, from Chen
et al., 2002; 2.3 K CeCoIn5, from Petrovic, Pagliuso et al., 2001.

Cu O Hg

Hg(1201)

Hg(1212)

Hg(1223)Ba Ca

FIG. 2 (color online). The key element of the Hg-cuprate super-
conductors is the CuO2 layer. The 1201 structure on the left has
apical O’s above and below the Cu sites while the inner CuO2 layer
of the 1223 structure on the right has no apex oxygen ions
[optimally doped Tc ' 94 K Hg(1201), 127 K Hg(1212), and
135 K Hg(1223)]. From Wagner et al., 1995.

2These illustrations were made by N. Ghimire using a
CRYSTALMAKER 8.5 software package. Harshman, Fiory, and Dow
(2011) provided a useful tabulation of Tc values.
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For example, for the three CuO2 layer Hg 1223 compound
(Chu et al., 1993; Wagner et al., 1995) with Tc ! 135 K
shown on the right, the first index denotes the number
of HgO planes, the second the number of spacing BaO
layers, the third is the number of separating Ca atom
layers, and the final the number of CuO2 layers. Thus one
has the ðHgOÞ1ðBaOÞ2ðCaÞ2ðCuO2Þ3 ¼ HgBa2Ca2Cu3O9

‘‘1223’’ three layer material on the right and the
ðHgOÞ1ðBaOÞ2ðCuO2Þ1 ¼ HgBa2 CuO5 ‘‘1201’’ structure
(Goutenoire et al., 1993) with Tc ! 94 K (Wagner et al.,
1995) on the left. Some of the O sites in the Hg layer are only
partially occupied giving the usual chemical formulas
HgBa2CuO4þ! and HgBa2Ca2Cu3O8þ!. A Cu in the CuO2

layer of the single layer 1201 material has two apical O, while
a Cu in the middle layer of the 1223 material has none. There
are also the so-called 214 families such as La2CuO4 which
can be hole doped La2&xMxCuO4 with M ¼ Sr or Ba and
Nd2&xCuO4 which can be electron doped Nd2&xCexCuO4.
These latter electron-doped cuprates have structures in which
the apical O is absent (see Fig. 3). There are also the so-called
infinite layer electron-doped cuprates (Jorgensen et al., 1993)
in which the CuO2 planes are separated by Sr1&xLnx layers
with Ln a lanthanide such as La, Sm, or Nd.

Figure 4 shows some examples of the recently discovered
(Kamihara et al., 2006, 2008) Fe-superconducting families
which are built up from Fe/pnictide or chalcogen layers. In
these layers the Fe ions sit on a planar two-dimensional
square lattice and the pnictide or chalcogen sit at the centers
of the squares, alternatively above or below the plane formed
by the Fe ions. Again these layers can be stacked in a variety
of ways leading to the LaOFeAs, BaðFeAsÞ2, and FeSe
structures illustrated in Fig. 4. These are called the (1111),
(122), and (11) Fe-based materials, respectively. The
alternating arrangement of the pnictides or chalcogens leads
to a doubling of the unit cell compared with the square Fe
lattice. In LaOFeAs, the Fe is tetrahedrally coordinated with
four As forming square pyramids. The LaO layer has the
same type of structure but with the O forming the square
planar array. There are many equiatomic quaternary pnictide
oxides of this type (Ozawa and Kauzlarich, 2008). The
phosphorus version of this material (Kamihara et al., 2006)
LaOFeP has a superconducting transition of 6 K. When
the As version is electron doped by replacing some of the
O with F giving LaO1&xFxFeAs, it can become superconduct-
ing with a Tc ¼ 26 K (Kamihara et al., 2008) and replacing
La with Sm has given Tc ¼ 55 K (Ren et al., 2008). In the
BaFe2As2 (122) compound, the Fe2As2 layers are separated
by Ba2þ ions. In this case the system can be hole doped (Sefat
et al., 2008) Ba1&xKxFe2As2 with an optimal Tc ! 38 K or
electron doped (Sefat et al., 2008) BaðFe1&xCoxÞ2As2 with
Tc ! 22 K. The third Fe(Se,Te) family shown on the right-
hand side of Fig. 4 is essentially the infinite layer member of
the family and has a Tc ! 13:6–37 K depending upon the
Se=Te composition and the pressure (Mizuguchi et al., 2010;
Okabe et al., 2010).

The active layers of these Ce, Cu, and Fe families are
illustrated in Fig. 5. For the actinide Pu family, the active
layer is similar to the Ce layer with Pu replacing Ce and Ga
replacing In or as recently found for the PuCoIn5 115 com-
pound, one can simply replace Ce with Pu. In each case, these
layers contain a square sheet of metallic d or f cations
surrounded by ligand anions. However, the spacing of the
metallic ions in these compounds is significantly different
with the Ce3þ ions separated by approximately 4:6 !A, the
Cu2þ ions by 3:8 !A and the Fe2þ ions by 2:7 !A. The Fe2þ

ions are close enough that there is a direct Fe-Fe hopping
which along with the d-p hybridization through the pnictogen
or chalcogen anions leads to a metallic ground state with the
possibility of itinerate striped SDW antiferromagnetism and/
or superconductivity. Observations of quantum oscillations
originating from the Shubnikov–de Haas effect (Coldea
et al., 2008; Sebastian, Gillett et al., 2008; Coldea, 2010)
provide clear evidence of well-defined Fermi surfaces

La  CuO2 4 Nd  CuO2 4

Cu O NdLa

FIG. 3 (color online). The 214 cuprate structures La2CuO4 and
Nd2CuO4. The former can be hole doped and the latter structure
which is missing the apex oxygen ions can be electron doped.
(Tc ! 38 K La1:85Sr0:15CuO4, from Takagi et al., 1992; 25 K
Nd1:85Ce0:15CuO4, from Takagi et al., 1992).

Fe As La

LaOFeAs BaFe  As FeSe

O Ba

2 2

Se

FIG. 4 (color online). Examples of the Fe-based superconductors.
Here the key element is the Fe pnictide or chalcogen layer.
[Tc ! 26 K LaðO0:92F0:08ÞFeAs, from de la Cruz et al., 2008;
22 K BaðFe0:92Co0:08Þ2As2, from Delaire et al., 2010; 38 K
ðBa0:6K0:4ÞFe2As2, from Rotter, Tegel, and Johrendt, 2008; and
13.6–37 K (4.5 GPa) FeSe, from Okabe et al., 2010].

D. J. Scalapino: A common thread: The pairing interaction for . . . 1385

Rev. Mod. Phys., Vol. 84, No. 4, October–December 2012

(a) (b)

Figure 1.4: (a) Crystal structures of different members of the copper-oxide family of
superconductors (top). The quasi-two dimensional layers of CuO2 determine most
universal aspects of the phenomenology; the parent state is an antiferromagnetic
Mott insulator with the orinetation of spins on the Cu sites as shown (bottom). (b)
Crystal structures of different members of the iron-based superconductors (top). The
‘puckered’ quasi-two dimensional layers of iron and the associated pattern of SDW
ordering (bottom). Adapted from Ref.[200].
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FIG. 1. Temperature-pressure phase diagram of bulk FeSe. The structural (Ts, blue),

magnetic (Tm, green), and superconducting transition temperatures (Tc, red) as a function of

hydrostatic pressure in high-quality single crystals determined by the resistive anomalies measured

in the PCC (open circles), clamp-type CAC (closed circles), and constant-loading type CAC (closed

squares). The magnetic phase is most likely a spin density wave (SDW) phase. Colour shades for

the nematic, SDW, and superconducting (SC) states are guides to the eyes.

12

(a) (b) (c)

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.
More unique to the copper oxides is the behaviour observed in a range

of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at lowenergies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence andmany aspects of their general structurewere
anticipatedby theory7. Superconducting fluctuations alsohave an important
role in part of this regime, although to an extent that is still much debated.
The high-temperature superconducting phase itself has a pattern of

broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirelydistinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are nowwell understood, and indeedwere also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate ofTc have had some success13, there
are important reasons to consider this problemstill substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electronhas a spinwhoseorientation remains adynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusionprinciple, an antiferromagnetic interaction betweenneighbour-
ing spins. This, in turn, leads to a simple (Néel) orderedphasebelow room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.
The Cu-O planes are ‘doped’ by changing the chemical makeup of

interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2).Materials
with p, popt are referred to as underdoped and those with popt, p are
referred to as overdoped.
It is important to recognize that the strong electron repulsions that

cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copperoxide superconductors. This has several general consequences.The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failureof thequasiparticleparadigmismost acute in the ‘strangemetal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emergewhen the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a highmagnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in atTCDW.TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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Figure 1.5: Phase-diagrams of (a) isovalently substituted BaFe2As2 (Adapted from
Ref. [112]). (b) hole-doped cuprates (Adapted from Ref. [119]). (c) bulk FeSe under
hydrostatic pressure (Adapted from Ref.[226]). In all three cases, superconductivity
occurs in the vicinity of (and often coexists with) magnetism. In bulk FeSe, the
magnetic phase is absent at ambient pressure but superconductivity occurs in the
presence of spontaneously broken rotational symmetry (‘nematic’).

the parent states between the two families, as explained below.

The parent compound in the iron-based superconductors is metallic—the high

temperature phase is a tetragonal metal (see fig. 1.5a and fig. 1.6) and undergoes a

transition to a metallic spin-density wave (SDW) with broken C4 lattice symmetry at

a temperature TN . In the SDW phase, the moments are oriented antiferromagnetically

along one direction and ferromagnetically along the other, thereby explicitly breaking

the rotational symmetry. Note that breaking the discrete C4 symmetry down to C2

is an Ising transition and can be split from the breaking of spin-rotation symmetry.

The breaking of the rotational symmetry naturally induces a structural transition to

an orthorhombic state. This structural transition, driven by electronic correlations,

occurs at a temperature, TS, that is slightly higher than TN in many of the materi-

als. There is at least one exception to this general observation in bulk stoichiometric

FeSe (fig.1.5c), where at ambient pressure no magnetic phase occurs. There is only a
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structural transition to a nematic metal, followed by a transition to a nematic super-

conducting state at low temperatures. In chapter 2, we shall study some interesting

consequences of the interplay between the nematic order and superconductivity.

With increased hole-, electron-, or, isovalent-doping, both the structural and SDW

transitions are suppressed, eventually giving rise to superconductivity. There is grow-

ing evidence that for a range of dopings, many of these materials host a region in the

phase-diagram with microscopic coexistence of superconductivity and SDW. One of

the interesting questions that we shall address in section 1.2.2 is whether the TN or TS

lines terminate at a zero temperature QCP, as this may serve as a way of associating

the huge fan-shaped non-Fermi liquid regime with the quantum critical fan of the

T = 0 QCP. Chapter 3 will take a closer look at the question of whether existing

experimental measurements of various quantities shed any light on the fate of these

transitions deep in the superconducting phase.

BaFe2As2 is collinear with a small-ordered moment ð∼ 0:9mB per FeÞ (76) in which the ar-
rangement consists of spins antiferromagnetically arranged along one direction of nearest
neighbors (a axis) within the iron lattice plane and ferromagnetically arranged along the other
direction (b axis) (Figure 3c). There is a small (0.7%) reduction in bond length along the direction
in which the spins are ferromagnetically coupled, leading to a reduction in symmetry. A similar
collinear spin structure has also been reported in other pnictides, such asAFe2As2 (A¼Ca and Sr),
AFeAsO (A ¼ La, Ce, Sm, Pr, etc.), and NaFeAs, whereas Fe1þyTe exhibits a bicollinear spin
structure (77). Inelastic neutron-scattering experiments have mapped out spin waves on single
crystals of CaFe2As2, SrFe2As2, and BaFe2As2 throughout the Brillouin zone. It has been pointed
out that neither localized nor itinerant models can satisfactorily describe thesemagnetic structures
and excitation spectrums (40). Recently, a possible orbital ordering has been suggested to occur
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Figure 3

Crystal and electronic structure in BaFe2As2. (a) Schematic crystal structure. The dotted line represents the
unit cell. (b, c) The Fe-As network forms the 2Dplanes. The arrows in panel c illustrate the spin configuration in
the antiferromagnetic state below TN. (d) The Fermi surface structure of BaFe2As2 in the paramagnetic
state. Three hole sheets near the zone center and two electron sheets near the zone corner are quasi-nestedwhen
shifted by vector Q ¼ (p, p, 0). (e) For comparison, the Fermi surface structure of BaFe2P2 is also shown.
The number of hole sheets is two in BaFe2P2 and three in BaFe2As2, but in both cases it satisfies the
compensation condition that the total volume of the hole Fermi surface is the same as that of the electron.
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Figure 1.6: The Fermi surface of BaFe2As2 in the tetragonal, paramagnetic metallic
state. The Fermi surfaces have a weak dispersion along the z−direction. There are
three hole sheets near the Γ point (zone center) and two electron sheets near the X
point (zone corner); the sheets are (quasi-)nested by the wavevector Q of the SDW.
Adapted from Ref.[218].

Unlike the itinerant, metallic state discussed above, the parent state of the cuprates
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are Mott charge-transfer antiferromagnetic insulators (fig.1.5b). In the insulating

CuO2 layer, Cu2+ has a 3d9 configuration. As a result of the crystal field effects,

the dx2−y2 orbital has the highest energy and is half filled; the Coulomb interaction

energy on the Cu sites is large. The 2p orbitals on O sites mediate an exchange

interaction between the Cu spins leading to long-range antiferromagnetic order. The

gap in the undoped insulator is set by the difference in energy between the 2p orbital

of the O and the dx2−y2 orbital of the Cu. When doped with holes, the cuprates dis-

play superconductivity with fairly high Tc’s beyond a critical doping. However, the

more enigmatic states obtained upon doping are the metallic states about Tc in the

‘underdoped’ and optimally doped cuprates. In the former case, the metallic state

thus obtained is dubbed as the pseudogap, and has only disconnected Fermi ‘arcs’ in

momentum space (see fig. 1.7). The low-energy excitations are hole-like, carrying

both physical charge and spin. On the other hand, the metallic state existing over a

wide fan-shaped region above optimal doping does not have coherent particle like ex-

citations and displays a number of transport anomalies; it is appropriately referred to

as the strange-metal. Chapters 4, 5, 6 will be devoted to the study of the pseudogap

metal and the low temperature symmetry broken phases that have been the subject

of much discussion in recent years [42, 74]. Chapter 7 will describe a QPT of novel

kind in a metallic phase, without any broken symmetries, and its possible relevance

for the strange-metal phenomenology.

We note however, that in both the families, sufficiently far away from the par-

ent antiferromagnetic phase, there is a well behaved fermi-liquid state with ‘large’

fermi-surfaces satisfying Luttinger’s theorem. This observation often serves as a mo-
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Figure 1.7: Measurements of the spectral function, obtained from photoemission
experiments, in the pseudogap phase. The disconnected ‘arcs’ are clearly visible along
the zone diagonals, with no low-energy excitations in the vicinity of (π, 0), (0, π) and
symmetry related points. Adapted from Ref.[217]

tivation for unifying the physics of unconventional superconductivity, by approaching

the problem from the conventional fermi-liquid side and building in the correlations

as the antiferromagnetic phase is approached [200].

In the next two sections, we shall review some of the specific experimental puzzles

that will be addressed during the course of this thesis.

1.2.2 Quantum criticality in the pnictide superconductors

Given the remarkable similarity in the basic structure of the phase-diagrams of

the different families of unconventional superconductors, and the large non-Fermi

liquid “fan” extending in temperature above the optimal transition temperatures,

it is interesting to consider the possibility of an underlying quantum critical point
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being at the heart of the mystery. A careful look at figs. 1.1 and the phase-diagrams

in fig.1.5 would seem to suggest that the putative QCP corresponds to the onset

of a broken symmetry in a metal. Of course, it is natural to ask what the broken

symmetries are, if any, on the ordered side of the transition and if the QCP survives

even in the presence of superconductivity.

Experimentally, it is usually known what the broken symmetries are on the or-

dered side of the transition. However, it is extremely hard to ascertain whether there

is a QCP beneath the superconducting dome. Most experiments suppress supercon-

ductivity by applying a large magnetic field and study properties associated with the

metallic normal state. This has been done systematically, for example, on a proto-

typical member of the iron-pnictide family: P-doped BaFe2As2. In fig. 1.8(a) we

show the phase-diagram of this material as a function of isovalent P-doping, x, and

a summary of some of the measurements in the normal state.

The magnetic response in the metallic state above the superconducting Tc was

probed by measuring the 31P NMR relaxation rate, 1/T1. We know that,

1

T1T
∝ 1

ω0

∑

k

|A(k)|2χ′′(k,ω0), (1.23)

where A(k) is the hyperfine coupling between the 31P nuclear spin and the neighbor-

ing electrons, ω0 is the NMR frequency and χ′′(k,ω0) is the imaginary part of the

dynamical spin-susceptibility. In the presence of strong antiferromagnetic fluctua-

tions, there is a strong enhancement of 1/T1T and deviation from the usual Korringa

relation. 1 In particular, near xc ≈ 0.3, 1/T1T ∼ 1/T , i.e. the experimentally ex-

tracted Curie-Weiss temperature (θ) goes to zero. This is quite suggestive of there

1Korringa relation relates 1/T1T ∼ K2, where K is the Knight-shift.
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The color shading in Figure 7a represents the value of the resistivity exponent in the relation

r ¼ r0 þ ATa. 4:

A crossover from non-Fermi liquid to Fermi liquid with doping is clearly seen. The region of the
phase diagram,which includes a funnel ofT-linear resistivity centered on x# 0.3, bears a striking
resemblance to the quantum critical regime shown in Figure 1. Thus, the normal state transport
properties are consistent with the presence of a QCP at x # 0.3.

4.1.2. Magnetic properties. Nuclear magnetic resonance (NMR) experiments give important
information about the low-energymagnetic excitations of the system. TheKnight shiftK and spin-
lattice relaxation rate 1/T1 of BaFe2(As1$xPx)2 have beenmeasured with various P concentrations
(107). K is almost T-independent for all x, indicating that the DOS does not change substantially
with temperature. The 31P relaxation rate 1/T1 is sensitive to the AFM fluctuations: 1/T1T is
proportional to the average of the imaginary part of the dynamical susceptibility x(q, v0)/v0,
1/T1T}SqjA(q)j2x 00(q,v0)/v0, whereA(q) is the hyperfine coupling between 31P nuclear spin and
the surrounding electrons and v0 is the NMR frequency. In the Fermi liquid state, the Korringa
relation T1TK

2 ¼ constant holds, but it fails in the presence of strong magnetic fluctuations. In
particular, AFM correlations enhance 1/T1 through the enhancement of x(q ! 0), without ap-
preciable change of K.

Figure 6b shows the temperature dependence of 1/T1T in a wide range of P-substitution. At
x¼ 0.64, 1/T1T is nearly temperature independent, indicating the Korringa relationT1TK

2¼ constant.
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(a) Phase diagram of BaFe2(As1$xPx)2. Red and blue colors represent non-Fermi (nFL) and Fermi liquid (FL) regimes determined by the
exponent a of the temperature dependence of the resistivity. The structural transition temperature Ts (yellow triangles), the spin density
wave (SDW) transition temperature TN (gray circles), and the superconducting (SC) transition temperature Tc (white squares) are
determined by the anomalies in resistivity curves. u is the Weiss temperature determined by the nuclear magnetic resonance relaxation
rate. The light green squares and dark green diamonds represent the effective mass normalized by the band mass m%/mb (right axis)
determined by the dHvA and specific-heat measurements, respectively. Experimental evidence for a quantum critical point (QCP) in this
system at xc ¼ 0.3 includes a funnel of T-linear behavior in the resistivity centered on xc, a steep increase in m%/mb as x approaches xc,
and vanishing u at xc. (b) The x dependence of the square of zero-temperature London penetration depth l2Lð0Þ (74) determined by
the Al-coated method (diamonds), surface impedance (circles), and slope of the temperature dependence of DlL(T) (squares, right axis).
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Figure 1.8: (a) Experimental phase diagram of BaFe2(As1−xPx)2. The exponent α
determines the temperature dependence of the resistivity. Ts, TN and Tc represent
the structural, magnetic and superconducting transition temperatures, respectively.
|θ| is the Weiss temperature determined by the nuclear magnetic resonance relaxation
rate and the light green squares and dark green diamonds represent the effective mass
extracted from quantum-oscillations and jump in the specific-heat at Tc, respectively.
(b) The experimental data for the square of the (zero-temperature) London pene-
tration depth, or inverse of the superfluid-density, as determined by three different
techniques. Adapted from Ref.[218].

being an antiferromagnetic QCP in the metallic state at xc.

The effective mass, m∗, in the metallic state was extracted experimentally us-

ing two different techniques. The effective cyclotron mass, m∗
QO, was extracted from

quantum-oscillations by fitting the temperature-dependent amplitude of the oscilla-

tions to the standard Lifshitz-Kosevich formalism. Specifically, the cyclotron mass is

given by an angular average,

m∗
QO =

1

2π

∮
dk

v∗F (θ)
, (1.24)

where v∗F (θ) is the fermi-velocity introduced earlier in eqn.1.8 and dk is the line

element in momentum space along the fermi-surface. Remarkably, the experimentally

obtained m∗
QO tends to diverge upon approaching xc from the fermi-liquid side. If
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the effective mass gets enhanced locally, as a function of θ, but along a wide enough

segment of the Fermi surface, then it leads to an enhancement in m∗
QO. For example,

at the onset of a SDW transition, the Landau quasiparticles are destroyed at points on

the fermi-surface that are connected by the ordering wavevector (i.e. the ‘hot-spots’),

which is accompanied by a diverging effective mass. On the other hand, nematic

fluctuations that couple uniformly to the fermi-surface and destroy quasiparticles

everywhere also lead to a divergence in m∗
QO. Since the material under question has

both types of fluctuations, it is challenging to identify the source of the divergence in

m∗
QO. It is worth noting that the critical divergence in a measurable observable here

is arising not merely from the long-wavelength fluctuations of an ‘order-parameter’,

but from the underlying gapless fermi-surface.

The effective mass was also extracted from a measurement of the γ ∝ m∗
C term

(i.e. Sommerfeld coefficient) in the electronic specific heat. In particular, the doping

dependence of m∗
C was extracted by carefully measuring the jump in the specific heat

at Tc, γ = ∆C/αTc, where ∆C is the jump and α = O(1) is a numerical prefactor.

The experimentally extracted m∗
C has a strong enhancement upon approaching xc

from either side of the putative transition.

All of the above results indeed seem to indicate the presence of at least one QCP

in the metallic state. However, deep in the superconducting state, when the fermionic

degrees of freedom are gapped out, there is no guarantee for the quantum criticality

to survive. The transition(s) could become first-order inside the dome, accompanied

by phase-separation. In order to ascertain the presence of pristine quantum critical-

ity in the paired state, experiments were carried out to measure a property of the
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superconductor, namely the London penetration depth, λ2
L(0), or inverse superfluid

density. Interestingly, the penetration depth shows an anomalous peak in the vicinity

of xc (see fig. 1.8(b)), which was interpreted as a ‘smoking-gun’ evidence for the QCP

surviving beneath the superconducting dome. Whether this interpretation is correct,

or if it is at odds with theoretical expectations will be explored in chapter 3 in great

detail, both in the presence and absence of disorder.

Finally, we note that the problem of a metal in two spatial dimensions coupled

to gapless order-parameters, carrying a finite or zero momentum (eg. density-wave

orders vs. nematic order), remains ‘unsolved’ in the sense that there is no controlled

method of studying the low-energy field theory. However, in recent years, there has

been a great deal of progress in studying these problems numerically using quantum-

Monte carlo techniques on models that do not suffer from the infamous sign-problem.

For the problem of a fermi-surface coupled to a SDW order parameter, preliminary

studies find phase-diagrams (see fig. 1.9 and Refs.[30, 204]) that are remarkably

similar to the experimental phase-diagram of the pnictides; they find a dome of sign-

changing superconductivity and a SDW phase, including a regime with overlapping

orders. The dynamical properties remain to be analyzed and will hopefully shed light

on the nature of the spectral functions in future studies. However, the fate of the

SDW QCP at low temperatures and in the superconducting state remains unclear

within this numerical study [204].

23



Chapter 1: Introduction

Competing Orders in a Nearly Antiferromagnetic Metal

Yoni Schattner,1, ∗ Max H. Gerlach,2, ∗ Simon Trebst,2 and Erez Berg1
1Department of Condensed Matter Physics, The Weizmann Institute of Science, Rehovot, 76100, Israel

2Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany
(Dated: December 24, 2015)

We study the onset of spin-density wave order in itinerant electron systems via a two-dimensional lattice
model amenable to numerically exact, sign-problem-free determinantal quantum Monte Carlo simulations. The
finite-temperature phase diagram of the model reveals a dome-shaped d-wave superconducting phase near the
magnetic quantum phase transition. Above the critical superconducting temperature, we observe an extended
fluctuation regime, which manifests itself in the opening of a gap in the electronic density of states and an en-
hanced diamagnetic response. While charge density wave fluctuations are moderately enhanced in the proximity
of the magnetic quantum phase transition, they remain short-ranged. The striking similarity of our results to the
phenomenology of many unconventional superconductors points a way to a microscopic understanding of such
strongly coupled systems in a controlled manner.

PACS numbers: 74.25.Dw, 74.40.Kb

A common feature of many strongly correlated metals, such
as the cuprates, the Fe-based superconductors, heavy-fermion
compounds, and organic superconductors, is the close prox-
imity of unconventional superconductivity (SC) and spin den-
sity wave (SDW) order in their phase diagrams. This sug-
gests that there is a common, universal mechanism at work
behind both phenomena [1]. In some of these systems, ad-
ditional types of competing or coexisting orders appear upon
suppressing the SDW order, such as nematic, charge-density
wave (CDW), or possibly also pair density wave (PDW) or-
der. Such a complex interplay between multiple types of elec-
tronic order, with comparable onset temperature scales, is a
recurring theme in strongly correlated systems [2].

These findings call for a detailed understanding of the
physics of metals on the verge of an SDW transition. It
has long been proposed that nearly–critical antiferromag-
netic fluctuations can mediate unconventional superconduc-
tivity [3, 4]. Many studies have focused on the universal prop-
erties of an antiferromagnetic quantum critical point (QCP)
in a metal [5–11]. In particular, it has been proposed that
superconductivity is anomalously enhanced at the magnetic
QCP [12–15]. The same antiferromagnetic interaction can
enhance other subsidiary orders, such as CDW [14, 16, 17]
or PDW [18, 19]. Near the QCP, an approximate symme-
try relating the SC and density wave order may emerge [14].
The resulting multi-component order parameter would have a
substantial fluctuation regime, proposed as the origin of the
“pseudogap” observed in the cuprates [16, 20–22]. A deep
minimum in the penetration depth of the SC at low tempera-
ture, seen in the iron-based SC BaFe2(As1−xPx)2 [23], has
been proposed as a generic manifestation of the underlying
antiferromagnetic QCP [24, 25].

Due to the strong coupling nature of the problem of a nearly
antiferromagnetic metal, obtaining analytically controlled so-
lutions has proven difficult. In Ref. [26], a two-dimensional
lattice model of a nearly-antiferromagnetic metal amenable
to sign-problem-free, determinantal quantum Monte-Carlo
(DQMC) simulations has been introduced. In this manuscript,
we discuss the finite-temperature phase diagram obtained by
large scale simulations of a closely related model. Our sim-

ulations provide numerically exact, unbiased results, which,
when extrapolated to the thermodynamic limit, are highly
reminiscent of the behavior of many unconventional super-
conductors. In the vicinity of the magnetic quantum phase
transition (see Fig. 1), we find a d-wave superconducting
dome with a maximum Tc of the order of EF /30, where EF

is the Fermi energy. Above Tc, there is a substantial regime of
strong superconducting fluctuations which is seen in a large
diamagnetic response and in a reduction of the tunneling den-
sity of states. In the superconducting state we find a region of
possible coexistence with SDW order [27].
In addition to SC order, we have examined CDW and PDW

ordering tendencies near the magnetic quantum phase transi-
tion (QPT). While the CDW susceptibility shows a moderate
enhancement in the vicinity of the QPT, there is no sign of a
near-degeneracy between the SC and CDW order parameters
as the QPT is approached. Finally, the low-temperature super-
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Figure 1.9: Phase diagram of a ‘sign-problem free’ model of fermions coupled to crit-
ical fluctuations of a SDW order parameter obtained using quantum-Monte Carlo
simulations. Different lines represent the transition temperatures: TSDW, the su-
perconducting Tc, and the onset of diamagnetism at Tdia. The nature of the SDW
transition inside the SC dome, marked by a dashed line, is unclear and could possibly
be a weakly first-order transition. Adapted from Ref.[204].

1.2.3 The enigma of the cuprate superconductors

Ever since their discovery [26] in 1986, the cuprate high-temperature supercon-

ductors (SC) have been among the most well-studied correlated electron materials,

both theoretically and experimentally. These materials show a number of different

phases as a function of hole doping (see fig.1.5b). The parent antiferromagnetic Mott

insulator, the d-wave superconductor and the Fermi liquid state at large doping are

reasonably well understood at this point. On the other hand, the phases that con-

tinue to elude an explanation, and occupy a large portion of the phase diagram (see

fig. 1.10 for a simplified ‘cartoon’ phase-diagram), are the pseudogap and the strange-

metal. It is essential to develop a microscopic understanding of these phases in order

to resolve the mystery of cuprate superconductivity, as they are the ‘normal’ states

out of which superconductivity (and various other ordering tendencies) arise at low
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temperatures.

T

p

T *

Tc

SC

FLPG SM
TDW

AF DW

Figure 1.10: A temperature (T ) vs. hole-doping (p) phase diagram for the non-La-
based cuprates. The parent state is an antiferromagnetic (AF) Mott insulator which
upon being doped leads to a d-wave superconductor (SC) with transition temperature,
Tc. The extremely overdoped phase is a familiar fermi-liquid (FL). The two mysterious
phases are the pseudogap (PG), which onsets at a high temperature (T ∗), and the
strange-metal (SM), occupying a wide fan-shaped region. Multiple recent experiments
have investigated the nature of the lower (TDW < T ∗) temperature density-wave (DW)
phase in the underdoped cuprates.

Although we don’t have a complete understanding of these phases, a lot is now

known phenomenologically about the pseudogap regime of the underdoped cuprates.

The first signatures of the ‘high’-temperature pseudogap (T < T ∗) came from mea-

surements of the Knight-shift [12], followed by other spectroscopic measurements [58],

which showed evidence for a suppression in the density of states at the fermi-level

along specific regions of the Brillouin zone. However, there is no clear evidence for

any broken symmetry in this regime. On the other hand, in recent years many re-

markable experiments have revealed the nature of the ‘low’-temperature pseudogap

(T < TDW < T ∗), where a number of broken symmetries have, in fact, been ob-
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served below a temperature, TDW . A major breakthrough was the initial observation

of quantum oscillations at high magnetic-fields and very low temperatures, followed

by the subsequent discovery of short-ranged charge-order even at zero field in the

underdoped regime. This was marked by initial optimism that, perhaps, the “hid-

den” broken-symmetry phase responsible for giving rise to the pseudogap has finally

been identified. However, a more systematic study has now made it quite clear that

the somewhat fragile charge density wave itself can’t be responsible for causing the

pseudogap; but it possibly arises at low temperatures out of the normal pseudogap

phase with no broken symmetry (there may be broken discrete symmetries, such as

time-reversal or nematicity [74], at higher temperatures, but these have little direct

effect on the electronic structure or spin excitations). One might then ask, what

have we really learnt post the discovery of charge order? Could it perhaps serve as a

“window” into the nature of the pseudogap state itself?

In chapters 5 and 6, we shall take the point of view that, indeed, the micro-

structure of the charge-order, namely its ‘form-factor’ and (doping-dependent) wavevec-

tor, shall provide us important clues about the nature of the higher temperature

pseudogap phase. We will investigate low-energy particle-hole instabilities of possible

normal states, and this will help us identify the necessary features required to give

rise to a state that is qualitatively similar to the one observed in the experiments.

This will also aid us in distinguishing between some of the different approaches that

have been used to describe the pseudogap phase.

Broadly speaking, theoretical approaches for characterizing the pseudogap can be

classified into two major categories. In the first category, the build up of antiferro-

26



Chapter 1: Introduction

magnetic correlations and the opening of a spin-gap [12] at T ∗ signal the onset of a

quantum spin liquid [135, 254, 148, 183, 240]. Moreover, as a function of decreasing

temperature, there could be multiple crossovers within the metallic spin-liquid and

there could also be instabilities to other symmetry-broken phases2 at lower temper-

atures. However, in order for this to be a useful and precise characterization, there

should be remnants of the ‘topological order’ of the spin liquid at high temperatures.

3 One possibility is the presence of closed Fermi pockets which violate the Luttinger

theorem constraining the total area enclosed by the Fermi surface [253], and this

may be related to photoemission spectra which have intensity only on open arcs in

the Brillouin zone. In this approach, the pseudogap metal found at high tempera-

tures is a novel quantum state which, with moderate changes, could be stable at low

temperatures for suitable model Hamiltonians.

In the second category [122, 194, 205, 239], the antiferromagnetic correlations

are precursors to the appearance of antiferromagnetism, superconductivity, charge

density-wave, and possibly other conventional orders at low temperatures. In the

pseudogap regime, we then have primarily thermal and classical, rather than quan-

tum, fluctuations of these orders. This raises an immediate question: why don’t

other unconventional superconductors, many of which have a robust antiferromag-

netic phase [200], also display pseudogap behavior due to the precursor thermal fluc-

tuations? What is so different about the hole-doped cuprates?

2Though clearly important for describing some of the phenomenology, we shall ignore the effects
arising due to the presence of quenched disorder, which in some cases forbids a true symmetry
breaking in two spatial dimensions.

3By ‘topological order’, we mean states with emergent gauge excitations; for states with an energy
gap, there are non-trivial ground state degeneracies on a torus.
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In this thesis, we shall delve into discussing some of the merits of both approaches.

However, hopefully by the end of our discussion on cuprates, it will become clear to

the reader that we believe that the spin liquid approach provides a more coherent

picture of the hole-doped side of the phase diagram.

Let us now outline the scope of our focus. There are already a number of excellent

reviews that discuss much of the previously known phenomenology of the pseudogap

phase [172, 122, 135]. Our emphasis here will be on the more recent experiments,

particularly with regard to the discovery of charge order in the non-Lanthanum-

based cuprates, and the implications of these experiments on the nature of the high

temperature pseudogap phase. We shall not explicitly consider experimental reports

of nematic order [74]: this order can be an ancillary consequence of our low and high

temperature models of the pseudogap, but we do not believe it is crucial to the basic

phenomenology. We shall not discuss any of the signatures of time-reversal symmetry-

breaking either that have possibly been seen via polarized neutron scattering [140] and

Kerr-rotation [250] experiments, but surprisingly not in µSR or NMR experiments.

While these are clearly interesting experiments that need a theoretical explanation in

the future, we shall choose not to discuss them any further in this thesis.

With the above goals in mind, let us raise a few sharp questions with regard to the

pseudogap phase, and the charge density wave in particular, that we hope to address

in this thesis:

• What is the normal state out of which the charge density wave emerges? In

other words, can the charge density wave help us identify the nature of the

parent pseudogap state?
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• What is the modulation wavevector and the internal symmetry (‘form-factor’)

of the charge density wave?

• What is the nature of the onset, and in particular, the temperature dependence

of the charge density wave correlations? Does this have any consequence on the

fermionic spectral functions?

• Is there an underlying quantum-critical point that controls the physics of the

strange-metal region, and if so, what are the two phases on either side of this

QCP?

Most of these questions, while easy to state, might not have a complete answer at

present. However, we shall argue that based on a body of work done over the past

few years, it is at least partially possible to answer some of them. Some of the above

questions will necessarily require us to speculate, with the hope that future work will

help us address these issues further.

Review of experiments

In the past few years, a number of remarkable experiments have given both direct

and indirect evidence for the appearance of charge-order in the underdoped cuprates.

Charge (and spin)-stripes have been known to exist in the Lanthanum-based cuprates

[232, 122] for a long time now. In these materials, close to a hole-doping of p = 1/8,

the spin and charge stripes are known to have the most pronounced signatures; this is

also where the superconducting Tc goes all the way to zero. However, in this thesis we

shall focus only on the non-La-based cuprates, where charge-order is not accompanied
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by any spin-order. There are important differences between the properties of these

two ‘classes’ of cuprates.

A preliminary indication of charge-order in Bi2Sr2CaCu2O8+δ came from STM

experiments, which imaged the periodic modulation in the density of states near

the vortex cores in the Meissner state [96] and in the high-temperature pseudogap

state [235]. In YBa2Cu3Oy, NMR measurements have been able to detect field-

induced long-range static charge order, predominantly on the oxygen sites, without

any sign of spin-order [248, 249]. Ultrasound measurements at high-fields [132] have

further corroborated a transition to a long-range charge ordered state. The most

clear signatures of any charge density wave correlations should come from X-ray.

Indeed, incommensurate charge order has now been detected with resonant [78, 5]

and hard [39] X-ray scattering, both at zero and high fields. The wave vector has

consistently been found to be directed along the copper-oxygen bonds and decreases

with increasing hole-doping [31], a trend that is the exact opposite of what has been

known to be the case in the La-based-cuprates [239]. Moreover, there are strong

indications that the charge modulation is highest on the bonds connecting the Cu

sites [125, 3]. A conclusion that is safe to draw from all of these experiments is that

there exist incommensurate charge density wave correlations in the CuO2 plane, which

become static and (reasonably) long-ranged upon the application of a high magnetic

field, and in general compete with superconductivity.

Some of the key experimental data that have shed light on the nature of the charge-

order in the underdoped cuprates, is reproduced in fig. 1.11. Fig. 1.11a from Ref. [78]

shows a peak in the total intensity at an incommensurate wavevector ≈ 2π(0.3, 0),
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in the superconducting phase. In order to study the interplay between charge-order

and superconductivity, Chang et al. [39], studied the onset of scattering intensity as

a function of temperature both at zero and finite fields (fig.1.11b). They observed a

gradual onset of charge density wave correlations at TCDW (where Tc < TCDW < T ∗),

with a subsequent decrease in the intensity below Tc at zero-field. The feature for

T ≤ Tc highlights the competition between the two order-parameters, which goes

away when superconductivity is suppressed by a reasonably large magnetic field. The

field-induced transition in the charge-order has also been investigated using NQR

experiments[249] (fig.1.11c). At moderate fields, such as those used in the X-ray and

NQR experiments, the charge-order likely develops in the large ‘halos’ surrounding

the superconducting vortices4 in the mixed-state. The field-induced transition occurs

when the halos start to overlap, ‘locking’ the orientation of the charge density wave

over long distances.

Finally, STM measurements show that the primary modulation resides on the Cu-

O bonds and has a non-trivial pattern in real space (fig. 1.11d,e). The exact symmetry

properties associated with this modulation have only been unveiled recently [77], as

we shall discuss shortly.

A key question now is whether the presence of the charge density wave order may

also explain the quantum oscillations observed at low temperatures and high magnetic

fields [65, 207]. This topic will be discussed briefly later, but it is worthwhile to also

review some of the most striking experimental aspects here. The first observation of

quantum-oscillations [65] provided clear signatures of a reconstructed pocket with an

4In the extreme type-II limit (κ = λ/ξSC → ∞; λ being the London penetration depth and ξSC
the superconducting coherence length), the vortices really correspond to ‘superfluid’ vortices [62].
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(d) (e)(c)

(a) (b)

Figure 1.11: (a) Dependence of the CDW intensity at 15 K, showing a finite cor-
relation length (as inferred from the width of the peak). Adapted from Ref. [78].
(b) Temperature dependence of the peak intensity as a function of magnetic field.
The onset shows a gradual non-mean-field like behavior. At zero-field, the intensity
decreases below the superconducting Tc, showing competition between the two order-
parameters. Adapted from Ref. [39]. (c) Quadrupole part of the splitting of the O
line showing a field-induced transition. Adapted from Ref. [249]. (d), (e) R-Maps
taken at 150 mV. Adapted from Ref. [125].

area approximately 2% of the Brillouin zone (corresponding to a frequency ∼ 530T;

see fig.1.12a). This is fundamentally different from the observations in extremely

overdoped cuprates, where quantum-oscillations observed a ‘large’ Fermi surface [236].

The key question then was to figure out the density-wave order responsible for giving

rise to the reconstruction in the underdoped cuprates. An interesting fact that was

realized soon after the initial discovery of oscillations, is related to the nature of

carriers in the system. In spite of doping holes into the system, transport-properties
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were most consistent with the presence of primarily electron-like quasiparticles, as

evidenced by the negative Hall coefficient [131] (fig.1.12b). This prompted the search

for a small electron-pocket, that would explain both of these observations.

It is not entirely clear what the upper critical field, Hc2, is for the underdoped

cuprates and if the fields, B ∼ 40T, where oscillations are first observed are al-

ready higher than Hc2. Moreover, whether the application of large fields completely

suppresses the pseudogap is also a topic of ongoing debate. These are questions that

need to be resolved in order to realize what gets reconstructed to give rise to the small

electron-pocket. It is nevertheless a reasonable starting point to study the problem

of reconstruction on top of a ‘large’ Fermi surface in the presence of a (sufficiently)

long-ranged BDW [11]. 5

More recently, by extracting the effective cyclotron mass (m∗
QO) of the electron-

like quasiparticles6 and by noting the critical dopings where they appear to diverge

(fig.1.12c), the location of the underlying quantum critical points, corresponding to

the onset of charge-order, have been determined [207, 187]. These QCPs also coincide

with the dopings around which the Tc(B)-domes, as deduced from the resistive tran-

sition in a field (B), are centered about. It has been argued [209] that the critical like

divergence arises from the angle-dependent fermi-velocity, v∗F (θ), along the electron-

pocket, and is in fact dominated by the corners of the pocket (i.e. the vicinity of the

hot-spots). However, signatures of this divergence are absent in any measurement

performed at zero field, that is dominated by the ‘light’ nodal quasiparticles, such

5Such that the cyclotron-radius associated with an applied magnetic field is smaller than the
correlation length of the BDW.

6By studying the temperature dependence of the oscillation amplitudes and fitting to the Lifshitz-
Kosevich form.
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as transport. We direct the readers to some recent review articles for further details

regarding the quantum oscillation experiments [207, 237].

(a) (b) (c)

Figure 1.12: (a) The oscillatory part of the Hall resistance (after subtracting the
monotonic background at T = 2 K), as a function of inverse magnetic field, 1/B.
Adapted from Ref. [65]. (b) The Hall coefficient as a function of B at different
temperatures. Adapted from Ref. [131]. (c) The blue curves represent Tc, at different
B and are supposed to highlight the connection between effective mass enhancement
and the strength of superconductivity. Adapted from Ref. [187].

Charge density wave order in the underdoped cuprates

A significant portion of this thesis is devoted to the study of density-wave order in

the underdoped cuprates and its interplay with related phenomenology. It is therefore

useful to start by prescribing a systematic approach to express the charge-modulation

on a two-dimensional square lattice. The charge density wave, or more appropriately

bond-density wave (BDW), can be expressed as a bond-observable defined on sites

i, j,

Pij = ⟨c†iαcjα⟩ =
∑

Q

[∑

k

PQ(k) e
ik·(ri−rj)

]
eiQ·(ri+rj)/2, (1.25)

where c†iα creates an electron at site i with spin α(=↑, ↓). The action of various

symmetry operations become quite transparent for the above parametrization in mo-
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mentum space in terms of a relative momentum, k, and a center-of-mass momentum

Q, as emphasized in Ref. [8]. In momentum space, we can write Eq. (1.25) as,

〈
c†k−Q/2,αck+Q/2,α

〉
= PQ(k). (1.26)

In contrast, the early work of Nayak [170], and numerous analyses since [37, 36, 241,

138, 60, 216], have used the parameterization

〈
c†k,αck+Q,α

〉
= FQ(k). (1.27)

Of course, we can easily go back and forth between (1.26) and (1.27). However when

we write PQ(k) as a periodic function of k alone, then the equivalent FQ(k) also

depends upon Q. In particular the state described by PQ(k) ∼ cos(kx) − cos(ky),

proposed in Refs. [196, 154], is a d-form factor bond density wave which preserves

time-reversal and which will play an important experimental role shortly. In contrast,

the state FQ(k) ∼ cos(kx) − cos(ky), considered by others, is a different state; for

general Q, it is a mixture of components that are both even and odd under time-

reversal, and so it is not a useful starting point for a symmetry analysis.

Conventional charge density waves with PQ(k) independent of k lead only to an

on-site charge modulation, with the overall modulation period set by 2π/|Q|. How-

ever, this is not the case in the context of the cuprates. The experiments on at

least two different families of the cuprates (BSSCO and Na-CCOC), which involves

phase-sensitive STM [77] and X-ray [52] measurements, have now unveiled the form

factor PQ(k) to be predominantly of a d-wave nature, i.e. PQ(k) ∼ (cos kx − cos ky).

In addition, as already mentioned above, almost all the experiments point towards

a strong evidence for the wavevector Q to be along the Cu-O bonds, i.e. (±Q0, 0)
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and (0,±Q0), where Q0 decreases with increasing hole-doping (and is therefore, in-

commensurate). For an underlying ‘large’ putative Fermi surface, which is absent in

this regime (as known from photoemission experiments, which only see fermi-‘arcs’),

these wavevectors would nest regions in the vicinity of, but away from the antinodes:

(π, 0) and (0, π).

On the other hand, there is a recent X-ray observation [4] in the La-based cuprates,

which seems to indicate a dominant s′−form factor (where PQ(k) ∼ (cos kx+cos ky)),

and this has been ascribed to the presence of magnetic stripe order in these compounds

[231, 20]. The nature of the bond-density waves seen in the two different ‘classes’ of

cuprate superconductors is therefore qualitatively different—both in terms of the

predominant form-factor, and, in terms of the doping dependence of the wavevector.

In fig. 1.13 we provide an illustration of unidirectional BDWs with different com-

ponents of PQ(k) in real space for both commensurate as well as incommensurate

wavevectors. It is not a coincidence that the patterns of fig.1.13 (c), (f) and the data

of Kohsaka et al. [125] in fig.1.11(d), (e) look remarkably similar. This comparison

has recently been carried out to a remarkable degree of precision in the phase-sensitive

work of Fujita et al.[77], which has pinned down the symmetry to be predominantly

d-wave.

Recent computations of quantum-oscillations due to the BDW order coupled to a

‘large’ fermi-surface are broadly consistent [11] with the presence of a nodal electron-

pocket and many of the other experimental observations. However, despite this agree-

ment, there are a number of outstanding puzzles that remain. There are a number of

‘open fermi-sheets’ that are bound to be present as long as the weak BDW potential
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(a) (b) (c)

(f)(d) (e)

Figure 1.13: Real-space visualization of unidirectional BDW (charge-stripe) with com-
ponents: Ps(k) = Ps, Ps′(k) = Ps′(cos kx + cos ky), and Pd(k) = Pd(cos kx − cos ky).
(a)-(c) we plot the charge modulation for a commensurate wavevector, Q = 2π(14 , 0),
while (d)-(f) plot the same quantity for an incommensurate wavevector, Q =
2π(0.3, 0). The parameters used are: (a), (d) Ps = 0, Ps′ = 1, Pd = 0. (b), (e)
Ps = 1, Ps′ = 1, Pd = 0. (c),(f) Ps = 0, Ps′ = 0, Pd = 1. We have included phases
in the definitions of Ps,s′,d in order to make the charge distribution bond-centered for
the case of the commensurate wavevector; however, other choices of the phases are
also allowed. Adapted from Ref. [44].

reconstructs a large fermi-surface. Even though these don’t contribute to oscillations,

the large density of states along these sheets would contribute to various thermody-

namic measurements. However, recent measurements of the Knight-shift [116] and

specific heat [190] in fields of upto ∼ 45 T do not seem to be consistent with the

availability of such large density of states at the fermi-level. One could argue that

if the BDW potential were to be arbitrarily large, it could gap out these portions of

the Fermi surface as well. However, in the presence of such strong incommensurate

density-wave order, quantum oscillations are likely to be disrupted completely [260].

The above thermodynamics experiments seem to suggest that whatever is causing
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the pseudogap to open up close to the antinodes remains unaffected at low to inter-

mediate fields. This leaves us with two options: (i) The reconstruction occurs on top

of a ‘pseudogapped’ Fermi surface, so that it is really the arc that gets reconstructed,

or, (ii) The reconstruction happens in a ‘vortex-liquid’ phase, where the vortices as-

sociated with d-wave superconductivity are fluctuating [24]. However, within either

of these two scenarios, the nodal electron-pocket is likely to survive, since this region

of the Fermi surface remains unaffected, both by d-wave superconductivity and by

the pseudogap.

Another issue that remains to be resolved with regard to the nature of the charge-

order responsible for the oscillations at high fields is as follows. Experiments at zero-

fields seem to suggest the presence of a stripe-like order, while the nodal electron-

pocket scenario requires a nearly checkerboard order. In order to relate these two

regimes, there could be two possibilities: (i) There is a field induced transition from a

stripe-like BDW at zero or low-fields to a nearly checkerboard-like BDW at high-fields,

or, (ii) The system actually consists of differently oriented domains with stripe-like

order, either within each CuO2 plane, or within different planes (but with a strong

interlayer tunneling) [143], where the typical domain sizes, ξdomain, are smaller than

the cyclotron-radius. Future experiments will hopefully be able to shed light on this

issue.

1.3 Correlated antiferromagnetic metals

A substantial portion of the work reported in this thesis concerns a description of

the pseudogap metal and its relation to the forms of broken symmetry observed at low
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temperatures in the underdoped cuprates. In section 1.3.1, we introduce a metallic

phase where the electrons coexist with a ‘quantum-disordered’ antiferromagnet. This

will be followed by a discussion of the instabilities of a conventional fermi-liquid in the

presence of strong antiferromagnetic fluctuations. While this is perhaps not directly

relevant for describing the pseudogap phase of the hole-doped cuprates, it leads to key

insights on the nature of the symmetry-broken phases observed in the experiments.

1.3.1 Fractionalized Fermi liquid

We now turn to the higher temperature regime just below T ∗, significantly above

temperatures at which there is any indication of appreciable fluctuating order. Here,

as we have discussed earlier, the primary experimental indications of the pseudogap

are the suppression in the spin susceptibility, and the appearance of ‘Fermi arc’ spectra

in the electron spectral function (see fig. 1.7).

We review a model of this pseudogap metal as a ‘fractionalized Fermi liquid’ (FL*).

While related states have been derived by many different theoretical methods [245,

254, 113, 184], we begin with a simple toy model description [182] which generalizes

the quantum dimer models [123, 191] of insulating spin liquids. 7

Consider a doped antiferromagnet with p holes per unit cell, as shown in fig. 1.14a.

Note that there are p holes with respect to the antiferromagnet, but the number of

holes with respect to the filled band insulator is 1 + p. As p increases, we imagine

that the antiferromagnetic order is quickly destroyed, and we obtain a state with p

holes in a spin liquid background as shown in fig. 1.14b. Now all the spins of the

7We believe that recent results from dynamical mean field theory [72, 80] also point to a low
energy effective theory of the pseudogap in terms of such a dimer model [182]
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(a) Doped antiferromagnet (b) Spin liquid with holons

Figure 1.14: (a) A density of p holes per unit cell in an ordered antiferromagnet.
The holes are the open circles, while the arrows denote the orientation of the electron
spins on the remaining sites. Note that there is a density of 1 + p holes with respect
to the band insulator in which there are 2 electrons on each site. (b) Spin liquid with
a density p of spinless holons of charge +e. The ellipses represent spin-singlet pairs
of electrons in the state (|↑↓⟩ − |↓↑⟩) /

√
2.

antiferromagnet have been paired into singlets, and these singlets can resonate with

each other [16]. The holes in this spin liquid background carry no spin and charge

+e as they move around: so these are ‘holons’. This doped spin liquid state also has

neutral S = 1/2 excitations known as ‘spinons’, as shown in fig. 1.15a.

So far we have just described the well-known structure of a doped spin liquid. To

obtain the FL*, we need one further step: suppose there is an attractive potential

between the holons and spinons so that they form bound states with charge +e and

spin S = 1/2 (a rationale for this attractive potential is given in the caption of

fig. 1.15a). For simplicity, let us take the strong coupling limit in which this bound

state involves only nearest neighbor sites, and so can be represented by a dimer, as

shown8 in fig. 1.15b. If the binding energy is large enough, every holon will pay the

8 The bound state is represented in fig. 1.15b by an arrow, and this represents an electron which
is in a bonding orbital between the two sites. In a three-band model, this can be associated with
an electron on the O orbital between the Cu orbitals. However, our analysis does not require the
three-band model, and applies equally to the one-band Hubbard model.
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(a) Spin liquid with holons and excited spinons (b) FL*

Figure 1.15: (a) An excited state of the doped spin liquid, with neutral S = 1/2
spinon excitations represented by the arrows. Both the holons and the spinons can
move independently in the spin liquid background. Note the holon and spinon on
nearest neighbors in the middle of the figure: the electron can easily exchange posi-
tions between these sites, and this can lead to a holon-spinon bound state in which
the electron is in a bonding orbital between the two sites. (b) The FL* state: All
holons have paid the energy cost to create a spinon from the spin liquid, and the re-
sulting bound state is represented by the green dimers. The green dimers are fermions
carrying charge +e and spin S = 1/2, and their motion in the spin liquid background
realizes a metal with Fermi surfaces enclosing an area equivalent to a density of p
fermions of spin S = 1/2.

energy cost needed to create a spinon out of the spin liquid background, and we obtain

a spin liquid doped only by fermionic dimers carrying charge +e and spin S = 1/2.

The dynamics of this FL* is now described by a quantum dimer model [182] in

which the fermionic dimers and the original spin singlet pairs resonate with each

other. This leads to motion of the fermionic dimers, and as there is a dilute gas

of them, we can expect them to form a metallic state with a Fermi surface. The

quasiparticles near the Fermi surface will now have the same quantum numbers as in

a Fermi liquid, but they differ in key aspects:

• The volume enclosed by the Fermi surface in a FL* is equivalent to a density

of p spin S = 1/2 particles of charge +e. In contrast, in a Landau Fermi liquid
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the equivalent density would be 1 + p.

• The FL* has a second independent sector of low energy ‘topological’ excita-

tions. In the quantum dimer model, these are associated with the resonances

of the spin-singlet dimers, which are represented in analytical formulations by

emergent gauge fields.

• The quasiparticles near the Fermi surface are neutral under the emergent gauge

field. In the quantum dimer model presented here, this is a consequence of the

fact that the fermions are themselves also dimers. Indeed, the fermions couple

to the gauge field non-minimally as dipoles . This coupling is not strong enough

to disrupt the quasiparticle nature of the Fermi surface excitations.

The dimer model picture demonstrates the inevitability of the above characteristics of

the FL*: the fermionic dimers have density p, while the remaining sites are required

to have spin-singlet dimers representing the gauge field. In Ref. [173, 215, 175],

general arguments have been given which demonstrate that any violation by a Fermi

surface of the 1 + p Luttinger volume requires the presence of low energy topological

excitations.

The following subsections will move beyond this dimer toy-model picture of the

FL* phase, and review field theoretic analyses which yield a metallic state with the

same basic characteristics. Such analyses allow us to compute the Fermi surface

structure, understand potential low T instabilities of the FL* metal, and also connect

to other phases in the global cuprate phase diagram; these will be carried out in

chapter 6.
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Field-theoretic description

We begin our description of the FL* metal by first reviewing a standard description

for the evolution of antiferromagnetism in metallic phases of the one-band Hubbard

model. This model is widely believed to contain the essential physics of the cuprates

[16], for electrons hopping on the sites of a square lattice,

Hhubbard = Ht +HU , (1.28)

Ht = −
∑

i<j

tijc
†
iαcjα − µ

∑

i

c†iαciα, (1.29)

HU = U
∑

i

(
ni↑ −

1

2

)(
ni↓ −

1

2

)
, (1.30)

where tij represent the hopping parameters, U is the on-site Coulomb repulsion,

µ represents the chemical potential and α =↑, ↓ are the spin-indices. The fermions

satisfy the standard anti-commutation relations, {ciα, c†jβ} = δijδαβ and {ciα, cjβ} = 0.

This completely defines the problem at hand that has eluded an exact solution.

Anticipating the metallic state to be in the vicinity of an antiferromagnetic insta-

bility close to half-filling, we use the exact operator equation,

U

(
ni↑ −

1

2

)(
ni↓ −

1

2

)
= −2U

3
S2

i +
U

4
, (1.31)

valid on each site, i, and where Si = c†iασαβciβ/2. Upon decoupling the interaction

via a Hubbard-Stratanovich transformation, we obtain

exp

(
2U

3

∑

i

∫
dτS2

i

)
=

∫
DJ i(τ)exp

(
−

∑

i

∫
dτ

[
3

8U
J2

i − J i · Si

])
. (1.32)

We can now integrate out the fermions from the action and look for the saddle point of

the resulting action for J i. This leads to the Néel state with a wavevector, K = (π, π).
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In the long-wavelength limit, it is then useful to introduce a field, ϕi,

J i = ϕie
iK·ri . (1.33)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

∫
DcαDϕ exp(−S), (1.34)

S =

∫
dτ

[∑

k

c†kα(∂τ − εk)ckα − λ
∑

i

c†iαϕi · σαβciβe
iK·ri

]

+

∫
dτ d2r

[
v2

2
(∇rϕ)

2 +
1

2
(∂τϕ)

2 +
s

2
ϕ2 +

u

4
(ϕ2)2

]
. (1.35)

The first term in S is just the kinetic energy of the fermions, and the second term

Metal with 
“large” Fermi 

surface

s

Increasing SDW order

AF Metal with 
electron and 
hole pockets

AF Metal with 
hole pockets

Increasing SDW orderIncreasing SDW order ⟨ϕ⃗⟩ = 0⟨ϕ⃗⟩ ≠ 0⟨ϕ⃗⟩ ≠ 0

Figure 1.16: The evolution from a ‘large’ Fermi surface (for ⟨ϕ⟩ = 0, s > sc) to a
reconstructed Fermi surface with electron (red) and hole (blue) pockets in the presence
of antiferromagnetic (AF) order with a finite ⟨ϕ⟩ ≠ 0 (s < sc) across a SDW QCP at
s = sc. By moving sufficiently deep inside the SDW phase, one has a metallic state
with only hole-pockets in the presence of a large ⟨ϕ⟩.

is the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering

of fermions from one portion of the Fermi surface to the other. The momentum of

the boson, ϕ, is small, and v represents a characteristic spin-wave velocity. The last

line in the above action is just the ϕ4− field theory for an N = 3 order-parameter.
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At mean-field level, as we tune the value of s, we go from a metallic fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron

and hole pockets (s < sc). The gap due to the SDW order parameter opens up at

the ‘hot-spots’, where εk = εk+K = 0. With a decreasing s, as ⟨ϕ⟩ increases in

magnitude, only the hole pockets remain (fig.1.16).

So far, apart from possible exotic behavior at quantum critical points, we have

only obtained conventional Fermi liquid phases. To obtain the FL*, we have to switch

from the above description of SDW order by a “soft-spin” ϕ field with large ampli-

tude fluctuations, to a “hard-spin” perspective in which we have primarily angular

fluctuations of the antiferromagnetic order. So we replace ϕ by a unit vector field n,

ϕ ⇒ n , n2 = 1. (1.36)

The key utility of such a formulation in terms of the unit-length n field is that it allows

us to consider a route to “quantum-disordering” the SDW order in which topological

“hedgehog” tunneling events are suppressed [165]. In contrast, the perturbative anal-

ysis of the soft-spin theory necessarily proliferates hedgehogs at the zeros of the ϕ

field. In such a hard-spin theory, we argue that the evolution of phases in fig. 1.16 can

be replaced by the more exotic route shown in fig. 1.17. Now there is an intermediate

phase in which there are hole pockets enclosing a volume equivalent to fermions with

density p, but without antiferromagnetic order: this is the FL* phase.

Let us turn to an explicit presentation of the theory of a metal with angular

fluctuations of antiferromagnetic order. We are only interested in the long-wavelength

fluctuations of ni while retaining the full lattice dispersions for the fermions. Applying
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g

Figure 1.17: Alternative route to fig. 1.16 for the loss of antiferromagnetic order in a
metal in a theory with angular fluctuations of the fixed-length order n. The middle
phase is FL*. The evolution from FL* to the large Fermi surface Fermi liquid on the
right is addressed in Ref. [46].

(1.36) to (1.35) we obtain the imaginary time Lagrangian, L = Lf + Ln + Lfn, with

Lf =
∑

i,j

c†iα

[
(∂τ − µ)δij − tij

]
cjα + h.c., (1.37)

Ln =
1

2g

∫
d2r [(∂τn)

2 + v2(∇n)2], (1.38)

Lfn = λ
∑

i

eiK·ri ni · c†iασαβciβ. (1.39)

Now s has been replaced by g to tune the strength of quantum fluctuations associated

with the AFM order parameter. We assume g is a generic coupling measuring the

degree of frustration in the insulating antiferromagnet, which can drive the insulator

into a non-magnetic state with valence bond solid (VBS) order across a deconfined

quantum critical point [214]. It is therefore useful to consider the phase diagram of

a general class of frustrated doped antiferromagnets, as a function of the coupling g

and the charge density p. This will be discussed in detail in chapter 6.

It is useful to note that for g < gc, the above model has long-range antiferromag-

netic order, ⟨n⟩ ≠ 0 (with a correlation length, ξ → ∞), which reconstructs the large
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Fermi surface. The interesting regime is when g ≥ gc, which we argue is relevant to

the physics of the non-La-based cuprates. The deconfined critical point g = gc and

p = 0 is expressed not in terms of the n fields, but in terms of the spinor zα, with

ni = z∗iασαβziβ and a U(1) gauge field Aµ. At the same time [184], one tranforms the

underlying electrons, ciα, to a new set of spinless fermions, ψip,

ciα = Ri
αpψip, where (1.40)

Ri
αp =

⎛

⎜⎝
zi↑ −z∗i↓

zi↓ z∗i↑

⎞

⎟⎠ , (1.41)

is a spacetime dependent SU(2) matrix (
∑

α |ziα|2 = 1) and the fermions ψip carry

opposite charges p = ±1 under the same emergent U(1) gauge transformation. Note

that the above parametrization introduces a large SU(2) ‘gauge’ redundancy and it

is possible to embed the U(1) gauge-theory within the larger SU(2) gauge structure.

Some interesting consequences of this SU(2) structure, and their relation to metallic

quantum criticality without broken-symmetries, will be discussed in chapter 7.

While we defer the technical details of constructing the FL* state to chapter 6, we

note here that a strong attractive force, which is naturally present in the field-theory

construction, binds the zα and ψp quanta into gauge-neutral fermions [113, 115, 184].

These gauge-neutral fermions start to notice each other via the Pauli principle, and

so they form Fermi surfaces leading to the FL* state (see fig.1.18a). The FL* is a

conventional fermi-liquid phase, as far as its transport, thermodynamic or spectral

properties are concerned. However, as noted above, the subtle difference arises from

the presence of topological order. The spectral weight on the ‘back-side’ of these

pockets is suppressed strongly. It has been argued that the fermi-arcs in the pseudogap
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are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one
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FIG. 2 (color online). (a) The pseudopockets determined for
three different doping levels. The black data correspond to the
Tc ¼ 65 K sample, the blue data correspond to the Tc ¼ 45 K
sample, and the red data correspond to the nonsuperconducting
Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
nominal of doping level xn, as shown in the inset. (b) The Fermi
pockets derived from YRZ ansatz with different doping level.

(π,0)(0,0)

(0,π)
140K
 90K
 60K

(π,π)

θarc

kx

ky

40

30

20

10

0

θ ar
c (

°)

200150100500
Temperature (K)

(a) (b)

FIG. 3 (color online). (a) The Fermi surface crossings deter-
mined for the Tc ¼ 45 K sample at three different temperatures.
The triangles indicate measurements at a sample temperature of
140 K, the circles measurements at 90 K, and the diamonds
measurements at 60 K. (b) The measured arc lengths in (a)
plotted as a function of temperature. We note that rather than
cycling the temperatures on the same sample, the data in (a) are
measured on different samples cut from the same crystal.

PRL 107, 047003 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending
22 JULY 2011

047003-3

kx

ky

−π

π

π

(a) (b)

Figure 1.18: (a) Spectral function of the FL* state computed in Ref. [184]. (b)
Photoemission measurements of the pseudogap phase for three different samples by
Yang et al. in Ref. [253]. Note that only filled circles correspond to measured data-
points.

regime could in fact be modeled as pockets whose back-sides are (almost) invisible

(see fig. 1.18b and Refs. [254, 253]). However, clear signatures of the ‘back-sides’ are

currently lacking in experiments.

Finally, we note a recent experiment [21], which sheds new light on the nature

of the metallic states as a function of hole-doping, p. Measurements of the Hall-

coefficient at high-fields and low-temperature reveal some interesting, and perhaps,

surprising results. As a function of decreasing p, there are two separate transitions (see

fig. 1.19). At higher-doping (ph ≈ 19%), there is a transition from a conventional

fermi-liquid, with 1 + p carriers, to a metallic state with p carriers and no broken

translational symmetry. The metallic state with only p carriers would be consistent

with an FL* with reconstructed hole-pockets; the presence of a background spin-liquid

is crucial for the reconstruction and violation of Luttinger’s theorem as noted above
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k =  (0, ± π ) and (± π , 0), the electronic states at the Fermi level must 
lie near k =  (± π /2, ± π /2), where the four nodes of the d-wave super-
conducting gap are located. This is indeed what is observed, in the 
form of nodal Fermi arcs, for example by ARPES (angle-resolved pho-
toemission spectroscopy) in YBCO (ref. 21) and by scanning tunnelling 
microscopy in Bi-2212 (ref. 8), below p ≈  0.2. Given that the relation 
nH =  p extends down to the lowest dopings (Fig. 4b), two scenarios for 
these nodal states come to mind. One is associated with the antiferro-
magnetic order, the other is associated with the Mott insulator.

In the first scenario, antiferromagnetic order with a commensurate 
wavevector Q =  (π , π )—the order that prevails in YBCO below p =  0.05 
(Fig. 1a)—would reconstruct the large Fermi surface into four small 
hole-like nodal pockets whose total volume would contain p carriers, 
so that nH =  p (see sketch in Fig. 4b). In electron-doped cuprates, an 
antiferromagnetic quantum critical point is believed to account for the 
abrupt drop in carrier density detected in the normal-state Hall coeffi-
cient27. The question is whether in YBCO magnetic order—present at 
low temperature up to p ≈  0.08 in zero field28 (Fig. 1b)—could extend 
up to p*  =  0.19 when superconductivity is suppressed by a magnetic 
field of the order of 100 T. An antiferromagnetic quantum critical point 
at p*  in YBCO could account for the linear temperature dependence of 
the resistivity29 and possibly also the divergent effective mass9.

In the second scenario, the pseudogap phase is a consequence of 
strong correlations associated with Mott physics. Numerical solutions 
of the Hubbard model find nodal Fermi arcs at low doping and inter-
mediate temperatures30,31. It has been argued that at T →  0, the Fermi 
surface could in fact consist of four hole-like nodal pockets32,33 whose 
total volume would contain p carriers. These arcs/pockets develop 
even though translational symmetry is not broken. The question is 
whether such a Mott-based pseudogap can appear at a doping as high 
as p =  0.19.

Overall, the fact that the normal-state carrier density—measured 
directly in the archetypal cuprate YBCO at low temperature—drops 
sharply from n =  1 +  p to n =  p precisely at p*  reveals a robust and 

fundamental new fact about the pseudogap phase: it causes a transfor-
mation of the Fermi surface such that its volume suddenly shrinks by 
one hole per Cu atom. We expect that a microscopic understanding of 
this transformation will elucidate the enigmatic behaviour of electrons 
in cuprate superconductors.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 1.19: Doping dependence of the Hall number, nH = V/(eRH), in hole-doped
cuprates at a field of 80T. Adapted from Ref.[21].

[173, 215, 175]. The subsequent transition at lower doping (pl ≈ 16%), corresponds

to the onset of quasi long-ranged charge density wave and an associated change in

sign of the Hall-coefficient.

1.3.2 Instabilities of a Fermi liquid with antiferromagnetic

correlations

For the sake of completeness it is useful to review the instabilities of a conventional

Fermi liquid state in the presence of antiferromagnetic interactions. This will be

useful when studying the instabilities of the FL* state discussed above in chapter 6.

We return now to the soft-spin theory in Eq. (1.16) for the properties of a Landau

Fermi liquid in the presence of amplitude fluctuations of a SDW order. Starting from
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Eq. (1.16) it is useful to focus on the low energy theory for fermions near the ‘hot

spots’ on the Fermi surface, shown in fig. 1.20. Such a Lagrangian is given by,

Figure 1.20: A cartoon of a large Fermi surface, with the filled electronic states in
blue. The red and green circles represent the ‘hot-spots’ connected by K (shown as
wavy lines).

Lsdw = Lf + Lϕ + Lfϕ,

Lf = ψ†m
1p (∂τ − ivm

1 ·∇)ψm
1p + ψ†m

2p (∂τ − ivm
2 ·∇)ψm

2p,

Lfϕ =
λ√
Nf

ϕ · (ψ†m
1p σpp′ψ

m
2p′ + ψ†m

2p σpp′ψ
m
1p′),

(1.42)

and where Lϕ part of the action was already written down in Eq.1.35. In the above,

vm
1 , vm

2 represent the velocities at the hot-spots labelled ‘A’, ‘C’ or ‘B’, ’D’ within

each hot-spot pair (denoted by ‘m’).

Before proceeding any further, let us first digress for a bit and discuss an inter-

esting (exact) symmetry associated with the exchange-interactions [7, 135, 56], that

also manifests itself as an emergent symmetry [154] of the hot-spot theory. To start
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with, consider just the nearest neighbor Heisenberg term,

HJ =
∑

i<j

JijSi · Sj, (1.43)

where Si is expressed in terms of the underlying electronic operators in the usual

way. If we, for instance, make the transformation, c†i↑ → ci↓, c†i↓ → −ci↑, then

Sz
i = ni↑ − ni↓ → Sz

i and similarly for S±
i . The above particle-hole transformation

carried out on every site leaves the Hamiltonian invariant.

It is possible to generalize the above transformations to arbitrary SU(2) rotations

in particle-hole space. In order to do this, let us introduce the Nambu spinors,

Ψi↑ =

⎛

⎜⎝
ci↑

c†i↓

⎞

⎟⎠ , Ψi↓ =

⎛

⎜⎝
ci↓

−c†i↑

⎞

⎟⎠ . (1.44)

Then, HJ can be re-expressed as,

HJ =
1

8

∑

i<j

Jij

(
Ψ†

iαaσαβΨiβa

)
·
(
Ψ†

jγbσγδΨjδb

)
, (1.45)

where a, b are Nambu indices. It is now a trivial matter to see that HJ is invariant

under independent SU(2) pseudospin transformations acting on each lattice site of

the form Ψiαa → Ui,abΨiαb.

We note that this pseudospin symmetry is broken explicitly by terms involving

Coulomb repulsion and a finite chemical potential (except when we are at a fine-

tuned, half-filled state). However, an interesting feature of the low-energy critical

theory in Eq.1.42 is that the SU(2) symmetry re-emerges. To see this, note that in

Eq.1.42, if we carry out the following transformations,

ψ†
1↑ → ψ1↓, ψ†

1↓ → −ψ1↑, ψ†
2↑ → ψ2↓, ψ†

2↓ → −ψ2↑,ϕ → ϕ, (1.46)
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then Lsdw is invariant because,

ψ†
1↑(v1 ·∇)ψ1↑ → ψ†

1↓(v1 ·∇)ψ1↓ = ψ1↓(v1 ·∇)ψ†
1↓ = ψ†

1↓(v1 ·∇)ψ1↓, (1.47)

where we have used integration-by-parts. The remaining terms can be simplified

similarly. Note that it is crucial for the curvature-terms to be absent in order for

this symmetry to manifest itself. The SDW theory with 4 pairs of hot-spots therefore

has an emergent [SU(2)]4 symmetry, in addition to the usual spin SU(2) rotation

symmetry.

(a) (b)

(c) (d)

Figure 1.21: (a) ‘Cooperon’-diagram in the particle-particle channel leads to (b) d-
wave pairing with a relative phase-shift between pairs ‘A-B’ and ‘C-D’. (c) ‘Diffuson’-
diagram in the particle-hole channel, obtained from (a) by carrying out the SU(2)
transformation on only half of the hot-spot pairs leads to (d) d-form factor density
wave with Q = 2kF and a relative phase-shift between pairs ‘A-B’ and ‘C-D’.
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Returning to the problem of a fermi-liquid in the presence of SDW fluctuations,

we recall a result that has now been known for almost three decades. The spin-

fluctuations give rise to a pairing-glue in the dx2−y2 channel [201, 158], as can be seen

by explicitly evaluating the ‘Cooperon’ diagram (fig.1.21(a), (b)). The underlying

reason for the attraction in the sign-changing d-wave channel can be traced back to

the BCS gap-equation for the pairing gap ∆k:

∆k = −
∑

p

χ(p− k)

2Ep
∆p. (1.48)

χ(p − k) is the SDW susceptibility, peaked at p − k = K, the momentum carried

by the SDW order-parameter and Ep =
√

ε2p +∆2
p is the dispersion for the Bogoli-

ubov quasiparticles. In order for the above equation to have a non-trivial solution,

sgn(∆k) = −sgn(∆p), whenever p− k = K.

We can now use the SU(2) symmetry to carry out a particle-hole transformation

on only the electrons in the vicinity of ‘B’ and ‘D’ (fig.1.20). This then suggests that

the same antiferromagnetic fluctuations would give rise to ‘pairing’ in the particle-

hole channel as well, as shown by the ‘diffuson’ diagram in fig.1.21(c). The particle-

hole condensate, ⟨c†k−Q/2,αck+Q/2,α⟩, now carries a finite center-of-mass momentum,

|Q| = 2kF and there is an internal dx2−y2 form-factor, Pd (fig.1.21 (d)). Note that

this wavevector will always be oriented along a diagonal direction, i.e. it is of the

form Q = (Q0,±Q0).

For the hot-spot theory, the superconducting and density-wave instabilities are

exactly degenerate. However, a finite curvature which breaks the SU(2) symme-

try will lift this degeracy. While the superconducting instability remains unaffected

(since ±k are always ‘nested’), the density-wave instability becomes sub-leading to
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superconductivity.

The most natural question, in light of our discussion so far, is as follows: Is there

any relation between the density-wave instability found above in the vicinity of a SDW

quantum-critical point to the state unveiled in the underdoped cuprates?

We shall first address the above question, within a ‘weak-coupling’ picture, in

chapter 5, where we shall also study the feedback of superconducting fluctuations

on the density-wave order. However, various discrepancies between theory and ex-

periment will lead us to investigate the instabilities of a ‘normal’ state that already

has a well-developed pseudogap, without any symmetry-breaking, i.e. investigate the

instabilities of a state that has fermi-‘arcs’, and not a large Fermi surface. This will

leads us to investigate the instabilities of the FL* introduced earlier in chapter 6.

We note however that computing the ordering instabilities of the FL* metal is

a far more complicated task than that for the Fermi liquid described above. Apart

from instabilities associated with particle-particle and particle-hole excitations near

the Fermi surface, we also have to consider the instabilities associated with the gauge

sector. For the U(1)-FL* case, the latter contain monopole tunneling events which

necessarily lead to confinement and broken symmetries at low temperatures. There

has been partial progress on these difficult issues [176], but we shall not review them

here.

In Section 1.3.1, both prescriptions of arriving at the FL* relied on starting from

the antiferromagnetic insulator and doping it with charge-carriers. A natural question

to ask is how to connect the metallic FL* phase with a ‘small’ Fermi surface to the

‘large’ Fermi surface metal. We shall investigate a possible route towards studying
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this transition in chapter 7.

1.4 Organization of thesis

In the remainder of this thesis we will study in close detail many of the problems

that have been discussed in previous sections. We summarize the main findings of

the chapters below.

The thesis consists of three parts. In chapters 2 and 3, we have analyzed various

aspects of symmetry breaking and quantum criticality in the superconducting phase

of the iron-based superconductors. In chapter 2, motivated by STM experiments

on FeSe, we will construct a phenomenological theory for the competition between

nematic order and superconductivity in the vicinity of a vortex induced by an applied

magnetic field. We find that when there is weak bulk nematic order at zero magnetic

field, the field-induced eccentricity of the vortex core has a slow power-law decay away

from the core. Conversely, if the nematic order is field induced, then the eccentricity

is confined to the vortex core.

In chapter 3, we first present a general theory of the singularity in the London pen-

etration depth at symmetry-breaking and topological quantum critical points within

a superconducting phase. We find that while the critical exponents and ratios of

amplitudes on the two sides of the transition are universal, an overall sign depends

upon the interplay between the critical theory and the underlying Fermi surface. For

the case of SDW critical point, we note implications for the maximum observed in the

London penetration depth in P-doped BaFe2As2 at optimal doping. In particular, we

find that there is no maximum in the penetration depth at the QCP; instead there
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is merely a change in the sign of the second derivative. Therefore, in the second part

of this chapter, we argue that the transition possibly becomes weakly first order in

the vicinity of optimal doping, and disorder induces puddles of superconducting and

antiferromagnetic regions at short length scales; thus, the system becomes an elec-

tronic microemulsion. We propose that frustrated Josephson couplings between the

superconducting grains suppress the superfluid-density and additionally give rise to

a highly nontrivial feature in the low-frequency optical response.

In the second part, in chapters 4 and 5, we have analyzed the role of thermal

fluctuations on the pseudogap and the associated density-wave phenomenology. In

chapter 4, we compute the electronic spectrum in the presence of thermally fluctu-

ating charge-density and superconducting orders in the zero-field and intermediate

temperature regime. Our results are compatible with some of the experimental trends

as a function of energy, angle around the fermi-surface and temperature. In chapter

5, we explore the landscape of the (sub-)leading density-wave instabilities of a metal

interacting via antiferromagnetic fluctuations. For a cuprate-like large fermi-surface,

the leading instability in the particle-hole channel is to a d−form factor density wave

with a diagonal wavevector, with a subleading instability to a predominantly d−form

factor density wave with axial wavevector. By examining the feedback of supercon-

ducting fluctuations on all the allowed charge-density wave states, we find that over

at least a small temperature window, they prefer the experimentally observed wave

vector.

In the final section of the thesis, in chapters 6 and 7, we present an alternative view

of the pseudogap. In chapter 6, we present an analysis of the charge ordering instabil-
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ities in a FL* metal, where the electronic excitations are coupled to the fractionalized

excitations of a quantum fluctuating antiferromagnet on the square lattice. The re-

sulting state, a BDW*, has predominantly d−form factor and wavevectors along the

axial direction, in agreement with experiments on a number of different families of

the cuprates. We therefore propose that the pseudogap regime can be described by

such a FL* metal at least over intermediate length and energy scales. In chapter 7,

we analyze a novel quantum phase transition without any broken symmetries between

metals with large and small Fermi surfaces of spinless fermions carrying the electro-

magnetic charge of the electron. The two metals have emergent SU(2) and U(1) gauge

fields respectively, and the transition is driven by the condensation of a real Higgs

field, carrying a finite lattice momentum and an adjoint SU(2) gauge charge. This

Higgs field measures the local antiferromagnetic correlations in a “rotating reference

frame.”
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Chapter 2

Nematic order in the vicinity of a

superconducting vortex

“Symmetry is what we see at a glance; based on the fact that there is no reason

for any difference...” - Blaise Pascal, Pensées

2.1 Introduction

In the preceding chapter, we saw that unconventional superconductors typically

have an exceedingly rich phase diagram, determined by the interplay of multiple com-

peting, or coexisting, types of order. Nematic order (which breaks the C4 symmetry

of the underlying square lattice down to C2) has been shown to emerge in certain

regimes of the phase diagrams of the copper-oxide [18, 94, 125, 59, 130, 151] and the

iron-based [68, 251, 49, 48, 255, 168, 256] superconductors. In the latter case, the

nematic order accompanies (and in some cases, precedes) the magnetic order which
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occurs at a wavevector that breaks the lattice rotational symmetry.

Recently, the structure of the vortex cores in the mixed state of clean FeSe

films was studied by means of scanning tunneling microscopy (STM) [224]. Strong

anisotropy was observed in the zero bias conductance map around the cores, which

have an eccentricity of the order of unity. Although the lattice structure of FeSe at

low temperature is orthorhombic[146], it has been claimed [224] that the crystalline

anisotropy (of the order of a few tenths of a percent) is too small to explain the large

anisotropy of the vortex cores, which is likely to have an electronic origin.

This experiment raises several questions, some of which we address in this paper:

assuming that there is an electronic nematic order in superconducting FeSe, what

is its microscopic origin? What is its relation to superconductivity - e.g., are these

two types of order competing? Is the nematic order localized in the vortex cores (and

hence stabilized by the application of the magnetic field), or does it extend throughout

the system (and is only apparent in the STM spectrum near the cores)?

In this chapter, we study the structure of the vortex core using a phenomenological

Landau-Ginzburg (LG) theory in terms of two competing order parameters. Using

our LG analysis we have calculated the structure of an isolated vortex in the presence

of the nematic order. Our main result is that by looking at the profile of the gap

near the vortex core, it is possible to distinguish between two different configurations

of the nematic order, namely the presence of a localized nematic order within the

superconducting vortex as opposed to the presence of a long range nematic order in

the system. If the nematic order is localized at the core, the superconducting gap

should be anisotropic only near the core and the anisotropy decays exponentially as
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we move away from the core. On the other hand, if the nematic order is long-ranged,

the superconducting gap should exhibit an anisotropy which decays as a power law.

If the nematic order is near its critical point, there is a large region in which the

anisotropy of the gap depends logarithmically on the distance, eventually crossing

over to a power law. Moreover, we find qualitative differences in the shape of the

contours of constant gap around the core in the different cases. If the nematic order

exists only in the cores, the equal-gap contours tend to be elliptical; if the nematic

order is long-ranged, we find that the gap function tends to develop a “four-lobe”

structure, with more pronounced higher harmonics. These features can be sought in

STM experiments by mapping the magnitude of the gap around the core as a function

of position.

We note at the outset that the Fermionic degrees of freedom, which have been

ignored in the study here, are important near the vortex core. In order to deal with

them, one has to go beyond the Ginzburg-Landau formalism. We would however like

to stress on the fact that even though the GL formalism is not perfectly valid deep in

the vortex core, our results for the asymptotic behavior away from the vortex core are

robust. Therefore one of our main predictions, which is the difference in the behavior

of the gap function far away from the core remains qualitatively valid even though

the GL formalism breaks down inside the core [104].

The chapter is organized as follows: In section 2.2 we introduce the LG functional

with the two competing order parameters and carry out a preliminary analysis in

the absence of the anisotropy. In section 2.3.1, we investigate the mean-field phase

diagram of a single vortex. In section 2.3.2, we introduce the anisotropy and perform
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a numerical minimization of the functional, commenting on the interesting features.

Finally, in section 2.3.3, we present our analytical results explaining the various in-

teresting features observed by minimizing the free energy. Some additional technical

details are summarized in appendix A.

2.2 Model

We consider a LG type free energy for two competing order parameters: a complex

field Ψ, describing the superconducting order parameter, and a real field φ, which

describes a nematic order that competes with the superconducting order parameter.

The form of the free energy density is given by

F = Fs + Fφ + Fa +
γ

2
|Ψ|2φ2, (2.1)

Fs =
κψ

2
|(−i∇− e∗A)Ψ|2 − ψ2

0

2
|Ψ|2 + 1

4
|Ψ|4, (2.2)

Fφ =
κφ

2
(∇φ)2 − φ2

0

2
φ2 +

1

4
φ4, (2.3)

Fa =
λ1

2
φ

[
|(−i∂x − e∗Ax)Ψ|2 − |(−i∂y − e∗Ay)Ψ|2

]
+

λ2

2
φ

[
(∂xφ)

2 − (∂yφ)
2

]
.

(2.4)

Apart from the standard free energy contributions arising due to φ and Ψ, we have

a competition term, controlled by γ (> 0), and a term that gives rise to different

effective masses for Ψ in the two directions, which is controlled by λ1. F is invariant

under a rotation by 90 degrees, represented by

x → y, y → −x, φ → −φ. (2.5)
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We will be interested in the limit of λL(0) → ∞, where λL(0) is the London penetra-

tion depth, so that we can neglect the coupling to the electromagnetic field. At the

outset, we set λ2 = 0, since the λ2 term is small compared to the λ1 term in the limit

where φ is small. It is convenient to define the coherence length of Ψ and the healing

length of φ as

lψ =

√
κψ

ψ2
0

, lφ =

√
κφ

φ2
0

. (2.6)

Taking the unit of distance to be lφ, we can recast the above free energy in a more

transparent form as follows,

F =
1

2l2
(∇̃ψ̃∗)(∇̃ψ̃)− 1

2
|ψ̃|2 + 1

4
|ψ̃|4

+

(
γ

γs

)2[1
2
(∇̃φ̃)2 − 1

2
φ̃2 +

1

4
φ̃4

]
+

γ2

2γs
|ψ̃|2φ̃2

+ λφ̃[(∂x̃ψ̃
∗)(∂x̃ψ̃)− (∂ỹψ̃

∗)(∂ỹψ̃)], (2.7)

where l = lφ/lψ, γs = γψ2
0/φ

2
0,λ = λ1/2l2φψ

2
0, x̃, ỹ = x/lφ, y/lφ, ψ̃ = Ψ/ψ0, and

φ̃ = φ/φ0. From now on, we will drop the tilde symbols.

For λ ̸= 0, a short-distance cutoff has to be imposed on Eq. 2.7. Otherwise,

the system is unstable towards developing modulations of ψ with sufficiently short

wavelength. We discuss the instability in Appendix A.1. In practice, we will mostly

ignore this issue, assuming that there is a short-distance cutoff (which is provided by

the finite grid used in our numerical calculations).

Before we begin our analysis, let us comment about the choice of parametrization

in this problem. We would like to think of this problem in terms of a fixed γ ≤ 1.

Then on choosing a particular ratio of the length scales of φ and ψ, we still have

one degree of freedom left in terms of the masses or the stiffnesses of the two order
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parameters, which is fixed by tuning γs.

If we assume that γs > 1, then the uniform ground state is given by ψ = 1 and

φ = 0. This also constrains φ to be localized around the vortex cores, by making

the mass term for φ positive deep inside the superconducting region. If we further

assume that the nematic order is small, such that γ
2φ

2 ≪ ψ2
0, then we can essentially

ignore the feedback of φ on ψ. Therefore, we will first find the full profile of ψ = Ψ0,

the isolated vortex solution, in the absence of the nematic order and use that to find

the form of the nematic order. Then Ψ0 satisfies the following asymptotic relations:

Ψ0(ρ) ≈
[
1− 1

2

(
1

lρ

)2]
eiθ, ρ ≫ l−1 (2.8)

Ψ0(ρ) ∼ Clρeiθ, ρ ≪ l−1 (2.9)

where ρ = r/lφ, r being the radius in the original coordinate system, and C is

a dimensionless constant. In general, it is difficult to find the solution of the full

LG equation for Ψ0 for all ρ analytically. Therefore we obtain the vortex solution

Ψ0 = f(lρ)eiθ for all ρ by minimizing the functional in Eqn. 2.7 numerically in the

absence of φ.

The numerical solution conforms to the two asymptotic expressions above. It is

interesting to note that Ψ0 does not recover from the vortex core to its bulk value

exponentially, but rather as a power law [124, 62]. The behavior of φ(ρ) in the vicinity

of a vortex with λ = 0 was studied by Ref. [124].

63



Chapter 2: Nematic order in the vicinity of a superconducting vortex

2.3 Results

We present all of our results, obtained using a combination of numerical and

analytical techniques, in the following subsections.

2.3.1 Phase diagram

We will now describe the mean-field phase diagram of a single vortex in the pres-

ence of a competing nematic order. There are three possible phases: in phase I, φ = 0

everywhere; in phase II, φ vanishes at large distance from the vortex core but becomes

non-zero near the vortex core due to the suppression of the competing ψ field to zero

at the core; and in phase III, φ ̸= 0 even far away from the core. A non-zero solution

for φ is favored whenever the smallest eigenvalue ϵ of the following eigenvalue problem

[124]:
[
−∇2

ρ − 1 + γs[f(lρ)]
2

]
φ (x) = ϵφ (x) , (2.10)

satisfies ϵ < 0. In order to find the phase diagram, we solve this eigenvalue problem

numerically on a discrete grid. The boundary between phases I and II is the locus

of points at which the smallest eigenvalue satisfies ϵ = 0. For γs < 1, φ becomes

long-ranged, corresponding to phase III. The resulting phase diagram is shown in

Fig. 2.1. This phase diagram is strictly valid as long as γs > γ. If this is not the

case, then the state with uniform nematic background and no superconductivity is

energetically favorable over any other state.

The physics behind the phase diagram can be understood as follows. When lφ ≫ lψ

we are forcing the nematic order to coexist with superconductivity in a large region.

This is unfavorable energetically due to the competition term γφ2|Ψ|2. Therefore,
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Figure 2.1: The phase diagram in the (γs, l) plane obtained by solving Eqn. 2.10
numerically on a grid with n = 100 and ∆x = 1. The regions with qualitatively
different solutions for φ are marked. Phase I has no nematic order with φ = 0
everywhere, phase II has nematic order localized in the vortex core, and phase III
has long-range nematic order away from the core. The blue squares correspond to
points which we explore in more detail later. The dashed line γs = 1 represents the
boundary between phases II and III.

when γs > 1, there is no φ ̸= 0 solution. If γs < 1, φ becomes non-zero even far away

from the vortex core. In the opposite limit of lφ ≪ lψ, the nematic order exists deep

within the superconducting vortex. Since there is very little overlap between the two

order parameters, the system can afford to have a higher value of critical γs below

which there is a nontrivial nematic order. This explains the increasing trend of the

critical γs for decreasing l.

In the lφ ≪ lψ case, it is possible to give an analytical expression for the phase

boundary between regions I and II. The equation for this curve is given by,

γs =
1

4(Cl)2
, (2.11)

65



Chapter 2: Nematic order in the vicinity of a superconducting vortex

where C is the constant which appears in Eqn. 2.9. The details of this computation

are discussed in Section 2.3.3.

We are now in a position to include the effect of the anisotropy and investigate

the structure of the vortex cores in different regions of the phase diagram described

above.

2.3.2 Vortex profile in the different regimes

We now turn to discuss the characteristics of the vortex profile in the different

regimes shown in Fig. 2.1. To solve for the vortex profile, we minimize the free energy

(2.7) with respect to ψ and φ numerically on a disk geometry. This is equivalent to

solving the coupled Landau-Ginzburg equations with Neumann boundary conditions,

as we discuss in Appendix A.2. Many of the features found in the numerical solution

can be understood analytically, as we discuss in the next section.

We can expand both ψ and φ in terms of the different angular momentum chan-

nels (∼ einθ). The term proportional to λ only couples angular momentum channels

that differ by 2 units of angular momentum in ψ. Therefore, in the presence of φ,

the bare vortex solution (∼ eiθ) gives rise to components of the form e3iθ, e−iθ, etc.

Similarly, the feedback of the superconducting order on φ gives rise to the generation

of the even harmonics, i.e. Φ0 gives rise to terms proportional to e2iθ and e−2iθ. It

is also possible to have a solution with only the even harmonics of ψ, in which case,

the vortex is absent. These two solutions do not mix with each other and therefore

we shall focus on the solution in the presence of the vortex.
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In light of this, we expand the order parameters as

ψ(ρ, θ) =
∑

n

Ψn(ρ)e
i(2n+1)θ, φ(ρ, θ) =

∑

n

Φn(ρ)e
i2nθ, n ∈ integers (2.12)

In terms of the expansions in Eqn. 2.12, the free energy density can be written as,

Fρ =

∫
dθF =

∑

n

1

2l2

[(
∂Ψn

∂ρ

)2

+
(2n+ 1)2Ψ2

n

ρ2

]
− Ψ2

n

2
+

1

4

∑

n,p,q

ΨnΨn+p−qΨpΨq

+

(
γ

γs

)2[1
2

(∑

n

(
∂Φn

∂ρ

)2

+
(2n)2

ρ2
Φ2

n − Φ2
n

)
+

1

4

∑

n,p,q

ΦnΦn+p−qΦpΦq

]

+
λ

2

∑

m,p

φp

[(
∂Ψm

∂ρ
− (2m+ 1)

Ψm

ρ

)(
∂Ψm+p+1

∂ρ
+ (2(m+ p+ 1) + 1)

Ψm+p+1

ρ

)

+

(
∂Ψm

∂ρ
+ (2m+ 1)

Ψm

ρ

)(
∂Ψm+p−1

∂ρ
− (2(m+ p− 1) + 1)

Ψm+p−1

ρ

)]

+
γ2

2γs

∑

n,p,q

ΨnΨn+p−qΦpΦq, (2.13)

and we are interested in minimizing
∫
ρdρFρ. We shall minimize the above free energy

for a given system size and for only a fixed number of harmonics at a time. We have

kept n harmonics for ψ and φ, where for any given n (odd) we take all the harmonics

Ψ−i to Ψi, i = (n − 1)/2, and similarly for φ. We have tried n = 3, 5 and found no

substantial qualitative change in the results that we shall quote here, indicating that

the results converge even with only 3 harmonics. We consider a system on a disk of

radius ρ = 100.

Below, we describe the results in regions II and III of the phase diagram, and on

the critical line dividing them (In region I, where there is no nematic order, we get

the regular circularly symmetric vortex). The specific values of γs, l which were used

are marked by blue squares in the phase diagram in Fig. 2.1.
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Figure 2.2: Nematic order in phase II. The profiles for the different order parameters
for γs = 2.0, l = 0.1, γ = 1.0,λ = 20.0 for a system size of 100 (N = 100,∆x = 1). (a)
Harmonics of ψ (solid) and Φ0 (dashed) (b) Contour plot of |ψ|2. The superconducting
coherence length lψ is 10, in units of lφ.

Region II

In this region, we expect to obtain a solution with a non-zero uniform |ψ| away

from the vortex core and a non-zero φ localized near the vortex core, decaying expo-

nentially away from the core (given that γ < γs and γs > 1). The contour plot for |ψ|2

is shown in Fig. 2.2. The parameters used here are γs = 2.0, l = 0.1, γ = 1.0,λ = 20.0.

As can be seen in the figure, the core has an elliptical shape because of the

interaction with the nematic order which coexists with superconductivity in the core

region. As we go away from the core, the contours of equal |ψ|2 become more and

more isotropic, due to the rapid decay of the nematic order away from the core.

Region III

This region in the phase diagram corresponds to the case where there is a uniform

nematic background coexisting with superconductivity, even away from the vortex

core. In this regime, as we move away from the core, φ goes to a constant and ψ
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Figure 2.3: Nematic order in phase III. The profiles for the different order parameters
for γs = 0.5, l = 0.5, γ = 0.4,λ = 0.5 for a system size of 100 (N = 100,∆x = 1). (a)
Harmonics of ψ (solid) and Φ0 (dashed) (b) Contour plot of |ψ|2. The superconducting
coherence length is 2, in units of lφ.

remains anisotropic. In Fig. 2.3, the harmonics Ψ1 and Ψ−1 are almost constant for

large ρ. Moreover, Ψ1 = −Ψ−1 for large ρ. The contour plot of |ψ|2 reveals a large

anisotropic “halo” around the core, with a non-elliptical shape.

Far away from the core, where φ is constant, the Landau-Ginzburg equations can

be solved analytically, showing that the anisotropy in |ψ|2 decays as a power law in

this case. We discuss this solution in the next section.

Critical case

Finally, we discuss the critical line separating regions II and III in Fig. 2.1, in

which the φ field is critical far away from the core. Naively, one would expect φ to go as

1/ρ asymptotically in this regime. However, depending on the details of the solution

at small ρ, there may be an intermediate regime in which φ ∼ ln ρ, eventually crossing

over to 1/ρ at a larger distance. This feature is discussed in more detail in the next

section. Fig. 2.4a shows ψ and φ in the critical regime, with γs = 1.0, l = 3.0, γ = 0.9
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Figure 2.4: Nematic order at the critical point between phase III and phase I. The
profiles for the different order parameters for γs = 1.0, l = 3.0, γ = 0.9,λ = 0.07 for a
system size of 100 (N = 100,∆x = 1). (a) Harmonics of ψ (solid) and Φ0 (dashed)
(b) Contour plot of |ψ|2. The superconducting coherence length is 1/3, in units of lφ.

and λ = 0.07. Indeed, we observe that φ decays slowly away from the core. Ψ±1

also have long tails. The contour plot for |ψ|2 shares features that are similar to

the behavior in region III, namely a long-range, non-elliptical anisotropic halo. It is

shown in Fig. 2.4b.

In the next section, we analyze the asymptotic behavior of the solution in the criti-

cal case, showing that the anisotropic component of |ψ|2 falls off as∼ (λ ln ρ/ρ2) cos(2θ)

at intermediate ρ, crossing over to ∼ (λ/ρ3) cos(2θ) at sufficiently large ρ.

2.3.3 Analytical Treatment

In this section, we propose various analytical arguments to explain the different

features that were observed above by carrying out the minimization numerically. We

first discuss the solution for the nematic order in the presence of superconductivity.

Then, we analyze region III of the phase diagram (Fig. 2.1). Finally, we study the

linearized GL equations in order to explain some of the other interesting features that
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were observed earlier.

Phases of the nematic order

Here we will briefly review the solution for φ, and supplement it with some further

details. The LG-equation for φ(ρ), assuming that λ = 0, is given by,

[
−∇2

ρ − 1 + γs[f(lρ)]
2 + φ2

]
φ = 0, (2.14)

We shall now be interested in solving the linearized version of the above equation,

which is justified for γs > 1. For ρ ≪ l−1, this becomes equivalent to solving the

problem
[
−∇2

ρ − 1 + γs (Clρ) 2

]
φ = 0. (2.15)

This is identical to solving the Schrödinger equation for the 2D quantum harmonic

oscillator. We know that φ′(ρ = 0) = 0. The solution for this equation is given by

φ(ρ) = e−
√

γsC2l2ρ2/2La(
√

γsC2l2ρ2)

La(0)
, a =

1− 2
√
γsC2l2

4
√
γsC2l2

, (2.16)

where Ln(x) are the Laguerre polynomials. The profiles of φ(ρ) for a few different

values of γsC2l2 are shown in Fig.2.5.

At this point, we can also describe how we obtained the equation for the phase

boundary between regions I and II in the phase diagram (Fig. 2.1). In this case, φ is

non-zero only very close to the center of the core. We can therefore expand ψ around

ρ = 0 and keep only the leading order term (Eq. 2.9). Eqn.2.15 can be re-written as,

[
−

∇2
ρ

2
+

γsC2l2

2
ρ2
]
φ = (

1

2
+ ϵ)φ. (2.17)

Non-trivial solutions exist for ϵ ≤ 0. The above equation is the Schrödinger equation

for a quantum harmonic oscillator in two dimensions with m = 1,ω2 = γs(Cl)2. Then
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Figure 2.5: The profiles of φ as a function of ρ for different values of γsC2l2 over a
distance of one correlation length of φ, lφ.

.

the smallest eigenvalue which corresponds to the zero point energy of the oscillator

leads to the following equation for the curve

γs =
1

4(Cl)2
(2.18)

in the limit of small l.

On the other hand, for ρ ≫ l−1, we have to solve

[
−∇2

ρ − 1 + γs

(
1− 1

(ρl)2

)]
φ = 0, (2.19)

from which we see that φ(ρ) ∼ ρ−1/2 exp(−
√
γs − 1ρ) . However, there is a fine-tuned

point at γs = 1, at which the field φ is critical far away from the vortex core. The

full equation for φ becomes

[
−∇2

ρ −
1

(ρl)2
+ φ2

]
φ = 0, (2.20)

φ(ρ) =
√
1 + l2/(lρ). Note that the 1/ρ solution can be obtained only for specific

boundary conditions. For generic boundary conditions, with φ → 0 as ρ → ∞,
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the solution is nevertheless asymptotic to
√
1 + l2/(lρ) at large ρ. If φ(1) ≪ 1,

for instance, then φ(ρ) ∼ A ln (ρ0/ρ) at intermediate values of ρ, where A and ρ0

are constants. φ(ρ) crosses over to φ(ρ) ∼ 1/ρ at radii of the order of ρ⋆ ∼ 1/A (see

Appendix A.3). This behavior reflects itself in the asymptotic decay of the anisotropy

of the field ψ away from the vortex core, as we saw in Sec. 2.3.2.

Coexistence of superconductivity and nematic order

In this subsection, we are interested in analyzing region III of the phase diagram,

in which superconductivity and nematicity coexist even far away from the core. Let us

assume, for simplicity, that far away from the core φ can be replaced by a constant.

The effect of a constant φ is to render the effective masses in the two directions

different. Therefore, if we re-scale the coordinates as

x′ =
x√
1 + α

y′ =
y√
1− α

, (2.21)

where α = 2λφl2, then this problem now becomes identical to the isotropic problem

we had solved in the beginning of section 2.2. The solution for Ψ0 can then be written

in terms of the new coordinates as,

Ψ0 =
f(r′)

r′
(x′ + iy′),

f(r′) = c

(
1 − 1

2l2c2r′2

)
, c =

√

1− γ2φ2

γs
(2.22)

Note that due to the presence of the background nematic order, Ψ0 does not tend to 1

asymptotically. We now go back to our original coordinate system x, y by expanding
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the above result to linear order in α. Then we get,

ψ = c

(
1− 1

2l2c2r2

)
eiθ − αc

4

(
1 +

1

2l2c2r2

)
e−iθ +

αc

4

(
1− 3

2l2c2r2

)
e3iθ (2.23)

In the above expression, the first bracket corresponds to Ψ0, the second bracket

corresponds to Ψ−1 while the last one represents Ψ1. It is interesting to observe that

asymptotically, Ψ1 and −Ψ−1 approach the same constant value. We observe this

feature in Fig.(2.3a). However, the harmonics do not recover to their asymptotic

value as a power law, which is a result of the boundary conditions that were imposed

while minimizing the free energy in the disk geometry (see Appendix A.2).

From Eqn. 2.23, we can evaluate the form of |ψ|2 and find that,

|ψ|2 = c2
(
1− 1

l2c2r2

)
− α

l2r2
cos(2θ) +O(α2) (2.24)

Therefore, asymptotically, |ψ|2 is isotropic and the anisotropy decays as∼ α cos(2θ)/r2.

Linearized GL analysis

In this section, we shall carry out an analysis of the linearized LG equations,

to give an analytical explanation for some of the features that we have observed

by carrying out the full minimization. For the sake of simplicity, let us ignore the

feedback on φ resulting in the generation of the higher harmonics and assume that φ

is isotropic (i.e. φ(ρ, θ) = φ(ρ)). Then, the linearized LG equations for the harmonics

74



Chapter 2: Nematic order in the vicinity of a superconducting vortex

of ψ can be written as,

1

l2

(
∂2
ρ +

∂ρ
ρ

− (2n+ 1)2

ρ2

)
Ψn(ρ) +

(
1− γ2

γs
φ2

)
Ψn(ρ)− 2Ψ2

0(ρ)Ψn(ρ)−Ψ2
0(ρ)Ψ−n(ρ)

= −λφ(ρ)

[(
∂2
ρ − (4n− 1)

∂ρ
ρ

+
(4n2 − 1)

ρ2

)
Ψn−1(ρ) +

(
∂2
ρ + (4n+ 5)

∂ρ
ρ

+
(2n+ 3)(2n+ 1)

ρ2

)
Ψn+1(ρ)

]

+λ∂ρφ(ρ)

[(
∂ρ −

2n− 1

ρ

)
Ψn−1(ρ) +

(
∂ρ +

2n+ 3

ρ

)
Ψn+1(ρ)

]
(2.25)

There are some features of the problem that cannot be deduced from a study of the

linearized version of the problem, which include the overall scale and sign of φ and

the signs of the different harmonics of ψ.

In the limit of ρ ≪ l−1, i.e. inside the vortex core, at leading order Ψn(ρ) ∼ ρa,

where a = |2n+1|. This is a necessary condition for the harmonics to be well behaved

in the limit of ρ → 0.

On the other hand, in the limit of ρ ≫ l−1, i.e deep inside the superconducting

region, the homogenous solution for the above equation gives exponentially damped

solutions for all the Ψn ̸=0, i.e. the anisotropy is short ranged. Moreover, the source

term, which is proportional to λφ and is itself exponentially damped (Region II), is

also not strong enough to give rise to any long ranged solution.

However, when φ is critical (i.e. γs = 1), the source term leads to the presence of

long tails in the harmonics. In the regime where φ falls off logarithmically while Ψ0

is a constant, at leading order Ψ±1 just follow φ, i.e. they also fall off logarithmically

(with prefactors of equal magnitude but opposite sign) and have a correction of the

form ln ρ/ρ2. On the other hand, when φ crosses over to the power law form, at

leading order Ψ±1 also fall off as ±1/ρ with a correction of order 1/ρ3.
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2.4 Discussion

We have studied the interplay between nematic order and superconductivity in

the presence of a vortex. If the nematic order coexists with superconductivity in

the vicinity of a vortex core, the coupling between the two order parameters leads

to an elongated shape of the core. We discuss two distinct scenarios: in one the

nematic order coexists with superconductivity everywhere (i.e., even far away from the

vortex core), whereas in the other the competition between the two order parameter

suppresses the nematic order in the bulk, and nematicity only exists close to the core

where the superconducting order parameter is diminished. Both scenarios lead to an

anisotropic core. However, we show that they can, in principle, be distinguished by

the way the anisotropy of the superconducting gap decays away from the core. If

the nematicity exists only near the core, the anisotropy in the superconducting gap

decays exponentially; if it exists throughout the sample, we expect the gap anisotropy

to decay as 1/r2, where r is the distance from the core. Moreover, there are qualitative

differences in the shape of the core in the two cases. In the former case, in which

only the core region is nematic, the contours of equal gap tend to be more or less

elliptical. In the latter case, the contours of equal gap tend to develop non-elliptical

shapes with a four-petal pattern. Therefore, analyzing the gap profiles measured by

STM around a vortex could reveal the nature of the nematic ordering - whether it is

localized at the vortex core, or coexists with superconductivity in the bulk.

So far, we have discussed the structure of an isolated vortex at the mean-field

level. However, if the nematic ordering is favored only within a vortex core, an isolated

vortex cannot have static nematic order, since either thermal or quantum fluctuations
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would destroy such order. Static nematic order is only possible when the density of

vortices is finite. The coupling between the nematic halos of different vortices scales

as Jeff ∼ exp[−d/(
√
1− γslφ)], where d ∼ 1/

√
B is the inter-vortex distance (B is the

applied magnetic field). The system can be described by an effective two-dimensional

transverse field Ising model with a spin-spin interaction Jeff and a B-independent

transverse field. (Note that, unlike Ref. [124], we are considering a thin film, rather

than a three-dimensional system.) This model has a nematic transition at a certain

critical B, which should be seen, e.g., by measuring the anisotropy of the vortex cores

as a function of B. If an external rotational symmetry breaking field exists, as is

presumably the case in FeSe due to the small orthorhombic lattice distortion[146],

the electronic nematic transition is smoothed out. However, one still expects a sharp

crossover as a function of magnetic field if the orthorhombic distortion is sufficiently

weak.

The microscopic origin of the anisotropic vortex cores observed in FeSe[224] re-

mains to be understood. It is likely that it originates from electronic nematicity

rather than from the lattice distortion, since the experimentally reported orthorhom-

bic distortion seems too small to produce such a large effect. The electronic nematic

order could have an orbital character[223, 128, 41, 255]. Alternatively, it could arise

from a field-induced magnetic ordering[129] 1 at a wavevector (π, 0) or (0, π) in the

one iron unit cell, which is necessarily accompanied by a nematic component (similar

to the ordering in the iron arsenides). Although static ordering of this type has not

been observed in the iron selenides[147], it remains to be seen if they develop a static

1Similar to the magnetic field induced antiferromagnetic order seen in certain cuprate
superconductors.
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ordering in the presence of an applied magnetic field. Neutron scattering experi-

ments revealed a magnetic resonance at this wavevector in the superconducting state

of FeTeSe[185, 160]. Moreover, ordering at such wavevectors nearly nests the electron

and hole pockets, and therefore it is expected to couple strongly to superconductivity,

explaining why the resulting anisotropy of the vortex cores is so large.
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Chapter 3

Quantum Phase Transitions

beneath the superconducting dome

“Once you eliminate the impossible, whatever remains, no matter how improbable,

must be the truth.” - Sir Arthur Conan Doyle

3.1 Introduction

An important focus of the study of the high temperature superconductors has

been the quantum criticality of the onset of spin density wave (SDW) order within

the superconducting phase. There is clear evidence across many different families of

compounds that SC appears in close proximity to an AFM phase (see fig. 1.5 and ref.

[200]); these families include the iron-pnictides, the electron-doped cuprates and the

heavy-fermion superconductors. Moreover, the optimal transition temperature (Tc) of

the SC is often situated where the normal state AFM quantum critical point (QCP)
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would have been located, in the absence of superconductivity. The experimental

detection of the QCP is often challenging in the normal state, and more so in the

superconducting state.

A number of neutron scattering experiments have observed critical spin fluctua-

tions in hole-doped LSCO [118, 6, 120, 40] and YBCO [95], and in electron-doped

NCCO [164]. The phase diagrams of the iron-based superconductors show a clear

overlap between the SDW and superconducting phases [57].

As reviewed in section 1.2.2, a number of measurements (fig.1.8a) were reported

in a member of the pnictide family, BaFe2(As1−xPx)2, as a function of the isovalent

P-doping, x. The experiments show a phase transition involving onset of spin-density

wave (SDW) order in the normal state above Tc, which extrapolates to a T = 0

SDW QCP (see [218] and references therein). These experiments include: (i) a sharp

enhancement in the effective mass, m∗, upon approaching a critical doping from the

overdoped side, as obtained from de Haas-van Alphen oscillations [220] and from the

jump in the specific-heat at Tc [242] , and, (ii) a vanishing Curie-Weiss temperature

(θCW ), extracted from the 1/T1T measurements using NMR.

A number of puzzling results have appeared from experiments investigating whether

the SDW QCP actually survives “under the SC dome.” A novel feature of these ob-

servations is that the influence of the magnetic critical point appears to have been

observed in a property of the superconducting phase, the London penetration depth.

As discussed in section 1.2.2, the penetration depth has a sharp peak around x = xc

(fig.1.8b). Such an observation supports the proposal that the ‘same’ electrons are

involved in both the SDW order and superconductivity, and that these two orders are
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strongly coupled [195].

This chapter is organized into two parts. In the first part in section 3.2, we

provide a general theory of the singularity in the superfluid stiffness and the London

penetration depth near a wide class of symmetry-breaking or topological transitions

within superconductors in two spatial dimensions. A careful analysis will demonstrate

that the singularities associated with the critical fluctuations of an order parameter

in a clean system are unable to account for the experimental observations. This will

lead us to the second part in section 3.3, where we propose a possible mechanism for

the strong suppression of the superfluid density in the vicinity of the putative QCP.

3.2 Singularity of the penetration depth at quan-

tum critical points

We shall begin in section 3.2.1 by describing the field-theory for the transitions of

interest in the presence of an external probe gauge-field. For the benefit of the reader,

our results for the singular structure of the penetration depth, which is related to the

superfluid stiffness, are summarized in Fig. 3.1 for 3 cases labelled A, B, C; they will

be derived in section 3.2.2. Case A (B) refers to the onset of SDW (nematic) order,

leading to a transition from SC to SC+SDW (SC+nematic SC). Case C corresponds

to a more exotic deconfinement transition to a fractionalized SC phase.
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SDW+SC SC

(A)

Nematic+SC

SC

(B)

SC*

SC
(C)

Figure 3.1: Main results for the singular behavior of the London penetration depth,
λL in (A) onset of spin density wave order leading to transition from SC to SDW+SC,
(B) onset of nematic order, and (C) a deconfinement transition to a fractionalized
SC* phase. These transitions are tuned by a generic zero temperature parameter g,
and the quantum critical point is at g = gc. The coupling C2 in Eq. (3.2) has values
which are (A) negative, (B) positive (or negative, depending on the underlying details
of the band-structure), (C) positive. All the prefactors a1−7 are positive, and some
of their ratios are universal: a2/a3 = 1.52 and a4/a5 = a6/a7 = 0.52. The correlation
length exponents are ν1 = 0.631 and ν3 = 0.710. For case A, we have included a
non-singular term −a1(g− gc) because it is larger than the singular terms; cases B,C
can also have such non-singular terms, but here they are subdominant to the singular
terms.

82



Chapter 3: Quantum Phase Transitions beneath the superconducting dome

3.2.1 Model

All three cases, labelled A, B, C are described by the familiar ϕ4 field theory of a

N -component field ϕ with imaginary time (τ) action:

Sϕ =
1

2

∫
d2xdτ

[
(∂τϕ)

2 + c2(∇xϕ)
2 + (g − g0c )ϕ

2 +
u

2
(ϕ2)2

]
, (3.1)

where c is a velocity of the collective mode excitations of the ordered phase, g0c is the

bare critical point, and u is a strongly-relevant self-interaction between ϕ fluctuations.

The transition is taking place within the superconducting phase, but we can ignore the

fluctuations of the phase of the superconducting order because these are suppressed

by the long-range Coulomb interactions.

As written, the theory Sϕ has no direct coupling to the external magnetic field

for cases A and B 1, and so cannot influence the superfluid stiffness and the London

penetration depth. In these two cases, the vector potential A of the external field

couples to the underlying electrons, as does the order parameter ϕ. We will describe

below the theory of the electrons coupled to both ϕ and A, and obtain an effective

Lagrangian by integrating out the electronic degrees of freedom. While performing

this integration we assume that wavevectors, q, of ϕ obey qξsc ≪ 1 where ξsc is the

coherence length of the superconductor. At the same time, q is of order the correlation

length, ξ−1, of fluctuations of the bosonic mode ϕ; consequently, the validity of our

theory is limited to the critical region where ξ ≫ ξsc. With qξsc ≪ 1, we can safely

evaluate all gapped fermion loops at q = 0, and this leads to a simple and local

effective Lagrangian after the fermions have been accounted for. Moreover, in case C

1Since the order parameters characterizing the broken symmetry are gauge neutral under the
external vector potential.
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the external magnetic field couples to the “dual” Ising field ϕ directly so that in all

the three cases, one ends up with,

Leff [A,ϕ] = C1A
2 + C2A

2ϕ2, (3.2)

where C1,2 are constants to be evaluated in section 3.2.2 below.

Case A & B: SDW and Nematic criticality

We now describe the microscopic model and low-energy field theory for the com-

putation of C2 for case A & B with SDW and nematic order respectively. We consider

models appropriate for the cuprates and pnictides, and also the model in Ref. [30], of

electrons ci,aα on sites i with orbital index a and spin index α in a SC state described

by

H = −
∑

ij
ab

tab,ijc
†
i,aαcj,bα +

∑

k,a

∆a
kck,a↑c−k,a↓ +H.c. (3.3)

where tab,ij are the hopping matrix elements, and ∆a
k is the pairing amplitude. These

electrons are coupled to the 3-component SDW order parameter ϕm via a Yukawa-

coupling

Hsdw = w
∑

i

ϕm(i) c
†
i,aασ

m
αβci,bβ e

iK·ri (3.4)

where σm are the Pauli matrices and K is the SDW ordering wavevector. We choose

the superconducting pairing function∆a
k so that points on the Fermi surface connected

by K always have pairing amplitudes with opposite sign: this is the type of spin-

singlet superconductivity found in both the cuprates and the pnictides. Finally, we

introduce an external magnetic field by a vector potential A in the gauge ∇ ·A = 0
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via a Peierls substitution in the hopping matrix elements tij. Then conventional

many-body perturbation theory in the coupling w leads to the Feynman diagrams in

Fig 3.2, generating terms ∼ C2A2ϕ2. It is worth noting that a three-point coupling,

∼ C3A⊥ϕ2, where A⊥ is the transverse component of A, is also generated upon

integrating out the fermions, but C3 = 0 within the critical region ξ ≫ ξsc.

A similar analysis applies to the nematic ordering transition in case B. The order

parameter ϕ has only one component, and its coupling to the electrons in the pairing

channel is

Hnematic = wϕ
∑

k,a

ck,a↑c−k,a↓ +H.c. (3.5)

In order to proceed with the diagrammatic perturbation theory, it is more con-

venient to re-write the bands as ck,1 → ψk,1 and ck,2 → ψk+K,2 [30]. We have there-

fore shifted the ψ2 fermions by K, the ordering wave-vector; expressing the Yukawa

term in terms of ψ1,2 is more convenient. The action on a lattice with sites i, j

for the SDW problem (N = 3 component order parameter, ϕ) is then given by,

S =
∫ β

0 dτ(LF + Lϕ + LFϕ), where

LF =
∑

i,j
α,a

ψ†
i,aα

[
(∂τ − µ)δij − ta,ije

ieAij .(ri−rj)

]
ψj,aα, (3.6)

Lϕ =
1

2

∑

i

1

c2

(
dϕi

dτ

)2

+
1

2

∑

⟨i,j⟩

(ϕi − ϕj)
2 +

∑

i

(
g − g0c

2
ϕ2
i +

u0

4
ϕ4
i

)
, (3.7)

LFϕ = w
∑

i

ψ†
i,1α(σαβ.ϕi)ψi,2β + h.c. (3.8)

In the above action, µ is the chemical potential, ta,ij represent the hopping parameters,

w is an O(1) Yukawa coupling, σ are the Pauli matrices acting in spin-space and

(g− g0c ), u0 are the bare mass and non-linear self-coupling of the ϕ field, respectively.
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As before, a(= 1, 2) represents the orbital label and α, β represent the spin labels.

We have introduced an external gauge field, Aij =
∑

q Aq eiq.(ri+rj)/2, defined at the

center of each bond i, j. We only need terms up to O(A2) in order to compute ρS.

Upon expanding LF (in the normal state) in powers of Aij till second order, we

obtain,

LF =
∑

k,a,α

[iω − ξa(k)]ψ
†
k,aαψk,aα

+
∑

k,q
a,α

va(k,q).Aq ψ†
k+q,aαψk,aα

+
∑

q,q′,k
a,α,i

Ki
a(q,q

′,k)Ai
qA

i
q′ψ

†
q+q′+k,aαψk,αa + h.c., (3.9)

where ξa(k) = εa(k) − µ and εa(k) = −
∑

i,j ta,ije
ik.(ri−rj) are the dispersions of the

orbitals. The paramagnetic current density is given by va(k,q) = e∇kξa(k+q/2) and

Ki
a(q,q

′,k) = e2∂2
ki
ξa(k+ q/2 + q′/2)/2 is the kinetic-energy density along direction

i.

We shall work in the superconducting state and introduce pairing gaps ∆a on the

different orbitals by hand, instead of solving for the gaps self-consistently. There is

reason to believe that there are accidental (loop-like) nodes on the electron-pockets

in the s± state in this particular material (see refs. [86, 219, 261, 159]). However

the nodal excitations don’t quantitatively affect our conclusions provided they don’t

coincide with the hot-spots and couple to the low energy order parameter modes.

In order to carry out a diagramatic analysis, we work with the Nambu (i.e. normal

and anomalous) Green’s functions, which can be written in the following 2×2 matrix
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notation,

Ĝa(p, iωn) =

⎛

⎜⎝
G0
a(p, iωn) −F0

a (p, iωn)

−F0
a (p, iωn) −G0

a(−p,−iωn)

⎞

⎟⎠ ,where

G0
a(p, iωn) = − iωn + ξa(p)

ω2
n + E2

a(p)
, and, F0

a (p, iωn) = − ∆a

ω2
n + E2

a(p)
. (3.10)

In the above, Ea(p) =
√

ξ2a(p) +∆2
a, ∆1 = ∆, ∆2 = −∆ (for the s± state) and

G0,F0 are the normal and anomalous Green’s functions. For the special case of the

problem with only one-band, see appendix B.

The superfluid density, ρs, can be inferred from the current-current correlation

function by taking the limits of the external frequency and momentum to zero in the

correct order [193, 200]. When we take A = (Ax, 0), then the superfluid density is

given by,

ρs
πe2

= Kxx(qx = 0, qy → 0, iωn = 0), (3.11)

Kxx(q, 0) =
δ2 lnZ

δAx
qδA

x
−q

∣∣∣∣
A=0

, (3.12)

where Z =
∫
Dϕ e−Seff is the partition function of the theory corresponding to

Leff(A,ϕ) in Eqn.3.2. Let us analyze case (A) first, since case (B) proceeds in an

almost identical fashion. Upon integrating out the fermions and retaining terms up

to second order in A, one generates couplings between the vector potential and the

SDW field.

The bare BCS contribution, ρBCS is given by C1 and can be computed in a standard

fashion. The leading singular contribution to the superfluid density at the QCP comes

from the other terms above (see fig. 3.2). The term corresponding to C3A⊥ϕ2 consists

of a “triangle” graph, but with the paramagnetic current vertex. When the external
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a

a

b

a

a b

b

a

a

a

b= + +

Figure 3.2: The four-point coupling (crossed circle) betweenA and ϕ after integrating
out the Fermions. The wavy and the dashed lines represent the gauge field and the
ϕ fields respectively. The solid lines represent Fermions having a Nambu structure,
with a ̸= b for case (A), while a = b for case (B).

momentum of the gauge field is zero, these diagrams only depend on the momentum of

the SDW fluctuation. However, the fermions are all gapped with a typical energy scale

∆ that is much larger than the SDW energy scale in the vicinity of the QCP. When

the SDW mode goes soft at the critical point, it can’t exchange energy/momentum

with the massive fermions, which leads the two degrees of freedom to decouple. The

couplings then reduce to contact interaction, independent of the momentum (and is

only determined by the details of the band-structure, gap magnitudes etc.) Therefore,

the two sets of diagrams reduce to three- and four-point momentum independent

couplings between A and ϕ.

Now the generality of framework can be employed. For the nematic problem, ϕ

corresponds to an N = 1 (Ising) field. When evaluating ρS for the nematic problem,

we can compute C2, the 4−point coupling between A and ϕ, from the same diagrams

as in fig.3.2, with a few additional differences; one of these includes the fact that the

internal b fermion lines are the same as a (there’s an overall sum over the different

orbitals).
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Case C: Deconfinement transition

Turning to case C, we consider the computation of C2 for the case of the SC*-SC

topological transition, where a rather different treatment is required. We consider

models appropriate for heavy-fermion materials consisting of itinerant conduction

electrons and localized spins. Let us start by considering a Kondo-lattice model

of conduction electrons (c) interacting with localized spins (S), described by the

following Hamiltonian,

H = Hc +HK +HH , where (3.13)

Hc =
∑

⟨ij⟩
α

(−tije
ieAij .(ri−rj) − µ)c†iαcjα +

∑

k

(∆c
kc

†
k↑c

†
−k↓ + h.c.)

HK =
JK
2

∑

i

Si.c
†
iασ

i
αβciβ , HH = JH

∑

⟨ij⟩

Si.Sj. (3.14)

Hc represents the Hamiltonian of the dispersing conduction electrons that exhibit

a superconducting instability with pairing amplitude ∆c at low temperatures. HK

represents the Kondo coupling between the conduction electrons and the localized

spins. We have included an explicit interaction between the localized spins, HH ,

which includes effects due to Heisenberg super-exchange and RKKY interactions.

Aij represents the physical external gauge field.

We shall use the fermionic spinon representation of the localized spins, Si =

f †
iασαβfiβ/2. Let us now reformulate the above Hamiltonian in terms of a functional

integral for the c and f fermions and a slave boson Φ ∼ ⟨c†f⟩. By decoupling HK
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and HH above in terms of Hubbard-Stratanovich fields, we get

H ′
K =

∑

i

(Φ∗
i c

†
iαfiα + Φif

†
iαciα) + |Φi|2/JK , (3.15)

H ′
H =

∑

⟨ij⟩

(|χij|eiaij .(ri−rj)f †
iαfjα + h.c.) + |χij|2/JH

+
∑

k

(∆f
kf

†
k↑f

†
−k↓ + h.c.) + |∆f

k|
2/JH , (3.16)

where aij is an emergent gauge-field, |χij| is the hopping amplitude for the spinons

and we also consider the spinons to be paired with amplitude ∆f . The complete

Hamiltonian of the system is now given by, H = Hc +H ′
K +H ′

H +
∑

j λj(f
†
jαfjα − 1),

where λj is a Lagrange multiplier that restricts the number density of the localized

electrons to nf = 1 on average. Φi is a complex field, which carries gauge charge

(−1A, 1a) and whose condensation leads to confinement. The condensation of ⟨cc⟩

and ⟨ff⟩ break the U(1)A and U(1)a to Z2A and Z2a respectively. The operator Φ2 is

neutral under both Z2 gauge fields. However, once Φ condenses the gauge invariance

Z2A×Z2a is broken to its diagonal Z2(A−a). We can now write the following low-energy

theory in terms of the gauge-fields A⊥, a⊥ (transverse components of A, a) and the

scalar field Φ after having integrated out the fermions (both species of fermions remain

gapped on either side of the transition),

Seff = S0[A, a] + S[Φ, Ã], (3.17)

S0[A⊥, a⊥] =

∫
d2xdτ

(
A⊥ΠcA⊥

2
+

a⊥Πfa⊥

2

)
(3.18)

S[Φ, Ã] =

∫
d2xdτ

(
1

2

∣∣∣∣
(
∂ − iÃ

)
Φ

∣∣∣∣
2

+
Ueff

2

)
, (3.19)

Ueff = b1Φ
2 + b∗1(Φ

†)2 + b2Φ
†Φ+ c1Φ

4 + c∗1(Φ
†)4

+ c2(Φ
†Φ)2 + Φ†Φ[c3Φ

2 + c∗3(Φ
†)2], (3.20)
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where Πc,f denote the bare BCS contribution to the mass for A, a due to the c, f

Fermions and Ã = A⊥ − a⊥. By making a particular choice of gauge, we can set b1

to be real (b2 and c2 are also real). Expressing Φ as ϕ0 + iϕ, with ϕ0,ϕ as real fields,

the most general form of S[ϕ0,ϕ, Ã] is given by,

S[ϕ0,ϕ, Ã] =

∫
d2xdτ

(
1

2

[
(∂ϕ)2 + (∂ϕ0)

2

]
+ Ueff

+ Ã(ϕ∂ϕ0 − ϕ0∂ϕ) +
1

2
Ã2(ϕ2

0 + ϕ2)

)
, (3.21)

Ueff =
r1
2
ϕ2 +

r2
2
ϕ2
0 +

g1
4
ϕ4
0 +

g2
4
ϕ4

+
g3
2
ϕ2
0ϕ

2 + g4ϕ
3
0ϕ+ g5ϕ0ϕ

3, (3.22)

where r1 = 2(b2 − 2b1), r2 = 2(b2 + 2b1) and all the gi’s are real. We can access the

QCP by tuning r1 to zero, where the ϕ mode goes gapless while the ϕ0 mode remains

gapped. We can therefore safely integrate ϕ0 out, which leads to a critical theory

that is governed by Sϕ with N = 1, albeit with renormalized coupling constants. The

coupling between ϕ and the gauge-fields is given by,

S[ϕ,A, a] = Sϕ +

∫
d2xdτ

1

2
(A⊥ − a⊥)

2ϕ2. (3.23)

As we tune across the QCP, there will be a smooth background superfluid density

governed by the variation of Πc,f . However, in this study, we are interested in the

singular corrections that arise from the critical fluctuations of ϕ and are dictated by

the form of ⟨ϕ2⟩.
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3.2.2 Results

Case A & B: SDW and Nematic criticality

Let us now look at the diagrams in Fig.3.2—these diagrams effectively give rise to

a 4-point coupling between the gauge field and the SDW/nematic order parameter.

At zero external momentum and frequency, C2 for case A is given by

C2 = w2[IV + IΣ + IT ], where (3.24)

IV =
∑

p,ipn,a ̸=b

vxa(p)v
x
b (p)Tr[Ĝa(p, ipn)Ĝa(p, ipn)Ĝb(p, ipn)Ĝb(p, ipn)], (3.25)

IΣ = 2
∑

p,ipn,a ̸=b

[vxa(p)]
2Tr[Ĝa(p, ipn)Ĝa(p, ipn)Ĝb(p, ipn)Ĝa(p, ipn)], (3.26)

IT = 2
∑

p,ipn,a ̸=b

Kx
a (p)Tr[Ĝa(p, ipn)Ĝb(p, ipn)Ĝa(p, ipn)τ̂z]. (3.27)

“Tr” stands for trace over the Nambu indices. Upon integrating out the fermions,

we also generate a three-point coupling between A and ϕ. Two of these diagrams

combine to give an O(A2) term and is referred to as the Aslamazov-Larkin diagram.

The expression for C3 is given by,

C3 = w2
∑

p,ipn,a ̸=b

vxa(p)Tr[Ĝa(p, ipn)Ĝb(p, ipn)Ĝa(p, ipn)τ̂z]. (3.28)

As mentioned above, it turns out that C3 is identically zero when evaluated at zero

external momentum as it is an odd function of px and so we can ignore the three-

point coupling between the gauge-fields and ϕ. We can compute the traces and carry

out the Matsubara sums analytically, leading to expressions that are a function of

the lattice momenta. Finally we choose a specific band-structure and evaluate the

momentum integrals on a lattice, which gives us a numerical value for C2.
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Similarly, for case B, the expressions are given by,

C2 = w2[IV + IΣ + IT ], where (3.29)

IV =
∑

p,ipn,a

[vxa(p)]
2Tr[Ĝa(p, ipn)Ĝa(p, ipn)τ̂xĜa(p, ipn)Ĝa(p, ipn)τ̂x], (3.30)

IΣ = 2
∑

p,ipn,a

[vxa(p)]
2Tr[Ĝa(p, ipn)Ĝa(p, ipn)τ̂xĜa(p, ipn)τ̂xĜa(p, ipn)], (3.31)

IT = 2
∑

p,ipn,a

Kx
a (p)Tr[Ĝa(p, ipn)τ̂xĜa(p, ipn)τ̂xĜa(p, ipn)τ̂z]. (3.32)

C3 for this problem continues to be zero as long as the external momentum/frequency

is zero.

We have evaluated C2 numerically for different band-structures that resemble the

pnictide and cuprate Fermi surfaces. As discussed below, we find that C2 < 0 for

the SDW problem in all the cases that we have considered here. Note that for the

nematic problem, the sign of C2 depends on the underlying microscopic details of the

band-structure.

Case C: Deconfinement transition

For case C, it is now a simple matter to integrate a out from S0[A, a] +S[ϕ,A, a]

in Eqns.3.20, 3.23, which yields the action in Eq. (3.2) with

C1 =
Πc

2
, and, C2 =

Πf

2(Πf + ϕ2)
> 0. (3.33)

In the limit of large Πf and sufficiently close to the critical point, C2 ≈ 1/2.

Penetration depth across the QCP

Returning now to Eqn.3.2, we obtain the superfluid stiffness as

!2c2
4e2

ρs = C1 + C2

〈
ϕ2

〉
Sϕ

(3.34)
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where our notation indicates that the expectation value of ϕ2 is to be computed in the

field theory Sϕ. So our final results depend upon two distinct computations. The first

is the computation of C2: we have shown how its magnitude and sign depend upon

the structure of the underlying fermionic excitations. The second is the computation

of ⟨ϕ2⟩ for which numerous precise results are readily available [262]. Specifically

we have ⟨ϕ2⟩ ∼ A±|g − gc|3ν−1 + . . . as g − gc → ±0, where ν is the exponent of

the correlation length ξ ∼ |g − gc|−ν , the ratio A+/A− is universal, and the ellipses

indicate non-universal terms analytic in g−gc. Crucial constraints on the signs of the

various coefficients arise from the fact that −∂⟨ϕ2⟩/∂g is proportional to the “specific

heat”, CV , of the classical statistical system described by the Euclidean field theory

Sϕ, and so must be positive (note that CV is unrelated to the specific heat of the

quantum model we are studying). If ν > 2/3, CV has only a cusp-like singularity at

g = gc, and we assume for this case that CV is a local maximum at g = gc. After

assembling these constraints with the values of C2 computed for a specific choice of

the Fermi-surface, it is a simple matter to obtain the results in Fig. 3.1 .

For the sake of completeness, we also present a specific example of a Fermi-surface,

with the corresponding numerically evaluated δλL in Figs. 3.3 and 3.4. In the numer-

ical computations, ⟨ϕ2⟩ has been computed at the Gaussian level on the disordered

side of the critical point. We also note that our present methods, which focus only on

the longest wavelength fluctuations of ϕ, cannot accurately account for the analytic

dependence of λL on g − gc contained in the a1 term in Fig. 3.1A; Ref [137] accounts

for the short wavelength fluctuations of ϕ more completely, and so their methods give

a better estimate of a1, and of the enhancement of λL upon approaching the critical
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Figure 3.3: (a) A two-orbital band structure of the form ε1(k) = −2t1 cos(kx) −
2t2 cos(ky)− µ, ε2(k) = 2t2 cos(kx)− 2t1 cos(ky)− µ, with t1 = t2 = 0.22, µ = −0.5,
w = 1.0, ∆1 = −∆2 = 1.0, c = 1. (b) The singular correction to δλL/λBCS as a
function of g > gc for the SDW quantum critical point. Inset: δλL/λBCS for g > gc
for the nematic quantum critical point.

Figure 3.4: (a) Fermi surface for the one-band model, ε(k) = −2t1(cos(kx) +
cos(ky)) − 4t2 cos(kx) cos(ky) − 2t3(cos(2kx) + cos(2ky)) − µ, with parameters t1 =
1.0, t2 = −0.32, t3 = 0.128, µ = −1.11856. The gap function is taken to be
∆(k) = ∆0(cos(kx)− cos(ky)) with ∆0 = 1.0. Other parameters are w = 1.5, c = 1.0.
(b) δλL/λBCS is shown for g > gc for the Q = (π, π) SDW QCP.

point from the SC.
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3.2.3 Discussion

Case A, the SDW transition, is the one best studied in experiments so far [85].

The critical theory is described by the fluctuations of a bosonic SDW order parameter

ϕ with N = 3 real components, with an effective Lagrangian which has a relativistic

form [180]; the coupling to the fermionic quasiparticle excitations of the superconduc-

tor only serves to renormalize the parameters of the Lagrangian. These features allow

us to use the powerful critical phenomena technology [262] to make definitive state-

ments on the singularity in the London penetration depth. We find that the London

penetration depth λL increases as we approach the quantum critical point from the

SC phase. This is in agreement with the observations [85], and an independent recent

computation 2 which focused on quasiparticle renormalization effects within the SC

phase [137].

The experiments [85] on the other hand have observe a sharp peak-like maximum

in λL around the putative SDW QCP, and this is not present in our critical theory

for the transition within the superconducting phase. One possible resolution is that

the observed maximum does not appear at the quantum critical point, as has been

previously suggested [85, 137, 171], and may appear within the SDW+SC phase.

Within this scenario, explaining the maximum will require consideration of other

physical properties of the SDW+SC phase and may involve physics at scales ξ ∼ ξc

or smaller. In this regime, there are renormalizations of the spectrum and lifetime

of the fermionic excitations, such as those that are crucial for the onset of the SDW

2Our results for δλL agree with the results of Ref. [137] on the disordered side of the SDW QCP
in case (A). However, they show a maximum in λ at the QCP in Fig. (1) of their paper: this was an
assumption not supported by any computations on the ordered side. We show here that the actual
situation is as in our Fig 1A.
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order in a metal [2, 1, 154, 82]. Therefore, it is necessary to evaluate diagrams

like those in Fig. 3.2 while including Fermi surface reconstruction and fermion self

energy corrections. However, we shall propose an alternative explanation [43] for the

observed phenomenon in the next section.

Case B applies to the Ising-nematic transition, that is also observed in BaFe2(As1−xPx)2

[111]. This transition has a bosonic order parameter ϕ with N = 1 real component,

and the effective theory is otherwise the same as that for the SDW case. However,

fermionic quasiparticles which are gapless lead to a distinct critical theory [121], and

so our present results apply to the nematic transition only if nodal quasiparticles

are absent. There isn’t enough evidence yet from the experiments on the pnictides

whether the penetration depth has any non-analytic features in the vicinity of the

nematic critical point. However, nematic phases are ubiquitous in these systems and

hence more careful experiments in the near future are likely to reveal interesting

features close to such quantum critical points.

Finally, case C is a more exotic topological transition between a ‘fractionalized’

superconductor [213, 215, 50, 19] (often labeled SC* [211]) 3 and a conventional super-

conductor (SC). Roughly speaking, in a SC* state some of the electrons have localized

into a spin liquid (we consider the case of a Z2 spin liquid [188, 244]), while the remain-

ing electrons are in a paired BCS state; there can then be a confinement transition

to a SC state which has all the electrons in the BCS state. Ultimately, the critical

theory is the same as that considered above for the Ising-nematic case, with the im-

portant difference that it is now the SC phase which has ⟨ϕ⟩ ≠ 0. The heavy fermion

3Refs. [50, 19] also considered the interplay between spin liquids and superconductivity, but did
not discuss a phase with the precise characteristics of SC*.
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compounds with indications of fractionalized metallic states [33, 169, 75, 54] are good

candidates for realizing a SC* superconductor. Moreover, in CeCu2(Si1−xGex)2, ex-

periments have found two distinct superconducting domes as a function of pressure

alongwith similar results in Ce(Rh,Ir,Co)In5 as a function of doping [257, 174]. The

nature of one of these SC states remains mysterious and is often attributed to valence

fluctuations. It would be interesting to carry out penetration depth measurements in

these materials and compare with the present study.

3.3 Effect of quenched disorder in the vicinity of

putative quantum critical points

The experimental observation of a sharp peak in λ2
L(0) in BaFe2(As1−xPx)2 at

x = xc was interpreted as evidence for a SDWQCP [137]. However, as discussed in the

previous section, this interpretation is at odds with general theoretical considerations

[47] concerning a QCP associated with the onset of SDW order in the presence of a

superconductor with gapped quasiparticle excitations. Recent computations of the

superfluid density [204] across the SDW QCP in a sign-problem free quantum monte

carlo calculation [30] are also consistent with the theoretical considerations reported

in the previous section.

Here we propose a resolution of the experimental puzzles by postulating a weakly

first-order transition for the onset of SDW order in the presence of SC order (see Fig.

3.5a). Our results are independent of the specific microsopic mechanism responsible

for rendering the transition weakly first-order [70, 247]. It is well known that ‘random
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bond’ disorder has a strong effect on symmetry-breaking first-order transitions [107,

103], and ultimately replaces them with a disorder-induced second order transition

in two dimensional systems. Our main claim is that the inhomogeneities associated

with these highly relevant effects of disorder can resolve the experimental puzzles. A

qualitative summary of the behavior of the penetration depth as a function of the

tuning parameter is shown in Fig. 3.5b.

Micro-emulsion

SC + SDW SC

!L(0)

x

Mean-field
Mean-field + fluctuations
Frustrated JJ couplings

xc

(a) (b)

TS 
T

x

Tc

Tc 

TN 

SC + SDW SC

SDW

xc

Figure 3.5: (a) A cartoon phase-diagram showing the interplay between SDW and
SC phases. The TN (Néel temperature) and TS (structural/nematic transition) lines
may survive as continuous transitions inside the SC phase up until the point marked
‘•’, below which they become weakly first-order (shown as black dashed line). The
grey region depicts the regime where the system develops spatial inhomogeneity due
to the presence of disorder. Inset: Emulsion with SC grains (purple) and SDW(+SC)
regions (grey). (b) The behavior of λL(0) as a function of the tuning parameter, x,
within different scenarios (see text for details).

3.3.1 Insights from optical sum-rules

As a first step toward resolving this discrepancy, it is useful to place measure-

ments of ρs in the context of what is known about the normal state conductivity

of the BaFe2(As1−xPx)2 system, as these quantities are intimately related through a
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sum rule. The low temperature superfluid density of a spatially homogeneous super-

conductor can be estimated from the “missing area” relation,

ρs ≈
2

π
Γ

∫ 2∆/Γ

0

σ(z)dz, (3.35)

where Γ is the elastic scattering rate and z ≡ ω/Γ. In the dirty limit where ∆/Γ ≪ 1,

the above relation yields Homes’ Law [98, 66], ρs ≈ σ(0)∆, whereas in the clean limit

ρs = ρn where ρn is the conductivity spectral weight in the normal state. Eqn.

3.35 is particularly useful when the normal state resistivity data can reasonably be

extrapolated to T = 0. By combining dc transport data as a function of x [112] and a

measurement of 2∆ from optical conductivity [163], Eq. 3.35 provides a lower bound

on λ2
L(0) (with the assumption that ∆ is independent of x). Fig.3.6 shows λ2

L(0) as a

function of x obtained under this assumption (details of the procedure are presented

in Appendix B). The decrease of superfluid density on the underdoped side reflects

the growth in residual resistivity that begins as x drops below about 0.33.

The values of λ2
L(0) estimated from Eq. 3.35 form a baseline for comparison

with the experimental results presented in Ref. [85]. On the same graph in Fig.

3.6, we show the experimentally measured λ2
L(0) [85]. The data generally reflect the

trend expected from the variation in the residual resistivity, with the exception of the

sample with x = 0.3, in which the condensate spectral weight is suppressed by about

40% from the Homes’ Law estimate. Given the constraints imposed by the sum rule,

there are two possible sources of this discrepancy: (i) the quasiparticle mass could be

renormalized at this value of x, corresponding to an intrinsic decrease in ρn, or, (ii)

a considerable fraction of the (unrenormalized) ρn could fail to contribute to the low

temperature superfluid density. The latter possibility is suggested within the scenario

100



Chapter 3: Quantum Phase Transitions beneath the superconducting dome

that we develop here.
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Figure 3.6: A comparison between the experimentally obtained values of λ2
L(0) [85]

and those deduced from Homes’ law. The value of 2∆ is taken to be 150cm−1 [163],
independent of x.

3.3.2 Model

We analyze the above experiments by assuming a weakly first-order transition

[70, 247], and argue that the presence of quenched disorder leads to formation of

a micro-emulsion at small scales [107, 103]. The system consists of SC puddles,

where some of the puddles additionally have SDW order (see Fig. 3.5a inset). The

SDW(+SC) regions, which have a locally well-developed antiferromagnetic moment

but no long-range orientational order, act as barriers between the different SC grains.

Upon moving deeper into the ordered side of the transition, the SDW(+SC) regions

start to percolate and crossover to a state with long-range SDW order; this is the

regime with a microscopically coexistent SC+SDW. As a function of decreasing x,

the micro-emulsion is therefore a transitional state (shown as grey region in Fig. 3.5a)
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between a pure SC and a coexistent SC+SDW. Recent experiments in the vicinity

of optimal doping using neutron-scattering and NMR have found results broadly

consistent with our proposed phase diagram [102]. We note that the granular nature

of superconductivity should have no effect on the bulk Tc in the presence of percolating

SC channels.

When the system is well described in the vicinity of xc by a micro-emulsion as

explained above, the phase fluctuations associated with the SC grains (shown as

purple regions in Fig. 3.5a inset), can be modeled by the following effective theory,

Hθ = −
∑

a,b

Jab cos(θa − θb), (3.36)

where Jab represent the Josephson junction (JJ) couplings between grains ‘a’ and ‘b’.

We have ignored the capacitive contributions.

The Josephson current across the junction will be given by Is = Jab sin(θa−θb), and

Jab may therefore be interpreted as the lattice version of the local superfluid density,

ρs(r), i.e. J s(r) = ρs(r) vs(r), with J s(r), vs(r) representing the superfluid-current

and velocity respectively. Having a frustrated JJ (also known as a π−junction) with

a negative value of Jab leads to a local suppression in ρs. Similar ideas have been

discussed in the past in a variety of contexts (see Refs. [225, 234] for a specific

example), though the mechanism considered here will be different. We shall now

propose an explicit scenario under which a suppression in ρs arises in the vicinity

of putative magnetic QCPs, utilizing the SC gap structure in the material under

question.

The basic idea is as follows: suppose that the tunneling of electrons between the

two grains is mediated by the SDW moment in the intervening region [15], and is
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accompanied by a transfer of finite momentum that scatters them from a hole-like

to an electron-like pocket. Because the SC gaps on the two pockets have a relative

phase-difference of π, the JJ coupling will be frustrated [13].

Let us first focus on a single grain. In order to capture the multi-band nature

of the SCs, we introduce two superconducting order parameters, ∆i with i = ± to

model the s± state on the two pockets. Microscopically, these belong to regions in

the grain having different momenta, k∥, parallel to the junction. The gaps are related

to the microscopic degrees of freedom [28] via the following relation,

∆i(z) =
1

A

∑

k∥∈Ri

Vk∥,k
′
∥
⟨ψk′

∥↑ψ−k′
∥↓⟩, (3.37)

where ψ†
k∥σ

creates an electron at position z with momentum k∥ parallel to the junc-

tion and spin σ. Vk∥,k
′
∥
is the pairing interaction in the Cooper channel and z is the

coordinate perpendicular to the junction with area A. The regions Ri are defined as,

R+ = {k∥|k0 > |k∥|} and R− = {k∥|k0 ≤ |k∥|}, where k0 is an arbitrary momentum

scale chosen such that ∆+ > 0, ∆− < 0 (see Fig. 3.7 for an illustration). We’ll assume

that such a prescription is valid for each grain, with possibly different values of k0.

Let us then write down a model for the two coupled SC grains with an intervening

proximity coupled SDW that has a well developed moment, n. Our notation is as

follows: we use α = a, b to denote the grain index and i = ± to denote the band index

within each grain. From now on, we relabel k∥ as k. We introduce the Nambu spinor,

Ψα†
i,k,σ = (ψ†α

i,k,σ ϵσσ′ψα
i,−k,σ′), where now ψ†α

i,k,σ creates an electron with momentum k

parallel to the junction and at a position z (label suppressed), which belongs to a
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Figure 3.7: A cartoon of a frustrated π−junction between two superconducting grains
with a SDW(+SC) barrier. The SDW moment imparts a finite momentum transfer
along the direction of the interface while scattering electrons from the electron (hole)
pocket on one grain to the hole (electron) pocket on the other grain.

region of band “i” within grain “α”. The effective Hamiltonian is given by,

Heff = H∆ +HT , (3.38)

H∆ =
∑

α,i,k

Ψα†
i,k,σ

[
εiα,kτ̂

z +∆iα,kτ̂
x

]
Ψα

i,k,σ, (3.39)

HT = g
∑

k

n ·
(
Ψa†

+,k,σ[σσσ′ ⊗ τ̂ 0]Ψb
−,k,σ′

+Ψa†
−,k,σ[σσσ′ ⊗ τ̂ 0]Ψb

+,k,σ′

)
+H.c., (3.40)

where g is the tunneling matrix element, τ̂ i (i = 0, x, y, z) act in Nambu space and

σ̂i (i = 0, x, y, z) act in spin space.

In the above, H∆ corresponds to the bare pairing Hamiltonian written for the

± bands within each of the two grains. HT represents the SDW moment mediated

hopping of electrons from one grain to the other (represented by the a, b superscripts)

and simultaneously scattering from one band to the other (represented by the ±

subscripts). Therefore, n imparts a finite momentum (along the interface) to the

electrons when it scatters them from the electron (hole) pocket on one grain to the
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hole (electron) pocket on the other grain (shown as the black arrows in Fig. 3.7).

3.3.3 Results

Using the Ambegaokar-Baratoff relation [13], we can write the Josephson coupling

(at T = 0) between the two grains as,

Jab =
g2⟨n2⟩
π2

[ ∑

ℓ∈a,ℓ′∈b

∆ℓ∆ℓ′

∫ ∞

0

dεℓ
Eℓ

∫ ∞

0

dεℓ′

Eℓ′

1

Eℓ + Eℓ′

]
(3.41)

where E2
ℓ = ε2ℓ +∆2

ℓ and ℓ, ℓ′ represent the band indices on the different grains. Since

∆ℓ∆ℓ′ < 0, the coupling Jab < 0. Note that the specific nature of the frustrated

tunneling arises from the same spin-fluctuation mediated mechanism that is predom-

inantly responsible for the s±− pairing symmetry [200]. However, there will also be a

direct tunneling term (not included in Eqn. 3.38) in the Hamiltonian, which does not

scatter the electrons from one pocket to the other, as they hop across the junction.

The contribution to the JJ coupling from this term will be unfrustrated (i.e. Jab > 0).

The ratio of the tunneling amplitudes in the two different channels is non-universal

and depends on various microscopic details. In particular, the emulsion is associated

with a distribution of Josephson-couplings, P(J), with a mean coupling strength,

⟨J⟩ = J̄ . If a substantial fraction of the JJ couplings become negative due to the

mechanism proposed above, J̄ will be small, and the superfluid density will be sup-

pressed (see green curve in Fig.3.5b).

We now propose a resolution as to the fate of the uncondensed spectral weight

(highlighted in Fig. 3.6), which can potentially be tested by measurements of the

low frequency optical conductivity. Frustrated π−junctions host gapless states at

the interface between the two grains [108, 101, 230], giving rise to a finite density of
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states around zero energy (see Fig 3.8 inset). As a result of the gapless ‘normal’-fluid

component at the interface, a fraction f of the spectral weight will be displaced from

the superfluid-density to non-zero frequencies (shaded region in Fig. 3.8). Given that

the weight of the condensate is proportional to J̄(1 − f), the 40% suppression in ρs

for BaFe2(As1−xPx)2 in the vicinity of the putative QCP corresponds to f ∼ 0.6.

σ(ω)

ω

ρS

2Δ

σdc

N(E)

E
Δ-Δ

Figure 3.8: Plot of the optical conductivity, σ(ω), for a Drude metal (blue curve) and a
superconductor with a large number of sub-gap excitations (red curve). The shaded
region corresponds to the displaced spectral weight from the superfluid-density, ρs
(red arrow). Inset: Density of states, N(E) vs. E, for a conventional gapped super-
conductor (blue curve). A superconductor with a large number of subgap states has
a finite N(E) below ∆ (red curve).

Our proposed optical conductivity, σ(ω), in the vicinity of penetration depth

anomaly is shown in in Fig 3.8. The spectrum shows clearly that the connection

between normal state conductivity and superfluid density implied by Eq. 3.6 will

break down. In particular, σdc (which is a property of the normal state), could vary

monotonically with isovalent-doping across xc, while the abundance of low-energy ex-

citations in the immediate vicinity of xc would give rise to a non-monotonic variation
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in the superfluid density. This allows for an unusual way of rearranging spectral weight

in the superconducting state below the gap, without violating optical sum-rules.

The above scenario will give rise to a number of interesting low temperature ther-

modynamic and transport properties, as we now discuss. First of all, there should

be a striking enhancement in the low-temperature thermal conductivity and specific-

heat, as a function of x in the narrow vicinity of xc, due to the ‘normal’-component.

It is important to recall that this material has loop-like nodes on the electron-pockets

[86, 219, 261, 159]. However, the geometry of the electron-pockets and the magni-

tude of the gap do not change substantially in the vicinity of xc, and therefore it is

unlikely that the contribution to the above quantities from the nodal-quasiparticles

will have a drastic modificiation. It should therefore be relatively straightforward to

disentangle the contribution arising from the nodal versus the ‘normal’ quasiparti-

cles. Studying the NMR-spectra as a function of decreasing temperature (across Tc)

and down to sufficiently low temperatures in the vicinity of xc should also reveal the

spatial inhomogeneity associated with the SDW regions. A large residual density of

states in the superconducting state has been detected at a particular P-doping via

the power-law temperature dependence of 1/T1 ∼ T [167]. Within our scenario, there

should be a striking enhancement in this quantity as a function of doping around xc.

Finally, we note that a promising direction for future studies would be to measure

the magnetic-field distribution due to the propagating currents in the emulsion using

NV-based magnetometers [99].
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3.3.4 Discussion

Our primary objective in the second part of this chapter was to provide an expla-

nation for the striking enhancement of the London penetration depth in the vicinity

of a putative SDW QCP in the SC state of BaFe2(As1−xPx)2. We developed a sce-

nario based on the idea that true SDW criticality is masked by a weak first-order

phase transition in the superconducting state at T = 0. In this picture, quenched

disorder naturally gives rise to an emulsion at small length scales with puddles of SC

and SDW(+SC). It is then, in principle, possible for SDW moments at the interface

of the SC grains to generate frustrated Josephson couplings, which deplete the local

superfluid-density. Our proposed scenario naturally calls for a number of experimen-

tal tests that should be carried out in the near future, which should directly look for

both the spatial inhomogeneities associated with the emulsion [53], and probe the

gapless excitations using thermodynamic probes, as explained above.

In addition to experiments on BaFe2(As1−xPx)2, it should be important to further

investigate the contrasting behavior of the electron-doped system, Ba(Fe1−xCox)2As2,

where λL(0) behaves monotonically as a function of x across the putative QCP

[79]. Electron-doping leads to significantly higher amounts of disorder compared

to the isovalently-doped case, and would therefore lead to puddles with typically

much smaller size [63]. Our proposed mechanism for the strong suppression of the

superfluid-density in the isovalently-doped material relies on the existence of an emul-

sion with puddles of appreciable size, in the presence of an optimal amount of disor-

der. A comparison of the NMR spectra in the narrow vicinity of the putative QCP

in the electron and isovalently doped materials would shed light on these microscopic
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differences between the two families.

Finally, though we have hypothesized that the SDW onset transition inside the

SC is, in the absence of disorder, a weak first order transition, we emphasize that the

normal state properties are consistent with the presence of a “hidden” QCP around

optimal doping [242, 220, 14]. It is plausible that in the normal state, different

experimental techniques are probing the critical fluctuations associated with not one,

but distinct QCPs as a function of x. For instance, m∗ extracted from high-field

quantum oscillations is dominated by the vicinity of ‘hot-spots’, where quasiparticles

are strongly damped due to coupling to the SDW fluctuations [209]. On the other

hand, strong critical fluctuations associated with the nematic order-parameter [69],

that couple to the entire Fermi-surface, would dominate m∗ extracted at zero-field

from the jump in the specific heat at Tc.
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Chapter 4

Precursor thermal fluctuations in

underdoped cuprates

“Science cannot solve the ultimate mystery of nature.....And that is because, in

the last analysis, we ourselves are part of nature and therefore part of the mystery

that we are trying to solve.” - Max Planck

4.1 Introduction

In the present and the following chapter, we shall investigate various aspects of

the phenomenology in the underdoped cuprates, starting from a traditional ‘weak-

coupling’ approach and invoking the effect of thermal fluctuations of various compet-

ing orders. From our discussion in section 1.2.3, we know that the suppression of the

paramagnetic spin susceptibility of the cuprate superconductors at a high tempera-

ture [12] (denoted T ∗) implies the growth of antiferromagnetic spin correlations, and
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a gap-like decrease in the electronic density of states at the Fermi level. It is useful to

separate existing theoretical models of the resulting pseudogap regime into two broad

categories.

In the first category, the antiferromagnetic correlations signal the onset of a quan-

tum spin liquid [254, 148, 22, 183, 44, 253], which in turn could be unstable to other

symmetry-broken phases at lower temperatures. We shall defer the discussion of this

point of view to later chapters.

In the second category [122, 194, 205, 109, 259], the antiferromagnetic correlations

are precursors to the appearance of antiferromagnetism, superconductivity, charge

density wave, and possibly other conventional orders at low temperatures. In the

pseudogap regime, we then have primarily thermal and classical, rather than quan-

tum, fluctuations of these orders. In the recent work of Hayward et al. [91], it was

shown that the unusual temperature dependence of the X-ray scattering signal of the

charge density wave order [248, 78, 5, 39, 249] is obtained naturally from an effective

classical model of angular thermal fluctuations of the charge-density wave and super-

conducting orders alone. The same model has also been connected to diamagnetism

measurements over the same temperature range [90]. Within this framework, in the

intermediate temperature range over which the charge order correlations have been

observed, antiferromagnetic correlations need not be included explicitly, but can be

absorbed into the phenomenological parameters of the classical model of charge and

superconducting orders. However, for the onset of the pseudogap at T ∗, these can’t

be ignored.

In the underdoped regime, quantum oscillations have been observed in two differ-
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ent families of the cuprates at high-fields and low temperatures [65, 131, 229, 81, 207,

25, 206]. The results seem to indicate that the phase at high-fields has Fermi-liquid

like properties, albeit with a Fermi-surface that occupies only a tiny fraction of the

Brillouin zone. Harrison and Sebastian propose [81] that these can be understood as

a consequence of a bidirectional charge density wave order: they argue that with the

Fermi surface topology of the hole-doped cuprates, such an order leads to oscillations

from a single electron pocket, and that this is compatible with all important observed

features. Their analysis is based upon a computation in zero field, followed by a

semiclassical account of the influence of the magnetic field. However, since incom-

mensurate charge order induces a complex Fermi surface reconstruction, it is not a

priori evident that this particular electron pocket would dominate the oscillations.

In Ref. [11] we demonstrated that a model of charge-density wave and super-

conducting orders provides a unified description of the high-field, low-temperature

quantum-oscillations, and of certain features of the zero-field photoemission results

at intermediate temperatures. While this model fits naturally into the second cate-

gory of theories of the pseudogap summarized above, it may also be accommodated

by the symmetry breaking instabilities of the spin liquid models in the first category.

We carried out a fully quantum mechanical analysis of the oscillations, carried out in

a model which includes the lattice potential, charge order, and the magnetic field. We

found signatures of the electron pocket in the quantum oscillations. We also found

clear oscillations from smaller hole pockets, which should be detectable in experi-

ments. Our analysis included a description of the crossover in the oscillations from

bidirectional (checkerboard) to unidirectional (stripe-like) density wave order. How-
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ever, we shall not discuss details of this computation in the present chapter, which

is devoted to a discussion of the photoemission experiments in the pseudogap regime

[58, 110, 252, 87, 238, 127, 189] at intermediate temperatures and in the absence of a

magnetic field.

The rest of this chapter is organized as follows: in section 4.2, we define our model

for the Fermi-surface, coupled to the charge-density wave and superconducting order

parameters. Sections 4.2.1 and 4.2.2 describe the phenomenological theory used for

describing the thermal fluctuations of these order parameters and the modifications

brought about by coupling them to the Fermi-surface. In section 4.3, we present our

results for the electronic spectral functions and compare them with experimentally

observed trends.

4.2 Model

We base our analysis on the following model hamiltonian

H =
∑

r,a

[
− tac

†
r+acr +∆aΨr+a/2c

†
r+a,↑c

†
r,↓ + h.c.

+
∑

i

P i
ae

iQi·(r+a/2)Φi
r+a/2c

†
r+acr + h.c.

]
.

(4.1)

Here r labels the sites of a square lattice and the vector a runs over first, second

and third neighbors, and also on-site (a = 0). The first term is the usual kinetic

term, with hopping parameters ta.

The second term couples the electron to the superconducting order parameter.

The coefficient ∆a specifies the superconducting form factor and the field Ψ is the

superconducting order parameter: it can be short-ranged or acquire an expectation
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A B

Figure 4.1: (a) The color density plot displays the electron spectral function in the
presence of long-range bidirectional bond density wave (BDW) at zero magnetic field
(in the unfolded Brillouin zone). Such long-ranged BDW is likely to be present only in
a strong magnetic field and will not be seen in ARPES experiments. Annotations are
superimposed to highlight aspects of the spectral density. In black, the Fermi surface
used for our computation. Dashed arrows mark the wavevectors of the BDW. The
BDW causes reconstruction of the Fermi surface and the formation of an electron-like
pocket, marked in red, and two hole-like pockets, marked in blue. The pocket contours
are obtained by semiclassical analysis as described in Ref. [11]. The parameters are
t1 = 1.0, t2 = −0.33, t3 = 0.03, µ = −0.9604, p = 10%, P x

0 = P y
0 = 0.15, δ = 0.317.

(b) Electron spectral function in the presence of fluctuating superconducting and
bond density wave correlations. The parameters are p = 11%, ∆0 = P x

0 = P y
0 = 1,

T/t1 = 0.06, g/Λ2 = 0.2, ρS = 0.05, Λ = 2. The details are discussed in sec. 4.2.2

value.

The third term couples the fermion to the bond order. The index i labels different

wavevectors Qi, the coefficients P i
a specify the corresponding form factors and the

fields Φi are the order parameters, which can also be long-ranged or fluctuating.

Throughout this work we consider a specific form of a density wave which resides

primarily upon the bonds of the lattice: this is not crucial for the quantum oscillations,

but is important for the electron spectral function at intermediate temperatures.

Building on recent experimental and theoretical work [154, 196, 67, 97, 105, 27, 117,
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20, 60, 199, 10, 9, 149, 52, 77] we use a bond density wave (BDW) with a d-form

factor.

Both interaction terms can be obtained by appropriate decoupling of the Heisen-

berg interaction in the particle-hole and particle-particle channels [196].

We use a d-wave superconducting form factor ∆±x̂ = +∆0/2,∆±ŷ = −∆0/2 and

a bond order with the same form factor P i
±x̂ = +P i

0/2, P
i
±ŷ = −P i

0/2 [154, 196]

which is supported by recent experimental evidence [52, 77] although a small s-wave

component may also be present [45]. We consider a set of two wavevectors Q1 =

2π(δ, 0) and Q2 = 2π(0, δ), with δ ∼ 0.3, also based on experimental evidence.

A summary of the main results from Ref. [11] appears in fig.4.1, which shows

the electronic spectral functions in the presence of long-range incommensurate BDW

(fig.4.1a) and in the presence of fluctuating BDW and superconductivity (fig.4.1b).

The computations leading to the latter will be discussed in much more details in the

remainder of this chapter.

4.2.1 Onset of charge-order and superconductivity

As mentioned previously, a peculiar feature associated with charge-order in the

underdoped cuprates, is the highly non mean-field-like nature of the onset, at a tem-

perature that is typically lower than the pseudogap temperature, T ∗. In fact this

behavior is reminiscent of the onset of antiferromagnetism in the parent insulating

antiferromagnetic state of La2CuO4 [118]. We now understand this gradual onset of

intensity1 in the structure factor over a broad range of temperatures in terms of the

1The finite transition temperature arises solely due to the non-zero interlayer coupling.
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Pseudogap Superconductor
ψ

!x

!y

Tc <T <TCDW

Excluded  
region

!x

ψ

!y

T <Tc

Excluded  
region

Ω⃗
Ω⃗

Figure 4.2: The angular fluctuations of the six-component order-parameter, Ω, de-
scribe the non-mean field onset of charge density wave correlations below TCDW. Due
to a finite g > 0, Ω fluctuates only along the superconducting directions for T < Tc,
the Kosterlitz-Thouless transition temperature corresponding to the O(2) component
associated with Ψ. For w < 0, the Z2 invariance associated with x ↔ y can be broken
spontanteously.

angular fluctuations of an O(3) field (corresponding to the Néel order) in two spatial

dimensions [35].

The above observation then begets the question if the onset of charge-order can be

understood in terms of the angular-fluctuations of an order-parameter [67], and if so,

can one write down an effective field theory that describes these fluctuations. Let us

first note the symmetries associated with the above problem: O(2)×O(2)×O(2)×Z2.

These correspond to, charge-conservation, x−translations, y−translations and the

x ↔ y symmetries. In addition, we use the fact that the system also preserves time-

reversal and inversion symmetries.

The onset can then be best understood in terms of the angular fluctuations asso-

ciated with a six-component order parameter [91]:

Ω = (ReΨ, ImΨ,ReΦx, ImΦx,ReΦy,ReΦy), (4.2)

where Ψ represents the superconducting component and Φx,y represent the incom-
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mensurate charge density wave order parameters along x and y directions2. The

fluctuations are assumed to be of a purely classical and thermal nature and are pos-

tulated to be described by the following non-linear σ-model (NLσM),

Z =

∫
DΩ(r)δ(Ω2 − 1) exp

(
− Scl

T

)
, (4.3)

Scl =
ρS
2

∫
d2r

[
|∇Ψ|2 + λ(|∇Φx|2 + |∇Φy|2)

+g(|Φx|2 + |Φy|2) + w(|Φx|4 + |Φy|4)
]
. (4.4)

In the above, ρS and ρSλ control the helicity moduli of the superconducting and of

the density wave order respectively. The coupling g breaks the symmetry explicitly

between the Ψ and Φx,Φy directions. It sets the relative energetic cost of ordering

between the superconducting and density wave directions. We take g > 0, so that su-

perconductivity is preferred at low temperatures (figure 4.2). The coupling w imposes

the square lattice point group symmetry on the density wave order.

It is possible to add higher-order terms to the above action, without significant

qualitative differences in the results. The above action was studied using (classical)

Monte-Carlo simulations and within a ‘1/N ’ expansion (where N corresponds to the

number of components of Ω; N = 6 for the theory in Eq.4.4) [91]. The results for the

structure factor and comparison to experiments on YBCO are shown in Fig. 4.3. The

agreement with experimental data is very good, except at low and high temperatures.

In the absence of impurities, that would otherwise pin the charge-order and give rise

to a finite intensity at low temperatures, the structure-factor goes to zero. On the

other hand, at higher temperatures, the onset of amplitude fluctuations, which are

2Note that the region in the vicinity of Ω = 0 is forbidden, i.e. the amplitude fluctuations of |Ω|
are completely forbidden below TCDW and probably onset at an even higher temperature.
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Figure 4.3: Comparison of X-ray data for the CDW scattering intensity to the
structure-factor calculated in Monte Carlo simulations of Z for different parameter
sets. Adapted from Ref.[91].

ignored in the above setup, would also decrease the intensity.

The theory in Eq. (4.4) has also been applied to measurements of the diamagnetic

susceptibility [139, 126] in YBCO. This measures the superconductingΨ component of

the O(6) order parameter, complementing the X-ray measurements of the charge order

represented by Φx, Φy. It was found [90] that the same set of parameters can provide

a reasonable simultaneous fit to both the X-ray and diamagnetism measurements.

Thus the O(6) theory provides a surprising quantitative connection between two very

different classes of experiments, and this supports its validity as a theory of fluctuating

orders in the low temperature pseudogap regime.

4.2.2 Order parameter fluctuations coupled to Fermi-surface

In this section, we couple the O(6) order, n, to the electrons and compute the

electronic self energies. Similar computations of photoemission spectrum have been

carried out earlier for the case of superconducting fluctuations [29, 212, 23, 24, 155];
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Figure 4.4: Electron spectral function in the presence of superconducting and bond
order fluctuations, at four different temperatures. Dashed lines mark the cuts shown
in Fig. 4.7. At sufficiently low temperatures superconducting fluctuations gap out
the antinodal region. Bond order fluctuations are very short-ranged and do not have
observable effects. p = 11%, ∆0 = P x

0 = P y
0 = 1, ρS = 0.05, Λ = 2.

our analysis below shows that a combined model agrees well with many of the observed

trends as a function of temperature, angle around the Fermi surface, and energy.

In the large N limit (N being the number of components of n), the propagators of

Ψ and Φx,y have a massive form of the type (we ignore here the possibility of having

a C4 → C2, Ising symmetry breaking),

Ds
cl(q) =

1

q2 + σ
, Db

cl(q) =
1

λq2 + σ + g + φ
, (4.5)

where the parameters σ̄ and φ̄ are to be determined in terms of the couplings in (4.4)

by solving the large N saddle point equations,

ρS
T

=

∫
d2q

(2π)2

[
1

q2 + σ
+

2

λq2 + σ + g + φ

]
,

φ =
2wT

ρS

∫
d2q

(2π)2
1

λq2 + σ + g + φ
,

(4.6)

which we regulate with a hard momentum cutoff q2 < Λ2.

The mass σ of the superconducting order parameter is strongly temperature de-
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T ! 0.02

0 Π
0

Π

T ! 0.03

0 Π

Figure 4.5: Electron spectral function in the presence of superconducting and bond
order fluctuations for a fully isotropic O(6) model (g/Λ2 = 0). At sufficiently low
temperatures bond order fluctuations lead to incipient Fermi surface reconstruction.
p = 11%, ∆0 = P x

0 = P y
0 = 1, ρS = 0.05, Λ = 2.

pendent, and it is exponentially suppressed if T ≪ ρS:

σ(T )

Λ2
∼ e−4πρS/T . (4.7)

This is how the large N sigma model approximates long-range superconductivity. On

the other hand, for T ≫ ρS

σ(T )

Λ2
∼ 3

4π

T

ρS
− 2

3

g

Λ2
− 1

2
+O

(ρS
T

)
. (4.8)

The mass of the bond order parameter is σ̄ + g (when w = 0), and hence the

parameter g determines the correlation length of the bond order at low temperatures.

We take the universal number g/Λ2 ∼ 0.2, based on the results in ref. [91], but we still

have to fix Λ. We choose it in such a way that the correlation length of the density

wave order at low temperature is a few lattice spacings. We also verify explicitly that

our conclusions are not affected as the correlation length of the bond order varies

from 2 to 10 lattice spacings, which is the range in which the experimental value lies.
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The NLσM (Eqn. 4.4) is a completely classical model, and neglects the fact that

superconducting and bond order parameters are coupled to the gapless fermionic

degrees of freedom along the Fermi surface. We include this contribution at RPA

level, computing the one-loop self-energy of the bosons due to the interaction with

the fermions (see appendix C.2). The sole effect of these bubbles is to give rise to

damping terms at low energies. The improved form of the propagators is,

Ds(q, iΩn) =
1

αs|Ωn|+ q2 + σ̄
,

Db(q, iΩn) =
1

αb|Ωn|+ λq2 + σ̄ + g + φ̄
,

(4.9)

where αs,b parametrizes the strength of damping (we will take αs = αb = 1 in the

rest of the computation).

The electron spectral function due to the retarded self-energy Σ(k,ω) of the elec-

trons in the presence of fluctuating superconducting and bond order parameters is

given by,

A(k,ω) = − 1

π
Im

1

ω − ϵk − Σ(k,ω)
. (4.10)

The self-energy has two contributions, from the particle-particle and particle-hole

channel. We have

Σs(k, iωm) = − 1

β

∑

n

∫

q

∆2
k− q

2

1

−iωm + iΩn − ϵq−k

1

|Ωn|+ εsq
,

Σb(k, iωm) = +
1

β

∑

n,i

∫

q

P i 2
k+ q

2

1

+iωm + iΩn − ϵq+k

1

|Ωn|+ εbq−Qi

,

(4.11)

where Ωn are bosonic Matsubara frequencies, ωn are fermionic Matsubara frequenices

and

εsq = q2 + σ̄ ,

εbq = λq2 + σ̄ + g + φ̄ .

(4.12)
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Figure 4.6: A(k,ω) at several k-points on the bare Fermi surface ϵk = 0: from the
node in red at the top to the antinode in blue at the bottom. p = 11%, ∆0 = P x

0 =
P y
0 = 1, ρS = 0.05, g/Λ2 = 0.2, Λ = 2.

The self energies are identical for up and down spin.

We carry out the Matsubara sum analytically and carry out the integral over

q numerically using an adaptive integration routine as described below. The naive

Matsubara sum

H0(ω − ϵ, ε) ≡ 1

β

∑

n

1

ω + iΩn − ϵ

1

|Ωn|+ ε
, (4.13)

although convergent, has poles for both Imω > 0 and Imω < 0. We are however free

to add to H0 the function

H1(ω, ϵ, ε) ≡
nF(ϵ) + nB(ϵ− ω)

i(ϵ− ω) + ε
, (4.14)

because H1(iωn, ϵ, ε) = 0. It is easy to verify that the function

H(ω, ϵ, ε) ≡ H0(ω − ϵ, ε) +H1(ω, ϵ, ε) (4.15)

is analytic for Imω > 0, and hence yields the retarded self-energy. Note that H0 is a
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real function of ω whereas H1 has both a real and an imaginary part. Moreover, as a

consequence of unitarity,

ImH(ω, ϵ, ε) = ImH1(ω, ϵ, ε) ≤ 0 . (4.16)

An explicit expression for H0 exists in terms of the digamma function (see appendix

C.3).

In terms of H we have

Σs(k,ω) = −
∫

q

∆2
k− q

2
H⋆(−ω, ϵq−k, ε

s
q) ,

Σb(k,ω) =
∑

i

∫

q

P i 2
k+ q

2
H(ω, ϵk+q, ε

b
q−Qi

).
(4.17)

4.3 Results

There are two energy scales in the system: the bandwidth, set by the hopping t1 ≈

3000 K, and the bare helicity modulus ρS ≈ 150K, which controls the temperature at

which there is an onset of phase fluctuations of n in the O(6) model, and hence the

temperature dependence of the correlation length of superconducting and bond order

fluctuations. In the following, we explore a range of temperature ρS ! T ! 2ρS, with

ρS = 0.05 t1. We express temperature in units of t1.

In Fig. 4.4 we display a section of the spectral function A(k,ω) at constant fre-

quency equal to the Fermi energy (ω = 0), at four different temperatures. Even at

the lowest temperature, a portion of the Fermi surface close to the node, a Fermi arc,

survives as a contour of well-defined excitations in the presence of bond order and

superconducting fluctuations. As the temperature increases, there is a gradual build

up of spectral weight in the antinodal regions, and around T ≈ 0.08, the full Fermi

surface is recovered.

123



Chapter 4: Precursor thermal fluctuations in underdoped cuprates

Let us now give an intuitive picture for what is causing the arcs. The damping of

the superconducting order, combined with the d−wave form factor, leads to enhanced

scattering of the fermionic excitations close to the anti-nodes. What is left in the

form of an arc are essentially the nodal quasiparticles which have survived as sharp

excitations. As temperature increases, a larger region around the nodes survives

the effect of scattering by superconducting fluctuations. This is consistent with the

observations of Kanigel et al. [110], who also observed an increase in the arc length

as a function of increasing temperature.

It is reasonable to expect that d−wave bond order fluctuations would also cause

enhanced scattering around points of the Fermi surface that are nested by the BDW

wavevector. However, the correlation length of the bond order is much shorter than

the superconducting one, by merit of our choice of the parameters g and Λ, and hence

this phenomenon is not visible in Fig. 4.4. In general, for correlation lengths of order

a few lattice spacings, as seen in experiment, the effect of bond order fluctuations on

the spectral function is negligible.

If, however, the correlation length is enhanced, for example by setting g = 0, such

that we have a fully isotropic O(6) model, then bond order fluctuations have a distinct

effect, as shown in Fig. 4.5. At the lowest temperature the original Fermi surface

breaks up into an arc-like feature close to the nodes and a number of shadow-like

features similar to those discussed earlier in connection to long-range bond order. In

spite of the bond order correlations being short-ranged and fluctuating, the shadows

arise purely from the real part of the self-energy.

In addition to the observations made above, here we have the additional effect that

124



Chapter 4: Precursor thermal fluctuations in underdoped cuprates

superconducting fluctuations somewhat suppress the shadows near the antinodes. It

would be interesting to look for signatures of these features in future experiments in

high quality samples.
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Figure 4.7: Frequency scans of the electron spectral function along the dashed lines
in Fig. 4.5, at four different temperatures. p = 11%, ∆0 = P x

0 = P y
0 = 1, ρS = 0.05,

g/Λ2 = 0.2, Λ = 2.

Interestingly, more recent experiments carried out using a different protocol seem

to suggest that the arc length stays constant over a wide range of temperature and

eventually undergoes a collapse at low temperatures [127]. This was presented as

evidence for the BDW fluctuations playing a more prominent role in giving rise to

the arcs. However, within our setup, the density wave fluctuations with a correlation

length of even up to 10 lattice spacings don’t play any significant role in the arc

phenomenology. Furthermore, in the presence of purely density wave fluctuations,
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the energy gap is centered above the Fermi energy for points situated between the

antinodes and regions that are nested by the density wave wavevector [243]. This has

been confirmed in ARPES experiments [252, 238].

Let us now discuss the properties of A(k,ω) as a function of frequency for k points

on the bare Fermi surface ϵk = 0. As shown in Fig. 4.6, at the lowest temperature

T = 0.04, a well-defined gap is present at the antinodes. Moving towards the node

(from the blue to the red scans), the gap closes at a k point which we identify with the

tip of the arc. As temperature increases the gap closes and the full Fermi surface is

recovered at sufficiently high temperatures. We note in passing that the location of the

peak at the antinode at T = 0.08 is shifted away from ω = 0 due to a renormalization

of the bare dispersion by ReΣ(k,ω = 0).

Fig. 4.7 displays the quasiparticle dispersion along the black dashed lines labelled

1-4 in Fig.4.4 as a function of temperature. For the first cut, at the antinode, there

is a well-defined gap in the quasiparticle spectrum at the Fermi surface, which closes

as temperature increases. The overall scale of the gap is set by the magnitudes of ∆0

and P i
0. A similar behavior is seen for the second and third cut, albeit with a smaller

gap that closes at a lower temperature. The fourth cut is a scan across the nodes and

the dispersion remains gapless since neither the SC nor the BDW fluctuations affect

the nodal quasiparticles.

As noted above, for our specific choice of parameters, the BDW fluctuations are

subdominant to the SC fluctuations in the photoemission spectrum. In particular, the

dispersions and the gap structure in the normal state obtained from this analysis are

approximately particle-hole symmetric (as evident from Figs. 4.6 and 4.7). However,
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recent experiments have seen evidence for particle-hole asymmetry at the tips of the

Fermi-arcs and in the antinodes [252, 87]. Such an asymmetry arises naturally in the

presence of more pronounced BDW fluctuations (as compared to the superconducting

fluctuations). Our formalism can reproduce some of these features in the presence

of fluctuating BDW with longer correlation lengths and stronger coupling to the

fermions.

Finally, we reiterate the statement in the introduction that the present computa-

tion is expected to apply at the intermediate temperatures where charge order fluc-

tuations are appreciable. A more complex model also including antiferromagnetism

is likely needed at higher temperatures, which we do not discuss in this chapter.

4.4 Discussion

In this chapter, we have analyzed the combined effect of pairing and density

wave fluctuations on photoemission at intermediate temperatures in the underdoped

cuprates. In ref.[11], we also studied the influence of the same incommensurate density

wave order on quantum oscillations in the high-field limit. In combination with

other recent results [91], such a model appears to provide a satisfactory description

of the underdoped cuprates in current high-field [65, 131, 229, 81, 207, 25, 206],

photoemission [110, 238, 127], NMR [248, 249], STM [77, 125, 130, 96, 100, 235, 51,

55], and X-ray [78, 5, 39, 52, 51, 55] experiments. It can also be subjected to further

tests by experiments at higher fields, in cleaner samples, or with higher precision.

However, our analysis does not strongly constrain the nature of the high temperature

pseudogap, where we need sharper experimental tests of the distinction between the
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two categories of models described in the introduction.

On this issue, a recent work by the present author [44] has argued that the wavevec-

tor of the d-form factor BDW supports the spin liquid models in the first category.

Some of the subsequent chapters shall take this alternative point of view. We suggest

that unravelling the nature of the quantum-critical point apparent in recent experi-

ments near optimal doping [92, 76, 187], and deciphering the nature of the strange

metal, may be the route to resolving some of these long-standing and difficult ques-

tions.
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Feedback of pairing fluctuations on

charge-order

“A wise man will make more opportunities than he finds.” - Francis Bacon

5.1 Introduction

Based on our discussion so far, it is evident that the pseudogap (PG) regime of

the hole-doped cuprates is possibly one of the most enigmatic phases of matter. It is

identified by the onset of a large gap (∼ 50 meV) below a temperature, T ∗, as observed

in a number of different probes. The gap persists down to the superconducting

transition temperature, Tc, below which of course the system develops the usual

superconducting gap.

A huge leap in our understanding came about with the discovery of quantum

oscillations caused by a small electron-like pocket at very large magnetic fields [65].
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This was the first clear evidence of the “normal” state in the pseudogap phase under

large magnetic fields having some resemblance to a metallic state. More recently, in a

series of remarkable experiments, it has become clear that the reconstructed electron-

like pocket is caused by an incommensurate charge-density wave (CDW), competing

with superconductivity [78, 5, 39, 51, 3, 248, 249, 132, 96, 235, 130, 151, 52, 77, 144].

The wavevector of this charge-density wave, which is of the type (±Q0, 0), (0,±Q0),

appears to be linked to the Fermi surface in the anti-nodal regions. Furthermore, dia-

magnetism measurements in YBCO show significant fluctuation diamagnetism over

approximately the same range of temperatures where X-ray experiments measure

charge order fluctuations, indicating that there are significant superconducting fluc-

tuations in this phase [139, 126]. A natural question that needs to be addressed is if

both SC and CDW arise out of the same physics.

In the underdoped cuprates, due to the proximity to an antiferromagnet (AF)

close to half-filling, the susceptibility, χ(q), is peaked around K = ±(π, π(1− δ)), ±

(π(1 − δ), π), (δ ̸= 0 when the fluctuations are peaked around an incommensurate

wavevector) [89]. It is now well-understood that a metal interacting via such anti-

ferromagnetic exchange interactions is unstable to d−wave superconductivity at low

temperatures [201, 158, 186]. However, as was already discussed in section 1.3.2, an

interesting consequence of the AF exchange interactions is that they also give rise to

a secondary instability to a charge-density wave with a predominantly d-wave form

factor [154, 196]. Significant recent developments have been the evidence for the

predicted d-wave form factor in X-ray observations [52], and a direct phase-sensitive

measurement of the d-wave form factor in scanning tunneling microscopy (STM) ex-
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periments [77]. In the present chapter we will turn our attention to the wavevector

of this CDW, and in particular, its connection to the SC fluctuations.

A number of recent works have addressed such issues [154, 196, 199, 60, 67, 149,

61, 10, 9, 243, 150, 233, 20]. In Refs. [154, 196], the wavevector of the leading CDW

instability has been found to be of the form ±(Q0, Q0), ± (Q0,−Q0), while the

experimentally observed wavevector was a subleading instability. At this point it is

useful to introduce some new notation. From now on, we shall often refer to the

experimentally observed CDW with wavevectors (Q0, 0) and (0, Q0) as “CDW-a” and

the one with wavevectors (Q0,±Q0) as “CDW-b” (see fig.5.1). More recently, it has

been pointed out that in the presence of strong correlations arising from on-site and

nearest-neighbor Coulomb repulsion, it is possible to obtain a stable CDW-a phase,

with the wavevectors seen in experiments, in a certain window of parameter space

[10]. Wang and Chubukov [243] have recently also examined retardation effects linked

to the damping of spin fluctuations with a long correlation length, and argued for an

extension of CDW-a with time-reversal symmetry breaking.

In this chapter, we will show that upon accounting for the interplay between

superconductivity and charge-order in the underdoped cuprates, the CDW state with

the correct wavevector (i.e. CDW-a) appears to be preferred over CDW-b over at

least a small temperature window, as long as the antinodal regions of the fermi-surface

are reasonably nested with a small curvature (a criterion to be made more precise

later) 1. In fig.5.1, Q0 represents the separation between two neighboring “hot-spots”.

However, our computations in this paper are applicable for a range of different values

1However, we do not address here the issue of how the onset temperature for CDW-a compares
to the bare superconducting Tc.
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Figure 5.1: Generic Fermi-surface for hole-doped cuprates, with the filled states
shaded in blue. Solid circles, numbered 1, .., 8, represent hot-spots where the Fermi-
surface intersects the magnetic Brillouin zone for a (π, π) SDW. The purple arrows
represent the CDW-a wavevectors, which closely resemble the experimentally ob-
served wavevector, while the green arrows represent the CDW-b wavevectors, which
arise as the leading instability in a HF calculation . The fermi-velocity, (vx, vy), is
shown at the hot-spot 1. The wavevectors of CDW-a are (±Q0, 0) and (0,±Q0),
while those of CDW-b are (Q0,±Q0). The computation in the present paper applies
for a range of values of Q0, and not just when it is equal to the separation between
hot-spots as shown above; for different Q0 we have to consider a corresponding set of
8 points around the Fermi surface, and our computations proceed unchanged.

of Q0 that connect points in the antinodal regions and can be different from the

hot-spot wavevector. Meier et al. [149] have also recently looked at the effect of

superconducting fluctuations on charge-order in a different setup.

We also note our recent work [44], which employs a ‘quantum disordered’ model

of the pseudogap as a topological metal, and proposes an alternative mechanism for

charge ordering at the (Q0, 0), (0, Q0) wavevectors. This will be the topic of discussion

in the next chapter.
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The remainder of this chapter is organized as follows: In section 5.2.1, we intro-

duce the theory of a metal interacting via antiferromagnetic exchange interactions

(henceforth referred to as t-J model, but without any on-site Coulomb repulsion)

and review a Hartree-Fock analysis for various charge-ordering and pair-density wave

instabilities. Based on the leading instabilities that occur in a metal, we construct

the minimal model in section 5.2.2 for a metal with pairing and charge-order fluctu-

ations. In section 5.2.3, we take the low-energy limit of this theory and present the

effective theory for the Fermions coupled to the order-parameters in the vicinity of

special points—the “hot-spots”—where the magnetic Brillouin-zone corresponding to

K intersects the fermi-surface. We present the results of our computation, describing

the mutual feedback of superconductivity and charge-order on each other, in sections

5.3.1 and 5.3.2. Finally in section 5.4, we summarize the main results emerging from

this analysis. Some of the technical details are summarized in appendices D.1 and

D.2.

5.2 Model

5.2.1 Instabilities of metal with antiferromagnetic exchange

interaction

In this section, we briefly review some of the earlier results [196] obtained by

carrying out a Hartree-Fock (HF) analysis of the t-J model (without any Gutzwiller

projection). Consider the following model for fermions, ciα, interacting via short-
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range antiferromagnetic exchange interactions,

HtJ =
∑

i,j

[
(−tij − µδij)c

†
iαcjα +

1

2
JijSi · Sj

]
, (5.1)

where tij are the hopping amplitudes, µ denotes the chemical potential, Jij are the

AF exchange couplings and Si = c†iασαβciβ/2.

We are interested in looking at the various instabilities that can arise in this model

in the particle-particle as well as particle-hole channel. We shall restrict our attention

to pair-density wave (PDW), where the SC condensate carries a finite momentum, and

charge-density wave states. We ignore the possibility of having spin-order, partly mo-

tivated by most experiments on the non-La-based cuprates (e.g. YBCO and BSCCO),

where the region of charge-order has hardly any overlap with that of spin-order [248].

For the Hartree-Fock analysis, we need the best variational estimate for the following

mean-field Hamiltonian,

HMF =
∑

k

[
ε(k)c†k,αck,α +

∑

Q

∆Q(k)ϵαβc−k+Q/2,αck+Q/2,β

+
∑

Q

PQ(k)c
†
k+Q/2,αck−Q/2,α +H.c.

]
. (5.2)

In the above, ε(k) represents the electronic dispersion. All the functions,∆Q(k), PQ(k)

are variational parameters which will be optimized by minimizing the free energy,

F ≤ FMF + ⟨H −HMF ⟩MF . As mentioned earlier, we have allowed for a spin-singlet

pair-density wave along with a charge density wave at a finite wavevector, Q. The

pair-density wave at Q → 0 reduces to the standard BCS state where particles with

opposite spins are paired at ±k.
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Expanding the right-hand side of F in powers of ∆Q(k) and PQ(k), we get,

F = 2
∑

k,k′,Q

∆∗
Q(k)

√
ΠS(k)MS(k,k

′)
√
ΠS(k′)∆Q(k

′)

+
∑

k,k′,Q

P ∗
Q(k)

√
ΠC(k)MC(k,k

′)
√

ΠC(k′)PQ(k
′), (5.3)

where the kernels MS,C(k,k′) are given by,

MS,C(k,k
′) = δk,k′ +

3

V
χ(k− k′)

√
ΠS,C(k)ΠS,C(k′), (5.4)

and the polarizabilities are,

ΠS(k) =
1− f(ε(k+Q/2))− f(ε(−k+Q/2))

ε(k+Q/2) + ε(−k+Q/2)
, (5.5)

ΠC(k) =
f(ε(k+Q/2))− f(ε(k−Q/2))

ε(k−Q/2)− ε(k+Q/2)
, (5.6)

with f(...) the Fermi-function and χ(k)(=
∑

i,j Jije
iq.·(ri−rj)/4), the AF susceptibility.

Note that for dispersions that satisfy ε(k + Q) = −ε(k), ΠS(k) = ΠC(k). This

holds in the vicinity of the hot-spots for certain values of Q and will have important

consequences, which we shall revisit later.

Pair-density wave and charge-ordering in the metal occurs via condensation in the

eigenmodes of the operators MS,C with the lowest eigenvalues. In order to find the

leading instability in the pairing and charge-ordering channel, we need to solve the

following eigenvalue problem,

3

V

∑

k′

√
ΠS(k) χ(k− k′)

√
ΠS(k′)φS(k

′) = λSφS(k
′), (5.7)

3

V

∑

k′

√
ΠC(k) χ(k− k′)

√
ΠC(k′)φC(k

′) = λCφC(k
′). (5.8)

Instead of working with the form of χ(k) introduced above, we assume that the
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AF susceptibility, χ(q), has the form,

χ(q) =
∑

K

χ0

4(ξ−2 + 2(2− cos(qx −Kx)− cos(qy −Ky)))
, (5.9)

which is peaked near the antiferromagnetic wavevector, K (as introduced earlier),

with ξ representing the AF correlation length and χ0 the overall strength of the

spin-fluctuations. There is little difference between the results for δ = 0 and δ ̸= 0.

In figs. 5.2 (a) and (b) we plot the lowest eigenvalues λS,C/χ0, obtained after

diagonalizing eqns.5.8 on a discrete Brillouin zone with L2 points. We use the fol-

lowing electronic dispersion: ε(k) = −2t1(cos(kx) + cos(ky)) − 4t2 cos(kx) cos(ky) −

2t3(cos(2kx) + cos(2ky))− µ. Let us start with a discussion of the pair-density wave

state (fig.5.2a). Not surprisingly, the state with Q = 0 is the leading instability and

in particular, −λS for Q = 0 has a logarithmic divergence as T → 0. We do not find

any other local-minima in phase-space; the BCS-log for Q = 0 simply overwhelms

any other PDW state that might have otherwise arisen within this weak-coupling ap-

proach. Comparing the numerical values of the eigenvalues λS and λC in figs.5.2 (a)

and (b), it is clear that −λS (at Q = 0) is the smallest. Therefore, in the presence of

short-range AF interactions, the leading weak-coupling quadratic instability indeed

turns out to be to a SC (with d−wave symmetry; this information is contained in the

structure of φS).

For the charge-ordering instability (fig.5.2b), the global minimum is located at

the diagonal wavevector (Q0, Q0). This corresponds to the CDW-b state introduced

earlier. However notice the “valleys” of local minima extending from this wavevector

to (Q0, 0) and (0, Q0), the CDW-a. It is also worth pointing out that the form factors

associated with these CDWs, φC , primarily have a d−wave component. In real space,
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Figure 5.2: Plot of the smallest eigenvalue (a) λS/χ0 and (b) λC/χ0 as a function of
Qx and Qy. We use a band-structure with t1 = 1.0, t2 = −0.32, t3 = 0.128, µ =
−1.11856 (corresponding to the same fermi-surface used in Ref.[196]). The other
parameters are ξ = 2, T = 0.1, δ = 1/4 and L = 20. For the pair-density wave,
the global minimum is located at Q = 0 while for the charge-order, it is located at
Q = (Q0, Q0) (CDW-b). In (b), note the valleys extending from (Q0, Q0) to (Q0, 0)
and (0, Q0) (CDW-a)—the latter are local, but not global, minima.

this implies that the charge-density modulation is mostly on the Cu-Cu links (bonds)

rather than on the sites. Hence they are also referred to as bond-density wave (BDW).

The reason why CDW-b turned out to be the leading CDW instability is actu-
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ally related to two features in our problem above: (i) the absence of a gap in the

spectrum at the antinodes, and, (ii) an emergent particle-hole symmetry associated

with the exchange interactions, JijSi ·Sj. This exchange interaction is invariant un-

der independent SU(2) rotations on each lattice site that map particles to holes and

vice-versa. These rotations therefore naturally map SC to CDW-b. In the absence

of any fermi-surface curvature or other interaction terms that break this symmetry,

both of these instabilites would be exactly degenerate. However, once it is broken,

CDW-b becomes a sub-leading instability (SC is always guaranteed to remain the

leading instability even in the presence of a curvature since the points ±k are always

“nested”. However, a very large nearest neighbor Coulomb interaction term, V ninj,

can suppress superconductivity, for instance). We also note in passing that CDW-a

is mapped to the PDW [134] at the same wave-vector under these rotations; we do

not consider this PDW 2 here because it does not appear as a preferred eigenvalue of

λS in fig. 5.2a.

The above analysis was carried out in the limit where the different orders were

decoupled from each other, i.e. we did not look at the feedback of one over the

other and analyzed the free-energy F to only quadratic order. Let us therefore now

construct a minimal model for SC and CDW fluctuations in a metal and analyze the

effective theory beyond quadratic order in the next section.

2Ref. [134] argued that a pair-density wave state might arise due to interactions mediated by
transverse components of gauge-fields (that remain unscreened) in an RVB scenario by an effect
analogous to the Ampere effect. We considered possible PDW states in fig. 5.2a, but they were not
preferred in our computation.
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5.2.2 Metal with SC and CDW fluctuations

Consider now a model for the fermions with a generic fermi-surface as shown

in fig.5.1. Based on our HF analysis in the previous section, we know the (sub-

)leading instabilities were to a (i) d−wave superconductor, (ii) CDW-b with wavevec-

tors (Q0,±Q0), and, (iii) CDW-a with wavevectors (Q0, 0) and (0, Q0). We can use

this information to construct a model for a metal with strong pairing and CDW

fluctuations. Therefore, we consider the theory for the fermions coupled to supercon-

ducting (Ψ) and CDW (Φ) fluctuations (which are in their uncondensed phase, as is

the case in the PG regime). The Hamiltonian is then given by,

H = H0 +HS +HB, where (5.10)

H0 =
∑

k

(εk − µ) c†k,αck,α, (5.11)

HS =
∑

k

(∆s(k) c
†
k+q/2,↑c

†
−k+q/2,↓Ψq +H.c.), (5.12)

HB =
∑

k,q

[(∑

Q

PQ(k) Φq−Q

)
c†k+q/2,αck−q/2,α +H.c.

]
. (5.13)

In the above,∆s(k) is the usual form factor associated with d−wave superconductivity

and PQ(k) is the form-factor for CDW with wave-vector Q. We would now like to

obtain an effective action in terms of Ψ and Φ (both CDW-a and b) after integrating

out the fermions. The aim of this work is to study the effect of SC fluctuations on

these two different CDW states and to analyze if the competition between the different

order parameters can preferentially select a particular state. It will be particularly

interesting if this state corresponds to the one that has been seen experimentally.
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5.2.3 Low-energy theory

Instead of carrying out the above task with the full Fermi-surface, let us analyze

the theory in the vicinity of the hot-spots labelled j = 1, .., 8 in fig.5.1. We expand

the dispersion close to the hot-spots so that

εk,j = vF,kjk⊥ + κk2
∥, (5.14)

with k⊥(k∥) being the momentum normal (parallel) to the Fermi surface. The Fermi-

velocities are given by, vF,k1 = (vx, vy), vF,k2 = (vx,−vy), vF,k4 = (−vy,−vx) and

vF,k7 = (−vy, vx). The other velocities can be obtained similarly by symmetry. The

parameter κ is related to the Fermi surface curvature.

The bare Lagrangian for the fermions in the vicinity of the hot-spots, ψj (j =

1, .., 8), is then given by,

L0 =
8∑

j=1

[
ψ†
j(iω − εk,j)ψj

]
. (5.15)

The same expansion can be carried out for a set of any eight points in the antinodal

regions, that are not necessarily connected by the hot-spot wavevectors.

Form-factor of the CDW

There are two fundamental properties associated with the CDW orders — the

wavevector and the structure of the form factor. We have explored the wavevectors

that can arise in our HF computation in section 5.2.1, while the form factors associated

with the different CDW orders for the full underlying fermi-surface were already

computed in Ref.[196]. In this section, we shall revisit this issue within our low-

energy formulation.
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If we go back to eqn.5.3 and focus only on the terms involving charge-order, we

obtain

FC =
∑

Q

[∑

k

|PQ(k)|2ΠC(k) +
3

V

∑

k,k′

χ(k− k′)ΠC(k)ΠC(k
′)P ∗

Q(k)PQ(k
′)

]
. (5.16)

We now assume that χ(k − k′) is peaked at k − k′ = K = (π, π) and perform the

integrations over k and k′ in patches in the neighborhoods of the hot-spots that satisfy

the above constraint. Furthermore, we assume that PQ(k) can be treated as piecewise

constant in the patches and treat χ as static and non-critical, i.e. χ ≈ χ0/ξ−2. For

CDW-b, let us focus on the hot-spot pairs {2, 6} and {7, 3} where PQ(k) takes the

values Υb
1 and Υb

2. Similarly, for CDW-a, we choose to focus on the pairs {1, 2} and

{4, 7} where PQ(k) takes the values Υa
1 and Υa

2.

It is straightforward to see that for CDW-b, ΠC(k) evaluated in the patches {2, 6}

and {7, 3} are equal to each other due to purely geometric reasons, i.e. Πb
1 = Πb

2 = Πb,

so that,

FC

∣∣∣∣
b

= Πb

[
|Υb

1|2 + |Υb
2|2

]
+

3χ0

ξ−2
(Πb)2

[
Υb∗

1 Υ
b
2 +Υb∗

2 Υ
b
1

]
. (5.17)

It is simple to diagonalize the above quadratic form and obtain the optimum linear

combination of Υb
1 and Υb

2. For CDW-b, the eigenvector corresponding to the lower

eigenvalue has a purely d−wave form.

We can now do the same computation for CDW-a and we immediately find that

Πa
1 ̸= Πa

2 (once again, for purely geometric reasons), so that,

FC

∣∣∣∣
a

= Πa
1|Υa

1|2 + Πa
2|Υa

2|2 +
3χ0

ξ−2
Πa

1Π
a
2

[
Υa∗

1 Υa
2 +Υa∗

2 Υa
1

]
. (5.18)

We can diagonalize the above quadratic form and find that the eigenvector corre-

sponding to the lower eigenvalue contains a mixture of d− and s−wave forms. It
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is important to note that there is an ambiguity in choosing the eigenvector of the

quadratic form [196, 9]: we can rescale Υa
1,Υ

a
2 by different factors (i.e. perform a

similarity transform) before diagonalizing the quadratic form, and then undo the

similarity transform after the diagonalization. This modifies the eigenvectors except

when the lowest eigenvalue is zero. It was argued [196, 9] that the appropriate similar-

ity transform is determined by looking at the structure of the particle-hole T-matrix,

which leads to the requirement that the diagonal terms in the quadratic form have

equal values. In this manner, we find that the eigenvector with lower eigenvalue has

(Υa
1,Υ

a
2) ∝ (1/

√
Πa

1,−1/
√

Πa
2).

In order to estimate the difference between Πa
1 and Πa

2, we can do an explicit

computation at T = 0 and in the absence of a fermi-surface curvature, so that

Πa
1 =

2

4π2vxvy

∫ Λx

−Λx

dx

∫ Λy

0

dy
θ(y − x)− θ(−y − x)

2y
, (5.19)

where Λx,y = vx,yΛ, θ(...) represents the heaviside-step function and we are integrating

near the hot-spots in a momentum window |k| < Λ, with Λ a UV regulator. We are

interested in the limit Λy > Λx (since vy > vx in the antinodal regions) and obtain,

Πa
1 =

Λ

2π2vy

[
1 + log

(
vy
vx

)]
. (5.20)

On the other hand,

Πa
2 =

2

4π2vxvy

∫ Λx

0

dx

∫ Λy

−Λy

dy
θ(y + x)− θ(y − x)

2x
, (5.21)

Πa
2 =

Λ

2π2vy
. (5.22)

Therefore, we see that,

Πa
1 = ηΠa

2 > 0, where (5.23)

η = 1 + log(vy/vx). (5.24)
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We then conclude from the discussion below Eq. (5.18) that the ratio of the s to the

remaining bond components in the form factor of CDW-a is

∣∣∣∣
Υa

1 +Υa
2

Υa
1 −Υa

2

∣∣∣∣ =
√
η − 1

√
η + 1

, (5.25)

which can be quite small. We expect the aforementioned remaining component of

the CDW to be d. (Although the present hot-spot computation does not, strictly

speaking, distinguish between s′ and d, demanding smooth variation of the form

factor in the anti-nodal region strongly prefers d).

Wang and Chubukov [243] also analyzed the form-factor of CDW-a by looking at

the set of coupled CDW vertices, retaining the Landau damping terms in the Bosonic

propagator. (In particular our η → 1 limit corresponds to ϕ → π/4 in their notation.)

Interplay of charge-order and superconductivity

In section 5.2.1, we saw that at quadratic order one doesn’t obtain the CDW with

the experimentally measured wavevector. Therefore, it is necessary to go to quartic

order; our real interest in this section is to compute these terms and, in particular,

their temperature dependencies.

Let us now write the full low-energy theory in terms of the (a) fermions, ψj, (b)

CDW -a (Φa
x, Φ

a
y) with wave-vectors Qa

x = (Q0, 0) and Qa
y = (0, Q0), (c) CDW-b (Φb

x,
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Φb
y) with wave-vectors Qb

x = (Q0, Q0) and Qb
y = (Q0,−Q0), and, (d) SC (Ψ):

L = L0 + LS + LB, (5.26)

LS = Ψ(ψ†
1ψ

†
5 + ψ†

2ψ
†
6)−Ψ(ψ†

7ψ
†
3 + ψ†

4ψ
†
8) + H.c., (5.27)

LB = Φa
x(ψ

†
6ψ1 + ψ†

5ψ2 − ψ†
3ψ4 − ψ†

8ψ7)

− Φa
y(ψ

†
1ψ2 + ψ†

6ψ5 − ψ†
3ψ8 − ψ†

4ψ7)

+ Φb
x(ψ

†
6ψ2 − ψ†

3ψ7)− Φb
y(ψ

†
5ψ1 − ψ†

8ψ4) + H.c., (5.28)

where we have suppressed the momentum and spin-index structure above and L0 was

already expressed in eqn.5.15. While writing LB, we have ignored the possibility of

having a small s−wave component in the form factors of Φa
x,y i.e. we have assumed

PQ(k) = cos kx − cos ky. We also choose not to write any explicit coupling constants

as they can be absorbed into the fields by a redefinition. In the low-energy limit, the

patches 1-2-5-6 and 3-4-7-8 are decoupled from each other.

Once again, we integrate out the fermions in the vicinity of the hot-spots (in a

momentum window |k| < Λ) and compute the action upto fourth order in Φa, Φb

and Ψ. All the four-point diagrams contributing to these terms are shown in fig. 5.3.

There is also a three-point diagram, as shown in fig.5.4, contributing to the effective

action, which takes the form,
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Seff[Φ
a,Φb,Ψ] =

∫
d2r dτ

[
ra

(
|Φa

x|2 + |Φa
y|2

)
+ rb

(
|Φb

x|2 + |Φb
y|2

)
+ rb|Ψ|2

+ ua

(
|Φa

x|4 + |Φa
y|4

)
+ ub

(
|Φb

x|4 + |Φb
y|4

)
+ ub|Ψ|4

+ uab

(
|Φa

x|2 + |Φa
y|2

)(
|Φb

x|2 + |Φb
y|2

)
+ wa|Φa

x|2|Φa
y|2

+ uab

(
(Φa

x)
2Φb∗

x Φ
b∗
y + (Φa

y)
2Φb∗

x Φ
b
y +H.c.

)

+ tab

(
Φa

xΦ
a
yΦ

b∗
x + Φa

xΦ
a∗
y Φb∗

y +H.c.

)

+ sa|Ψ|2
(
|Φa

x|2 + |Φa
y|2

)
+ sb|Ψ|2

(
|Φb

x|2 + |Φb
y|2

)]
,

(5.29)

where ra = a(T − T a
c,0) and rb = b(T − T b

c,0) with a, b > 0 and the bare transition

temperatures, T b
c,0 > T a

c,0. Note that we have already utilized the emergent symmetry

of the linearized hot-spot theory to equate the transition temperatures for SC and

CDW-b, and also equated the coefficients of |Ψ|4 and |Φb
x|4, |Φb

y|4. In the presence of

terms that break this symmetry, T b
c,0 < T SC

c,0 ; the exact details are beyond the scope

of this work.

It is important to note that the above action is invariant under all the underlying

symmetries (including under rotations, e.g. Rπ/2 : Φa
x → Φa

y;Φ
a
y → Φa∗

x ;Φb
x →

Φb∗
y ;Φ

b
y → Φb

x). The terms in the third and fourth lines arise naturally due to the

existence of two types of CDW correlations in the system with wavevectors that

satisfy the following geometric constraints: Qb
x = Qa

x+Qa
y and Qb

y = Qa
x−Qa

y. Some

of these coefficients were computed for the full fermi-surface in Ref.[150]. Note the

absence of a term of the form |Φb
x|2|Φb

y|2 above, which is allowed by symmetry but

missing due to lack of available phase-space for this kind of a scattering process. The
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Figure 5.3: Feynman diagrams representing the various 4-point functions that con-
tribute to different terms in Seff. The solid internal lines carry different hot-spot
indices (µ, ν, ρ, δ) depending upon the term being evaluated. The dashed, dotted
and double lines represent Φa, Φb and Ψ respectively. The individual diagrams are
labelled (a) Iµνρδ, (b) Jµνρδ, (c) Kµνρδ, (d) Lµνρδ, (e) Mµνρδ, (f) Nµνρδ, (g) Pµνρδ, (h)
Qµνρδ.

terms that are of particular interest to us appear in the last line (∼ sa, sb), as will

become clear in the next section.

Let us now present the results for the different coefficients that appear above.

5.3 Results

We start by presenting the results for the linearized theory (i.e. set κ = 0) in the

vicinity of the hot-spots.

5.3.1 Linearized hot-spot theory

In this section, we shall list the expressions for the coefficients in terms of the

loop integrals. The details of the computation are presented in appendix D.1. At
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the outset, we note the regime that we are working in here — we assume that T ≪

vxΛ ≪ vyΛ, i.e. the temperature is much lower than any other ultraviolet energy

scale in the problem and futhermore, the regions in the vicinity of the hot-spots (and

in the antinodal regions) are almost nested. In the next section, we will show that

the fermi-surface curvature, κ, introduces another temperature scale in the problem

above which our analysis remains valid.

We start with ua, representing the coefficient of the |Φa
x|4, |Φa

y|4 term (fig.5.3a).

Evaluating the contributions arising from both the patches, we obtain,

ua = −(I1616 + I2525 + I3434 + I7878) (5.30)

= −(I1212 + I3838 + I4747 + I5656), where (5.31)

it is straightforward to see that I1616 = I2525 = I3838 = I4747, and I1212 = I3434 =

I5656 = I7878. The loop integrals are given by,

I1212 = −1

2

∫

k

G2
1 G2

2 ≈ − 1

16π2v2xvyΛ

1

(1 + ( πT
vxΛ

)2)
, (5.32)

I2525 = −1

2

∫

k

G2
2 G2

5 = 0, (5.33)

where we use the notation
∫
k ≡ T

∑
m

∫
dkx dky/(2π)2 and all the internal Green’s

functions carry the same argument: (iωm,k), with ωm = (2m + 1)πT . Note that in

the limit of T ≪ vxΛ, I1212 → −1/(16π2v2xvyΛ), i.e. it is non-singular and approaches

a constant independent of temperature.

The competition term between Φa
x and Φa

y, described by wa (also, fig.5.3 a), is

147



Chapter 5: Feedback of pairing fluctuations on charge-order

given by,

wa = −(2S + V), where (5.34)

S = I2565 + I5212 + I2161 + I1656, (5.35)

V = 4I1256. (5.36)

In the above, S, V represent the self-energy and vertex-correction type diagrams.

Furthermore, it is straightforward to see that I2565 = I5212 = I2161 = I1656. The

explicit expressions are given by,

I2565 = −
∫

k

G2 G2
5 G6 ≈ − 1

8π2v2xvyΛ
log

(
vxΛ

πT

)
, (5.37)

I1256 = −
∫

k

G1G2G5G6 = − 1

32vxvyT
, (5.38)

where the second integral has been evaluated in the limit vxΛ → ∞. Therefore, we

see that the most singular contribution to wa comes from I1256 and is ∼ 1/T . This

has interesting consequences, as will be discussed at the end of this section, and has

also been pointed out by a recent work [243].

Similarly, the contributions to the |Φb|4 terms arise from (fig.5.3 b),

ub = −(J2626 + J3737) = −(J1515 + J4848), where (5.39)

due to the underlying symmetries, all the diagrams turn out to be equal, i.e. J1515 =

J2626 = J3737 = J4848. The integral evaluates to,

J1515 = −1

2

∫

k

G2
1 G2

5 = −7ζ(3)

32π4

Λ

vyT 2
, (5.40)

where ζ(n) is the Riemann-zeta function. The singularity here is much stronger than

what we encountered before in the case of the |Φa|4 terms. However, the T−2 behavior
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is not at all surprising— recall that there is a perfect SU(2) symmetry between CDW-b

and SC within our linearized theory and the coefficient of |Φb|4 term should therefore

be identical to that of |Ψ|4, which is known to be of the same T−2 form. In the

presence of a finite curvature, this symmetry will be broken below some temperature

scale set by κ, as we shall see in the next section.

Let us now shift our focus to terms that describe the competition between the

different components of the charge-orders, Φa and Φb. There are two types of four-

point functions between these orders, denoted uab and uab. Let us focus on uab first

(fig.5.3c). If we focus only on the coefficient of, let us say, the |Φa
x|2|Φb

x|2 term (the

overall form in which the different order-parameters appear is strongly constrained

by various symmetries), we get,

uab = −2(K1626 +K4373), (5.41)

where K4373 = K6515 by symmetry under Rπ/2 (and the latter appears in the coeffi-

cient of |Φa
y|2|Φb

y|2). Evaluating these loop integrals gives,

K1626 = −
∫

k

G1 G2 G2
6 = − 1

64vxvyT
, (5.42)

K6515 = −
∫

k

G1 G2
5 G6 = − 1

64vxvyT
. (5.43)

Similarly, while evaluating uab (fig.5.3d), if we focus only on the coefficient of (Φa
x)

2Φb∗
x Φ

b∗
y

(the overall form of the terms is once again constrained by symmetry),

uab = −(L2516 + L3784), (5.44)

where L3784 = L2516 and the explicit form is given by,

L2516 = −
∫

k

G1G2G5G6 = − 1

32vxvyT
. (5.45)
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It is interesting to note that the leading singularities in all of the above diagrams

(with the exception of ua, ub) is of the form ∼ 1/T . This is something that we can

understand by applying standard power-counting arguments. In (2 + 1)−dimensions

for such 4-point functions, the singular structure in the IR (with a cutoff, k0 ∼ T )

will be obtained as
∫
d3k/k4 ∼ 1/k0, where k ≡ (iω,k). However, there are obviously

exceptions to this naive argument, which arise due to the interesting pole structure

of the propagators involved in the different diagrams.

We now move over to the terms that actually describe the competition between

CDW and SC—these will be responsible for some of the interesting results to come

out of our analysis. We start by evaluating the diagrams contributing to sa, which

describes competition between Φa and Ψ (fig.5.3 e, f),

sa = 2S + V , where (5.46)

S = M2515 +M6151 +M7848 +M4373,

= M1262 +M6515 +M8373 +M4737, (5.47)

V = N2615 +N8437 = N2651 +N8473. (5.48)

In the above, S and V represent the self-energy and vertex correction contributions

respectively. We have written the coefficients of both |Φa
x|2|Ψ|2 and |Φa

y|2|Ψ|2 above,

which are of course equal. Moreover, some of the symmetry related diagrams are

individually equal as well, such as M1262 = M7848 = M6515 = M4373 and M2515 =

M8373 = M4737 = M6151. Similarly, N2651 = N2615 = N8437 = N8473. The explicit
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expressions for the (distinct) diagrams are given by,

M2515 = −
∫

k

G2 G2
5 G′

1 =
1

64vxvyT
(5.49)

M1262 = −
∫

k

G1 G2
2 G′

6 =
1

64vxvyT
, (5.50)

N2651 = −
∫

k

G1G2G
′
5G

′
6 = − 1

32vxvyT
.

(5.51)

The “primed” Green’s functions have arguments (−iωm,−k). Once again, the

leading singularity is of the form 1/T .

Finally, the coefficent sb, which describes the competition between Φb and Ψ

(figs.5.3 g and h) is given by,

sb = 2(P2626 + P3737) + (Q2626 +Q3737) (5.52)

= 2(P1515 + P4848) + (Q1515 +Q4848), where (5.53)

all the self-energy type diagrams, P1515 = P2626 = P3737 = P4848, are equal and the

vertex-correction type diagrams are equal and opposite in sign to the self-energy type

ones, i.e. Q1515 = Q2626 = Q3737 = Q4848 = −P1515. We therefore only need to

evaluate one such integral—the corresponding expression is given by,

P2626 = −
∫

k

G2 G2
6 G′

2 =
7ζ(3)

16π4

Λ

vyT 2
. (5.54)

The 1/T 2 behavior is to be expected by the same reasoning that was presented earlier

— the coefficients of |Ψ|4, |Φb|4 and |Φb|2|Ψ|2 should have an identical (singular-)

structure arising from the emergent SU(2) symmetry.

Now that we have evaluated all the four-point functions allowed by symmetry,

let us also evaluate the three-point functions between Φa,Φb that contribute to tab
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Figure 5.4: Feynman diagram representing the 3-point function, Yµνρ, between Φa

(dashed lines) and Φb (dotted line). The solid internal lines carry different hot-spot
indices (µ, ν, ρ).

(fig.5.4). Once again, we remind the reader that such a term is allowed because

of purely geometric reasons associated with the wavevectors of the various CDWs:

Qb
x = Qa

x +Qa
y and Qb

y = Qa
x −Qa

y. If we focus on the coefficient of the ∼ Φa
xΦ

a
yΦ

b∗
x

term (and the rest just follows by symmetry), we get,

tab = (Y261 + Y265 + Y374 + Y378),where (5.55)

it is easy to see that Y265 = Y261 = Y374 = Y378. If we choose to evaluate just one of

these,

Y261 = −
∫

k

G1 G2 G6 = 0. (5.56)

It is very interesting to see that within our linearized theory, the integral evaluates

exactly to 0. However, in the presence of a finite curvature, this term assumes a

non-zero value, as will be shown in the next section.

Assembling all the expressions that we have computed above, the leading (singular-
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) behavior of the coefficients in the effective action, Seff[Φa,Φb,Ψ] are given by,

ua =
1

8π2v2xvyΛ
, wa =

1

8vxvyT
, ub =

7ζ(3)Λ

16π4vyT 2
, (5.57)

uab =
1

16vxvyT
, uab =

1

16vxvyT
, tab = 0 (5.58)

sa =
1

16vxvyT
, sb =

7ζ(3)Λ

8π4vyT 2
. (5.59)

At this point, it is worth pointing out some of the interesting features associated

with the above terms. First of all, notice that depending on the nature of the term,

we have obtained two different types of singularities—there are terms that go as

1/T , and others that go as 1/T 2— in addition to the non-singular term. This has

two interesting consequences. In the presence of only the terms involving CDW-a,

the competition between the x, y− components, wa, far exceeds ua, i.e. wa/ua ∼

Λvx/T ≫ 1. The implication is that at low enough temperatures, CDW-a would

necessarily have a tendency to form stripe-like, instead of checkerboard, order [243]

which would spontaneously break the underlying C4 symmetry of the lattice. On the

other hand, with only CDW-b order, due to the absence of any competition between

its x, y− components, there won’t be any tendency to break the C4 symmetry. There

is indication for the CDW being unidirectional and stripe-like in the absence of a

magnetic field in various experiments.

Let us now discuss an important feature of our analysis, involving the sa, sb terms

that describe the competition of the different CDWs with SC. We find that sb/sa ∼

Λvx/T ≫ 1, implying that at low enough temperatures, SC competes with CDW-

b much more strongly than with CDW-a. However, this is not surprising for the

following reason: In our linearized hot-spot theory, there is no fundamental difference
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(a) (b)

(c) (d)

Φa Φa Φa Φa

Φb Φb Φb Φb

Figure 5.5: Contracting the Ψ− fields (solid-double lines) in (a) Mµνρδ, (b) Nµνρδ

renormalize the |Φa|2 term, and, (c) Pµνρδ, (d) Qµνρδ renormalize the |Φb|2 term.

between CDW-b and SC due to the SU(2) symmetry. In fact both of these orders are

strongly coupled to each other and compete for density of states on the fermi-surface

in the vicinity of the same hot-spots. Therefore, it is natural for them to compete

with each other more strongly. The same is not true about CDW-a and SC, which

compete for density of states along different portions of the Fermi-surface. Note that

CDW-a and CDW-b also compete mutually, so suppressing one naturally makes it

favorable for the other one to emerge.

To summarize, the results of this section indicate that at very high temperatures,

there is an almost perfect symmetry between CDW-b and SC (in fact, this symme-

try persists even in the presence of a finite curvature, as we shall show in the next

section) which makes it unfavorable for CDW-a to appear in the scene. However,

as a function of decreasing temperature, as the strength of superconducting fluctu-

ations increase, the CDW-b fluctuations are preferentially suppressed compared to

CDW-a, which could possibly allow CDW-a to emerge. The exact crossovers, if any,
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are beyond the scope of this work. The net effect of the SC fluctuations is to ef-

fectively renormalize the quadratic terms in the action for Φa and Φb, as shown in

fig.5.5. At low temperatures, the coefficient of |Φb|2 is renormalized more strongly

compared to the coefficient of |Φa|2. In order to extract an estimate of the relative

renormalizations, let us compute ∆ra and ∆rb for CDW-a,b due to purely thermal

and Gaussian fluctuations associated with superconductivity, ⟨|Ψq|2⟩ ∼ (q2 + σ2)−1.

This approximation is valid sufficiently far away from the superconducting Tc. The

renormalizations are then given by,

∆ra ≈ sa

∫
d2q

(2π)2
1

q2 + σ2
≈ − sa

2π
log

(
σ

Λ

)
= − 1

32πvxvyT
log

(
σ

Λ

)
, (5.60)

∆rb ≈ sb

∫
d2q

(2π)2
1

q2 + σ2
≈ − sb

2π
log

(
σ

Λ

)
= − 7ζ(3)Λ

16π5vyT 2
log

(
σ

Λ

)
. (5.61)

Hence, the relative renormalizations ∆rb/∆ra ∼ Λvx/T ≫ 1, which indicates that

within our simplified theory, there exists an intermediate range of temperatures where

the transition temperature for CDW-b gets suppressed more than the one for CDW-a.

The only caveat in the calculations presented in this section is that all of them

were performed in the limit of κ → 0. Of course, in the actual problem, the curvature

is finite (albeit small, in the anti-nodal region). Therefore, we revisit the whole

problem with a non-zero curvature in the next section and analyze the consequences

numerically.

We would like to remind the reader, that at the level of approximation that we

have used in this section, the CDW-a state is degenerate with the corresponding

PDW state and the two compete strongly with each other. However, in the presence

of a curvature or other features that break the SU(2) symmetry, the PDW state

is destroyed completely, at least within the weak-coupling picture (unlike the other
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states, as we saw in fig.5.2). Moreover, as we shall see in the next section, the

competition effects between CDW-a,b and SC discussed above survive even in the

presence of curvature as long as the temperature is higher than a scale set by κ.

5.3.2 Effect of fermi-surface curvature

In the previous section we ignored the effect of the fermi-surface curvature com-

pletely and analyzed the linearized theory in the vicinity of the hot-spots. Most of

the graphs that we evaluated were singular in the limit of T → 0 (though we intend to

apply our results to the metallic state at strictly T > 0). The question we would now

like to address is to what extent do these results remain valid and what is the regime

of validity, in the presence of a finite curvature. In fact, it is possible that the cur-

vature sets a temperature scale above which our analytical results for the linearized

theory continue to hold. We shall denote all the previously evaluated integrals by

Ĩ , J̃ , ..., Q̃, Ỹ , to distinguish them from the symbols used earlier. This time around,

we shall perform the Matsubara sums first and then evaluate the momentum-integrals

numerically as a function of temperature for various fixed values of curvature, κ, and

α = vy/vx.

The aim of this computation is two-fold. First of all, in the limit of κ → 0, we

should recover the temperature dependencies of the different terms obtained earlier.

Secondly, we would like to have an approximate estimate of the functional form of

T0(κ,α), the temperature scale above which our analytical results for the κ = 0

problem continue to hold, assuming such a scale exists.
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In the presence of a finite curvature, the modified dispersions are now given by,

ε1(k) = vxkx + vyky + κ(k2
x + k2

y), (5.62)

ε2(k) = vxkx − vyky + κ(k2
x + k2

y), (5.63)

with ε5(k) = ε1(−k), ε6(k) = ε2(−k) and so on.

We only present the main findings of this analysis in the present section. The

technical details of the computations alongwith plots of the numerical results are

provided in Appendix D.2.

Let us start by analyzing the temperature dependence of diagrams (Ĩ1212) con-

tributing to ua. We found that (i) at a fixed value of α, but for κ ̸= 0, Ĩ1212 goes to a

constant value in the limit of T → 0. Moreover, in the limit of κ → 0, this constant is

nearly identical to what we had computed earlier for I1212 (eqn.5.33). (ii) On the other

hand, for T → vxΛ, there is a power-law fall off going as ∼ 1/T 2 for all considered

values of κ, which again matches with our analytical result for I1212 (eqn.5.33). (iii)

Finally, Ĩ1212 scales as ∼ 1/α, which was apparent from the perfect scaling collapse

that we observed for αĨ1212 (not shown). This agrees with our analytical results from

earlier, even though they were computed with κ = 0. The numerically evaluated

results for Ĩ1212 are shown in fig.D.1(a).

We next computed the leading diagrams contributing to wa, giving rise to com-

petition between x− and y− components of CDW-a. We came across the following

interesting results: (i) irrespective of the value of the curvature, the diagrams all

asymptote to a 1/T behavior at low temperatures (upto T/vxΛ ∼ 10−4). (ii) There

were however deviations at higher temperatures. (iii) Finally, this particular diagram

also scales as 1/α (not shown). The plots as a function of temperature are shown in
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fig.D.1(b).

It is especially interesting to see that even in the presence of a small curvature, wa

continues to scale as 1/T down to very low temperatures. However, as a function of

decreasing temperature, there will be a preemptive instability to superconductivity,

which in turn will cut-off the 1/T behavior to 1/∆, where ∆ is the superconducting

gap.

Let us now revisit the terms that turned out to be the most singular in our earlier

analysis, which includes ub (J1515) and sb (P2626, Q2626), and went as ∼ 1/T 2. As

a reminder, in the linearized theory, we obtained 2J1515 = −P2626 = Q2626. How-

ever, a finite curvature breaks this symmetry. We first focussed on the temperature-

dependence of these diagrams at a fixed α but different values of κ and noticed the

following common features: (i) The limit of κ → 0 computation agrees perfectly with

the analytical computation from the previous section. (ii) With an increasing κ, we

note that the results for the different computations (i.e. with and without κ) only

agree with each other above a characteristic temperature, T0 = Cκ, with C different

for each diagram (This is determined by noting the temperature, T0, at which the

deviation starts; these are marked by the dotted vertical lines in fig.D.2). To inves-

tigate whether C is α−dependent, we computed the same diagrams as a function of

temperature at a fixed κ ̸= 0 and vx, but for different values of α. Remarkably, the

value of T0 remains unaffected by changing α, which shows that C is independent of

α. (iii) We also observed them to scale as ∼ 1/α, just like in all the previous cases.

Therefore, to summarize, ub and sb continue to behave as 1/T 2 above a temperature

scale that is set by curvature, T0 ∼ κ. Therefore, at high enough temperatures com-
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pared to this scale, the degeneracy between CDW-b and SC is maintained and the

competition is sufficiently weak that it is unlikely that CDW-a will be a preferred

state, based on our arguments from the previous section. It is however important to

remind ourselves that the coefficient of |Ψ|4, which also goes as ∼ 1/T 2, survives even

in the presence of a finite curvature but is eventually cut-off by ∆. The numerically

evaluated results are shown as a function of temperature in fig.D.2 (a)-(f).

Finally, we also evaluated the term responsible for competition between SC and

CDW-a. Recall that in the linearized theory, 2M2515 = −N2651 = −N2615 and where

the leading singularities were all ∼ 1/T . However, in the presence of a finite κ these

degeneracies are lifted. However, all the diagrams continue to behave as ∼ 1/T

down to temperatures of T/vxΛ ∼ 10−4, even in the presence of a reasonably large κ.

However, as a function of decreasing temperature, the system will go superconducting

thereby cuting-off the singularity. We have also checked that just like all the other

diagrams considered so far, these diagrams also scale as ∼ 1/α. The results are shown

in fig.D.3 (a)-(c).

Towards the end of section 5.3.1, we saw that the three-point functions between

CDW-a and b turned out to be identically zero. However, when we evaluated the

same diagrams in the presence of a finite curvature, they turned out to be non-zero.

In fact, based on the numerically evaluated results, we were able to guess an analytical

functional form for Ỹ261, which is as follows,

Y(T,κ,α) ≈ κΛ

π2αvx

1

π2T 2 + v2xΛ
2
. (5.64)

Note that it indeed reproduces the κ → 0 limit correctly and approaches a constant

in the limit of T → 0 otherwise. The numerically evaluated results and a comparison
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with Y is shown in fig.D.4(a), (b).

To conclude this section, we found that at sufficiently high temperatures, our

results from the previous section continue to hold even in the presence of a finite,

but small, curvature. The terms that we found to be most singular in our earlier

computation (∼ 1/T 2), continue to have the same form as long as T > T0 ∼ Cκ.

On the other hand, the terms that went as ∼ 1/T , continue to be so down to very

low temperatures compared to the scales set by the fermi-velocities. However, as a

function of decreasing temperature, these singularities are cut-off eventually by the

preemptive instability to superconductivity. It is therefore safe to conclude that our

computations in section 5.3.1 are applicable in the window max{Tc, T0} < T < vxΛ ≪

vyΛ.

5.4 Discussion

Over the past few years, we have learnt a great deal about the nature of the

various symmetry-broken states that arise in the pseudogap regime of the underdoped

cuprates. This has largely been possible due to the enormous number of remarkable

experiments performed on these materials. Most of these experiments point toward

the existence of a fluctuating and short-ranged charge-density wave in a metallic state;

the onset of the CDW happens below a characteristic scale Tcdw ! T ∗, as deduced

from X-ray scattering measurements [91]. There is a considerable amount of evidence

suggesting that the CDW competes with superconductivity. It is therefore essential

to understand the true nature of the CDW and its relation to superconductivity, as

this might be the key to gaining a complete understanding of the pseudogap phase
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out of which both orders emerge [11].

Theoretically, we have now started to realize that the cuprates are a model system

where the Fermi surface geometry, the strong interactions between the constituent

electrons and the quasi-two dimensional structure conspire to give rise to some re-

markable consequences. One of these is the universal feature that in the presence

of strong antiferromagnetic interactions, superconductivity and charge-order are tied

to each other; this has been highlighted by the observation [52, 77] of the predicted

[154, 196] d-wave form factor of the CDW. While SC and CDW necessarily arise as

dual instabilites of the same normal state, they also compete with each other. One of

the puzzling features, on the theoretical side, has been the discrepancy between the

wavevector of the CDW seen experimentally and the one obtained from the leading

CDW instabilities in various models. The primary purpose of this paper has been to

address one interesting ingredient that could be partly responsible for resolving this

discrepancy over at least an intermediate window of temperature. The primary moti-

vation for invoking the effect of d−wave superconducting fluctuations was to suppress

density of states in the antinodal regions.

In this chapter, we studied the interplay of fluctuating charge-order and supercon-

ductivity. Our starting point was the t-J model (without Gutzwiller projection) for

a metal interacting via short range antiferromagnetic exchange interactions, where

the various instabilities at the Hartree-Fock level are to SC and CDWs with different

sets of wavevectors (a t-J-V model with an infinite on-site Hubbard U also leads to

similar instabilites, in addition to a staggered flux state [10]). The leading CDW-b

state was found to have a wavevector of the form ±(Q0,±Q0), while there was a
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sub-leading instability to the CDW-a with wavevectors (±Q0, 0) and (0,±Q0). It is

the latter that is closely related to the state seen in the experiments. In order to

study the minimal model with all the necessary ingredients, we then considered the

theory of a metal with pairing fluctuations and both types of CDW correlations and

computed the effective Ginzburg-Landau (GL) theory upto the quartic order in in

the low-energy limit.

We obtained a number of interesting results for the temperature dependencies of

the coefficients in the GL theory. In particular, one of the central results of this paper

is the nature of the competition between CDW-a and b with SC. We observed that

SC competes with CDW-b much more strongly than with CDW-a at low enough, but

non-zero temperatures. In the low-energy limit, we attributed this to the emergent

SU(2) symmetry between SC and CDW-b, which really doesn’t distinguish between

the two different phases, and the absence of a gap in the spectrum at the antinodes.

At low temperatures, we presented hints that the SC fluctuations might make it more

favorable for CDW-a to arise and CDW-b to be suppressed preferentially. In fact, we

showed that even in the presence of a finite fermi-surface curvature, the results for the

mutual competition between CDW-a,b and SC continue to hold above a temperature

scale that is set by the curvature (T0 ∼ κ). However at the same time, it is impor-

tant to note that in the κ → 0 limit, CDW-a is related by SU(2) symmetry to the

PDW state with the same wavevectors and these two orders would therefore compete

strongly with each other. However when the SU(2) symmetry is broken explicitly by

a finite fermi-surface curvature (or by a nearest-neighbor Coulomb repulsion term),

the fragile PDW state disappears completely, as witnessed in our HF computation
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for the t-J model. It would be interesting to explore the interplay between SC, CDW

and PDW orders beyond weak-coupling, starting from a microscopic model in the

near future.

Finally, if it is indeed the superconducting flucutations that are responsible for

giving rise to the experimentally observed wavevector, then it is possible that the

CDW-b state would show up in experiments if one were to suppress these SC fluc-

tuations completely. Furthermore, the CDW-b order should have tendency to form

checkerboard order, unlike CDW-a which has a tendency to form stripe-like order

[243]. This is a direction worth exploring in STM experiments at really high mag-

netic fields, for instance, and repeating phase-resolved analysis similar to what has

been carried out recently to look for signatures of the CDW-a state [77]. However,

if the CDW-b state continues to be absent, then it is likely that there are other fac-

tors at play here in addition to the SC fluctuations. One such factor has already

been considered recently, which arises from strong correlation effects due to Coulomb

repulsion [10].
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Chapter 6

Fractionalized Fermi-liquids

“Do not fear to be eccentric in opinion, for every opinion now accepted was once

eccentric.” - Bertrand Russell

6.1 Introduction

We hope that the reader is convinced by now that one of the central puzzles

related to the hole-doped cuprates at low doping is the origin of the “pseudogap”

— a suppression in the density of states at the Fermi-level below a temperature,

T ∗— and its relation to other symmetry-broken states found at lower temperatures.

Most notably, recent experiments on a number of different families of the hole-doped

cuprates have detected the onset of an incommensurate charge density wave (CDW)

state at a temperature, Tc < Tcdw < T ∗ which competes with superconductivity below

the superconducting Tc [78, 5, 39, 51, 55, 3, 248, 249, 132, 96, 235, 130, 151, 52, 77].

One of the primary motivations behind investigating the nature of the CDW is the
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hope that a better understanding of this state would lead to a better understanding

of the “normal” state above Tc out of which it emerges.

A number of recent theoretical works [154, 97, 105, 27, 196, 117, 199, 60, 67,

149, 61, 10, 9, 45, 243, 150, 233, 34, 20, 73] , including the previous chapter, have

tried to approach this problem from a weak-coupling approach, where the CDW is

interpreted as an instability of a large Fermi surface in the presence of strong antifer-

romagnetic (AFM) exchange interactions. The experiments on certain families of the

cuprates, such as YBCO, BSCCO and Na-CCOC, have found strong evidence for the

wavevector Q to be of the form: (±Q0, 0) and (0,±Q0), where Q0 decreases with in-

creasing hole-doping and is believed to nest portions of a putative large Fermi surface

in the vicinity of, but away from, (π, 0) and (0, π). Moreover, recent phase-sensitive

STM experiments [77] and other X-ray measurements [52] have unveiled the form

factor PQ(k) to be predominantly of a d−wave nature, i.e. PQ(k) ∼ (cos kx− cos ky).

Fig.1.13 in chapter 1 provides an illustration of unidirectional “bond density” waves

(BDW) of different types in real space for both commensurate as well as incommen-

surate wavevectors.

We note in passing that recent X-ray observations [4] in the La-based cuprates

indicate a dominant s′-form factor (where PQ(k) ∼ (cos kx + cos ky)), and this has

been ascribed to the presence of magnetic ‘stripe’ order in these compounds, and is

in agreement with computations in such states [73]. Further, computations [231] of

density wave instabilities in the presence of commensurate antiferromagnetism show

suppression of the d-form factor with increasing magnetic order.

Without magnetic ordering, the form factor does indeed come out to be predomi-
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nantly d−wave within all the weak-coupling approaches [154, 196, 199, 10, 9, 45, 243].

However, the wavevector of the leading density-wave instability within all of these ap-

proaches is always of the diagonal type, (±Q0,±Q0). This feature can be traced back

to the absence of a pre-existing gap in the anti-nodal region of the large Fermi sur-

face normal state. It is also related to the remnant of an emergent SU(2) symmetry

associated with AFM exchange interactions, that maps particles to holes and vice

versa [154, 198]; therefore d−wave superconductivity, which is the leading instability

in the problem, gets mapped to d−form factor BDW with the diagonal wavevectors.

While the diagonal wavevector is a serious drawback of the weak-coupling approaches,

various scenarios have been proposed under which the experimentally observed state

might be favored over the diagonal state [10, 45, 149, 243].

Here we shall explore the consequences of gapping out the anti-nodal region by

examining the density wave instabilities of a metallic state denoted [213, 215] the

fractionalized Fermi liquid (FL*). An independent related analysis has been carried

recently by Zhang and Mei [258] using the Yang-Rice-Zhang (YRZ) ansatz [254] for

the fractionalized metal. The FL* has similarities to the YRZ ansatz [184], but as

we shall review below, can be derived systematically from microscopic models while

keeping careful track of its ‘topological’ order [213, 215] (see also Ref. [148]). These

density wave instabilities were also discussed in Refs. [51, 240, 241], but without

allowance for non-trivial form factors for the density wave.

FL* phases are most conveniently described within multi-band models, such as

in Kondo lattice models for heavy-Fermion systems [213, 215] or Emery-type models

suited for the cuprates, where the spins in only one of the bands go into a quantum-
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disordered (spin-liquid) state. In this work, we shall take a different route that has

been adopted earlier in Refs.[113, 115, 197, 184]. This approach is best understood

as follows [198]: Imagine that we start from a metal with long-range AFM order, so

that the Fermi surface has been reconstructed into hole-pockets.1 If we now want

to describe the loss of antiferromagnetism, then the transitions where the long-range

order is lost and the entire Fermi surface is recovered need not be coincident. In

particular, it is possible to have two separate transitions, where at the first transition

the orientational order of the AFM is lost over long distances, while the magnitude

of the AFM order remains fixed; the large Fermi surface is recovered at the second

transition. Therefore, it is possible to have an intermediate phase with a locally well-

defined AFM order (over distances of the order of a short correlation length, ξ). As

we will review below, this intermediate phase can have hole pockets. Because there is

no broken symmetry, the Luttinger theorem on the Fermi surface volume is violated,

but this is permitted because of the presence of topological order [213, 215].

In the context of one-band models linked to the physics of the cuprates, our re-

alization of the FL* state is linked to the analysis presented in Ref. [113]. We used

their and subsequent results [115, 197, 184, 162, 183] to obtain the global phase dia-

gram presented in Fig. 6.1. The starting point of this phase diagram is a deconfined

quantum critical point [214, 210] in the antiferromagnet at zero doping, while tuning

a coupling constant g, which measures the degree of “frustration” in the antiferro-

magnet. This critical point is described by a deconfined gauge theory involving a

U(1) gauge field Aµ and relativistic, bosonic S = 1/2 spinons zα which carry the

1In general, electron pockets could also appear, but let us assume that the parameters are such
that only the hole-pockets are present.
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Figure 6.1: Phase diagram of a quantum antiferromagnet as a function of the parame-
ter, g, which controls the strength of quantum fluctuations and the carrier density, x.
The x = 0 phases are insulators, and we assume that the insulator has a deconfined
quantum critical point [214, 210] at a g = gc. The arrows on the labels of the phases
indicate crossovers upon going to lower energies and longer distances. For x = 0 and
g < gc, the ground state is an ordered antiferromagnetic insulator, while for x = 0
and g > gc the ground state is a valence bond solid (VBS), which arises as an insta-
bility at long confinement scale of a U(1) spin-liquid (SL). The g = gc, deconfined
quantum critical point, broadens into a “holon” metal phase above a small, finite x.
Binding of the emergent spinon and holon excitations in the holon metal phase leads
to the FL* phase shown for g > gc and non-zero x. We do not discuss the small
x (shaded grey) region in this paper [113]. The BDW instabilities of the U(1) FL*
have a d−form factor and could be relevant for the observations in the non La-based
cuprates. The physical trajectory in the phase diagram (for the non-La cuprates)
corresponds to not only changing x, but also g, i.e. the trajectory runs diagonally.
The eventual confinement transition out of the d−BDW state must occur, and its
description remains an important topic for future work.

U(1) gauge charge. Upon doping the antiferromagnet in the vicinity of this decon-

fined critical point with charge carriers of density x, we have to include a density

x of spinless fermions (‘holons’), ψp, which carry gauge charge (p = ±1) under the

same U(1) gauge field. The resulting gauge theory for zα and ψp has a complicated
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phase diagram as a function of g and the hole density, which is sketched in Fig. 6.1

and will be partly reviewed in Section 6.2. Our attention here will focus on the FL*

region of Fig. 6.1: here the zα and ψp bind to form gauge-neutral fermions of den-

sity x, which then form Fermi pockets in the Brillouin-zone near, but not centered at,

(±π/2,±π/2). The total area enclosed by these pockets is x, and hence the Luttinger

volume of 1 + x is not obeyed, and a FL* phase is realized.

In this chapter, we carry out a generalized RPA analysis of a model of this FL*

phase interacting via short-range interactions. In most of the parameter space that

we have explored, the leading instability in the particle-hole channel is a bond density

wave with predominantly d−form factor whose wavevector nests the tips of the hole-

pockets.2 This result is a promising step in the direction of identifying essential

characteristics of the normal state which are responsible for giving rise to the BDW

instability that is observed experimentally in the underdoped cuprates.

The rest of this chapter is arranged as follows: we describe and review a particular

route towards constructing an FL* state, starting from a one-band model of electrons

coupled to the fluctuations of an AFM order-parameter in section 6.2.1. We then

setup our computation for determining the charge-ordering instabilities in an FL*

interacting via short-range interactions in section 6.2.2. Finally, we describe our

results for the nature of the BDW instabilities, with special emphasis on its wavevector

and form factor, in section 6.3 and conclude with a future outlook in section 6.4. We

review some of the previous analysis of density-wave instabilities in metals with large

Fermi surfaces interacting via short-range interactions ([196, 9]) in appendix E.1 in

2The density of states, n(E) =
∮
Ek=E

1
|∇kEk|d

2k is high at the tips of the pockets, Ek = 0.

169



Chapter 6: Fractionalized Fermi-liquids

order to highlight the differences with the main results presented in this paper. The

analysis here will be similar to section 5.2.1. Appendix E.2 contains a brief discussion

of density-wave instabilities in the presence of large Coulomb repulsion.

6.2 Model

We begin by summarizing the arguments [113, 184] that lead to the phase diagram

in Fig. 6.1. The starting point is the theory for the electrons, ciα (α =↑, ↓), hopping

on the sites of a square lattice. The electrons are coupled to the fluctuations of an

O(3) field, ni, which describes the local orientation of the antiferromagnetic Néel

order at K = (π, π). We shall focus on the long-wavelength fluctuations of ni while

retaining the full lattice dispersions for the fermions. The imaginary time Lagrangian,

L = Lf + Ln + Lfn, is given by,

Lf =
∑

i,j

c†iα

[
(∂τ − µ)δij − tij

]
cjα + h.c., (6.1)

Ln =
1

2g

∫
d2r [(∂τn)

2 + v2(∇n)2], (6.2)

Lfn = λ
∑

i

eiK·ri ni · c†iασαβciβ. (6.3)

In the above, tij represent the hopping matrix elements that give rise to a large Fermi

surface, µ represents the chemical potential, λ is an O(1) coupling, v represents

a characteristic spin-wave velocity and g is used to tune the strength of quantum

fluctuations associated with the AFM order parameter. The vector n satisfies the

local constraint n2
i = 1.

When g < gc, the above model has long-range antiferromagnetic order, ⟨n⟩ ≠ 0

(with a correlation length, ξ → ∞). In the presence of such long-range order (LRO),
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the large Fermi surface breaKS10 up into electron and hole pockets. The resulting

state in the presence of short-range fermionic interactions could be unstable to other

symmetry-broken states; the nature of these instabilities in the particle-hole channel,

starting from a reconstructed Fermi surface, have been analyzed [20, 231]. As we noted

in Section 6.1, this approach leads to density waves with the d-form factor suppressed

[20], consistent with recent observations on the La-based cuprates [4] which do have

magnetic order at low temperatures.

Our interest in the present paper is on the g ≥ gc portion of the phase diagram in

Fig. 6.1, which we argue is relevant to the physics of the non-La-based cuprates. The

deconfined critical point g = gc and x = 0 is expressed not in terms of the n fields,

but in terms of the spinor zα, with

ni = z∗iασαβziβ (6.4)

and a U(1) gauge field Aµ. At the same time [184], one tranforms the underlying

electrons, ciα, to a new set of spinless Fermions, ψip,

ciα = Ri
αpψip, where (6.5)

Ri
αp =

⎛

⎜⎝
zi↑ −z∗i↓

zi↓ z∗i↑

⎞

⎟⎠ , (6.6)

is a spacetime dependent SU(2) matrix (
∑

α |ziα|2 = 1) and the fermions ψip carry

opposite charges p = ±1 under the same emergent U(1) gauge transformation.

We begin our discussion of the complex dynamics of zα and ψp by first considering

the effect of non-zero x at the critical coupling g = gc. At very low hole density, each

ψp fermion can be treated independently of all the others, while interacting with the
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deconfined gauge theory described by zα and Aµ. As shown in Ref. [113], there is an

‘orthogonality catastrophe’ and each ψp fermion is effectively localized by the critical

fluctuations. We are not interested here in the very small values of x at which this

localization happens, and so will not discuss it further; it is also excluded from Fig. 6.1

(shown as the grey-shaded region). Moving to higher hole densities, we can assume

the holons form a Fermi surface, and this can then quench the Aµ fluctuations via

Landau damping [114, 208]; the holon Fermi surface is then stable,3 and we obtain

the holon metal shown in Fig. 6.1.

Let us now turn to g > gc. Now there is at least one additional length scale, the

spin correlation length, ξ. This length should be compared with the spacing between

the holons ∼ 1/
√
x. There is actually another significant scale, the length scale at

which Landau-damping of the photon sets in; this also diverges as x → 0, and for

simplicity we will ignore its difference from the spacing between the holons. When

1/
√
x ≪ ξ, we revert to the g = gc situation described in the previous paragraph.

However, for ξ ≪ 1/
√
x, we have to first consider the influence of a non-zero ξ on the

gauge theory of the deconfined critical point. As described in Refs. [214, 210], here we

crossover to a Coulomb phase in which the Aµ field mediates a logarithmic Coulomb

force. This Coulomb force binds the zα and ψp quanta into gauge-neutral fermions

[113, 115, 184] (an additional attractive force is also provided by the “Shraiman-Siggia

term” [113, 184, 221]). At longer scales, these gauge-neutral fermions start to notice

each other via the Pauli principle, and so they form Fermi surfaces leading to the FL*

3At low temperatures, the holons can pair to form a composite Boson that is neutral under the
Aµ field, condensation of which leads to the holon superconductor [115].
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state of interest here.4

At even longer length scales we have to consider confinement effects from monopoles

in the Aµ gauge field, which are not suppressed in the FL* regime (but monopoles

are suppressed in the holon metal). This we will not do here, leaving it as a difficult

but important problem for future study.

6.2.1 Fractionalized Fermi liquid (FL*)

As discussed in section 6.1 and in Refs. [184, 162], the emergent photon gives rise

to binding of the ψp fermions and the zα spinons into gauge-neutral objects. However,

there are two such combinations,

Fiα ∼ ziαψi+, Giα ∼ εαβz
∗
iβψi−, (6.7)

where εαβ is the unit antisymmetric tensor. The physical electronic operator has a

non-zero overlap with both of these,

ciα ≡ Z(Fiα +Giα), (6.8)

where Z is a quasiparticle renormalization factor that is nonlocal over ξ; this expres-

sion differs from the bare relationship in Eq. (6.6) because we are now dealing with

fully renormalized quasiparticles [184]. Over distances that are larger than ξ, where

there is no net AFM order, the Fα and Gα fermions preferentially, but not exclusively,

reside on the different sublattice sites.

4 The FL* phase considered here is a descendant of the “holon-hole” metal phase of ref.[115],
in the extreme limit where all of the holon states have been depleted into forming gauge-neutral
fermions.
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Based on symmetry considerations alone, we can write the following effective

Hamiltonian for Fiα and Giα,

Heff = −
∑

i,j

tij(F
†
iαFjα +G†

iαGjα) + λ
∑

i

eiK·ri(F †
iαFiα −G†

iαGiα)

−
∑

i,j

t̃ij(F
†
iαGjα +G†

iαFjα). (6.9)

Once again, the tij represent the hopping matrices corresponding to a large Fermi

surface, λ represents the potential due to the local AFM order (at distances shorter

than ξ). The terms proportional to t̃ij represent the analogs of the “Shraiman-Siggia”

(SS) terms [221] which couple the F and G particles. In the absence of these terms,

but with λ ̸= 0, one obtains hole-like pockets centered at (π/2, π/2). However, when

the SS terms are finite, the pockets can be shifted away from these special points.

It is more convenient now to change basis to a new set of fermionic operators,

Ckα =
1√
2
(Fkα +Gkα), Dkα =

1√
2
(Fk+Kα −Gk+Kα), (6.10)

so that the physical electronic operator ckα ≃ (Z/
√
2)Ckα. The revised Hamiltonian

then reads,

Heff =
∑

k

[
ξ+k C

†
kαCkα + ξ−k+KD†

kαDkα

−λ(C†
kαDkα + D†

kαCkα)

]
, (6.11)

where the dispersions, ξ+k , ξ−k are given by,

ξ+k = εk + ε̃k, ξ−k = εk − ε̃k, (6.12)

εk = −2t1(cos(kx) + cos(ky))− 4t2 cos(kx) cos(ky)

−2t3(cos(2kx) + cos(2ky))− µ, (6.13)

ε̃k = −t̃0 − t̃1(cos(kx) + cos(ky)). (6.14)
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The Green’s function for the electronic operator can be obtained from the Hamil-

tonian in eqn.6.11 and is given by [184],

Gc(k,ω) =
Z2

ω − ξ+k − λ2/[ω − ξ−k+K ]
. (6.15)

It is more transparent to rewrite the above Green’s function in the following form,

Gc(k,ω) =
∑

α=±

Zα
k

ω − Eα
k

, where (6.16)

(
Z±

k

Z2

)−1

= 1 +
λ2

(E±
k − ξ−k+K)2

, (6.17)

E±
k =

ξ+k + ξ−k+K

2
±

√(
ξ+k − ξ−k+K

2

)2

+ λ2. (6.18)

In the limit where λ = t̃ij = 0, one recovers the original large Fermi surface, ξk.

6.2.2 Charge-order instabilities via T-matrix

Based on the analysis above, we have arrived at a description of the electronic

excitations which have been renormalized by the quantum fluctuations of the antifer-

romagnet. A natural question that we need to address now is whether the resulting

state is unstable to other symmetry-broken phases in the presence of short-range

interactions. We shall address this question by studying the effect of short-range

Coulomb repulsion and AF exchange interaction acting on top of the FL* phase,

described by,

HC = U
∑

i

c†i↑ci↑c
†
i↓ci↓ +

∑

i<j

Vijc
†
iαciαc

†
jβcjβ, (6.19)

HJ =
∑

i<j

Jij
4
σαβ · σγδ c

†
iαciβc

†
jγcjδ. (6.20)
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The notation that we shall use to define the interaction parameters from now on

is as follows: Jij ≡ Ja, Vij ≡ Va, where a(= 1, 2, 3) denotes whether i, j are 1st, 2nd,

or, 3rd nearest neighbors.

Let us now look for the possible charge-ordering instabilities. We will consider

the effect of first, second and third neighbor Coulomb and exchange interactions (i.e.

Vℓ, Jℓ with ℓ = 1, 2, 3). Our generalized order parameter in the particle-hole channel,

PQ(k), at a wavevector Q can be defined as follows:

⟨c†iαcjα⟩ =
∑

Q

[ ∫

k

PQ(k)e
ik·(ri−rj)

]
eiQ·(ri+rj)/2. (6.21)

It is useful to expand PQ(k) in terms of a set of orthonormal basis functions φℓ(k)

as,

PQ(k) =
∑

ℓ

Pℓ(Q)φℓ(k), (6.22)

where we choose a set of 13 orthonormal basis functions, as described in table 6.1.

The basis functions from ℓ = 0, .., 6 preserve time-reversal symmetry, while the ones

from ℓ = 7, .., 12 spontaneously break time-reversal symmetry. The remainder of

our analysis will be carried out using the T-matrix formalism developed in ref.[9] to

determine the structure of the charge-ordering instability.

The first step in this procedure involves expressing the interaction terms in eqn.6.20

as,

HJ +HC =
∑

k,k′,q

12∑

ℓ=0

φℓ(k)φℓ′(k
′)

[
J ℓ

8
σαβ · σγδc

†
k′−q/2,αck−q/2,βc

†
k+q/2,γck′+q/2,δ

+
V ℓ

2
c†k′−q/2,αck−q/2,αc

†
k+q/2,βck′+q/2,β

]
, (6.23)
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ℓ φℓ(k) J ℓ V ℓ ℓ φℓ(k) J ℓ V ℓ

0 1 0 U

1 cos kx − cos ky J1 V1 7 sin kx − sin ky J1 V1

2 cos kx + cos ky J1 V1 8 sin kx + sin ky J1 V1

3 2 sin kx sin ky J2 V2 9 2 cos kx sin ky J2 V2

4 2 cos kx cos ky J2 V2 10 2 sin kx cos ky J2 V2

5 cos 2kx − cos 2ky J3 V3 11 sin 2kx − sin 2ky J3 V3

6 cos 2kx + cos 2ky J3 V3 12 sin 2kx + sin 2ky J3 V3

Table 6.1: Basis functions, φℓ(k), used for determining the symmetry of the charge-
ordering instability.

where J ℓ, V ℓ− represent various interaction parameters, as summarised in table 6.1.

After summing all the ladder diagrams in the particle-hole channel, we obtain (see

fig.6.2),

Tℓm(Q) =

(
3

4
J ℓ + V ℓ

)
δℓm − 2δℓ,0δm,0W (Q)

+
1

2

12∑

n=0

(
3

4
J ℓ + V ℓ

)
Πℓn(Q)Tnm(Q)− δℓ,0

12∑

n=0

W (Q)Π0,n(Q)Tnm(Q),

(6.24)

where,

W (Q) ≡
12∑

ℓ=0

V ℓφℓ(0)φℓ(Q) (6.25)
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= +

+ +

Πln(!)
Πln(!)

Tlm(!) Tnm(!)
Tnm(!)

Figure 6.2: The equation for the T-matrix in the particle-hole channel with total
momentum Q.

arises from the direct interaction, and the polarizabilities are given by,

Πℓm(Q) = 2
∑

k

φℓ(k)φm(k)ΠQ(k), (6.26)

ΠQ(k) =
∑

α,β=±

Zα
k+Q/2Z

β
k−Q/2

f(Eα
k+Q/2)− f(Eβ

k−Q/2)

Eβ
k−Q/2 − Eα

k+Q/2

. (6.27)

In the above, f(...) represents the Fermi-Dirac distribution function.

From eqn.6.24, it is straightforward to see that the charge-ordering instability is

determined by the lowest eigenvalues, λQ, of the matrix Mℓ,ℓ′(Q),

Mℓ,ℓ′(Q) = δℓℓ′ −
1

2

(
3

4
J ℓ + V ℓ

)
Πℓℓ′(Q) + δℓ,0W (Q)Π0ℓ′(Q), (6.28)

and the Pℓ′(Q) are determined by the corresponding right eigenvector.

In the remainder of the paper, we shall investigate the nature of these instabilities

by studying the eigenvalues and eigenvectors corresponding to the matrix M(Q) as

a function of Q.
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6.3 Results

We have analyzed the lowest eigenvalues, λQ, as a function of Q for a variety of

interaction and FL* parameters (see figs. 6.3, 6.4). These results should be contrasted

with the eigenvalues obtained for instabilities of metals with a large Fermi surface,

interacting via short-ranged interactions, as shown in appendix E.1 and earlier works

[196, 9].

Let us now start by exploring the nature of these instabilities in the presence of

purely exchange interactions, i.e. set U = V1 = V2 = V3 = 0. We plot λQ as a function

of Q in fig.6.3 for two different choice of FL* and exchange-interaction parameters,

{J1, J2, J3}. For the FL* state shown in fig.6.3(a), the charge-ordering eigenvalues

are displayed in fig.6.3(b). Note that the global-minimum at Q = (±Q0,±Q0), which

is a robust feature of an instability arising out of a large FS (with t̃0 = t̃1 = λ = 0),

has disappeared (see fig. E.1(a) in appendix E.1; Refs. [196, 9]). Instead, there are

now ridges of instability that extend starting from wavevectors of the type (Q0, 0)

and (0, Q0). Interestingly, the lowest eigenvalue is shifted slightly away from the axis

and corresponds to Q∗ = (±11π/25,±3π/50), (±3π/50,±11π/25). However, the

eigenvalue, λQ∗∗ , for the state on the axis with Q∗∗ = (±11π/25, 0), (0,±11π/25), is

infinitesimally close to the lowest eigenvalue.5 The charge-ordering eigenvectors for

5where the difference, |λQ∗∗ − λQ∗ | ≃ 10−4.
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(b)

(d)

0.78

0.82

0.86

0.91

0.92

0.93

(a)

(c)

Figure 6.3: The spectral function, Ac(k,ω = 0), for bare hopping parameters t1 =
1.0, t2 = −0.32, t3 = 0.128, µ = −1.11856 and FL* parameters: (a) t̃0 = −0.5t1, t̃1 =
0.4t1, λ = 0.6t1, and, (c) t̃0 = −0.5t1, t̃1 = 0.6t1, λ = 0.75t1. The black dashed lines
represent, ϵk = 0, and the red dotted lines represent, ϵk+K = 0. The lowest eigenvalue,
λQ as a function of Q at a temperature T = 0.06 are shown in (b), (d) for the
FL* states in (a), (c) respectively. The wavevectors corresponding to the minimum
eigenvalues are shown as the black arrows. The exchange interaction parameters
are given by (b) J1 = 1.0, J2 = J3 = 0.05, and, (d) J1 = 0.5, J2 = J3 = 0.05.
U = V1 = V2 = V3 = 0 for both cases. We have put in a finite imaginary part
(= 0.1t1) in the Green’s function for visualization purpose.
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these states are given by,

PQ∗(k) = − 0.996[cos kx − cos ky] + 0.079[cos kx + cos ky]

+ 0.017[2 cos kx cos ky]

− 0.027[cos 2kx − cos 2ky]− 0.014[cos 2kx + cos 2ky], (6.29)

PQ∗∗(k) = + 0.996[cos kx − cos ky]− 0.084[cos kx + cos ky]

− 0.017[2 cos kx cos ky]

+ 0.027[cos 2kx − cos 2ky] + 0.014[cos 2kx + cos 2ky], (6.30)

both of which predominantly have a d−wave component (and a tiny s′− component).

While the eigenvalue analysis doesn’t directly tell us how the wavevector of the

leading instability relates to the underlying Fermi surface geometry, it is reasonable to

associate it with points in the Brillouin-zone which have a high joint density of states.

It is then straightforward to see that Q∗∗ connects the tips of the pockets (shown as

the black arrows in fig.6.3a). There is also a secondary ridge of instability, which

corresponds to a set of local but not global minima, extending from approximately

Q ≈ (π/2, π) to Q ≈ (π, π/2). Upon close inspection, we realize that such a ridge

exists even for the large Fermi surface computation (fig.E.1a), though the eigenvalues

there were significantly larger than the one corresponding to the global minimum.

These BDW states contain an admixture of d− and s′− form factors. However, the

states marked in yellow in the vicinity of Q = (π, π) and Q = (π, 0), (0, π) break

time-reversal symmetry and correspond to states that have spontaneous currents.

We can repeat a similar analysis for other FL* and interaction parameters, as

shown in fig.6.3(c), (d). For the FL* state shown in fig.6.3(c), the lowest eigenvalue
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corresponds to Q∗ = (±π/2, 0), (0,±π/2). Though the particular wavevector in

this case corresponds to a period-4 CDW, this is entirely a coincidence; Q∗ happens

to connect the tips of the pockets (shown as black arrows in fig.6.3c). The charge-

ordering eigenvector for this state is given by,

PQ∗(k) = + 0.993[cos kx − cos ky]− 0.095[cos kx + cos ky]

− 0.032[2 cos kx cos ky]

+ 0.050[cos 2kx − cos 2ky] + 0.027[cos 2kx + cos 2ky], (6.31)

which, once again, predominantly has a d−wave component. The secondary ridge of

instability appears here as well, extending from approximately Q ≈ (29π/50, π) to

Q ≈ (π, 29π/50), and contains an admixture of d− and s′− form factors. The states

marked in yellow in the vicinity of Q = (π, π) and Q = (π, 0), (0, π) continue to

break time-reversal symmetry.

The results for both of these cases above are very similar, with one major qual-

itative difference. In the first case, the region around Q = 0 has a local “valley”

of instability, where the state at Q = 0 corresponds to a nematic instability with a

purely d−form factor. This is no longer true for the second case considered here.

Let us now study the problem in the presence of Coulomb repulsion — the re-

sults are displayed in fig.6.4. Interestingly, in this case for the particular choice of

parameters, the leading instability in the particle-hole channel for the FL* state in

fig.6.4(a) corresponds to Q∗ = (±13π/25,±π), (±π,±13π/25). The charge-ordering
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(b)

0.72

0.76

0.80

(a)

Figure 6.4: (a) The spectral function, Ac(k,ω = 0), for bare hopping parameters t1 =
1.0, t2 = −0.32, t3 = 0.128, µ = −1.11856 and FL* parameters: t̃0 = −0.2t1, t̃1 =
−0.1t1, λ = 0.75t1. The black dashed lines represent, ϵk = 0, and the red dotted lines
represent, ϵk+K = 0. The lowest eigenvalue, λQ as a function of Q at a temperature
T = 0.06 is shown in (b). The wavevectors corresponding to the minimum eigenvalue
are shown as the black arrows. The interaction parameters are given by J1 = 1.0, J2 =
0.1, J3 = 0.05, and, U = 0, V1 = 0.05, V2 = V3 = 0.01. We have put in a finite
imaginary part (= 0.1t1) in the Green’s function for visualization purpose.

eigenvector for this state is given by,

PQ∗(k) = − 0.184− 0.694[cos kx − cos ky]− 0.694[cos kx + cos ky]

+ 0.021[2 sin kx sin ky]

− 0.006[cos 2kx − cos 2ky]− 0.033[cos 2kx + cos 2ky]. (6.32)

However, as can be seen from fig.6.4(b), there is a subleading instability to a BDW

with Q∗∗ = (±23π/50, 0), (0,±23π/50), whose eigenvalue, λQ∗∗ , is in fact very close
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to λQ∗ . The corresponding eigenvector is given by,

PQ∗∗(k) = − 0.012− 0.986[cos kx − cos ky] + 0.162[cos kx + cos ky]

+ 0.024[2 cos kx cos ky]

− 0.032[cos 2kx − cos 2ky]− 0.012[cos 2kx + cos 2ky], (6.33)

which, not surprisingly, has a predominantly d−form factor.

The remaining features in the λQ−Q phase diagram remain identical to the earlier

results shown in fig.6.3(b).

We investigate the nature of the instabilities for two more cases in appendix E.2,

when U = 2J1 ≫ V1 and U ∼ J1 ∼ V1. The nature of the leading instabilities in

these two cases is different; in the first case it is a “staggered-flux” state (though away

from (π, π)) that breaks time reversal symmetry, while in the second case it leads to

a conventional charge-density wave at (π, π). However, within the region of small |Q|

of interest to us here, there remains a local instability to a d-form factor density wave

with wavevectors of the form (0, Q0) and (Q0, 0), similar to those found above.

6.4 Discussion

We have argued here that the incommensurate charge density wave state in the

underdoped cuprates acts as a window into the exotic “normal” phase out of which it

emerges. The traditional weak-coupling computations that start with a large Fermi

surface give rise to a density wave instability with diagonal wavevectors of the form

(±Q0,±Q0), which is in disagreement with the experimental observations. A promis-

ing candidate for the normal state of the underdoped cuprates is a U(1)-FL*, where
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the electrons are coupled to the fractionalized excitations of a quantum fluctuating

antiferromagnet. In this paper, we have investigated the charge-ordering instabilities

of such a FL* state, and have identified the leading instability of the FL* state in the

particle-hole channel. In most of the cases considered here, this leads to a d−form

factor bond density wave with wavevectors of the form Q = (±Q0, 0), (0,±Q0),

where Q0 is related to a geometric property of the Fermi surfaces of the FL* state.

Moreover, as a function of increasing doping, as the size of the hole-pockets increase,

the magnitude of the wavevector that nests the tips of the pockets decreases. This

agrees with the trend that has been seen in experiments, where the BDW wavector

is a decreasing function of the increasing hole-doping [31].

While the identification of the correct BDW starting from a more exotic normal

state is an interesting result, there are other implications at low temperatures of

having a parent FL*. The vanilla FL* state has hole pockets with non-zero (but small)

photoemission intensity on the ‘back side’ i.e. outside the first antiferromagnetic

Brillouin zone, and the photoemission observations of Ref. [253] have been argued

to be consistent with this. However, the superconducting state descending from

such a FL* metal has 8 nodal points [162], and no signs of such a feature have been

experimentally detected. But, it should be noted that U(1)-FL* is ultimately unstable

to confinement, because in the absence of fermions carrying the U(1) gauge charge,

monopoles must proliferate at large enough scales. It is expected that this crossover to

confinement will resolve the experimental conflicts of the FL* state. Moreover, with

the presence of an incommensurate BDW, there are no issues with the conventional

Luttinger theorem, and so the crossover to confinement can happen without the need
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for further symmetry breaking.

Finally, we note implications for experiments on the cuprates in high magnetic

fields. In the light of the above results, it would be interesting to investigate how the

BDW derived from an FL* evolves as a function of magnetic field, and in particu-

lar, determine its relation to the observed quantum oscillations at intermediate and

high fields [65, 131, 229, 81, 207, 25, 206, 64]. Computations starting from a large

Fermi surface in the presence of long-range charge order show a nodal electron-pocket

[81, 207, 206, 64, 11] and the more recently discovered hole-pockets [64, 11]; it is not

implausible that similar results will also be obtained starting from U(1)-FL*, espe-

cially after the crossover to confinement has been accounted for. Moreover, in the

FL* framework the full large Fermi surface is never recovered, because even in the

absence of charge order the spin liquid suppresses much of the Fermi surface: this

may be a way of reconciling with thermodynamic measurements of the specific-heat

[190] and the spin-susceptibility [116].
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Quantum phase transitions in

metals without broken symmetries

“There are more things in heaven and earth, Horatio, Than are dreamt of in your

philosophy.” - William Shakespeare, Hamlet

7.1 Introduction

Several recent experiments [92, 76, 88, 187] have provided strong evidence for a

dramatic change in the nature of the low temperature electronic state of the hole-

doped cuprate superconductors near optimal doping (x = xc). Moreover, zero field

photoemission experiments carried out in the normal state have seen evidence for a

‘large’ Fermi-surface for x > xc, consistent with the overall Luttinger count [181, 178],

and disconnected Fermi ‘arcs’ near the nodal regions for x < xc [110]. At high fields,

quantum oscillations also reveal a ‘large’ Fermi-surface for x > xc [236], but a closed
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electron-like Fermi-surface with an area that constitutes a tiny fraction of the entire

Brillouin-zone for x < xc [65]. It is therefore quite natural to associate the tran-

sition with decreasing x at x = xc with the loss of a ‘large’ Fermi-surface and the

simultaneous opening of a pseudogap. There has also been significant experimen-

tal progress [248, 78, 5, 39, 249, 228, 52, 77] in understanding the structure of the

density-wave ordering at lower doping in the non-La-based superconductors, which is

likely responsible for the reconstructed electron-like Fermi-surface seen in quantum

oscillation experiments [207, 11].

In this chapter we will use these advances to motivate and develop a previously

proposed model [197] for the physics of the strange metal near optimal doping. We

argue that the rich phenomenology observed in the underdoped cuprates is primarily

driven by a transition between metals with large and small Fermi surfaces which does

not directly involve any broken global symmetry. All states with broken symmetry1

observed at low temperatures and low doping are not part of the critical field theory

[214, 22], but are either derived as low energy instabilities, or, perhaps driven by the

confinement transition out of the parent small Fermi surface phase. This diminished

role for broken symmetries is consistent with absence of any observed order with a

significant correlation length at higher temperatures. We will also construct a global

phase diagram to describe the many phases and crossovers around the strange metal.

A quantum phase transition which does not involve broken symmetries is neces-

sarily associated with a topological change in the character of the ground state wave-

function. Emergent gauge fields are a powerful method of describing this topological

1We shall ignore the subtleties associated with the presence of quenched disorder, except when
it acts as a source of momentum decay for DC transport, as discussed later.
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structure, and they remain applicable also to the gapless metallic phases of interest

to us here. Given the fundamental connection between emergent gauge fields and the

size of the Fermi surface, which was established in Ref. [215, 175] using Oshikawa’s

method [173], we are naturally led to a quantum phase transition in which there is

a change in the structure of the deconfined gauge excitations. Indeed, this describes

a Higgs transition in a metal, such as that discussed in Ref. [197]. This argument is

a general motivation for Higgs criticality near optimal doping in the cuprates, which

applies beyond the specific model considered here.

We emphasize that we are using the traditional particle-physics terminology in

which a “Higgs transition” describes the breaking of a local gauge ‘symmetry’. We

are not referring to the longitudinal mode of a broken global symmetry, which has

also been labeled “Higgs” in condensed matter contexts [179].

The primary new motivation for the model of Ref. [197] arises from our recent

work [44] analyzing the d-form factor density waves observed in scanning tunnelling

microscopy [77] and X-ray experiments [52]. In this work [44], we argued that such

density waves arise most naturally as an instability of a metallic higher temperature

pseudogap state with small Fermi surfaces described as a [213] ‘fractionalized Fermi

liquid’ (FL*); other works with related ideas on the pseudogap are Refs. [19, 245,

254, 71, 148, 258]. Specifically, we used a theory of the FL* involving a background

U(1) spin liquid with bosonic spinons [113, 115, 184, 183]: it is therefore convenient

to dub this metallic state for the pseudogap as2 a U(1)-FL*. These results are also

easily extended to a Z2 spin liquid, and we will consider this case in Appendix F.1.

2However the Fermi surface excitations in this FL* phase carry the same quantum numbers as
the electron, and do not couple minimally to the emergent (deconfined) gauge-fields.
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The presence of a small Fermi surface without symmetry breaking requires topo-

logical order and emergent gauge fields [215], and so also a Higgs transition to the

large Fermi surfaces at larger doping: here we provide a natural embedding of a FL*

theory into such a transition, and we expect similar approaches are possible for other

possible topological orders in the underdoped regime.

We now consider the evolution of the U(1)-FL*, and its small pocket Fermi sur-

faces, to the ‘large’ Fermi surface Fermi liquid state at large doping. There is an

existing conventional theory of the transformation from small to large Fermi surfaces

driven by the disappearance of antiferromagnetic order. This is a transition between

two Fermi liquids, and the vicinity of the transition is described by the Hertz-Millis

theory [93, 156] and its field-theoretic extensions [1, 154, 133, 227], as shown in

Fig. 7.1.

Here, we describe a detour from this direct route [197] in which two new non-

Fermi liquid phases appear between the conventional phases of Hertz-Millis theory.

The detour is described by a SU(2) gauge theory, and the transition from small to

large Fermi surfaces is now a Higgs transition without any local order parameter, in

which the emergent gauge structure describing the topological order in the ground

state changes from U(1) to SU(2). The Higgs field of this transition is a measure of

the local antiferromagnetic correlations in a rotating reference frame to be introduced

below in Eq. (7.1).

Note that the Higgs transition in Fig. 7.1 is between metallic states which we

denote as ‘algebraic charge liquids’ (ACL). The small and large Fermi surfaces in the

ACLs are those of spinless fermions which carry the electromagnetic charge of the
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s

1/g(A)AFM order with 
small Fermi pockets 
of electrons

(B) Fermi liquid with 
large Fermi surface 
of electronsIncreasing SDW order

(C) U(1) ACL with 
small holon pockets

(D) SU(2) ACL with 
large Fermi surface 
of spinless fermions

Conventional
Fermi liquids

Hertz-Millis
criticality

of AFM order

M

Non-Fermi
liquids

Higgs
criticality

with no order
parameter

Figure 7.1: Sketch of the metallic phases of our theory. Only phase A has a broken
global symmetry, associated with the presence of long-range antiferromagnetic (AFM)
order. The conventional Fermi liquid phases at the top have a transition from small
to large Fermi surfaces accompanied by the loss of AFM order. The dashed arrow
represents a direct route between these phases, which could be a description of the
electron-doped cuprates. The full arrow around the point M is our proposed route
with increasing doping in the hole-doped cuprates. The U(1)-FL* descends from the
U(1) ACL, as shown in Fig. 7.2. Note that the U(1)-FL* has a ‘small’ Fermi surface
of electrons due to the presence of topological order, while phase A above has a ‘small’
Fermi surface of electrons because of translational symmetry breaking.

electron. For the U(1) ACL, a bound state forms between the spinless fermions and a

spin S = 1/2 boson [113, 115, 184, 183], leading to small Fermi surfaces of fermionic

quasiparticles carrying the same quantum numbers as the electron in the U(1)-FL*:

so photoemission will detect a small Fermi surface of electrons in the U(1)-FL*. We

anticipate that similar effects are also present in the SU(2) ACL metal: there is a

large density of states of thermally excited S = 1/2 bosons at low energy, so that
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the photoemission spectral function reflects the large Fermi surface of the spinless

fermions.

We also note that although the Higgs field plays a central role in our phase dia-

gram, its direct experimental detection will be difficult. It is overdamped via its cou-

pling to the Fermi surfaces, and gauge invariance prohibits any experimental probe

from coupling linearly to it. Nevertheless, we will see below that it has significant

experimental consequences via its strong effect on the fermionic spectrum.

We will present details of this theory starting from a microscopic model in Sec-

tion 7.2.3, but first, in Section 7.2, we shall describe some key aspects using our

proposed phase diagram in Fig. 7.2.

The outline for the rest of our chapter is as follows. In section 7.2, we begin with

a simplified picture of the critical point. In sections 7.2.1 and 7.2.2, we introduce key

elements of the field theory for the Higgs critical point and describe how the Higgs

field affects dc transport. In section 7.2.3, we arrive at the gauge-theoretic description

starting from the theory of a metal with fluctuating antiferromagnetism and discuss

the mean-field phase diagram as a function of the relevant tuning parameters. In

Section 7.3.2, we describe the properties of the QCP using a low-energy description

of the Fermi-surface coupled to a gauge-field and the critical fluctuations of the Higgs’

field. Finally in Section 7.4, we discuss the relation of our proposed phase-diagram

to the actual phase-diagram in the hole-doped cuprates. Appendix F.1 contains

the extension to spiral order and Z2 gauge theory, while technical details are in

Appendix F.2.
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T **

FL* FL

T *

SU(2) ACL

AF

T

U(1) ACL

x
d-BDW

Higgs QCP

SC

Figure 7.2: Our proposed phase diagram for the hole-doped cuprates, building on
a theory for Higgs criticality for the optimal doping QCP. The green and red lines
correspond to those in Fig. 7.1. The algebraic charge liquids (ACLs) have Fermi
surfaces of spinless ψ fermions which carry the electromagnetic charge: in the SU(2)
ACL the Fermi surface is ‘large’ and is coupled to an emergent SU(2) gauge field,
while in the U(1) ACL the Fermi surface is ‘small’ and coupled to an emergent U(1)
gauge field. The fractionalized Fermi liquid (FL*) descends from the U(1) ACL by
the binding of ψ fermions to neutral spinons. The d-BDW is the d-form factor bond
density wave, the SC is the d-wave superconductor, and the FL is the large Fermi
surface Fermi liquid. We are not concerned here with the physics of the extremely
underdoped region. Also, we expect that the crossovers within the superconducting
phase will exhibit a ‘back-bending’ [161, 238, 88] which is not shown above, and which
we do not discuss further here. The dashed lines at T ∗ and T ∗∗ are crossovers, while
the Higgs QCP at T = 0 is a sharp phase transition.

7.2 Model

Let us begin with a simplified picture of the optimal doping strange metal with a

large Fermi surface. We consider a model of electrons ciα on the sites i of a square

lattice, with α =↑, ↓ a SU(2) spin index. We transform the electrons to a rotating
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reference frame3 using a SU(2) rotation Ri and (spinless-)fermions ψi,p with p = ±,

⎛

⎜⎝
ci↑

ci↓

⎞

⎟⎠ = Ri

⎛

⎜⎝
ψi,+

ψi,−

⎞

⎟⎠ , (7.1)

where R†
iRi = RiR

†
i = 1. Note that this representation immediately introduces a

SU(2) gauge invariance (distinct from the global SU(2) spin rotation)

⎛

⎜⎝
ψi,+

ψi,−

⎞

⎟⎠ → Ui

⎛

⎜⎝
ψi,+

ψi,−

⎞

⎟⎠ , Ri → RiU
†
i , (7.2)

under which the original electronic operators remain invariant, ciα → ciα; here Ui is a

SU(2) gauge-transformation acting on the p = ± index. So the ψp fermions are SU(2)

gauge fundamentals, they carry the physical electromagnetic global U(1) charge, but

they do not carry the SU(2) spin of the electron. The density of the ψp is the same

as that of the electrons. Such a rotating reference frame perspective was used in the

early work by Shraiman and Siggia on lightly-doped antiferromagnets [221, 222], and

the importance of its gauge structure was clarified in Ref. [197].

The strange metal is obtained by forming a large Fermi surface state of the ψp

fermions, while Ri fluctuate isotropically over all SU(2) rotations with a moderate

correlation length. This description suggests a simple trial wavefunction for this

strange metal. Begin with a large Fermi surface (LFS) state of free ψp fermions:

∏

k inside LFS, p=±

ψ†
p(k) |0⟩ . (7.3)

Expand this out in position space, insert the inverse of Eq. (7.1) to write the wave-

function in terms of R and the physical electrons cα, and finally average over R, to

3This allows us to describe phases without long-range antiferromagnetic order.
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obtain
∫ ∏

i

dRi W [{Rj}]
∏

k inside LFS, p=±

[
∑

i

eik·riRiαp c
†
iα

]
|0⟩ , (7.4)

where W is a variational weight-function of the Ri, invariant under global spin ro-

tations. For W = 1, we have a zero correlation length for Ri, and we obtain a

wavefunction for the cα involving only empty and doubly-occupied sites. With non-

trivial W , the correlation length of R increases, we also build in spin singlet pairs

of cα electrons on nearby sites. Comparing to the Gutzwiller-projected trial states

commonly used for the underdoped cuprates [17], this wavefunction includes the pos-

sibility of doubly-occupied sites and assigns different complex weights to the off-site

singlet pairs.

For a more precise and complete description of the strange metal, which accounts

for the gauge structure in Eq. (7.1), we must turn to a quantum effective action for the

ψp which necessarily includes an emergent SU(2) gauge field. In the terminology of

Ref. [115], such a theory of spinless, gapless fermions coupled to an emergent gauge

field is an ‘algebraic charge liquid’ (ACL), and hence we have labeled the strange

metal as SU(2) ACL in Fig. 7.2. This name implies that the SU(2) gauge symmetry

is unbroken (i.e. not ‘Higgsed’), and in such a situation the ψp fermions have a large

Fermi surface with a shape similar to that of the electron Fermi surface in Fermi

liquid state at large doping.

Now let us consider the transition to the U(1) ACL in Fig. 7.2. This is described

by the condensation of a real Higgs field Ha, where a = 1, 2, 3 indicates that the Higgs

field transforms as a SU(2) adjoint. As we will see below in Eq. (7.15), this Higgs

field is a measure of the local antiferromagnetic order in the rotating reference frame
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defined by R (see also Ref. [145] for an illuminating analogy). The condensation

of the Higgs breaks the gauge symmetry from SU(2) to U(1) and reconstructs the

ψp Fermi surface from large to small. It is this Higgs transition which describes the

optimal doping QCP in Fig. 7.2, and analyzing its structure is the main purpose of the

present paper. In the case where Ha is complex, the Higgs phase can break the gauge

symmetry down to Z2, and we consider this case in Appendix F.1. The Shraiman-

Siggia analyses [221, 222] of doped antiferromagnets were effectively within such a

Higgs-condensed regime, and this obscured the gauge structure of their formulation

[197].

Let us also note from Fig. 7.2 that the U(1) ACL is the parent of the U(1)-FL*.

This was discussed in Refs. [115, 113], and will be reviewed below: the U(1)-FL* arises

by the formation of bound states between the spinons, R, and ψ fermions around the

small Fermi surface. We expect that a similar phenomenon also happens at low T in

the SU(2) ACL at lower temperatures, so that the photoemission largely reflects the

structure of the large Fermi surface of the SU(2) ACL.

The phase diagram in Fig. 7.2 is meant to be schematic; determining the exact

nature of the various crossover and phase-transition lines is beyond the scope of this

work. The Higgs transition is present only at T = 0, and there is only a crossover at

T > 0 (shown as the dashed green line in Fig. 7.2).

7.2.1 Field theory

We now specify the imaginary time Lagrangian of the optimal doping QCP in

Fig. 7.2, and its vicinity. For now, the Lagrangian will not include the R bosons:
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we assume that R fluctuations are short-ranged, but the associated spin-gap in the

SU(2) ACL phase of Fig. 7.2 is small because of proximity to the multi-critical point

M in Fig. 7.1; we will include the R contributions in Section 7.2.3. Then we have

LQCP = Lψ + LH + LY . (7.5)

The first term describes a large Fermi surface of ψ fermions minimally coupled to

a SU(2) gauge field Aa
µ = (Aa

τ ,A
a):

Lψ =
∑

i

ψ†
i,p[(∂τ − µ)δpp′ + iAa

τσ
a
pp′ ]ψi,p′ +

∑

i,j

tijψ
†
i,p

[
eiσ

aAa·(ri−rj)

]

pp′
ψj,p′ , (7.6)

where tij are the fermion hopping parameters, ri are the spatial co-ordinates of the

sites, µ is the chemical potential, and σa are Pauli matrices acting on the SU(2) gauge

indices.

The Higgs Lagrangian is denoted LH , and it has a form familiar from its particle-

physics incarnations,

LH =
1

2
(∂τH

a−2iϵabcA
b
τH

c)2+
ṽ2

2
(∇Ha−2iϵabcA

bHc)2+
s

2
(Ha)2+

u

24
[(Ha)2]2. (7.7)

The Higgs potential is determined by the parameters s and u, and transition across

the QCP is controlled by the variation in s. As usual, for negative s, the Higgs field

condenses, and this breaks the gauge symmetry from SU(2) to U(1); and for positive

s, the Higgs field is gapped, and then the SU(2) gauge symmetry remains unbroken.

Finally, we have the Yukawa coupling in LY . As in particle-physics, this is a

trilinear coupling between the Higgs field and the fermions, but now it has a different

spatial structure:

LY = −λHa
i e

iK·ri ψ†
i,pσ

a
pp′ψi,p′ , (7.8)
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where K = (π, π) is the antiferromagnetic wavevector. This spatial structure indi-

cates that Ha transforms non-trivially under lattice translations:

Ha → HaeiK·a under translation by a; (7.9)

note that this is permitted because eiK·a = ±1 is real for all spacings a. The trans-

formation in Eq. (7.9) arises from the role of the Higgs field as a measure of the

antiferromagnetic correlations in a rotating reference frame. In the presence of the

Higgs condensate, this Yukawa coupling reconstructs the ψ Fermi surface from large

to small, and the eiK·ri factor is crucial in the structure of this reconstruction. While

in the particle physics context the Higgs condensate gives the fermions a mass gap,

here the fermions acquire a gap only on certain portions of the large Fermi surface,

and a small Fermi surface of gapless fermions remains.

We note that the effective gauge theory will also acquire a Yang-Mills term for the

SU(2) gauge field Aa when high energy degrees of freedom are integrated out. As is

well known in theories of emergent gauge fields, such a term helps stabilize deconfined

phases of the type considered here. We do not write this term out explicitly here,

but will include its contributions in Section 7.3.2, and specifically in the LA term in

Eq. (7.21).

7.2.2 DC transport

The body of our paper will describe a field theoretic analysis of the non-Fermi

liquid properties of LQCP. This combines recent progress in the theories of Fermi

surfaces coupled to order parameters [1, 154, 133, 227] and gauge fields [136, 153, 166].

Here we mention one notable result on the electrical resistivity in the quantum-critical
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region of the Higgs transition. As in recent work [84, 177] on other quantum critical

points of metals, we consider the situation in which there is a strong momentum

bottleneck i.e. there is rapid exchange of momentum between the fermionic and

bosonic degrees of freedom, and the resistivity is determined by the rate of loss of

momentum. In particular, it is possible for the resistivity to be dominated by the

scattering of neutral bosonic degrees of freedom, rather than that of charged fermionic

excitations near the Fermi surface. In our model, we argue that an important source

for momentum decay is the coupling of the Higgs field to disorder

Ldis = V (r) [Ha(r)]2 , (7.10)

where V (r) is quenched Gaussian random variable with

⟨⟨V (r)⟩⟩ = 0 ; ⟨⟨V (r)V (r′)⟩⟩ = V 2
0 δ

2(r − r′), (7.11)

where the double angular brackets indicate an average over quenched disorder. Com-

paring with Eq. (7.7), we see that V (r) can be viewed as a random local variation in

the value of s, the tuning parameter which determines the position of the QCP. We

will show that the analysis of the contribution of Ldis to the resistivity closely parallels

the computation in Ref. [177] for the spin-density-wave quantum critical point. And

as in Ref. [177], we find a resistivity for weak disorder which is proportional to V 2
0 ,

ρ(T ) ∼ V 2
0 T 2(∆+1−z)/z, (7.12)

where ∆ = d + z − ν−1 is the scaling dimension of the (Ha)2 operator, ν is the

correlation length exponent and z is the dynamical exponent. As we will see in

Section 7.3.2, this predicts a linear-in-T resistivity for the leading order values of the

exponents.
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7.2.3 SU(2) gauge theory of antiferromagnetic metals

We summarize the derivation in Ref. [197] of the SU(2) gauge theory, starting

from a model of electrons on the square lattice coupled to the fluctuations of collinear

antiferromagnetism at the wavevector K = (π, π). The case of collinear antiferro-

magnetism at other wavevectors was also considered in Ref. [197], and we treat spiral

antiferromagnets at incommensurate wavevectors in Appendix F.1.

We begin with a model of electrons coupled to the quantum fluctuations of anti-

ferromagnetism represented by the unit vector niℓ, with ℓ = x, y, z and
∑

ℓ n
2
iℓ = 1.

The Lagrangian is given by

L = Lf + Ln + Lfn,

Lf =
∑

i

c†iα[(∂τ − µ)δij − tij]cjα,

Ln =
1

2g

[
(∂τnℓ)

2 + v2(∇nℓ)
2

]
,

Lfn = −λ
∑

i

eiK·ri niℓ · c†iασℓ
αβciβ. (7.13)

In the above g measures the strength of quantum fluctuations associated with the

orientation of nℓ, λ is an O(1) spin-fermion coupling and v is a characteristic spin-

wave velocity.

Now we insert the parametrization in Eq. (7.1) into Eq. (7.13) and proceed to

derive an effective theory for ψp and R. The formulation of the latter theory is aided

by the introduction of a SU(2) gauge connection Aa
µ = (Aa

τ ,A
a). As is familiar in

many discussions of emergent gauge fields in correlated electron systems, this gauge

field arises after decoupling hopping terms via an auxiliary field; here we skip these

intermediate steps, and simply write down appropriate hopping terms for the ψp and
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R which are made gauge-invariant by suitable insertions of the gauge connection.

With the parameterization in Eq. (7.1) we notice that the coupling Lfn in Eq. (7.13)

maps precisely onto the Yukawa coupling in Eq. (7.8) with

Ha
i σ

a
pp′ = niℓR

∗
iαpσ

ℓ
αβRiβp′ , (7.14)

and so we define the Higgs field Ha
i by

Ha
i ≡ 1

2
niℓ Tr[σ

ℓRiσ
aR†

i ]. (7.15)

This identifies Ha as the antiferromagnetic order in the rotating reference frame

defined by Eq. (7.1). An important property of this definition is that the field Ha

is invariant under a global SU(2) spin rotation V , which rotates the direction of the

physical electron spin and of the antiferromagnetic order,
⎛

⎜⎝
ci↑

ci↓

⎞

⎟⎠ → V

⎛

⎜⎝
ci↑

ci↓

⎞

⎟⎠ , Ri → V Ri. (7.16)

Note that the SU(2) spin rotation is a left multiplication of R above, while the

SU(2) gauge transformation in Eq. (7.2) is a right multiplication of R. With these

properties, Eq. (7.15) implies that Ha transforms as a vector under the SU(2) gauge

transformation in Eq. (7.2).

We have now assembled all the steps taken after substituting Eq. (7.1) into

Eq. (7.13). The Lagrangian of the resulting gauge theory is then obtained as

LSU(2) = LQCP + LR, (7.17)

where LQCP was described below Eq. (7.5) in Section 7.2.1, and LR is the Lagrangian

for R. The structure of the latter is determined by the transformations of R in
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SU(2)gauge SU(2)spin U(1)e.m.charge

c 1 2 1

n 1 3 0

ψ 2 1 1

H 3 1 0

R 2 2 0

Table 7.1: Summary of the transformations of the fields under the various gauge-
transformations. SU(2) representations of spin S are labelled by their dimension of
2S + 1. The U(1) column contains the charge under the U(1) gauge field.

Eqs. (7.2) and Eq. (7.16). So we have

LR =
1

2g
Tr

[
(∂τR−iAa

τRσa)(∂τR
†+iAa

τσ
aR†)+v2(∇R−iAaRσa)(∇R†+iAaσaR†)

]
.

(7.18)

This completes our derivation of the SU(2) gauge theory.

It is useful here to collect the transformations of the fields under the SU(2) gauge

transformation, the global SU(2) spin rotation, and electromagnetic U(1) charge, as

summarized in table 7.1.

Finally, we can make contact with other approaches by expressing R as

Ri =

⎛

⎜⎝
zi↑ −z∗i↓

zi↓ z∗i↑

⎞

⎟⎠ , (7.19)

with |zi↑|2 + |zi↓|2 = 1, but this parameterization will not be useful to us. Consider

the situation in the Higgs phase, where the field Ha is condensed. Then we are free to

choose a gauge in which the Higgs condensate is Ha = (0, 0, 1). In such a condensate,
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after inverting the relation in Eq. (7.15) we find

niℓ =
1

2
Ha

i Tr[σℓRiσ
aR†

i ]

= z∗iασ
ℓ
αβziβ for Ha = (0, 0, 1). (7.20)

The last relationship is the familiar connection between the O(3) and CP1 variables,

but note that it holds here only within the phase where the Higgs field is condensed

i.e. in the U(1) ACL.

7.3 Results

Let us now first describe the mean field phase diagram of the above theory in

section 7.3.1. This will be followed by a discussion of the low-energy field theory for

the Higgs transition in section 7.3.2.

7.3.1 Mean field phase diagram

We now describe the phases of LSU(2) obtained in a simple mean field theory [197]

in which we allow condensates of the bosonic field R and Ha. These phases are

obtained by varying the tuning parameters s and g,and were shown in Fig. 7.1; in

Fig. 7.3, we label the phases by their condensates. The phases are:

• The Higgs phase, labelled as (A) in Fig. 7.3, where both SU(2)spin and SU(2)gauge

are broken, leading to ⟨R⟩ ̸= 0, ⟨Ha⟩ ̸= 0. The gauge-excitations, (Aτ ,A),

are gapped here. This phase describes the AFM-metal where the large Fermi-

surface gets reconstructed into hole (and electron) pockets due to condensation

of Ha ∼ n, the Néel order parameter.
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s

1/g
(A) AFM order with 
small Fermi pockets

(B) Fermi liquid with 
large Fermi surface

(C) U(1) ACL with 
small holon pockets

(D) SU(2) ACL with 
large Fermi surface

M

⟨R⟩ = 0, ⟨Ha⟩ = 0

⟨R⟩ ≠ 0, ⟨Ha⟩ = 0⟨R⟩ ≠ 0, ⟨Ha⟩ ≠ 0

⟨R⟩ = 0, ⟨Ha⟩ ≠ 0

Figure 7.3: The phase diagram for the theory in Eq. (7.17) as a function of s and
1/g (also shown in Fig. 7.1). The color-coding of the phases corresponds to that in
Fig. 7.2. The multicritical point, M, corresponds to g = gc and s = 0. This paper is
concerned with the critical properties associated with the transition (C)↔(D).

• The SU(2) confining phase, labelled as (B) in Fig. 7.3. Note that the SU(2)spin

here remains unbroken. We have ⟨R⟩ ≠ 0, ⟨Ha⟩ = 0, which is necessary to

preserve spin-rotation invariance since n = 0 from Eq. (7.15). This is the usual

Fermi liquid phase, with a large Fermi-surface.

• The Higgs phase, labelled as (C) in Fig. 7.3, where the SU(2)gauge is broken,

but the SU(2)spin remains unbroken, leading to ⟨R⟩ = 0, ⟨Ha⟩ ≠ 0. By re-

calling the physical interpretation of the fields, this amounts to a locally well

developed amplitude of the AFM, without any long-range orientational order.

We can choose Ha ∼ (0, 0, 1) by carrying out a gauge-transformation, which

immediately implies that a U(1) subgroup of the SU(2)gauge remains unbroken,

so that the Az photon remains gapless. Thus this phase describes a U(1) alge-

braic charge liquid, or, the holon-metal [115]. However, due to the locally well

developed AFM order, the Fermi-surface is reconstructed into ψp holon pockets
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that are minimally coupled to a U(1) gauge-field.

As a function of temperature, there could be a continuous crossover from a U(1)

ACL to a U(1) FL∗ (or a “holon-hole” metal), where some of the holons (ψ±)

start forming bound states with the gapped spinons (zα) [115].

• The final phase (D) in Fig. 7.3 has the full symmetry, with none of the fields

condensed: ⟨R⟩ = ⟨Ha⟩ = 0. Instead of the above U(1) ACL, where only Az

was gapless, in this phase there are a triplet of gapless SU(2) photons coupled to

a large Fermi-surface. This phase can be described as a SU(2) algebraic charge

liquid. Formally, this phase a spin gap, but we assume that T is greater than

the gap in the metallic regions of Fig. 7.2 because of proximity to the point M

in Fig. 7.1. At low enough T , this phase is unstable to superconductivity [152].

We should emphasize that the above mean-field analysis has been rudimentary; e.g.

we cannot rule out the possibility that higher order couplings could induce first-order

transitions, that could even eliminate an intermediate phase.

The next section shall present the theory for the interplay between the fluctuations

of the gauge and Higgs’ fields, within a low-energy field-theoretic formulation.

7.3.2 Low-energy field theory

We are interested in studying the properties of the QCP between the SU(2) ACL

and the U(1) ACL. At the QCP, s = 0, the entire Fermi-surface is coupled to the

transverse fluctuations of a SU(2) gauge field. There have been studies in the particle

physics literature of Fermi surfaces coupled to non-Abelian gauge fields [202, 203];

however these have been restricted to spatial dimension d = 3, where a RPA analysis
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gives almost the complete answer. In spatial dimension d = 2 of interest to us here,

we shall follow the approach taken for Abelian gauge theories [136, 153, 166] which

uses a patch decomposition of the Fermi surface. The same approach transfers easily

to the non-Abelian case; indeed because of the Landau damping of the gauge bosons,

there is little difference between the Abelian and non-Abelian cases [197, 202, 203],

as will also be clear from our analysis in Section 7.3.2.

Apart from their coupling to a SU(2) gauge field, the fermionic ψp particles are

also coupled to a quantum critical Higgs field. This coupling is strongest at 8 ‘hot

spots’ around the Fermi surface, and in Section 7.3.2 we shall be able to use the

methods developed from the case of a spin-density-wave transition of Fermi liquids

[1, 154, 133, 227]

Some of the details of the computations appear in Appendix F.2.

Fermi-surface coupled to gauge-field

Here we describe the low energy theory of the SU(2) ACL, away from the Higgs

condensation at the QCP. We need only consider a SU(2) gauge field coupled to

the large Fermi surface of the ψp fermions. As in the U(1) case [136, 153, 166], we

can make a patch decomposition of the Fermi surface, and treat antipodal pairs of

patches separately. For a single pair of antipodal patches, we have the fermions ψ±p

(see Fig. 7.4), with ± the patch index, and p the usual SU(2) gauge index. This is

coupled to the transverse components of the SU(2) gauge field, Aa.
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m=1

m=2m=3

m=4

y

x

y

x

ψ+

ψ−

Figure 7.4: The shaded grey regions represent the occupied states. The transverse
gauge-field fluctuations couple strongly to the flavor current arising from the ψ±
patches and destroy the Landau quasiparticles all around the Fermi-surface. Across
the Higgs transition, the fluctuations of the Ha field couple most strongly to the
four-pairs (m = 1, .., 4) of “hot-spots”, shown as the filled circles.

L = Lf + LA + Lint,

Lf = ψ†
+p(∂τ − i∂x − ∂2

y)ψ+p + ψ†
−p(∂τ + i∂x − ∂2

y)ψ−p,

LA =
1

2e2
(∂yA

a
x)

2,

Lint = Aa
x(ψ

†
+p σ

a
pp′ ψ+p′ − ψ†

−p σ
a
pp′ ψ−p′) (7.21)

Let us review the one-loop renormalization of the gauge and fermionic matter

fields. We start by looking at the self-energy of the gauge-field due to the particle-

hole bubble (Fig. 7.5a). We have,

ΠA
0 (q) = 2

∑

s

∫
dℓτd2ℓ

(2π)3
G0

s(ℓ) G
0
s(ℓ+ q), (7.22)
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where ℓ = (ℓτ , ℓ) and the bare fermionic propagator is given by,

G0
s(ℓ) =

1

−iℓτ + sℓx + ℓ2y
. (7.23)

The final result is of the form4,

ΠA
0 (q) = cb

|qτ |
|qy|

, where cb =
1

2π
. (7.24)

The computations are summarized in Appendix F.2.1.

Figure 7.5: One loop contributions to the (a) gauge-field, and, (b) Fermion self-
energies. Curly lines represent the A propagators, D(ℓ), while solid lines represent
the ψ propagators, G(ℓ).

Computing the fermionic self-energy due to the bosonic-propagator dressed with

the RPA level polarization bubble (Fig. 7.5b) leads to,

Σs,pp′(k) = −σa
pασ

a
αp′

∫
dℓτd2ℓ

(2π)3
D(ℓ) G0

s(k − ℓ), (7.25)

= −3 δpp′
∫

dℓτd2ℓ

(2π)3
D(ℓ) G0

s(k − ℓ), (7.26)

where D(ℓ) is the gauge-field propagator,

D−1(ℓ) =

(
cb
|ℓτ |
|ℓy|

+
1

e2
ℓ2y

)
. (7.27)

4We note that since the fermions are strictly in two-dimensions, the non-universal factor of Λ,
the UV cutoff, drops out. The factor that appears in general is of the form Λd−2, where d is the
number of space-dimensions.
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We then obtain,

Σs(k) = −3i

2

∫
dℓτdℓy
(2π)2

sgn(kτ − ℓτ )

cb|ℓτ |/|ℓy|+ ℓ2y/e
2
, (7.28)

Σs(k) = −icf sgn(kτ )|kτ |2/3, where cf = 2
√
3

(
e2

4π

)2/3

. (7.29)

This self-energy contribution is more singular than the bare ∂τ term. Therefore, upon

including the RPA contribution into the fermionic propagator, we have,

Gs(ℓ) =
1

−icfsgn(ℓτ ) |ℓτ |2/3 + sℓx + ℓ2y
, (7.30)

which is the well known result for the quasiparticles being damped all along the

Fermi-surface.

Higgs criticality at the QCP

Now we consider the QCP at which the Higgs boson condensed from the non-Fermi

liquid SU(2) ACL state described in the previous subsection. Across this Higgs transi-

tion from the SU(2) ACL to the U(1) ACL, the Fermi-surface gets reconstructed—this

is controlled by the real Higgs field, Ha, which carries lattice momentum, K = (π, π).

By the same arguments used for the onset of spin-density-wave order in a Fermi liquid

[1, 154, 133, 227], the low energy physics of the QCP is dominated by the vicinity of

the hot-spots: these are points on the Fermi surface which are connected by K (see

Fig. 7.4). The computation for the present non-Fermi liquid Fermi surface proceeds

just as for the Fermi liquid case, by linearizing the bare dispersion for the fermions
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around the hot spots:

L = Lhs + LH + LfH , (7.31)

Lhs = ψ†m
1p (∂τ − ivm

1 ·∇)ψm
1p + ψ†m

2p (∂τ − ivm
2 ·∇)ψm

2p, (7.32)

LfH =
1√
Nf

Ha · (ψ†m
1p σ

a
pp′ψ

m
2p′ + ψ†m

2p σ
a
pp′ψ

m
1p′), (7.33)

where LH already appeared in Eq. (7.7); m is the hot-spot pair index (Fig. 7.4).

Figure 7.6: One loop contributions to the (a) Higgs-field, and, (b) Fermion self-
energies. The dashed lines represent the Higgs’ field propagator, χ.

Let us first look at the one-loop self energy of the Ha field (Fig. 7.6a). This is

given by,

ΠH(q) = 2
∑

m

∫
dℓτd2ℓ

(2π)3

[
Gm

1 (ℓ+ q)Gm
2 (ℓ) +Gm

2 (ℓ+ q)Gm
1 (ℓ)

]
, (7.34)

where we now use the non-Fermi liquid fermion Green’s function renormalized by the

gauge field fluctuations, as discussed in earlier:

Gm
α (ℓ) =

1

−icfsgn(ℓτ )|ℓτ |2/3 − vα · ℓ . (7.35)

Note the z = 3/2 scaling of the fermion self energy, which allows us to drop the bare

frequency dependence from above (∼ ∂τ ).
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Upon including contributions from all pairs of hot-spots, we obtain (see Appendix

F.2.2),

ΠH(q) = ΠH(q = 0) + γ|qτ |, where γ =
n

2πvxvy
, (7.36)

where n = 4 is the number of pairs of hot spots. Note that the cf dependence

has completely dropped out and the above result is precisely the expression that we

would have obtained if we had started with the bare fermion Green’s functions (or,

any anomalous power ∼ |ℓτ |β). This result is not surprising—it just reproduces the

“Landau-damped” form of the propagator for Ha. As we know, the only requirement

for the appearance of Landau-damping is the existence of particle-hole excitations

around the Fermi-surface in the limit of ω → 0. In the general case, this always leads

to ∼ |qτ |/|qy| for a bosonic order-parameter coupled to a fermion-bilinear. When the

order parameter itself carries a finite momentum K, as is the case here, then the

denominator in the damping term gets cut off and leads to ∼ |qτ |.

Equipped with the above expression, let us now compute the self-energy of the

fermions in the vicinity of the hot-spots (Fig. 7.6b),

Σ1,pp′(p) = σa
pασ

a
αp′

∫
dℓτd2ℓ

(2π)3
G2(p− ℓ)χ(ℓ), (7.37)

= 3δpp′
∫

dℓτd2ℓ

(2π)3
G2(p− ℓ)χ(ℓ), (7.38)

where the propagator tuned to the critical point (s = 0) is given by : χ−1(ℓ) =

(γ|ℓτ |+ ℓ2).

We are interested in the singular power law frequency dependence of the self-

energy at the hot-spots. For future use, it is useful to express the Green’s function in
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Eq. (7.35) in the more general form

Gm
α (ℓ) =

1

−iζfsgn(ℓτ )|ℓτ |β − vα · ℓ , (7.39)

where the exponent β = 2/3 from the coupling to the SU(2) gauge field.

Upon evaluating the momentum integrals, the self-energy (for p = 0) becomes

(see Appendix F.2.3),

Σ1(pτ ) = 3i

∫
dℓτ
4π2

tan−1

(
√

γv22|ℓτ |− ζ2f |pτ − ℓτ |2β

ζf |pτ − ℓτ |β

)
sgn(ℓτ − pτ )√

v22γ|ℓτ |− ζ2f |pτ − ℓτ |2β
,(7.40)

which correctly reproduces Σ1(pτ = 0) = 0. Furthermore, note that if ζf = 0, i.e. if

the anomalous self-energy contribution were to be absent, then the above reduces to

the well known form [154]

Σ1(pτ ) = 3i

∫
dℓτ
8π

sgn(ℓτ − pτ )√
v22γ|ℓτ |

= − 3i

2π
√

γv22
sgn(pτ )

√
|pτ |, (7.41)

reproducing the z = 2 result. Let us now proceed to evaluate the expression in the

presence of a finite ζf . Rescaling ℓτ = xpτ leads to,

Σ1(pτ ) =
3i

2π
√

γv22
sgn(pτ )|pτ |1−β

×
∫

dx

2π
tan−1

(√
|pτ |1−2β|x|− c|1− x|2β√

c|1− x|β

)
sgn(x− 1)√

|pτ |1−2β|x|− c|1− x|2β
,

(7.42)

where the dimensionless parameter, c = ζ2f/γv
2
2. An asymptotic analysis of Eq. (7.42)

shows that

Σ1(|pτ | → 0) ∼ −i sgn(pτ )
√

|pτ | , for β ≥ 1/2. (7.43)

So the low energy singularity of the self-energy is independent of the non-Fermi liquid

exponent β in the fermion Green’s function, and has the same value as in the spin
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density wave case without the gauge field. This is the key observation of the present

subsection. To estimate the co-efficient, we can use a self-consistent approach in

which we use a self energy in Eq. (7.39) with β = 1/2. This self-energy arises from

the coupling to the Higgs field, and is always dominant over the one obtained from

the gauge field with β = 2/3. Assembling all the constraints, the final expression

takes the following z = 2 form

Σ1(pτ ) =
3i

2π
√

γv22
I(c) sgn(pτ )

√
|pτ |, (7.44)

where the function I(c) is defined in Appendix F.2.4 and I(c → 0) = −1.

So we reach our main conclusion that, in both the fermionic and bosonic sectors,

the low energy physics of the Higgs QCP is essentially identical to that of the spin-

density-wave onset transition in a Fermi liquid. And the basic reason for this is simple.

The hotspot theory has dynamic critical exponent z = 2, while the singularities arising

from the SU(2) gauge field coupling around the Fermi surface have z = 3/2. At a

given length scale, the contributions with the larger z dominate because they have a

lower energy. Hence the Higgs criticality of a non-Fermi liquid maps onto the spin

density wave criticality of a Fermi liquid.

With this conclusion in hand, we can now directly apply the results of Ref. [177]

on the DC resistivity to the Higgs QCP. The approach of Ref. [177] requires that there

is quasiparticle breakdown around the entire Fermi surface, and the fermionic excita-

tions rapidly equilibriate with all the bosonic modes. While this was only marginally

true for the spin-density-wave quantum critical point considered in Ref. [177], it is

easily satisfied for the Higgs QCP being considered here: the SU(2) gauge field makes

the entire Fermi surface “hot”, while the Higgs field fluctuations induce additional
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fermion damping at the hot spots on the Fermi surface. As in the previous case, it is

possible for disorder to couple to the square of the Higgs field because such an opera-

tor is gauge-invariant, as we noted in Eq. (7.10). And the corresponding contribution

to the resistivity is in Eq. (7.12). For the exponents d = 2, z = 2, and ν = 1/2

presented above, this yields a linear-in-temperature results ρ(T ) ∼ V 2
0 T .

7.4 Discussion

The primary goal of this paper has been to propose a candidate theory for the

quantum phase transition near optimal doping in the cuprates. We analyzed the

QCP between metals with ‘large’ and ‘small’ Fermi-surfaces, which did not involve

any broken global symmetries, but instead involved a Higgs’ transition between metals

with emergent SU(2) and U(1) gauge fields. The Higgs field acts as a measure of the

local antiferromagnetic order in the rotating reference frame defined by Eq. (7.1). As

we discussed in Sections 7.1 and 7.2, the symmetry broken phases observed in the

underdoped cuprates arise as low temperature instabilities of the ‘small’ Fermi-surface

metal.

The underlying QCP we studied was between two metals (the U(1) ACL and the

SU(2) ACL) in which the Fermi surface excitations are coupled to emergent gauge

fields, and so there are no Landau quasiparticles. However, electron-like quasiparticles

do re-emerge around a small Fermi in the U(1)-FL*, and we will discuss similar

features around the large Fermi surface in the SU(2) ACL below. The reconstruction

to the ‘small’ Fermi-surface in the ACL phases is driven by the condensation of the

Higgs field, and the Higgs critical point has additional singular structure in the vicinity

214



Chapter 7: Quantum phase transitions in metals without broken symmetries

of the “hot-spots”. The Higgs criticality has associated with it an interplay of both

z = 3/2 physics on the whole Fermi-surface, and z = 2 physics in the vicinity of the

hot-spots. We showed that near the Higgs QCP the z = 2 physics dominates, and

hence many critical properties map onto the previously studied problem of the onset

of spin density wave order in a Fermi liquid [1, 154, 133, 227, 177].

Let us now conclude with a discussion of the relationship of our proposed phase

diagram in Fig. 7.2 to the experimentally obtained phase diagram in the non-La-based

cuprates. The d−SC and d−BDW both arise as instabilities of the U(1) FL*, as has

been discussed in Refs. [44, 162] (the SU(2) ACL is also unstable to superconductivity

[152]). The high temperature pseudogap phase for T ∗∗ < T < T ∗ is a U(1) ACL or

more appropriately a holon-hole metal [115]. There is a crossover to the U(1) FL*

phase at T = T ∗∗, where all the holons have formed bound-states with the spinons.

An important feature of the U(1) FL* phase is that its transport and photoemission

signatures are mostly identical to those of a Fermi liquid. The primary difference

from a Landau Fermi liquid is that the volume enclosed by the Fermi surface is

proportional to the density of holes, x, and not to the Luttinger density 1 + x. The

U(1) FL* phase also has an emergent U(1) gauge field, as required by the topological

arguments in Ref. [215], but the Fermi surface quasiparticles are gauge neutral. The

recent remarkable observation of Fermi liquid transport properties in the pseudogap

phase of Hg1201 [157, 38] below T ∗∗, with some possibly non-Fermi liquid behavior

between T ∗∗ and T ∗, can therefore be viewed as strong support for the existence of

a FL* derived out of a parent ACL. In particular, the alternative ‘fluctuating order’

picture of the pseudogap does not naturally lead to such temperature dependent
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crossovers from non-Fermi liquid to Fermi liquid regimes.

For the La-based cuprates, there is a larger doping regime with magnetic order,

overlapping with the regime of charge order. This can be accommodated in our phase

diagram [44] by moving the full red arrow in Fig. 7.1 just to the other side of the

point M, and allowing for incommensurate order as in Appendix F.1.

An important challenge for future experiments is to detect direct experimental

signatures of the complete small Fermi surface of the proposed FL* phase. We pre-

sume that it is the small quasiparticle residue on the ‘back side’ of the small Fermi

surface [184, 182] which is responsible for the arc-like features in the photoemission

spectrum [253]. Therefore, we need a probe which does not involve adding or remov-

ing an electron from the sample, and so is not sensitive to the quasiparticle residue.

Possibilities are Friedel oscillations, the Kohn anomaly, or ultrasonic attenuation.

Within our proposed phase diagram in Fig. 7.2, the strange metal phase is to be

viewed as a SU(2) ACL at the Higgs critical point, and proximate to the multicritical

point M to ensure the spin gap is smaller than T . The DC transport properties of this

phase are controlled by the coupling of the gauge-invariant square of the Higgs field to

long wavelength disorder, following an analysis of Ref. [177] for the spin density wave

critical point. Such a coupling leads to a linear-in-temperature resistivity. Also, as

emphasized in Ref. [177], the residual resistivity is proportional to short wavelength

disorder which can scatter fermions across the Fermi surface. So there is no direct

relationship between the residual resistivity and the slope of the linear resistivity. It

would be interesting in future work to explore the role of intrinsic umklapp scattering

events in the transport properties of such strange metals in the strong coupling regime.
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The electron spectral function in the SU(2) ACL is a convolution of the spectra of

the ψ fermions and the R bosons. As in the computation in Ref. [113], we assume the

R spectrum is thermally overdamped, and the electron spectral function primarily

reflects the ψ spectrum; we also expect precursors of the bound state formation

between the ψ and the R to enhance the ψ features in the electron spectrum. Then

the electron spectral functions should have an anisotropic structure around the Fermi

surface, with the weaker gauge field-induced damping in the nodal region, and the

stronger Higgs field-induced damping in the anti-nodal region. Also note that while

the Higgs field coupling does show up in the resistivity as discussed above, the gauge

fields coupling has a weaker effect on transport. This is because gauge-invariance

prevents a non-derivative coupling between the gauge field and perturbations that

violate momentum conversation. It would be interesting to explore in future work

whether this rich theoretical structure can be made consistent with the complex

experimental features of the conductivity and magnetotransport in the strange metal

[106, 83, 32].

Our linear-T resistivity is proportional to disorder, as in the previous model in

Ref. [177]. However, because the disorder couples to the Higgs field, the relevant

disorder is long-wavelength. This is in contrast to short wavelength disorder, which

can lead to efficient large momentum scattering of fermions around the Fermi sur-

face. Modifying the coefficient of the resistivity therefore requires modifying long-

wavelength disorder, and this may be difficult to do because of the intrinsic disorder

from the dopant ions. Inducing short-wavelength disorder, by including e.g. Zn im-

purities, may not be effective in modifying the co-efficient of the linear-T resistivity.
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These features can act as tests of our proposed mechanism for the resistivity of the

strange metal [192].

Finally, we note from Figs. 7.2 and 7.3 that the SU(2) ACL survives for an ex-

tended region beyond the Higgs QCP. This implies strange metal behavior over a

finite range of doping as T → 0, and not only at a single QCP. Transport measure-

ments [106] in magnetic fields which have suppressed superconductivity appear to be

consistent with such a non-Fermi liquid phase.
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Appendices for Chapter 2

A.1 Instabilities of the free energy

An interesting feature associated with the LG functional introduced in section

2.2 is that there is an instability to a state with modulated ψ. This arises due to a

competition between two terms in the free energy, namely the φ and φ2 terms. Let

us suppose that φ does not vary spatially and ψ = βeiqx. Then at leading order, the

contribution to the free energy from φ is of the form

Fφ =

(
γ2β2

2γs
− γ2

2γ2
s

)
φ2 + λq2β2φ. (A.1)

From the above expression, we see that for a sufficiently large λq2, it becomes ener-

getically favorable to gain energy from the second term by condensing a large neg-

ative value of φ. By extremizing the above with respect to φ, we obtain φm =

−λβ2q2/

(
γ2β2

γs
− γ2

γ2
s

)
. Hence, the contribution to free energy from φm is ∝ −β2λ2q4.

This energy gain from a non-zero q always dominates over the energy cost of order

q2 for a sufficiently large q. In order to prevent this instability, we have to add a
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term of the form ζ|∇2ψ|2/2l4 to the free energy, which is an allowed term from the

underlying symmetry of the problem. We now want to obtain some restrictions on ζ.

First of all, ζ should be such that it prevents the instability. This gives us a lower

bound on the value of ζ. At the same time, ζ should be small enough so that it should

not change the physics significantly. This gives us an upper bound on the value of ζ.

Therefore, we obtain,

λ2γ2
s l

4

γ2(γs − 1)
< ζℓ1 (A.2)

The above expression is not valid when φ becomes critical, i.e. when γs = 1, β = 1.

In this case, we have to compare φ with φ4.

However, when we minimized the free energy in section 2.3.2, we did not have to

include the above term with a finite ζ as for a sufficiently small λ, the cutoff in q

arising from the discrete lattice prevented this instability from showing up.

A.2 Effect of boundary terms

In general, when we derive the GL equations from the free energy, there is a surface

term arising from the gradient terms in the energy which can be ignored in the limit

of an infinite system size. However, for a finite sized system, the boundary term does

play an important role. Let us consider only the contribution of the gradient term of

the superconducting order parameter in the free energy, in the absence of any nematic

order. Then we have,

Fgrad =

∫
d2r|∇ψ|2, (A.3)

Ftot = Fgrad + Flocal, (A.4)
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where Flocal contains the usual |ψ|2, |ψ|4 terms. On varying ψ∗ by δψ∗ in Ftot, we

obtain for a finite system (up to other variations due to Flocal denoted by ...),

−
∫

d2rδψ∗∇2ψ +

∫

surface

δψ∗(∇ψ) · n̂ds+ ... = 0, (A.5)

where n̂ds is the area element, normal to the boundary. When we solve for ψ in the

interior of the region, only the first term contributes and the boundary term can be

ignored. However, when we solve for ψ on the boundary, only the surface term plays

a role, since it can be thought of as appearing with an infinite weight of the form

∫
drδ(r − R) where R is the radius of the disk on which we are minimizing the free

energy and δ(...) is the Dirac-delta function. Therefore, in order to solve for ψ, we

have to solve for −∇2ψ+ ... = 0 in the interior of the region subject to the boundary

condition ∇ψ · n̂|r=R = 0 (Neumann boundary conditions).

Now in the presence of a constant nematic background (φ0), the gradient term in the

free energy is,

Fgrad =

∫
dxdy

[
(1 + α)|∂xψ|2 + (1− α)|∂yψ|2

]
, (A.6)

where α = 2λφ0l2. As we did earlier, on carrying out the variation over ψ∗ this

amounts to solving for −(1 + α)∂2
xψ − (1− α)∂2

yψ + ... = 0 subject to the boundary

condition, D̃ψ · n̂ = 0, where

D̃ψ =

(
(1 + α)∂xψ, (1− α)∂yψ

)
, n̂ = (cos θ, sin θ). (A.7)

In polar coordinates, this condition can be written as,

∂rψ + α

[
cos 2θ∂rψ − sin 2θ

r
∂θψ

]
= 0. (A.8)

221



Appendix A: Appendices for Chapter 2

0 1 2 3 4 5 6
−6

−5

−4

−3

−2

−1

0

log(ρ)

lo
g

(φ
)

 

 

φ(1)=1

φ(1)=0.5

φ(1)=0.25

φ(1)=0.125

φ(1)=0.0625

a)

0 2 4 6
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

log(ρ)

φ

b)

Figure A.1: Numerical solutions of Eq. A.9. a) Solutions with boundary conditions
φ(1000) = 0 and with various values of φ(1), on a log-log scale. b) Solution with
boundary condition φ(1) = 0.125, φ(1000) = 0, on a semilog scale. The dashed line
is a fit to the form A+B log(ρ) for small ρ.

These boundary conditions mean, in particular, that the current perpendicular to

the boundary is zero. In our numerical calculations, we have used a disk geometry;

therefore the boundaries are found to have a significant effect whenever we are con-

sidering a non-circularly symmetric solution, in particular in the regime where the

nematic order is non-zero even far away from the core. We circumvent this problem,

however, by taking a sufficiently large system and considering the solution only close

to the vortex core, where the boundary effects are small.

A.3 Asymptotics of φ in the critical case

In this appendix, we analyze the asymptotics of the field φ far away from the

vortex core in the case γs = 1, in which the nematic order is critical. In this case,
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and for ρ ≫ 1, the Landau-Ginzburg equation for φ (Eq. 2.14) becomes

[
−∇2

ρ + φ2

]
φ = 0. (A.9)

This non-linear equation admits the solution φ (ρ) = 1/ρ [124]. This solution is valid,

however, for specific initial conditions, e.g., φ(1) = 1, φ′(1) = −1. Physically, the

initial conditions for Eq. A.9 are determined by the details of the vortex profile at

short distances, determined by Eq. 2.14. Nevertheless, one can make some general

statements about the asymptotic behavior of the solution. If, for some arbitrary ρ0

such that ρ0 ≫ 1/l (far from the core), φ satisfies φ (ρ0) ℓ1/ρ0, then it is justified to

neglect the φ2 term in Eq. A.9. Then, the solution close to ρ0 behaves as φ (ρ) ≈

A− B ln (ρ/ρ0), where A, B are determined by the initial conditions. This can only

be valid, however, up to a point ρ∗ at which φ (ρ∗) ≈ 1/ρ∗, i.e., at distances which are

much smaller than the length scale set by the initial condition of Eq. A.9. At longer

distances, we expect a crossover to φ (ρ) ≈ 1/ρ.

In Fig. A.1, we present a numerical solution of Eq. A.9 with boundary conditions

φ(1000) = 0 and various values for φ(1). When φ(1) = 1, we get φ(ρ) ≈ 1/ρ (where

the deviations are due to the boundary condition at ρ = 1000). For smaller φ(1), there

is an intermediate region where φ does not follow a power law, eventually crossing

over to 1/ρ at larger ρ. φ(ρ) is approximately logarithmic in the intermediate region,

as shown in Fig. A.1b.

Physically, we expect that φ < 1 (since φ = 1 corresponds to the equilibrium

value of φ in the absence of superconductivity). Therefore, there is an intermediate

logarithmic region, which becomes parametrically large in the limit of small φ.
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B.1 Superfluid-density for one-band problem

In order to study the problem with just one-band with e.g. a cuprate-like Fermi

surface, we can easily extend our formalism in chapter 3. Everything that we in-

troduced for the two-orbital model goes through with the following modification,

f2(k) = f1(k+Q) (with Q = (π, π)),where fa(...) denotes the momentum dependent

functions such as the dispersions, velocities, gaps etc. of the orbitals. Moreover, ∆(k)

is momentum dependent and has d−wave character.

B.2 Numerical computation of λ2
L(0)

While computing λ2
L(0) numerically, we compute ⟨ϕ2⟩ at the Gaussian level and

on the lattice. The bare propagator for the SDW field is given by,

D0(k, iωn) =
1

ω2
n/c

2 + [4− 2 cos(kx)− 2 cos(ky)] + g − g0c
, (B.1)
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where we have set the lattice spacing to be unity. The bare propagator gets renor-

malized to D(k, iωm) = 1/([D0(k, iωm]−1 −Π(k, iωm)), where Π(k, iωm) is the polar-

ization bubble due to the superconducting fermions. However the main effect of the

gapped fermions is to shift the critical point, g0c , to a new location, gc = g0c −Π(0, 0),

with some possible renormalization of the spin-wave velocity. Therefore, the func-

tional form of the propagator of the SDW field remains identical to the bare propa-

gator and we analyze the behavior of λL as a function of the distance away from the

renormalized QCP, gc.

B.3 Estimate of λ2
L(0) from Homes’ law

As discussed in section 3.3.1, we compare the value of the penetration depth

obtained from experiments [85] with the prediction from Homes’ law; for the latter,

we use a combination of the experimental data obtained from optical-conductivity

and dc transport. For each value of the doping (x), we estimate the (approximate)

dc resistivity (ρxx) by extrapolating the curves to T = 0, from the transport data in

fig.1(b) of Ref.[112].

We estimate the value of 2∆, where ∆ is the superconducting gap, from the data

for optical conductivity in the superconducting state, as shown in fig. 3(b) of Ref.

[163]. Since Tc remains relatively unchanged as a function of x in the vicinity of

optimal doping, we assume ∆ to be independent of x such that 2∆ ≈ 150cm−1(=

2.827× 1013s−1). Then, in the dirty limit,

ρs =
4

π
σdc∆. (B.2)
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In order to obtain the penetration depth, we need to restore various dimensionful

constants such that,

λ2
L(0) =

c2ε0
ρs

, (B.3)

where c(= 3×108 m/s) is the speed of light and ε0(= 8.85×10−12 F/m; 1 F=1 Ω−1s)

is the permitivity of free space. The values obtained are shown in the table below and

have been presented in fig. 3.6, along with a comparison to the experimental data

[85].

x ρxx (from Ref. [112]) λ2
L(0)

(µΩ cm) (µm2)

0.23 130 0.057

0.27 120 0.053

0.33 35 0.015

0.41 20 0.009

0.56 15 0.007

0.64 10 0.004
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C.1 Saddle point equations of the O(6) Model

In this section, we present some details associated with the saddle point equa-

tions of the O(6) model for fluctuating superconductivity and bond density wave, as

introduced originally in Ref.[91] and in Eqn.4.4.

In order to solve for the temperature dependence of σ, the saddle point equations

must be regulated, and we employ a hard momentum cutoff q2 < Λ2. We have

ρS
T

=
1

4π

[
log

(
Λ2 + σ

σ

)
+

2

λ
log

(
λΛ2 + σ + g + φ

σ + g + φ

)]
,

φ =
wT

2πλρS
log

(
λΛ2 + σ + g + φ

σ + g + φ

)
.

(C.1)

On dimensional grounds, the equations above are invariant under

Λ :→ bΛ (g, σ̄, φ̄) :→ b2(g, σ̄, φ̄) , (C.2)

and φ is non-zero only if w ̸= 0. The universal function σ/Λ2 for a few choice

parameters and w = 0 is shown in supplementary fig. C.1.
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1 2 3 4
T!Ρs0.05

0.10
0.15
0.20
0.25
0.30
0.35
Σ!#2

g!#2 $ 0.0, 0.2, 0.5

Figure C.1: Temperature dependence of σ/Λ2 obtained by solving (C.1) with λ = 1.0
and w = 0 for g/Λ2 = 0, 0.2, 0.5.

C.2 Bosonic self-energy

Let us compute the frequency dependence that arises due to the coupling of Ψ

and Φ to the underlying fermions. We want to evaluate the bubble diagrams of the

type shown in supplementary fig. C.2.

Figure C.2: The one-loop self-energy contribution to the (a) Cooper pair (Πs) and
(b) Bond order (Πb) propagators after integrating out the fermions.

We start by evaluating the diagram in supplementary fig. C.2(a). It is given by,

Πs(q, iωn) = 2

∫

k

∆2
k

1− nF (ϵk+q/2,↑)− nF (ϵ−k+q/2,↓)

iωn − ϵk+q/2,↑ − ϵ−k+q/2,↓
, (C.3)

where iωn is a bosonic Matsubara frequency. The leading contribution to this diagram

comes from the quasiparticles in the vicinity of the antinodes, where |∆k| ≈ 2∆0 is

maximum. Let us therefore analyze the behavior of Πs at q = 0 by expanding in the

228



Appendix C: Appendices for Chapter 4

vicinity of the antinodes. We can expand ϵk = v.k where the Fermi velocities at the

antipodal points are related by symmetry [45]. The imaginary part of the retarded

bubble at real frequencies, ω (iωn → ω + i0+), then evaluates to,

ImΠs
R(q = 0,ω) =

8(2∆0)2

4πvxvy

∫
dxdy[1− 2nF(x+ y)]δ(ω − 2(x+ y)), (C.4)

where v2 = v2x + v2y with vy > vx and we have considered contributions from all the

antinodal patches. By restricting ourselves to the region |k| < Λ and in the small

frequency regime (ω < T << vΛ),

ImΠs
R(q = 0,ω) =

32∆2
0Λ

4πvy
tanh

(
ω

4T

)
≈ 2∆0Λ

πvy
ω, (C.5)

where we have used the fact that at low temperatures, the 1/T behavior gets cutoff

by ∆0. The linear dependence on ω implies a Landau damped form in the propagator,

which gives rise to many of the interesting features at low energies.

Similarly, we can compute the diagram in supplementary figure C.2 (b). In the low

energy limit, we would like to evaluate the bubble due to the fermions in the antinodal

regions that are nested by the CDW wavevector, Qi. The Fermi velocities at two such

points in the vicinity of (π, 0) are given by v1 = (vx, vy) and v2 = (vx,−vy). The

expression for the particle-hole bubble is given by the standard Lindhard-type form,

Πb(q, iωn) = −2

∫

k

P i2
k

nF(ϵk−q/2|1)− nF(ϵk+q/2,2|2)
iωn + ϵk−q/2|1 − ϵk+q/2|2

, (C.6)

where ϵk|1 = vxkx + vyky and, ϵk|2 = v1kx − v2ky. In the antinodal region, |P i
k| ≈ 2P i

0

and ωn is a bosonic Matsubara frequency. The imaginary part of the retarded bubble,

ImΠb
R(q = 0,ω) at a real frequency ω and evaluated at T = 0 is given by,

ImΠb
R(q = 0,ω) = − 2(2P i

0)
2

4π2vxvy

∫
dxdy [θ(−x− y)− θ(y − x)]δ(ω + 2y), (C.7)
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where θ(...) represents the Heaviside step function.

In the limit of small frequencies, ω < vxΛ << vyΛ, the above evaluates to,

ImΠb
R(q = 0,ω) =

(2P i
0)

2

4π2vxvy
ω, (C.8)

which is once again a sign of the BDW propagator having a Landau damping term

at low energies.

C.3 Real and imaginary part of Fermion self-energy

It is possible to evaluate the sum over n in the expression for H0(ω, ϵ) in Eqn.4.13

analytically. We obtain

H0(ω, ϵ) = − T

ωϵ
−

ω ψ
(

ϵ
2πT

)

π(ϵ2 + ω2)
+ Re

[
ψ
(

iω
2πT

)

π(ω + iϵ)

]
, (C.9)

where ψ(z) ≡ Γ′(z)/Γ(z) is the digamma function.

The real part and imaginary parts of the self energies have the explicit expression

ReΣR
s (k,ω) =

∫

q

∆2
k− q

2

[
H0(−ω − ϵ−k+q, ϵs(q))

+[nF(ϵ−k+q) + nB(ϵ−k+q + ω)]
ϵs(q)

(ω + ϵ−k+q)2 + (ϵs(q))2

]

ReΣR
b (k,ω) =

∫

q

P i2
k+ q

2

[
H0(ω − ϵk+q, ϵb(q))

+[nF(ϵk+q) + nB(ϵk+q − ω)]
ϵb(q)

(ω − ϵk+q)2 + (ϵb(q))2

]
, (C.10)

ImΣR
s (k,ω) =

∫

q

∆2
k− q

2
[nF(ϵ−k+q) + nB(ϵ−k+q + ω)]

ω + ϵ−k+q

(ω + ϵ−k+q)2 + (ϵs(q))2
,

(C.11)

ImΣR
b (k,ω) =

∫

q

P i2
k+ q

2
[nF(ϵk+q) + nB(ϵq+k − ω)]

ω − ϵk+q

(ω − ϵk+q)2 + (ϵb(q))2
.

(C.12)
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D.1 Feynman diagrams for linearized hot-spot the-

ory

In this appendix, we provide details of the calculations for some of the loop-

integrals evaluated earlier. The momentum integrals will all be done with a cutoff

Λ, since we only want to restrict ourselves to the neighborhood of the hot-spots. We

start with the diagrams that contribute to ua,

I2525 = −T

2

∑

m

∫

|k|<Λ

1

(iωm − (vxkx − vyky))2
1

(iωm − (−vxkx − vyky))2
, (D.1)

I1212 = −T

2

∑

m

∫

|k|<Λ

1

(iωm − (vxkx + vyky))2
1

(iωm − (vxkx − vyky))2
. (D.2)
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It is useful to change the coordinates to x = vxkx, y = vyky so that Λx,y = Λvx,y. We

are in the regime where Λy ≫ Λx ≫ T . The above integrals then become,

I2525 = − T

8π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x+ y)2
1

(iωm + x+ y)2
, (D.3)

I1212 = − T

8π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x− y)2
1

(iωm − x+ y)2
.(D.4)

We shall always evaluate the ky integral first and use
∫ Λy

−Λy
dky =

∫∞
−∞ dky−

∫
|ky |>Λy

dky =

I1 − I2.

The contribution to I2525 from I1, i.e. I2525

∣∣∣∣
1

= 0 (poles on same side). From I2,

we get,

I2525

∣∣∣∣
2

≈ TΛx

4π2vxvy

∑

m

∫ ∞

Λy

dy

[
1

(y + iωm)4
+

1

(y − iωm)4

]
= 0 (D.5)

Therefore, we have I2525 = 0. For I1212, we get,

I1212

∣∣∣∣
1

= − iT

16πvxvy

∑

m

sgn(ωm)

∫ Λx

−Λx

dx

(x− iωm)3

= − T

8πvxvy

∫ Λx

−Λx

dx
∑

m>0

ω3
m − 3x2ωm

(ω2
m + x2)3

= − ΛxT

4πvxvy

∑

m>0

ωm

(ω2
m + Λ2

x)
2
≈ − 1

16π2vxvy

Λx

Λ2
x + π2T 2

. (D.6)

I1212

∣∣∣∣
2

≈ − TΛx

2π2vxvy

∑

m

∫ ∞

Λy

dy
1

(y2 + ω2)2
≈ − 1

16π2vxvy

Λx

Λ2
y

. (D.7)

Since Λy ≫ Λx, we can ignore the second contribution and I1212 ≈ I1212

∣∣∣∣
1

. Note

that we have made the approximation, T
∑

m>0 F (ωm) ≈
∫∞
πT

dω
2πF (ω).
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Similarly, we have the following contributions to wa,

I2565 = −T
∑

m

∫

|k|<Λ

1

(iωm + vxkx + vyky)2
1

(iωm − vxkx + vyky)

1

(iωm + vxkx − vyky)
,

(D.8)

I1256 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx − vyky)

1

(iωm − vxkx + vyky)

1

(iωm + vxkx + vyky)

1

(iωm + vxkx − vyky)
. (D.9)

Then,

I2565 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm + x+ y)2
1

(iωm − x+ y)

1

(iωm + x− y)
, (D.10)

I2565

∣∣∣∣
1

=
T

16πvxvy

∑

m

∫ Λx

−Λx

dx
sgn(ωm)

ωm

1

(x+ iωm)2
≈ − 1

8π2vxvyΛx
log

(
Λx

πT

)
,

(D.11)

I2565

∣∣∣∣
2

≈ ΛxT

2π2vxvy

∑

m

∫

|y|>Λy

1

(iωm + y)2
1

y2 + ω2
m

≈ Λx

4π3vxvy

∫ ∞

−∞
dω

∫ ∞

Λy

dy
2(y2 − ω2)

(y2 + ω2)3
, (D.12)

I2565

∣∣∣∣
2

≈ 1

16π2vxvy

Λx

Λ2
y

. (D.13)

Therefore, we can approximate I2565 ≈ I2565

∣∣∣∣
1

. Similarly, we have,

I1256 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x− y)

1

(iωm − x+ y)

1

(iωm + x+ y)

1

(iωm + x− y)
, (D.14)

I1256

∣∣∣∣
1

= − T

8πvxvy

∑

m

∫ Λx

−Λx

dx
sgn(ωm)

ωm

1

ω2
m + x2

. (D.15)

The above integral is convergent in the limit of Λx → ∞ (and the singularity comes
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from small momenta), so that,

I1256

∣∣∣∣
1

= − 1

4π2vxvyT

∑

m>0

1

(2m+ 1)2
= − 1

32vxvyT
. (D.16)

The other contribution is given by,

I1256

∣∣∣∣
2

= − TΛx

2π2vxvy

∑

m

∫

|y|>Λy

dy
1

(y2 + ω2
m)

2
= − Λx

8π2vxvyΛ2
y

. (D.17)

Let us now compute the diagram(s) contributing to ub. They are given by,

J1515 = −T

2

∑

m

∫

|k|<Λ

1

(iωm − vxkx − vyky)2
1

(iωm + vxkx + vyky)2
. (D.18)

This simplifies to,

J1515 = − T

8π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x− y)2
1

(iωm + x+ y)2
,(D.19)

J1515

∣∣∣∣
1

= − TΛx

8πvxvy

∑

m

sgn(ωm)

ω3
m

, (D.20)

J1515

∣∣∣∣
1

= −7ζ(3)

32π4

Λ

vyT 2
, (D.21)

The contribution from I2 turns out to be J1515

∣∣∣∣
2

= I1212

∣∣∣∣
2

and can therefore be

ignored, compared to J1515

∣∣∣∣
1

.

We now evaluate the contribution to the terms that lead to competition between
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the different BO, via the 4-point couplings, uab and uab.

K1626 = −T
∑

m

∫

|k|<Λ

1

(iωm + vxkx − vyky)2
1

(iωm − vxkx + vyky)

1

(iωm − vxkx − vyky)
, (D.22)

K6515 = −T
∑

m

∫

|k|<Λ

1

(iωm + vxkx + vyky)2
1

(iωm − vxkx − vyky)

1

(iωm + vxkx − vyky)
, (D.23)

L2516 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx − vyky)

1

(iωm − vxkx + vyky)

1

(iωm + vxkx + vyky)

1

(iωm + vxkx − vyky)
. (D.24)

It is straightforward to see that K1626 = −M2515, K6515 = −M1262, and L2516 =

N2651(= I1256) which we evaluate in detail below.

Let us now evaluate the terms contributing to the competition terms, sa and sb,

between CDW and SC. We start with the distinct self-energy type diagrams con-

tributing to sa,

M2515 = −T
∑

m

∫

|k|<Λ

1

(iωm + vxkx + vyky)2
1

(iωm − vxkx + vyky)

1

(−iωm + vxkx + vyky)
, (D.25)

M1262 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx + vyky)2
1

(iωm − vxkx − vyky)

1

(−iωm − vxkx + vyky)
. (D.26)
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Transforming to the x, y−coordinates, this becomes,

M2515 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λx

−Λx

dy
1

(iωm + x+ y)2
1

(iωm − x+ y)

1

(−iωm + x+ y)
, (D.27)

M1262 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λx

−Λx

dy
1

(iωm − x+ y)2
1

(iωm − x− y)

1

(−iωm − x+ y)
. (D.28)

By splitting the integral as earlier, we have from I1,

M2515

∣∣∣∣
1

= − iT

16πvxvy

∑

m

∫ Λx

−Λx

dx
sgn(ωm)

ω2
m

1

x− iωm

=
T

8πvxvy

∑

m>0

∫ Λx

−Λx

dx
1

ωm(x2 + ω2
m)

, (D.29)

M2515

∣∣∣∣
1

=
1

64vxvyT
, (D.30)

where we have used the fact that 2M2515

∣∣∣∣
1

= −I1256

∣∣∣∣
1

. Similarly from I2, we get,

M2515

∣∣∣∣
2

≈ − TΛx

2π2vxvy

∑

m

∫

|y|>Λy

dy
1

y2 + ω2
m

1

(y + iωm)2

≈ − Λx

4π3vxvy

∫ ∞

−∞
dω

∫ ∞

Λy

dy
2(y2 − ω2)

(y2 + ω2)3
, (D.31)

M2515

∣∣∣∣
2

≈ − Λx

16π2vxvyΛ2
y

. (D.32)

For M1262,

M1262

∣∣∣∣
1

= − iT

16πvxvy

∑

m

∫ Λx

−Λx

dx
x− 2iωm

(x− iωm)2ω2
m

sgn(ωm)

= − iT

16πvxvy

∑

m>0

∫ Λx

−Λx

dx
4iωm

(x2 + ω2
m)

2
, (D.33)

M1262

∣∣∣∣
1

=
1

64vxvyT
. (D.34)

M1262

∣∣∣∣
2

≈ TΛx

2π2vxvy

∑

m

∫

|y|>Λy

dy
1

(y2 + ω2
m)

2
=

Λx

8π2vxvyΛ2
y

. (D.35)
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We can ignore M2515

∣∣∣∣
2

,M1262

∣∣∣∣
2

compared to M2515

∣∣∣∣
1

,M1262

∣∣∣∣
1

.

Let us now evaluate the only distinct vertex-correction type diagram contributing

to sa,

N2651 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx − vyky)

1

(iωm − vxkx + vyky)

1

(−iωm − vxkx − vyky)

1

(−iωm − vxkx + vyky)
. (D.36)

Upon transforming coordinates, we have

N2651 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x− y)

1

(iωm − x+ y)

1

(−iωm − x− y)

1

(−iωm − x+ y)
, (D.37)

and we immediately see that N2651 = I1256, as expected.

The diagrams contributing to sb can also be evaluated analogously as follows:

P2626 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx + vyky)

1

(iωm + vxkx − vyky)2

1

(−iωm + vxkx − vyky)
. (D.38)

However, we immediately notice that P2626 = −2J2626 = −2J1515 (which we have

already evaluated above), due to the underlying SU(2) symmetry of the hot-spot

theory.

Finally, let us compute the diagram contributing to the three-point function, Yµνρ.

237



Appendix D: Appendices for Chapter 5

The one we intend to compute is,

Y261 = −T
∑

m

∫

|k|<Λ

1

(iωm − vxkx − vyky)

1

(iωm − vxkx + vyky)

1

(iωm + vxkx − vyky)
,

(D.39)

Y261 = − T

4π2vxvy

∑

m

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy
1

(iωm − x− y)

1

(iωm − x+ y)

1

(iωm + x− y)
.

(D.40)

It evaluates to,

Y261

∣∣∣∣
1

= − T

8πvxvy

∑

m

∫ Λx

−Λx

dx
sgn(ωm)

ωm(x− iωm)

= − T

8πvxvy

∑

m>0

∫ Λx

−Λx

dx
2x

ωm(x2 + ω2
m)

= 0, (D.41)

Y261

∣∣∣∣
2

= − TΛx

2π2vxvy

∑

m

∫

|y|>Λy

dy
1

(y − iωm)(y2 + ω2
m)

(D.42)

= − TΛx

2π2vxvy

∑

m

∫ ∞

Λy

dy
2iωm

(y2 + ω2
m)

2
= 0. (D.43)

Therefore, we see that both pieces evaluate to zero, when working with the linearized

dispersions.

D.2 Feynman diagrams for hot-spot theory with a

finite curvature

In this appendix, we provide details for the computation of the same diagrams

that were evaluated earlier, but now in the presence of a finite fermi-surface curvature,

κ. We already summarized the results in section 5.3.2.

We start with the diagrams contributing to ua. These were already well-behaved

in the linearized theory in the T → 0 limit, and hence should continue to be so in
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the presence of a finite κ. Let us evaluate them nevertheless. The distinct diagrams

contributing to ua after performing the Matsubara summation are given by,

Ĩ1212 =
1

8π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
2
f(ϵ1(x, y))− f(ϵ2(x, y))

(ϵ1(x, y)− ϵ2(x, y))3

− f ′(ϵ1(x, y)) + f ′(ϵ2(x, y))

(ϵ1(x, y)− ϵ2(x, y))2

]
. (D.44)

In the above, f [...] is the fermi-dirac distribution function and we have changed vari-

ables to x = vxkx, y = vyky. Ĩ2525 is identical in form to the above with ϵ1 → ϵ5.

We evaluate the above integrals numerically as a function of temperature for different

values of κ at fixed α and vice versa. We find that Ĩ2525 identically evaluates to 0 even

in the presence of a finite (but small) curvature (recall that I2525 = 0). The results

for Ĩ1212 alongwith a comparison to the analytical predictions for I1212 are shown in

fig.D.1(a).

Let us now move onto the diagrams contributing to wa, which were singular

(∼ 1/T ) in our computation with the linearized dispersion. After carrying out the

Matsubara summation, the distinct diagrams evaluate to,

Ĩ2565 = − 1

4π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
1

(ϵ2(x, y)− ϵ5(x, y))2

(
f(ϵ2(x, y))

ϵ2(x, y)− ϵ6(x, y)
− f(ϵ5(x, y))

ϵ5(x, y)− ϵ6(x, y)

)

+
1

(ϵ6(x, y)− ϵ5(x, y))2

(
f(ϵ6(x, y))

ϵ6(x, y)− ϵ2(x, y)
− f(ϵ5(x, y))

ϵ5(x, y)− ϵ2(x, y)

)

+
f ′(ϵ5(x, y))

(ϵ5(x, y)− ϵ2(x, y))(ϵ5(x, y)− ϵ6(x, y))

]
, (D.45)

Ĩ1256 = − 1

32π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
f(ϵ1(x, y))− f(ϵ5(x, y))

xy(x+ y)

− f(ϵ2(x, y))− f(ϵ6(x, y))

xy(x− y)

]
, (D.46)
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where we have used the explicit forms of the dispersions to simplify the expression

for Ĩ1256. We evaluate these diagrams numerically and find that both of them have a

very similar behavior except at low temperatures, where Ĩ2565 is always significantly

smaller than Ĩ1256 (this was the case even in our previous computation where the

former went as ∼ log(T ) while the latter was ∼ 1/T ). We plot Ĩ1256 in fig.D.1 (b).

T

!=0!=0.05!=0.10

(a)
T
(b)

!=0!=0.05!=0.10!=1.00

Figure D.1: Absolute values of diagrams contributing to ua and wa as a function of
temperature, T for (a), (b), different values of κ but fixed α = 10.0. Other parameters
are Λ = 2.0 and vx = 0.5. Note the almost perfect agreement of the analytical result
for κ = 0 (dashed green line) with the numerical results for small curvature at low
temperatures.

Let us now compute all the terms that turned out to be ∼ 1/T 2 in our earlier

computation, which included both ub (|Φb|4) and sb (|Ψ|2|Φb|2), and study the effect

of a finite κ. The diagrams that contribute to ub are modified to,

J̃1515 =
1

8π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
2
f(ϵ1(x, y))− f(ϵ5(x, y))

(ϵ1(x, y)− ϵ5(x, y))3

− f ′(ϵ1(x, y)) + f ′(ϵ5(x, y))

(ϵ1(x, y)− ϵ5(x, y))2

]
, (D.47)

and J̃2626 = J̃1515 even for κ ̸= 0.

240



Appendix D: Appendices for Chapter 5

!=0!=0.05!=0.10!=0.20
T

α=5α=10α=20

α

T

!=0!=0.05!=0.10!=0.20
T

α=5α=10α=20

α

T

!=0!=0.05!=0.10!=0.20

α=5α=10α=20

T

T

(a)

(d)

(b)

(e)

(c)

(f)

α α α

α

Figure D.2: Absolute values of diagrams contributing to ub and sb as a function of
temperature, T for (a), (b), (c) different values of κ but fixed α = 10.0 and (d),
(e), (f) different values of α but fixed κ = 0.05. (a) J̃1515, (b) P̃2626, (c) Q̃2626.
(d)-(f) plot the same diagrams scaled with α. Other parameters are Λ = 2.0 and
vx = 0.5. The vertical black dotted lines represent the approximate temperature
where the computation in the presence of a non-zero κ starts deviating from the one
with κ = 0. Note that in figs. (a)-(c), the green dashed curves (representing the
analytical results) overlap almost perfectly with the blue solid curves for κ = 0.

On the other hand, the self-energy type diagrams contributing to sb are modified

to,

P̃2626 = − 1

4π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
f(ϵ6(x, y))− f(ϵ2(x, y))

(ϵ6(x, y)− ϵ2(x, y))(ϵ26(x, y)− ϵ22(x, y))

+
1− 2f(ϵ6(x, y))

4ϵ26(x, y)(ϵ2(x, y) + ϵ6(x, y))
− f ′(ϵ6(x, y))

2ϵ6(x, y)(ϵ6(x, y)− ϵ2(x, y))

]
, (D.48)

and P̃1515 = P̃2626, even when κ ̸= 0. Similarly, the vertex-correction diagrams are
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modified to,

Q̃2626 = − 1

8π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
1− 2f(ϵ6(x, y))

ϵ6(x, y)

− 1− 2f(ϵ2(x, y))

ϵ2(x, y)

]
1

ϵ22(x, y)− ϵ26(x, y)
, (D.49)

and Q̃1515 = Q̃2626. The results for J̃1515, P̃2626 and Q̃2626 are plotted in fig.D.2,

alongwith a comparison to the respective diagrams evaluated with κ = 0. It is

not surprising that the singular power-law agrees, but even the prefactor matches

perfectly.

!=0!=0.10!=1.00 !=0!=0.10!=1.00 !=0!=0.10!=1.00
T TT
(a) (b) (c)

Figure D.3: Absolute values of diagrams contributing to sa as a function of tempera-
ture, T for (a) M̃1262, (b), Ñ2615, (c) Ñ2651 for different values of κ but fixed α = 10.0.
Other parameters are Λ = 2.0 and vx = 0.5. Note the almost perfect agreement of
the analytical result for κ = 0 (dashed green line) with the numerical results for small
curvature at low temperatures.

Next, we compute the diagrams contributing to sa (|Ψ|2|Φa|2). The distinct self-

energy type diagrams evaluate to,

M̃1262 =
1

4π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
f(ϵ1(x, y))− f(ϵ2(x, y))

(ϵ1(x, y)− ϵ2(x, y))(ϵ21(x, y)− ϵ22(x, y))

− 1− 2f(ϵ2(x, y))

4ϵ22(x, y)(ϵ2(x, y) + ϵ1(x, y))
+

f ′(ϵ2(x, y))

2ϵ2(x, y)(ϵ2(x, y)− ϵ1(x, y))

]
(D.50)

and M̃2515 is identical in form to the above with the replacement, ϵ1 → ϵ2 and

ϵ2 → ϵ5.
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Similarly, the distinct vertex-correction type diagrams evaluate to,

Ñ2615 = − 1

8π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
1− 2f(ϵ2(x, y))

ϵ2(x, y)

− 1− 2f(ϵ5(x, y))

ϵ5(x, y)

]
1

ϵ25(x, y)− ϵ22(x, y)
, (D.51)

and where Ñ2651 can be obtained from the above by replacing ϵ5 → ϵ1. The results

are plotted in fig.D.3.

Finally, let us evaluate the three-point functions, tab. Recall that in the linearized

theory, this was identically 0. In the presence of a curvature, it is modified to,

Ỹ261 = − 1

4π2vxvy

∫ Λx

−Λx

dx

∫ Λy

−Λy

dy

[
f(ϵ1(x, y))

(ϵ1(x, y)− ϵ2(x, y))(ϵ1(x, y)− ϵ6(x, y))

+
1

ϵ2(x, y)− ϵ6(x, y)

(
f(ϵ2(x, y))

ϵ2(x, y)− ϵ1(x, y)
− f(ϵ6(x, y))

ϵ6(x, y)− ϵ1(x, y)

)]
, (D.52)

and where Ỹ261 is still equal to the other symmetry related diagrams. The results

for Ỹ261/κ and αỸ261 are shown in figs.D.4 (a) and (b) respectively, alongwith a

comparison to the particular form, Y , that we guessed.
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!=0.01!=0.1!=0.2

T

(b)

T

(a)

/κ α

α=5α=10α=20α/κ

Figure D.4: Absolute value of Ỹ261 as a function of temperature and comparison with
Y (a) at fixed α = 10, (b) at fixed κ = 0.1
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Appendices for Chapter 6

E.1 CDW instabilities of FL

We plot the lowest eigenvalues, λQ, for the charge-ordering instabilities of the

large FS corresponding to band-structure parameters of figs.6.3, 6.4 in fig.E.1 be-

low. For the parameters in fig.E.1(a), the minimum eigenvalue occurs at Q∗ =

(±19π/50,±19π/50) and the corresponding eigenvector is given by,

PQ∗ = −0.999[cos kx − cos ky]− 0.014[cos(2kx)− cos(2ky)]. (E.1)

For the parameters in figs.E.1(b), (c), the minimum eigenvalue occurs at the same

value of Q∗ as above and the form of the eigenvector remains almost identical. This

isn’t surprising, since Q∗ is determined by the separation between the “hot-spots”.
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Figure E.1: The lowest eigenvalues, λQ, as a function of Q at a temperature T = 0.06
for the large FS corresponding to t1 = 1.0, t2 = −0.32, t3 = 0.128, µ = −1.11856.
These computations have been carried out as a limit of the FL* computation with
t̃0 = 0, t̃1 = 0, λ = 0. The state with the diagonal wavevector is the leading instability
in all the cases. The interaction parameters are given by: (a) J1 = 1.0, J2 = J3 =
0.05, U = V1 = V2 = V3 = 0, (b) J1 = 0.5, J2 = J3 = 0.05, U = V1 = V2 = V3 = 0,
and, (c) J1 = 1.0, J2 = 0.1, J3 = 0.05, U = 0, V1 = 0.05, V2 = V3 = 0.01.

E.2 Instabilities in the presence of strong Coulomb

repulsion

In this section, we present some additional results for the weak-coupling density-

wave instabilities in the presence of strong Coulomb repulsion (U ∼ J1). The leading

instabilities that we obtain are not bond-density waves of the type discussed in the

main text. We explore the instabilities for the FL* state whose spectral function is

shown in fig.6.4(a) for different combinations of the Coulomb repulsion parameters.

The lowest eigenvalues, λQ as a function of Q are shown in fig.E.2.

We start with the case when U = 2J1 ≫ V1 (fig.E.2a). We find that the leading

instability corresponds to Q∗ = (±11π/20,±π), (±π,±11π/20) and the eigenvector

for this state is predominantly given by PQ(k) = sin kx − sin ky. This state therefore
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breaks time-reversal symmetry and is a generalized version of the “staggered-flux”

state, but at a wavevector away from (π, π).

(a) (b)

0.3

0.4

0.5

0.6 0.6

0.4

0.2

Figure E.2: The lowest eigenvalues, λQ, as a function of Q at a temperature T = 0.06
for the FL* state shown in fig.6.4(a), corresponding to t1 = 1.0, t2 = −0.32, t3 =
0.128, µ = −1.11856, t̃0 = −0.2t1, t̃1 = −0.1t1, λ = 0.75t1. The interaction param-
eters are given by: (a) J1 = 1.0, J2 = 0.1, J3 = 0.05, U = 2.0, V1 = 0.1, V2 = V3 =
0.01, (b) J1 = 1.0, J2 = 0.1, J3 = 0.05, U = 1.0, V1 = 0.7, V2 = V3 = 0.01.

We next consider the case when U = J1 ∼ V1 (fig.E.2b). In this case, we find

that the leading instability occurs at Q∗ = (π, π) and the eigenvector for this state is

given by PQ(k) = 1. This state is therefore just a conventional (π, π) charge-density

wave, that we should naively expect to arise due a large V1.

However, we note that if we focus on the region of the Brillouin zone with smaller

|Q|, the d-form factor density waves found in the body of the paper with smaller

Coulomb repulsion are present also in the cases considered in this appendix. Thus

the Coulomb repulsion has little direct effect on the d-form factor density waves, but,
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in the present simple RPA framework, it can induce other instabilities which are not

of current experimental interest.
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Appendices for Chapter 7

F.1 Spiral order and Z2 gauge theory

Here we generalize the theory in Eq. (7.13) to the case of spiral spin order at

an incommensurate wavevector K. In this case the antiferromagnetic order is not

characterized by a single unit vector nℓ, but by two orthogonal unit vectors n1ℓ and

n2ℓ which obey

n2
1ℓ = n2

2ℓ = 1 , n1ℓ n2ℓ = 0. (F.1)

The spin-fermion coupling to the electrons in Eq. (7.13) is replaced by

Lfn = −λ
∑

i

[ni1ℓ cos (K · ri) + ni2ℓ sin (K · ri)] · c†iασℓ
αβciβ, (F.2)

After the change of variables in Eq. (7.1), this leads to the Yukawa coupling

LY = −λ
1

2

(
Ha∗

i eiK·ri +Ha
i e

−iK·ri
)
ψ†
i,pσ

a
pp′ψi,p′ , (F.3)

where, in contrast to Eq. (7.8), the Higgs field Ha is now complex and is defined by

Ha ≡ 1

2
(n1ℓ + in2ℓ) Tr[σℓRiσ

aR†
i ], (F.4)
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generalizing Eq. (7.15). It is now also clear from Eq. (F.3) that under translation

by a distance a, the Higgs field transforms as in Eq. (7.9), where eiK·a can now be

complex.

The structure of SU(2) gauge theory with a complex Higgs field remains essentially

the same as for the real Higgs discussed in the body of the paper, with one important

distinction. The quartic term in Eq. (7.7) is replaced by two terms

u1[H
a∗Ha]2 + u2[H

a]2[Hb∗]2, (F.5)

and the presence of spiral order requires that u2 > 0. Then in the Higgs phase, the

minimum energy condensate can always be oriented so that

Ha = (1, i, 0). (F.6)

Such a Higgs condensate breaks the SU(2) gauge symmetry all the way down to Z2.

And using Eq. (7.19), the analog of the relationship in Eq. (7.20) for the orientation

of the spiral order is

n1ℓ + in2ℓ =
1

2
Ha Tr[σℓRσaR†]

= −εαγzγσ
ℓ
αβzβ for Ha = (1, i, 0). (F.7)

This co-incides with the conventional representation [193] of the spiral orientation in

terms of spinons zα, and it can verified that the values in Eq. (F.7) obey Eq. (F.1).

For the case with u2 < 0 in Eq. (F.5), the Higgs condensate is instead a SU(2)

rotation of

Ha = eiθ(1, 0, 0), (F.8)

where θ is an arbitrary phase. This corresponds to incommensurate collinear spin

order [197].
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F.2 Feynman diagram computations

F.2.1 Self-energy: Gauge-field

Since we are interested in the singular structure of ΠA
0 (q) in Eq. (7.22), we shall

evaluate the integral over ℓx first, followed by ℓτ , ℓy. Therefore,

ΠA
0 (q) = 2

∫
dℓτdℓy
(2π)2

i[θ(ℓτ )− θ(ℓτ + qτ )]

−iηqτ + qx + q2y + 2ℓyqy
+ q → −q, (F.9)

=
qτ
π

∫
dℓy
(2π)

−i

−iηqτ + qx + q2y + 2ℓyqy
+ q → −q, (F.10)

=
|qτ |

2π|qy|
. (F.11)

This leads to the expression for ΠA
0 (q) in Eq. (7.24).

F.2.2 Self-energy: Higgs’ field

Focusing on just the m = 1 contribution, Eq. (7.34) becomes,

ΠH
m=1(q) = 2

∫
dℓτd2ℓ

(2π)3

[
1

−icfsgn(ℓτ + qτ )|ℓτ + qτ |2/3 − v1 · (ℓ+ q)

1

−icfsgn(ℓτ )|ℓτ |2/3 − v2 · ℓ

+ q → −q

]
. (F.12)

Let us define ℓ1 = v1 · (ℓ+ q) and ℓ2 = v2 · ℓ, so that

ΠH
m=1(q) =

1

vxvy

∫
dℓτdℓ1dℓ2
(2π)3

[
1

−icfsgn(ℓτ + qτ )|ℓτ + qτ |2/3 − ℓ1

1

−icfsgn(ℓτ )|ℓτ |2/3 − ℓ2

+ q → −q

]
. (F.13)

It is not hard to see that the only non-zero contribution comes from the imaginary

parts of both the terms. Then,

ΠH
m=1(q) =

1

vxvy

∫
dℓτdℓ1dℓ2
(2π)3

[
icfsgn(ℓτ + qτ )|ℓτ + qτ |2/3

c2f |ℓτ + qτ |4/3 + ℓ21

icfsgn(ℓτ )|ℓτ |2/3

c2f |ℓτ |4/3 + ℓ22
+ q → −q

]
.

(F.14)
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Upon carrying out the ℓ1, ℓ2− integrals, this becomes,

ΠH
m=1(q) = − 1

4vxvy

∫
dℓτ
2π

[sgn(ℓτ + qτ ) sgn(ℓτ ) + q → −q]. (F.15)

This directly leads to the expression for ΠH(q) in Eq. (7.36).

F.2.3 Fermion self-energy at the hot-spot

The Fermionic self-energy due to the Higgs’ field fluctuations (Eq. (7.38)) becomes,

Σ1(p) = 3

∫
dℓτd2ℓ

(2π)3
1

−iζfsgn(pτ − ℓτ )|pτ − ℓτ |β − v2 · (p− ℓ)

1

γ|ℓτ |+ ℓ2
. (F.16)

Let us now change coordinates such that ℓ⊥ = v̂2 · ℓ and ℓ∥ is the component along

the Fermi-surface of ψ2. Then,

Σ1(p) = −3

∫
dℓτdℓ⊥dℓ∥
(2π)3

1

−iζfsgn(pτ − ℓτ )|pτ − ℓτ |β − v2 · p+ v2ℓ⊥

1

γ|ℓτ |+ ℓ2⊥ + ℓ2∥
.

(F.17)

It is straightforward to carry out the integral over ℓ∥, which gives,

Σ1(p) = −3

2

∫
dℓτdℓ⊥
(2π)2

1

−iζfsgn(pτ − ℓτ )|pτ − ℓτ |β − v2 · p+ v2ℓ⊥

1√
γ|ℓτ |+ ℓ2⊥

.

(F.18)

Let us now study the form of the self-energy at the hot-spot, p = 0, and extract the

pτ dependence. We can symmetrize the above form then to give,

Σ1(pτ ) = 3i

∫
dℓτ
2π

∫ ∞

0

dℓ⊥
2π

ζfsgn(ℓτ − pτ )|pτ − ℓτ |β

ζ2f |pτ − ℓτ |2β + v22ℓ
2
⊥

1√
γ|ℓτ |+ ℓ2⊥

. (F.19)

Carrying out the integral over ℓ⊥ (see Appendix F.2.4) leads to the expression in

Eq. (7.40).
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I(c)

c

Figure F.1: I(c) evaluated numerically as a function of c. Note that I(c → 0) = −1,
which reproduces Eq.7.41.

F.2.4 Integrals

We use the integral (for a > 0, b > 0):

∫ ∞

0

dx
1

x2 + a2
1√

x2 + b2
=

1

a
√
b2 − a2

tan−1

(√
b2 − a2

a

)
. (F.20)

The above is valid irrespective of whether a > b or a < b.

The integral in Eq. (7.42) can be evaluated as a function of the dimensionless

parameter, c = ζ2f/γv
2
2, when β = 1/2. The integral becomes,

I(c) =
∫ ∞

−∞

dx

2π
tan−1

(√
|x|− c|1− x|√

c|1− x|

)
sgn(x− 1)√
|x|− c|1− x|

. (F.21)

We show the functional form of I(c) as a function of c in Fig. F.1.

253



Bibliography

[1] Ar. Abanov and A. Chubukov. Anomalous scaling at the quantum critical point
in itinerant antiferromagnets. Phys. Rev. Lett., 93:255702, Dec 2004.

[2] Ar. Abanov and Andrey V. Chubukov. Spin-fermion model near the quan-
tum critical point: One-loop renormalization group results. Phys. Rev. Lett.,
84:5608–5611, Jun 2000.

[3] A. J. Achkar, F. He, R. Sutarto, J. Geck, H. Zhang, Y.-J. Kim, and D. G.
Hawthorn. Resonant x-ray scattering measurements of a spatial modulation of
the cu 3d and o 2p energies in stripe-ordered cuprate superconductors. Phys.
Rev. Lett., 110:017001, Jan 2013.

[4] A. J. Achkar, F. He, R. Sutarto, C. McMahon, M. Zwiebler, M. Hucker, G. D.
Gu, R. Liang, D. A. Bonn, W. N. Hardy, J. Geck, and D. G. Hawthorn.
Orbital symmetry of charge density wave order in La1.875Ba0.125CuO4 and
YBa2Cu3O6.67. ArXiv e-prints, September 2014.

[5] A. J. Achkar, R. Sutarto, X. Mao, F. He, A. Frano, S. Blanco-Canosa,
M. Le Tacon, G. Ghiringhelli, L. Braicovich, M. Minola, M. Moretti Sala,
C. Mazzoli, Ruixing Liang, D. A. Bonn, W. N. Hardy, B. Keimer, G. A.
Sawatzky, and D. G. Hawthorn. Distinct Charge Orders in the Planes and
Chains of Ortho-III-Ordered YBa2Cu3O6+δ Superconductors Identified by Res-
onant Elastic X-ray Scattering. Phys. Rev. Lett., 109:167001, Oct 2012.

[6] G. Aeppli, T. E. Mason, S. M. Hayden, H. A. Mook, and J. Kulda. Nearly
singular magnetic fluctuations in the normal state of a high-tc cuprate super-
conductor. Science, 278(5342):1432–1435, 1997.

[7] Ian Affleck, Z. Zou, T. Hsu, and P. Anderson. Su(2) gauge symmetry of the
large-u limit of the hubbard model. Phys. Rev. B, 38:745–747, Jul 1988.

[8] A. Allais, J. Bauer, and S. Sachdev. Comment on ”Symmetry classification of
bond order parameters in cuprates”. ArXiv e-prints, July 2014.

254



Bibliography

[9] Andrea Allais, Johannes Bauer, and Subir Sachdev. Auxiliary-boson and dmft
studies of bond ordering instabilities of t-j-v models on the square lattice. Indian
Journal of Physics, 88(9):905–913, 2014.

[10] Andrea Allais, Johannes Bauer, and Subir Sachdev. Density wave instabilities
in a correlated two-dimensional metal. Phys. Rev. B, 90:155114, Oct 2014.

[11] Andrea Allais, Debanjan Chowdhury, and Subir Sachdev. Connecting high-field
quantum oscillations to zero-field electron spectral functions in the underdoped
cuprates. Nat Commun, 5, 12 2014.

[12] H. Alloul, P. Mendels, G. Collin, and P. Monod. 89Y. Phys. Rev. Lett., 61:746–
749, Aug 1988.

[13] Vinay Ambegaokar and Alexis Baratoff. Tunneling between superconductors.
Phys. Rev. Lett., 10:486–489, Jun 1963.

[14] James G. Analytis, H-H. Kuo, Ross D. McDonald, Mark Wartenbe, P. M. C.
Rourke, N. E. Hussey, and I. R. Fisher. Transport near a quantum critical point
in BaFe2(As1−xPx)2. Nat Phys, 10(3):194–197, 03 2014.

[15] P. W. Anderson. Localized magnetic states and fermi-surface anomalies in
tunneling. Phys. Rev. Lett., 17:95–97, Jul 1966.

[16] P. W. Anderson. The Resonating Valence Bond State in La2CuO4 and Super-
conductivity. Science, 235(4793):1196–1198, 1987.

[17] P W Anderson, P A Lee, M Randeria, T M Rice, N Trivedi, and F C Zhang. The
physics behind high-temperature superconducting cuprates: the ’plain vanilla’
version of rvb. Journal of Physics: Condensed Matter, 16(24):R755, 2004.

[18] Yoichi Ando, Kouji Segawa, Seiki Komiya, and A. N. Lavrov. Electrical re-
sistivity anisotropy from self-organized one dimensionality in high-temperature
superconductors. Phys. Rev. Lett., 88:137005, Mar 2002.

[19] N. Andrei and P. Coleman. Cooper instability in the presence of a spin liquid.
Phys. Rev. Lett., 62:595–598, Jan 1989.

[20] W. A. Atkinson, A. P. Kampf, and S. Bulut. Charge Order in the Pseudogap
Phase of Cuprate Superconductors. ArXiv e-prints, April 2014.
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F. Laliberté, E. Hassinger, B. J. Ramshaw, D. A. Bonn, W. N. Hardy, R. Liang,
J. H. . Park, D. Vignolles, B. Vignolle, L. Taillefer, and C. Proust. Evidence
for a small hole pocket in the Fermi surface of underdoped YBa2Cu3Oy. Nat
Commun, 6, 01 2015.

[65] Nicolas Doiron-Leyraud, Cyril Proust, David LeBoeuf, Julien Levallois, Jean-
Baptiste Bonnemaison, Ruixing Liang, D. A. Bonn, W. N. Hardy, and Louis
Taillefer. Quantum oscillations and the fermi surface in an underdoped high-tc
superconductor. Nature, 447(7144):565–568, 05 2007.

[66] S. V. Dordevic, D. N. Basov, and C. C. Homes. Do organic and other exotic
superconductors fail universal scaling relations? Scientific Reports, 3:1713 EP
–, 04 2013.

[67] K. B. Efetov, H. Meier, and C. Pepin. Pseudogap state near a quantum critical
point. Nat Phys, 9(7):442–446, 07 2013.

[68] Chen Fang, Hong Yao, Wei-Feng Tsai, JiangPing Hu, and Steven A. Kivelson.
Theory of electron nematic order in lafeaso. Phys. Rev. B, 77:224509, Jun 2008.

[69] R. M. Fernandes, A. V. Chubukov, and J. Schmalian. What drives nematic
order in iron-based superconductors? Nat Phys, 10(2):97–104, 02 2014.

[70] Rafael M. Fernandes, Saurabh Maiti, Peter Wölfle, and Andrey V. Chubukov.
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[126] I. Kokanović, D. Hills, M. Sutherland, R. Liang, and J. Cooper. Diamagnetism
of YBa2Cu3O6+x crystals above Tc: Evidence for Gaussian fluctuations. Phys.
Rev. B, 88:060505, Aug 2013.

[127] Takeshi Kondo, Ari D. Palczewski, Yoichiro Hamaya, Tsunehiro Takeuchi, J. S.
Wen, Z. J. Xu, Genda Gu, and Adam Kaminski. Formation of gapless fermi
arcs and fingerprints of order in the pseudogap state of cuprate superconductors.
Phys. Rev. Lett., 111:157003, Oct 2013.
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nolles, C. Proust, B. Vignolle, A. McCollam, Y. Matsuda, T. Shibauchi, and
A. Carrington. Evolution of the Fermi Surface of BaFe2(As1−xPx)2 on Entering
the Superconducting Dome. Phys. Rev. Lett., 104:057008, Feb 2010.

[221] Boris Shraiman and Eric Siggia. Mobile vacancies in a quantum heisenberg
antiferromagnet. Phys. Rev. Lett., 61:467–470, Jul 1988.

[222] Boris I. Shraiman and Eric D. Siggia. Spiral phase of a doped quantum anti-
ferromagnet. Phys. Rev. Lett., 62:1564–1567, Mar 1989.

[223] R. R. P. Singh. Exchange Constants and Neutron Spectra of Iron Pnictide
Materials. ArXiv e-prints, March 2009.

[224] Can-Li Song, Yi-Lin Wang, Peng Cheng, Ye-Ping Jiang, Wei Li, Tong Zhang,
Zhi Li, Ke He, Lili Wang, Jin-Feng Jia, Hsiang-Hsuan Hung, Congjun Wu,
Xucun Ma, Xi Chen, and Qi-Kun Xue. Direct observation of nodes and twofold
symmetry in fese superconductor. Science, 332(6036):1410–1413, 2011.

[225] B. I. Spivak and S. A. Kivelson. Negative local superfluid densities: The dif-
ference between dirty superconductors and dirty bose liquids. Phys. Rev. B,
43:3740–3743, Feb 1991.

[226] J. P. Sun, K. Matsuura, G. Z. Ye, Y. Mizukami, M. Shimozawa, K. Matsub-
ayashi, M. Yamashita, T. Watashige, S. Kasahara, Y. Matsuda, J.-Q. Yan, B. C.
Sales, Y. Uwatoko, J.-G. Cheng, and T. Shibauchi. Dome-shaped magnetic or-
der competing with high-temperature superconductivity at high pressures in
FeSe. ArXiv e-prints, December 2015.

[227] Shouvik Sur and Sung-Sik Lee. Quasilocal strange metal. Phys. Rev. B,
91:125136, Mar 2015.

[228] W. Tabis, Y. Li, M. Le Tacon, L. Braicovich, A. Kreyssig, M. Minola, G. Dellea,
E. Weschke, M. J. Veit, M. Ramazanoglu, A. I. Goldman, T. Schmitt, G. Ghir-
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