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ABSTRACT

The discovery of high-temperature superconductors has raises questions that extend be-
yond the scope of quasiparticles, a foundational concept in condensed matter theory. This
dissertation explores new theoretical approaches to quantum matter without quasiparticle ex-
citations, with a particular focus on quantum criticality and the associated superconductivity
in correlated electron compounds.

The soluble Sachdev-Ye-Kitaev (SYK) model has recently emerged as a fascinating plat-
form to address the unusual metallic states with T-linear resistivity. We first consider differ-
ent variants of random Hubbard models, which share many similarities to key aspects of the
original SYK model. Using a large M analysis and a renormalization group method, we pro-
pose the existence of quantum critical points with fractionalized excitations separating two
distinct phases, which provides insights into the quantum phase transitions and non-Fermi
liquid behaviors observed in cuprate superconductors.

In the second part of this dissertation, we examine the interplay between non-Fermi lig-
uids and superconductivity with two different pairing mechanisms. Under the framework of
random Hubbard model, we demonstrate that superconductivity emerging from non-Fermi
liquids strongly deviates from the BCS theory by tuning the relative strength of hopping and
exchange interactions. Furthermore, we investigate a two-dimensional Yukawa-SYK model
with spatially randomn interactions coupling a Fermi surface to a scalar field associated with
a quantum phase transition. Our theory agrees well with transport properties analysed in

cuprates, such as a T-linear resistivity and Planckian dissipation.
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Introduction

1.1 Landau Fermi Liquids and Beyond

How to understand an interacting many-body system lies at the heart of quantum condensed
matter physics. In principle, the physical properties of such system can be deduced from
the corresponding Schriodinger equation. However, it is almost impossible to solve a complex
system of 10?3 interacting particles under the current computing power. Landau’s Fermi
liquid theory [5, 6], initially aimed to explain the properties of liquid 3He, turns out to offer a
phenomenological way of predicting how electron-electron interactions influence the electronic
properties of metals. This theory also provides a highly successful description of non-metallic
states, such as semiconductors, magnets, superconductors, and superfluids, establishing it as

one of the corner-stones of traditional many-body physics [7].

One of the key elements in Landau’s Fermi liquid theory is the concept of “quasiparticles”



i &'
.
real P"h"le q_un.—s.l‘" ';ar‘h'r.le.

real horse quasd horse

Figure 1.1: The real particle plus its cloud is the quasi particle. From R. D. Mattuck, A
Guide to Feynman Diagrams in the Many- body Problem, Dover (1992).

[8] (Figure 1.1), on which much of modern condensed matter physics is built. However,
in the last forty years, numerous experiments including the discovery of high temperature
superconductors in 1986, presented challenges to the dominant position of Landau Fermi
liquid theory. The unusual metallic state of these materials suggests a collapse of well-
defined quasiparticles, prompting the need for new quantum theories to address entangled
states of matter. In the following sections, we will encounter quantum matter that do not

host quasiparticle excitations.

1.1.1 Fermi liquid theory of metals

The basic assumption of Landau’s theory is that the low-energy eigenstates are labeled by
occupation numbers which cannot change during the adiabatic turning on of the interaction.
In this process, free electrons adiabatically turn into slowly-decaying Landau quasiparticles
with the same quantum numbers. In light of this one-to-one correspondence, the language
of the free fermion systems can be employed to describe the dressed quasiparticles in the

Landau Fermi liquid: the energy of such low-lying excitations can therefore be written as a



function of quasiparticle occupation numbers [9]

E=FEy+ Y cadta+ Y Fosdnadng +0 ((0n)*) . (1.1)
o a,f

Here FEj is the ground state energy, « labels the single-fermion eigenstate, €, denotes the
energy of the single-quasiparticle states, I, g represents the interaction between quasipar-
ticles, and dn, is the change of quasiparticle occupation with respect to the ground state.
The quasiparticle near the Fermi surface behaves like a real particle surrounded by its cloud
(Figure 1.1), though it may have an effective mass different from the real mass and a lifetime
due to the Landau interactions.

Whether the quasiparticle excitations are long-lived is essential to the stability of the Fermi
liquid. While quasiparticles are not exact eigenstates and do decay over time, the decay rate
diminishes much more rapidly than the quasiparticle energy in spatial dimensions d > 1. In a
Fermi liquid, it is the quasiparticle-quasiparticle scattering that primarily contribute to this
decay, and these can be estimated by the Fermi golden rule. Employing this method, the

inverse lifetime is given by the sum of the probabilities of all the allowed decay processes [10]:
1 W(q)|?
E ~ 27’ I(/d)‘ ’I’Lk/(l —nk/+q)(l —nk_q)é(gk_q+5k’+q — &k —E':k/), (12)
k'q

2
where IW].EZ)‘ is the matrix element of an effective interaction between quasiparticles, with

the initial states k and k’ being occupied, whereas the final states k — q and k’ + q being
unoccupied. At low temperatures " — 0, the inverse lifetime of a quasiparticle in the vicinity
of the Fermi level vanishes as 72, which is much smaller than the quasiparticle energy. This
affirms that the quasiparticles are indeed long-lived and well-defined.

This quasiparticle picture is central to the study of transport phenomena. For instance, it
predicts the low-temperature resistivity of metal increases quadratically with temperature,
represented by

p(T) = po+ AT?, as T — 0 (1.3)



where py denotes the residual resistivity stemming from impurity scattering. It also leads
to the linear in T temperature dependence of the electron specific heat, and a magnetic

susceptibility x independent of temperature.

1.1.2 BCS theory: Fermi-Liquid Superconductivity

The Landau Fermi liquid theory extends beyond describing the normal state of metals; it also
lays the groundwork for our understanding of various non-metallic states, which are realized
as certain instabilities of a Fermi liquid [7]. One notable example is the BCS pairing theory
of superconductivity, introduced by Bardeen, Cooper and Schrieffer in 1957[11]. With an
attractive interaction between the quasiparticles near the Fermi surface, the total energy of
the system can be reduced through the formation of Cooper pairs. Thus, the superconducting
transition is interpreted as an instability of the normal state at some finite temperature.

In a mean field approximation, we can simplify the HCS Hamiltonian as in Ref. [12]

Hpos = (k= 1)Chytho — Y [AkCLTCT,M + ApC—kiCkt | (1.4)
ko k
where
Uo
A= Vv Z<C*k¢ckT>HBcs (1.5)
k

will be self-consistently determined. After employing a Bogoliubov transformation, the eigen-

values give the spectrum

Ep = £/(er — p)? + AP, (1.6)

Here A plays the role of the BCS energy gap: a minimum energy A is required to create
a Bogoliubov quasiparticle excitation. Below a critical temperature T, there is a A # 0
solution that has lower energy than the non-superconducting normal state. Temperature
dependence of the gap energy from tunnel experiments is shown in Figure 1.2, along with

values predicted by the BCS theory [13]. The ratio of zero temperature energy gap A and
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Figure 1.2: Temperature dependence of the gap energy for In, Sn and Pb, compared with
the BCS theory (dashed). Figure taken from [13].

T. turns out to be a universal dimensionless number

2A¢

C

= 2me 7 & 3.53 (1.7)

which was verified in lower T, superconductors [14].

1.1.3 Non-Fermi liquids

A large number of strongly correlated systems, such as materials with incompletely filled d- or
f-electron shells, exhibit anomalous metallic properties strikingly deviated from the conven-
tional Fermi liquid behavior [15]. Prominent among these are the high-temperature cuprate
superconductors [16, 17], iron-based superconductors [18-20], heavy-fermion materials [21],
and moiré systems [22]. Some of these materials retain their non-Fermi liquid behavior as
temperature decreases, whereas others transit to Fermi liquids below a specific low-energy
threshold [23]. It is challenging to describe the physcial properties in a universal way for such

a rich family of non-Fermi liquid systems.



One of the most notable features is the linear-in-7T" resistivity observed in the family of
cuprate superconductors. This strange metallicity can possibly be explained by the marginal
Fermi liquids, where the lifetime of marginally coherent quasiparticles obeys 1/7(e) ~ |e]
[24] . However, the marginal Fermi liquid self-energy, defined by single-particle properties,
does not necessarily contribute to transport properties like dc conductivity: a marginal fermi
liquid can be a conventional metal instead of a strange metal [25]. We will discuss the cuprate

phenomenology in more details in Section 1.3.

1.2 Quantum Criticality

Much of recent work in strongly correlated materials has focused on quantum critical point
(QCP), which separates two distinct quantum states of matter at zero temperature. Such
continuous quantum phase transitions are driven by a nonthermal parameter like pressure,
doping or a magnetic field. The presence of a QCP could provide insights into the non-
Fermi liquid behaviors observed in unconventional superconductors, potentially unraveling
the fundamental mechanism of superconductivity itself [20].

A representative phase diagram near a quantum critical point is shown in Figure 1.3. Here
we consider a second-order phase transition at T that can be suppressed by tuning g: T
decreases to 0 as ¢ — g.. There are two diverging characteristic length scales as g approaches

gc: the order parameter correlation length

§O< ‘g_gc|71jv (18)

and correlation time

& &, (1.9)

where v is the correlation length exponent, z is the dynamical critical exponent [20, 26]. At
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Figure 1.3: Schematic phase diagram near a quantum critical point, g.. The second-order
phase transition to an ordered phase at Ty can be suppressed by the control parameter g. A
non-Fermi liquid fan appears above the crossover line where the correlation time &, and the

thermal length L7 become comparable. Figure taken from [20].

finite temperatures, the thermal fluctuations can be characterized by a timescale
L= (1.10)

Consequently, we distinguish two regimes within the disordered phase by comparing the
values of &, and L;. In the regime where {; < L., quasiparticles remain well-defined, and
the system displays Fermi-liquid like transport properties, which result from thermal average
of independent quasiparticles. However, in the regime where &, > L., the quasiparticle
description breaks down due to the influence of the QCP at g = g, rendering the system
unable to be described by the ground state wave function. In this quantum critical regime,
the physical properties of the system significantly deviate from the standard Fermi liquid
theory. For example, in the 2D case, the resistivity becomes linear-in-T" and the specific heat
behaves as Cei(T')/T ~ log(T")[27]. The influence of QCP can extend to finite temperatures,

creating a quantum critical fan as a rich environment for exploring non-Fermi liquid physics
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Figure 1.4: Phase diagram of hole-doped cuprates. Numerous phases are shown, including
insulating antiferromagnet, pseudogap, strange metal, Fermi liquid and superconductor. The
pseudogap phase below T* ends at a T' = 0 quantum critical point (red dot). Figure repro-
duced from [29].

20, 28].

1.3 Cuprate phenomenology

Since the discovery of cuprate superconductors in 1986 [30], significant efforts have been
devoted to revealing the mysterious mechanism of high-temperature superconductivity and
other related novel phenomena. It is commonly understood that superconductivity arises
through the electron or hole doping of an antiferromagnetic parent Mott insulator. Notably,
hold-doped cuprates exhibit various underlying ground states, including a strange metal and
a pseudogap metal at intermediate doping levels, both of which strongly deviate from the
conventional Fermi liquid behavior (Figure 1.4). The emergence of these strongly corre-

lated states and their transition to superconductivity challenge the celebrated BCS theory,



propelling continued research in this dynamic field.

1.3.1 Pseudogap critical point

The pseudogap phase, a remarkable phenomena in cuprates, occurs below a temperature T
that diminishes with increased doping, and concludes at a critical point inside the 7T, dome
as superconductivity is removed by a large magnetic field (Figure 1.4). This is different from
the paradigm of an antiferromagnetic quantum critical point found in other systems, such as
electron-doped cuprates [31], iron-based superconductors [20] and heavy-fermion metals [21].
The striking properties of the pseudogap critical point at T' = 0 can be summarized as the

following [32]:

1. Anti-nodal spectral gap opens and density of states decreases below p*.
2. Carrier density drastically reduced from n ~1+p at p > p* ton ~p at p < p*

3. Signatures of quantum criticality at p*, with p ~ T and Cq ~ T'logT as T — 0

Whether the QCP in hole-doped cuprates is linked to antiferromagnetic correlations, as in
the electron-doped scenario, remains an unresolved question. The absence of long-range order
just below p* suggests the potential existence of a novel state that does not break translational
symmetry [32]. In this dissertation, we will present a simple rationale for the existence of a

quantum critical point in hole-coped cuprates.

1.3.2 Strange metal

The strange metal right above p* (Figure 1.4) represents an unusual metallic state that de-
viates significantly from the conventional Fermi liquid behavior [32-35]. Recent experimen-
tal observations highlighting the novel properties of strange metals are summarized below

[15, 36, 37):

1. The DC resistivity is T-linear at low temperatures, a deviation from the predictions

of Fermi liquid theory. A distinguishing feature of strange metals, as opposed to bad



metals, is that their resistivity stays below the Mott-Ioffe-Regel limit [36], yielding
p(T) < h/e* in d = 2 spatial dimensions. This resistivity can also be modeled by the

Drude formula

1 ne27_trans
= , (1 1 1)
p(T) m*

where n represents the carrier density determined from doping, and m* is an effective
mass obtained from specific heat measurements. The scattering rate 1/Tipans thus
exhibits a Planckian behavior with 1/7¢ans ~ kT /h, as observed in various strange

metal experiments [34, 35, 37, 38].

2. The optical conductivity follows the form of a generalized Drude formula

K 1 Tuww
o(w) = 7 ; ™) ~ |w|®, <M) , (1.12)

—iw Mirans (w) Ttrans
Ttrans (W) m

where the constant K can be determined by (1.11), and the effective mass mj ., 18
estimated using Kramers-Kronig relations [39]. The frequency-dependent transport
scattering rate 1/7Tirans(w) obeys an w/T scaling, paralleled by the inelastic scattering

rate (1.13) observed in photoemission experiments [37, 40].

3. The inelastic electron self-energy in the vicinity of optimal doping shows a scaling

behavior expressed as

1

Tin(w)

= 2ImE(w) ~ |w|®s; (&) , (1.13)

indicating a marginal Fermi liquid [24, 37, 40].
4. The specific heat exhibits a scaling of Ce; ~ T'In(1/T") as T' — 0 [37, 41].

Given the limitations of the quasiparticle-based theory, it remains a significant challenge

to develop models that accurately reflect the universal properties of strange metals and elu-
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Figure 1.5: Graphical representation of the Dyson equations. Here the solid circle denotes
the self energy ¥ and the dotted circle denotes the dressed Green’s function G. Figure taken
from [43].

cidate their relationship with unconventional superconductivity. In this dissertation, we will
explore various generations of Sachdev-Ye-Kitaev (SYK) models, which successfully charac-

terize quantum phases of matter in the absence of quasiparticle excitations.

1.4 The Sachdev-Ye-Kitaev model

Originally introduced by Sachdev and Ye [1] and further refined by Kitaev [42], the SYK
model provides an intriguing framework for probing non-Fermi liquid physics [15] and en-
hancing our understanding of quantum theory of black holes [37]. A prevalent variant of

the SYK model consists of N fermions with a chemical potential p and a random four-body

interaction Ujj.pe:

N

1

Hy = W Z Uijike czc}ckcg — ,ch}LCi , (1.14)
ijkt=1 i

where U;j.x¢ are independent Gaussian random variables with zero mean, variance U2, and
Uijiee = —=Ujiske = —Uijur = Uyy,;- In the large N limit, this model is exactly solvable and

can be performed graphically. The two-point Green’s function in imaginary time is defined

11



as

N
Gr) = 3 S {Tei(r)d ), (1.15)
=1

where 7, is time-ordering. As N — oo, only the ‘melon’ graph for the Dyson self energy

survives (Figure 1.5), leading to the exact Schwinger-Dyson equations

1

Gliwn) = iwn, + p — X(iwy,)

, (1) = —U?G*(1)G(~T1). (1.16)

These two equations typically require numerical methods for solutions due to their non-linear
nature. However, at the low energy limit 7 > 1/U, a conformal solution can be analytically

deduced [1, 37]:

G(iw) ~ —isgn(w)|w| % | Z(iw) — 2(0) ~ —isgn(w)|w|'/?. (1.17)

The spectral function A(w) ~ 1/4/w diverges and exhbits no §-function peaks, indicating an
absence of well-defined quasiparticles. The non-Fermi liquid nature of the model is further
underscored by the hw/kpT scaling of self energy and the exponentially small energy-level
spacing near the ground state [37].

Nevertheless, as a 0+ 1 dimensional theory lacking spatial structure, the SYK model must
be generalized to non-zero spatial dimensions to effectively study the anomalous transport
properties of strange metals. Earliest examples of incoherent metal built from SYK models
usually consist of a lattice of SYK clusters connected by particle hopping [44]. These models
demonstrate a crossover from heavy Fermi liquid to a incoherent metal regime where quasi-
particle description fails. Moreover, explicitly adding pairing terms into a lattice SYK model
allows for the study of the transition from incoherent metal to superconductivity [45]. But
such non-Fermi liquid characteristics, like T-linear resistivity, cannot survive down to the
lowest energies in models with quadratic terms, leading to a bad metal instead of a strange
metal. This limitation has prompted our investigation into random exchange models that

reintroduce ‘Mottness’, which refers to the extent to which electrons are inclined to localize

12



due to repulsive interactions near a Mott transition [15].

The Hamiltonian of the original SY model [1] with N spins is given by

Hjy = \/% 19-%:@ Ji;Si - S, (1.18)
where J;; are independent Gaussian random variables with zero mean and variance J 2 Al
though this model is not exactly solvable in the large IV limit, analytical solutions can be
derived in two ways [15]. One approach is to generate the spin symmetry to SU(M) and
considering the large M limit, thereby producing the same Schwinger-Dyson equations as
those of the SYK Model (1.14). Another approach uses renormalization group methods to
obtain analytical results near certain fixed points. Both methods will be explored in the

forthcoming chapters.

1.5 Organization of this thesis

A large portion of this dissertation focuses on quantum phase transitions in random Hubbard
models and their relationship to cuprate phenomenology.
In chapter 2, to captures the physics of hole-doped cuprates, we consider a random version

of ¢-J model:

N
Hyy = \/1N JZ::I Za: tij Pl cjaP + \/1N 1<KZJ;<N Jij Si - S; — za: el Cia- (1.19)
Here P denotes the projection to non-doubly occupied states, S; = (1/ 2)c:faaagci5 is electron
spin. Using a dynamical mean field theory, we map the model to a quantum impurity
problem. The existence of a QCP is confirmed at critical doping by renormalization group
(RG) analysis, where the spin susceptibility decays exactly as 1/7, in contrast to the 1/72
behavior expected in a Fermi liquid. Such a peculiar scaling property can be understood

by fractionalizing the electrons into spinons and holons. Within our critical theory, two
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representations are used with either bosonic holons and fermionic spinons, or fermionic holons
and bosonic spinons, so the strongly coupled QCP intuitively exhibits a boson-fermion duality.
Away from the critical point, a runaway RG flow indicates the lower energy state is a boson
that should be condensed. This yields two confining phases flanking the deconfined QCP: a
disordered Fermi liquid (FL) with carrier density 1 + p for p > p., and a metallic spin glass
with carrier density p for p < p.. Our theory provides an attractive description of QCP in the
phase diagram of hole-doped cuprates, where the carrier density changes across the critical
point. The SYK-like structure of the QCP exists all the way down to T' = 0, and naturally
connects with a class of theories that have the strange T-linear resistivity.

In chapter 3, we move to the half-filled case to study another type of quantum phase
transition, the continuous metal-insulator transition (MIT). With a finite Hubbard repulsion

U and double occupancy allowed, the Hamiltonian has the form

N
Z Z tl'j CIaCja Z ‘]1] S S + Z nzT + nu) + Unmnw)

1<Z<j<N

a\~

(1.20)

leading to a MIT in tuning U at half-filling. In the large M theory with SU(M) spin symmetry,
the electron can be fractionalized into fermionic spinons and bosonic rotors, which gives rise
to a deconfined critical point separating a disordered Fermi liquid from an insulating spin
glass. The obtained exponents for the electron and spin correlators agree with a numerical
study of M = 2 random Hubbard model by Cha et al. [46]. For M = 2, RG is performed on
a quantum impurity model, yielding a finite coupling fixed point as a candidate to describe
the transition. However, unlike our previous work on the random ‘¢-J’ model, we are unable
to rule out the presence of a metallic spin glass phase at small U.

These SYK-inspired random exchange models also provides a framework to understand
disordered two-dimensional systems proximate to superconductivity. Numerous experiments
have observed an ’anomalous’ metals state, also regarded as a ‘failed superconductor’, with

low temperature conductivity significantly higher than that of a usual Fermi liquid. However,

14



no available model of fluctuating superconductivity in a metallic background can consistently
explain the existing observations. In chapter 4, we propose a dynamical mean-field model
by introducing an additional random Cooper-pair hopping term to the random ¢-U-J the-
ory, where the Hubbard U can take values of both signs. Electrons in this model can be
fractionalized into partons such as spinons, holons and doublons, indicating critical points or
phases between a superconducting phase and a disordered Fermi liquid in this model. The
low temperature conductivity in these intermediate critical phases is derived by considering
a large dimensionality limit, yielding temperature-independent values moderately enhanced
from those in the disordered metal. This study proposes a candidate theory for the anoma-
lous metal, and intrigues further research on superconducting states within these models of
random couplings.

The second part of this dissertation explores the interplay between non-Fermi liquids and
superconductivity. In chapter 5, we present a large M study of the transition from normal
state to superconductor within the random t¢-U-J framework. Here, superconductivity is
driven by an attractive on-site interaction U between electrons, with the normal state being
either a Fermi liquid or a non-Fermi liquid depending on the relative strength of hopping and
exchange interaction. These simple yet tractable models effectively capture the competition
between the different energy scales in a quantitative manner, and show how strong interactions
can modify the nature of superconductivity from the celebrated BCS paradigm.

However, the interaction that leads to pairing in the random exchange model above is
different from the origin of non-Fermi liquids. This motivates the study of an electron-
phonon variant of the SYK model in chapter 6, where the mechanism that leads to the
failure of the quasiparticle picture is equally responsible for pairing. Following the previous
theoretical work of a large N theory of critical Fermi surfaces [25, 47, 48], we consider a
two-dimensional Yukawa-Sachdev-Ye-Kitaev model that describes spatially random Yukawa
interactions between a Fermi surface and a scalar field associated with a quantum phase
transition. The Yukawa-SYK model, as an extension beyond the original 0+1d version,

proves to be an effective foundational framework for investigating theories of transport in
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non-zero spatial dimensions. We argue that a self-consistent disorder averaged analysis of
this model describes a wide class of disordered quantum critical metals over a significant
intermediate temperature range. Full numerical solutions of this limit will be presented,
such as superconducting transition temperatures, electronic spectral functions, frequency-
dependent conductivity, and superfluid stiffness. Our findings align closely with the transport
analysis in the cuprates Michon et al. [39], and demonstrate a linear relationship between

the superconducting critical temperature and the slope of the linear-T" resistivity.
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Deconfined critical point in a doped random

quantum Heisenberg magnet

2.1 Introduction

Much evidence has now accumulated for a fundamental transformation in the ground state
of the cuprate superconductors near optimal hole doping p = p. [49-61]. The transformation
is primarily associated with a change in the mobile carrier density from to p to 1 4+ p as p
increases across p.. There are indications of various broken symmetries for p < p, including

1, 52], spin glass order [59-61], orbital currents [57] and

charge and bond density waves [5
nematic order [52]. However, it appears that the restoration of the broken symmetry cannot
be the driving mechanism for a quantum phase transition at p = p.: the broken symmetries

are weak and differ among the cuprates, and the transport [53], thermodynamic [54-56],
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electronic [50-52, 58], and spin dynamics [59-61] signatures are strong.

This paper will study a model with all-to-all randomness (see (2.1) below) which exhibits
a deconfined quantum critical point [62] with many similarities to the mysterious cuprate
phenomenology. Our model has a quantum critical point at p = p. with fractionalized
excitations, separating metallic states with carriers densities of p and 1 + p (see Figure 2.1).
The overdoped state is a conventional disordered Fermi liquid, the underdoped ‘pseudogap’
phase with carrier density p has spin glass order, but the quantum critical point is described
by fractionalized excitations. Our critical theory is distinct from a Landau-Hertz-Millis-type
theory [63, 64] of the quantum fluctuations of the spin glass order in a metal; the latter theory
has no fractionalization at criticality and does not exhibit a change in carrier density across
the transition. Moreover, our p = p, critical theory is expected to maximally chaotic [43],
similar to the Sachdev-Ye-Kitaev (SYK) [1, 42] models, and unlike the Landau theories [65].

Our results provide a simple rationale for the existence of a quantum phase transition in
correlated metals with ‘Mottness’. Broken symmetries are not essential, and only play a sec-
ondary role. At low doping, we have fermionic ‘holons’ of density p, moving in a background
of condensed bosonic ‘spinons’ (see Figure 2.1). At higher doping, we have condensed bosonic
holons, so that the fermionic spinons behave like a Fermi liquid of hole-like carrier density
1 + p. This statistical transmutation, and corresponding transformation in the many-body
state, is accomplished by a strongly coupled deconfined critical point which exhibits a boson-
fermion duality. Note that, because of the presence of the Higgs-like condensates on both
sides of the critical point, there is no true fractionalization for either p > p. or p < p..

There have been discussions [66] of deconfined critical points between a magnetic metal
with ‘small’ Fermi surfaces, and a non-magnetic heavy Fermi liquid with a ‘large’ Fermi
surface (a review of related ideas is in Ref. [67]). However, to date, no tractable realization of
this scenario has been found in non-random systems. Our results show that a similar scenario
is naturally realized in models with random couplings. We also note the study of Ref [68],
which found an evolution between small and large Fermi surface across optimal doping in a

plaquette dynamical mean field theory.
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Our model is in the class of SYK models [1, 42] with random all-to-all couplings, which
have been extensively exploited recently for descriptions of strange metals and the quantum
information theory of black holes. Specifically, we generalize the insulating random Heisen-
berg magnet originally studied in Ref. [1] to metallic states of a ¢ — J;; model at non-zero
doping, along the lines of Ref. [69]. We consider electrons, annihilated by c¢;q, spin o =T,
on sites ¢ = 1... N with double occupancy prohibited > _ ¢ < 1. The Hamiltonian is

o za ’LO(

the familiar ¢-J model with

Hyj=—— Z tiiP clycioP +— Z JijSi - Sj — Z Ch Cin (2.1)

7,75] 1 ’L<j 1

where P is the projection on non-doubly occupied sites, p is the chemical potential and
S; = (1/2)03010&501-5 is the spin operator on site i, with o the Pauli matrices. The complex
hoppings t;; = ¢7; and the real exchange interactions J;; are independent random numbers
with zero mean and mean-square values W = t? and JTQ] = J2. We will work at a variable

hole density p, defined by

1
N <Czacia> =1-p. (22)

The insulating p = 0 case of Hy; was studied in Ref. [1], and in Ref. [69] for non-zero
p, after generalizing the SU(2) spin symmetry to SU(M) and taking the large M limit (see
Appendix A.3). A gapless critical ground state was found [1] at large M for p = 0. However,
subsequent numerical studies [3, 4] of the insulating SU(M = 2) case found a spin glass
ground state, and such insulating spin glass states had also been examined in the large M
limit [70, 71]. At non-zero p, the particular large M limit in Ref. [69] predicted a Fermi
liquid ground state for all p > 0. We argue here that for the physical SU(2) case, the Fermi
liquid only appears above a critical doping p > p., and that there is a metallic critical state
very similar to the critical state of Ref. [1] at p = p.. Our study was motivated by the

observation of such critical spin correlations in metals in numerical studies of multi-orbital
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Figure 2.1: Proposed phase diagram of Hy; in (2.1) as function of hole doping p. The three
states on each site are realized either by fermionic spinons (f,) and bosonic holons (b) with
operators as in (2.3), or by bosonic spinons (b, ) and fermionic holons (f) with operators as in
(2.5); |v) is the holon and spinon vacuum. The three states are nearly degenerate at p = p,,
which implies p. = 1/3 at zeroth order. The critical theory can be described by both operator
representations and exhibits an exact fermion-boson duality. Away from the critical point,
the lower energy state is chosen to be bosonic, and that boson is condensed: so the spinons
b, condense for p < p., and the holons b condense for p > p.. The spin correlations of SY [1],
decaying as 1/|7|, are realized at p = p.. In the impurity model Hiyp in (2.16), increasing p

corresponds to increasing sg.
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Hubbard models [72, 73], and at the metal-insulator transition of a disordered Hubbard model
at half-filling (p = 0) [46].

It is convenient to describe the 3 states on each site of the t-J model by spinon and holon
operators. We can choose the spinons to be either fermions or bosons, and the holon to
have the opposite statistics: the final results should be the same for all physical observables.
With fermionic spinons f, and bosonic holons b, the 3 physical states are fI [v) and b |v)
(where |v) is the spinon and holon vacuum, and we drop site indices), see Fig. 2.1. Then the

operators

1 1
ca=bfo » S=3floapfy . V =0+ [, (2:3)

are all physical observables which realize the superalgebra SU(1|2) [74] (see Appendix A.1).

We are interested in the 3-dimensional representation of physical states obeying
fifo+0Tb=1; (2.4)

Hence, the physical states are invariant under the U(1) gauge transformation f, — f.e'?,
b — be'?, while individual spinon and holon excitations carry U(1) gauge charges.
Alternatively we can use a representation with bosonic spinons b, and fermionic holons f.

Now the gauge-invariant operators are
i Lot tr 4 Lot
Co = f'bo Szibaaaﬁbg , V=1 f—|—§baba. (2.5)

This realizes the same superalgebra SU(2|1) = SU(1|2) as (2.3), and the same 3-dimensional

representation is obtained by the constraint
blb, +fTf=1. (2.6)

Note that while we find it convenient to refer to the superalgebra, there will be no supersym-

metry in our results: H;; does not commute with all SU(1|2) generators.
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We can now describe the structure of our main results illustrated in Fig. 2.1. We find a
deconfined critical point p = p. at which the 3 spinon and holon states are nearly degenerate.
Assuming all three states are equally probable at criticality, we obtain a critical density p. =
1/3. Indeed, p. = 1/3 is the zeroth order result of our renormalization group (RG) analysis,
as we show in Appendix A.4.2; however, there are non-universal higher order corrections to
the value of p.. We can formulate this critical theory using either of the representations in
(2.3) and (2.5). This exact fermion-boson duality is an elementary analog of the fermion-
boson duality of 241 dimensional field theories describing the deconfined critical point of the
square lattice antiferromagnet [75, 76]; as in the 2+1 dimensional theories, we will find that
a Wess-Zumino-Witten [74, 77-80] term (Sp in (2.10) and (2.12) below) plays a central role
in the criticality.

Away from the critical point, there is a runaway RG flow to states in which either the
spinon or holon states are lower in energy. As illustrated in Fig. 2.1, we argue that this
RG flow implies that we should now choose between the representations in (2.3) and (2.5)
so that the lower energy state is a boson, and we should condense that boson. For p > p.,
the holon states are lower in energy; so we should choose (2.3) and condense b—this breaks
the U(1) gauge symmetry, and we obtain a disordered Fermi liquid in which the f, behave
like electrons of density 1 — p (which is the same as holes of density 1 + p for the underlying
Hubbard model). Conversely, for p < p., the spinon states are lower in energy; so we should
choose (2.5) and condense b,—this again breaks the U(1) gauge symmetry, and we obtain
a metallic spin glass in which the f behave like holes of density p. Note that as p — 0, this
metallic spin glass becomes the insulating spin glass found in earlier studies [3, 4, 70, 71].
The large-M limit considered in Ref. [69] captures the disordered Fermi liquid, but does not
capture the metallic spin-glass phase and the deconfined critical point at a non-zero p = p..

We will describe the nature of the infinite volume (N — 00) limit of H;y in Section 2.2, and
map possible critical states of the large N limit to quantum impurity models in Section 2.2.1.
The RG analysis of the impurity model appears in Section 2.3, where we obtain critical

exponents of the deconfined critical point to two-loop order; the anomlaous dimensions of
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the electron and spin operators are obtained to all-loop order. We turn to the phases flanking
the critical point in Section 2.4, and summarize our results in Section 2.5. The appendices
contain various technical details; in particular, the RG equations for a generalized model
with SU(M) spin symmetry appear in Appendix A.2, and the large M analysis appears in

Appendix A.3.

2.2 Large volume limit

The limit of large volume (N — oo) of H,; is obtained by the methods described in Refs. [1,
70, 71] for the insulating model at p = 0. We introduce field replicas in the path integral,
and average over t;; and J;;. At the N = oo saddle point, the problem reduces to a single
site problem, with the fields carrying replica indices. The replica structure is important in
the spin glass phase [70, 71], which we will explore in subsequent work. In the interests of
simplicity, we drop the replica indices here as they play no significant role in the critical
theory and the RG equations. Within the imaginary time path integral formalism (with
7 € [0,1/T], with T the temperature), the solution of the model involves a local single-site

effective action which reads:

Z = /Dca(r)es&”

/ dr [CL (r) <§T - ) ca(T)] +t° / drdr'R(t — 7')cl(T)ca(r’)
L

)
I

drdr'Q(t — )8S(7) - S(7'), (2.7)

In this expression, p is the chemical potential determined to satisfy (2.2) and Sy is the
action associated with the constraint of no double occupancy (U = o0). Decoupling the
path integral introduces fields analogous to R and @ which are initially off-diagonal in the
spin SU(2) indices. We have assumed above that the large-volume limit is dominated by the

saddle point in which spin rotation symmetry is preserved on the average, and so R and @
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were taken to diagonal in spin indices. The path integral Z is a functional of the fields R(7)

and Q(7), and we define its correlators

Rir—7) = = (calneh(e))

Ar—r) = S(8() -8, 28)

In the thermodynamic (N — oo) limit, the solution of the model is obtained by imposing the

two self-consistency conditions:

R(r)=R(r) , Q(r)=Q(7). (2.9)

These equations and the mapping to a local effective action are part of the extended dynamical
mean-field theory framework (EDMFT), which becomes exact for random models on fully
connected lattices [64]. They can also be viewed as an EDMFT approximation to the non-
random ¢-J model [68, 81-83]. To make contact with notations often used in the (E)DMFT
literature, we note that t?R(7 — 7') is the self-consistent ‘hybridization function’ (dynamical
mean-field) A(r — 7/).

This path-integral representation can be formulated in the SU(1|2) representation (2.3) as:
z = / D fo(7)Db(1)DA(T)e B ~5
So = [ dr | fi5L1alr) + 8 5000) + M) (£ () + 6 ()0lr) 1)
N or or ar e
Sty = /dTSo fl(T)fa(T)+t2/deT'R(T—T')fl(T)b(T)bT(T')fa(T')
J2 / / /

-5 drdr'Q(r —1)S(7) - S(r'), (2.10)
where S(7) is to be represented by (2.3). Here Sp is the kinematic Berry phase (i.e. the

Wess-Zumino-Witten term [77]) of the SU(1|2) superspin at each site [74], S;s is the action

containing the terms arising from H;;, A is the Lagrange multiplier imposing Eq. (2.4) and
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the chemical potential sg is determined to satisfy (2.2), which now becomes

<bTb>Z =p. (2.11)

Note that Z is a U(1) gauge theory, and under the U(1) gauge transformation A — A — 9;¢.
Let us also present the exactly equivalent formulation of the large N saddle point in terms

of the SU(2|1) superspin. Now the Berry phase Sp in (2.10) is replaced by

0 0

Sp = /fch- bL(7)5-ba(r) + §1(1) 25(7) + iA(7) (bL(Dbu () + (D) = 1) |, (212)
or or

while S;; has the same form, apart from representing ¢, (7) and S(7) by (2.5), and replacing

the sp term by SobL(T)ba(T). The density constraint determining so in (2.11) is replaced by

(1), =»- (2.13)

Appendix A.3 analyzes the path integral (2.10) using a large M expansion in an approach
which generalizes the SU(2) spin symmetry to SU(M); a similar large M method has been
used previously for a Hubbard model [84-86] and other phases of a disordered ¢-J model [87].

The body of the paper will focus on an RG analysis of Z. This is performed by expressing

it in terms of an auxiliary quantum impurity problem, which we will now set up.

2.2.1 Mapping to a quantum impurity problem

In our RG analysis, we find it useful to consider the path integral as a functional of the
fields R(7) and Q(7) with an arbitrary time dependence, and to defer imposition of the self-
consistency conditions in (2.9). As we are looking for critical states, we assume that these

fields have a power-law decay in time with

Qr)~ gy o R~ (2.14)

25



where, for now, d and r are arbitrary numbers determining exponents, which will only be
determined after imposing (2.9). Our analysis exploits the freedom to choose d and r: we
will show that a systematic RG analysis of the path integral Z is possible to all orders in €

and 7, where

B _ 1-r 1 sgn(7)
e=3—-d , = 5 Q(1) e R(T) T (2.15)

The analysis assumes € and 7 are of the same order, and expands order-by-order in homo-
geneous polynomials in € and 7. Such RG analyses were carried out in Refs. [88-90] for an
insulating spin model in which ¢t = 0, and by Fritz and Vojta [91-93] for a pseudogap An-
derson impurity model in which J = 0 (see also Refs. [94, 95]); we note that the 7 expansion
of Refs. [91-93] was in good agreement with numerical studies [96]. We will combine these
analyses here, and our notations here for ¢ and 7 follow these earlier works.

We proceed by decoupling the last two terms in S by introducing fermionic (1),) and
bosonic (¢4, a = x,y, z) fields respectively, and then the path integral Z reduces to a quantum
impurity problem. The ‘impurity’ is a SU(1|2) superspin realizing the 3 states on each site
of the t-J model, and this is coupled to a ‘superbath’ of the v, and ¢, excitations. The

quantum impurity problem is specified by the Hamiltonian

t t t 1 %aB

+ / \k|rdkk@z)£a¢ka +;/d% [772 + (8x¢)a)2] ) (2.16)

For completeness let us also explicitly present the Hamiltonian using a SU(2|1) impurity of

bosonic spinons and fermionic holons

. _ i f f  %ap
Hup = (s0+ A)blba + AfTf+ go (bawa(o) +H.c.) + 10652263 ¢a(0)

+/|k,rdkkw,1a¢m + ;/ddm [72 + (0204)°] - (2.17)
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We note several features of Himp, which apply equally to (2.16) and (2.17):

e The bosonic bath is realized by a free massless scalar field in d spatial dimensions, as
in Refs. [88-90]. The field 7, is canonically conjugate to the field ¢,. The impurity
spin S couples to the value of ¢, at the spatial origin, ¢,(0) = ¢q(z =0, 7). It is easy

to verify that upon integrating out ¢, from Hiyp, we obtain the J term in S;;, with

Q(7) obeying (2.14).

e The fermionic bath is realized by free fermions v, with energy k and a ‘pseudogap’
density of states ~ |k|”. The impurity electron operator c, is coupled to 1, (0) =
[ 1k|"dk tyq. Integrating out ¢re from Hipyp yields the ¢ term in S;y, with R(7) obeying

(2.14).

e We have replaced the path integral over the Lagrange multiplier ¢\ in Sp by a constant
real A. The constraint (2.4) can be conveniently and exactly imposed by the Abrikosov
method of sending A — oo [90-93], as we will see in Section 2.3. So the consequences
of Sp will be accounted for exactly, and that is also the case for the alternative anal-
ysis in Appendix A.2, where Sp is accounted for by the exact implementation of the

superalgebras.

e The two formulations of Hiyp in (2.16) and (2.17) are equivalent, and lead to identical
RG equations. This is because, ultimately, the quantum dynamics depends only upon
the superspin algebra and the representation of the superspin on each site, and these
are the same for SU(2|1) formulation by (2.3,2.4) and SU(1|2) formulation by (2.5,2.6).
An explicit derivation of the one-loop RG equations using only the superspin algebra

and representation appears in Appendix A.2.

e The model is now characterized by 3 couplings constants, sg, Y9, and gg, we will derive
the RG equations for these couplings in Section 2.3. The coupling of the superspin to
the fermionic bath is gg, and to the bosonic bath is vy: we will see that the RG flow of

these couplings is marginal for small € and 7, and they are attracted to a deconfined
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critical point.

e The coupling sg acts like a ‘Zeeman field’ on the superspin, which breaks the degen-
eracy between the spinon and holon states. The flow of sg is strongly relevant at the
deconfined critical point, and this drives the system into one of the two phases in

Fig. 2.1.

We note that impurity models with both fermionic and bosonic baths have been considered
earlier by Sengupta [97], and by Si and collaborators [98-100], but not for the ‘superspin’ case
with significant particle-hole asymmetric charge fluctuations on the impurity site. Specifically,
we fully project out doubly occupied states, while keeping holon states low energy, and these
features are crucial to the structure of our critical theory, as in Refs. [91-93]. Also, the
effect of a Zeeman field in an impurity spin model with a bosonic environment was studied

in Refs. [101-103] in the context of the superfluid-insulator transition.

2.3 RG analysis

This section will present the RG analysis of the impurity model defined by (2.16). The RG
analysis will initially not account for the self-consistency conditions (2.9). We will apply
them later in Section 2.3.5.

We will employ the SU(1|2) superspin formulation, although essentially the same analysis
can be applied to the SU(2|1) superspin, with exactly the same results. A key feature of the
computation is that we impose the local constraint (2.4) exactly. This implemented by the
Abrikosov method of taking the A — oo limit, as described in earlier analyses [90-93].

An alternative approach to obtain the RG equations generalizes the method of Refs. [88,
89] for SU(2) spins to superspins in either SU(2|1) or SU(1|2). This method utilizes only
gauge-invariant information contained in the superspin algebra and its representation, and is

presented in Appendix A.2. The RG equations are identical to those obtained in this section.
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(a) (b) (c) (d)

Figure 2.2: One-loop diagrams for self energy and vertex corrections. Fermion self-energy
diagrams are shown in (a) and (b), boson self energy is shown in (c), and 7y vertex correction
is shown in (d). In these diagrams, solid line is for f propagator, dashed line is for

propagator, wavy is for b propagator, and spiral is for ¢ propagator.

At the tree-level, we can identify the scaling dimensions from (2.16):

1
dim ] = dimfp] =0, dimfga] = ——— = —dim[ga(0)],
1- —d d—1
dim[go] = 5 "= 7, dim[y] = 3T = %, dim[p,] = —5 (2.18)
This establishes r = 1 and d = 3 as upper critical dimensions.
We define the following renormalized fields and couplings,
A 6/2Z
L e 2 u=VZsbra.

Jo =V ZifrRas b=+ 7Zpbr, go= g, Y= —,
V212 Z\) 25801

(2.19)

where Sy = I'(d/2 — 1)/(47%?2). The renormalization factors are to be obtained from self-
energy and vertex corrections, as we will show below. We will work with sy = 0 and subse-

quently derive the flow away from it. Also, we work at zero temperature, i.e., 8 — co.

2.3.1 Fermion and boson self energy

Interaction terms in our action lead to self-energy corrections to the fermion and boson
propagator. The corresponding Feynman diagrams at one-loop level are shown in Fig. 2.2
(a)-(c). Here we show explicit result for one-loop diagrams.

We first calculate the fermionic self energy at one-loop level. At this level there are no dia-
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grams which mixes the vertices corresponding to the bosonic bath coupling and the fermionic

bath coupling. Here we have two relevant diagrams and we quote the self-energy below:

> = —92— E dk = 2/ dki ecall A\ —
2.2(a) 0,8 i / 1/ - - ; . \ 90 iV N— & (R Cca. OO)

1
= gamese(mr)(\ —iv)" = A,(iv — \)g? [—2 + 277} , (2.20)
31 k1 1 38 k42
2 2 d
Ca
<> 04522/ Vw2 + k2 i+ dwy — A Ry iv—\A—k
11
- fyg%%w ese(m(d —2)) (A —iv) "2 = Bﬂ%ﬂ(iy - ) [— + 5(& +2im) |, (2.21)
€

where we wrote [ d%k/(2n)¢ = Sy [ dkk®1, Sq = 2/(T(d/2)(4m)¥?),

Ay = 7 (iv =\ % (2.22)
a Z1Zy' '
z?2
By = p(iv — A) " =51 :
o= =N (2.23)
N=2(yg — 1) = —0.845569. .. , (2.24)

with v being the Euler’s constant.
For the bosonic self energy there is only one diagram (Fig. 2.2(c)) at the one-loop level.

The self energy is evaluated as follows:

L S— [k70()
P = 2"052/ i gty Rellao o

1
= 29877 cse(mr)(A —iv)" = Ay (iv — )\)292 {—2_ + m]

(2.25)

A factor of 2 is due to the spin index of internal f and -line.

The expressions for %! and 25.2(@ agree with those in Refs. [91-93], while that for

2.2(a)

»f

2.9(p) ABTEES with that in Ref. [90]. Similarly, the self-energy diagrams at two-loop level are

evaluated in a straightforward manner, as shown in Appendix A.4.
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2.3.2 Vertex correction

There is no one-loop vertex correction to the fermionic bath coupling gg. However, it does
acquire corrections at two-loop level. The bosonic bath coupling 7y has vertex corrections
both at the one-loop and two-loop level. The one-loop diagram is shown in Fig. 2.2(d). Here

we explicitly evaluated the one-loop vertex correction to vy,

1. .1 d°ky 1 1 1
I ,n = (=)= /
2‘2(d) ( 4)70 ﬁ ; (27T)d w%n + k’% Zan + iwln - A ZQ2n + Z.Wln - A

1, 5 [ d¥% 1 1 1
= (=70 d - .\ .
4 (2m)4 2Ky iQyy — k1 — N i — k1 — A
1 1

1 :
— —fyOB,an L — 145 (R =2im)) . (2.26)

This expression agrees with that in Ref. [90]. We can similarly evaluate the two-loop level

corrections and these are quoted in the Appendix A.4.

2.3.3 Beta functions and fixed points

We now demand the cancellation of poles in the expression for the renormalized vertex and
the f/b Green’s functions at the external frequency, iv — A = u. This leads to the following
expressions of the renormalization factors. Note that Zy = 1 exactly, owing to the absence

of bulk interaction terms such as ¢*. For the rest we have,

9 3 15t 3t gt gt 3¢ | 39 38(2+R)

Z = 1 _—— — — _— _—
f 27 de 322 ' 8¢ 42 27 8er | 8F(e+2r)  8(e+2r)
(2.27)
2 4 4 2,2 2,2 2,2
3 3 3(2—-N
B=1-L L 8 W7, Wy 3C-RT (229
Tooo4r 27 deT 2¢(e + 27) 4(e + 27)
4
g
Zg=1+4+=— 2.29
g + 47:’ ( )
2 god 4 2.2 2,2 2,23
Zy=14+ L0 v 9 9 9N (2.30)
de 3262 8¢ e 4AF(e+2F)  4(e + 27)
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Using Eqns. (A.74) and (A.75), we obtain the beta functions as follows:

— 3 3 3 2 5 3 3.2 9 3.2 3 4
- _ 2 Zon? — P e 2 2.31
B(g) = —Tg + 59 T g9 =9+ 59 9 g9 (2.31)
€ 5 3
BlY) = =357+ v+ 9Py =" — §9273N —~ 19273 —2g%y (2.32)

We can find the fixed points to two-loop order by setting the beta functions to zero. This

gives us four fixed points (g2, y*?):

FP, = (0,0), (2.33)
FPy = (o, % + i) : (2.34)
FPy = (2; + %7’2, o) , (2.35)
FPy = <—g+89r+e2 [—322511+;J + 77 [—i’gngzﬂ +eF [;ﬁ—??] :
2;—8;%2[;1(1)—2}+Fﬂ?$—i?]+ef[—i§+®]>. (2.36)

The stability of the fixed points can be analyzed by looking at the eigenvalues of the
stability matrix. We find that the Gaussian fixed point is always unstable. Importantly, we
find that the non-trivial fixed point, F'P;, with g% % 0 and y* # 0 is stable for a range of
values in the parameter space of € and 7. In Fig. 2.3 we plot the RG flow in the g — v plane
at one-loop level and show the different fixed points.

These fixed points corresponds to the underlying ¢-J model at a non-zero doping density
p. However, the precise value of p depends upon high energy details, and cannot be deduced

from the fixed point couplings, as we discuss in Appendix A.4.2.
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Figure 2.3: One loop RG flow in the g — v plane plotted for ¢ = 1 and 7 = 0.5. The red
point is the stable fixed point (F'Py), green points are the saddle (F'P, and FP3) and blue
point is the unstable Gaussian fixed point (F'P;). Note that the flow in the s direction is

always relevant (not shown).

2.3.4 Anomalous dimensions of f, and b

With the beta function at hand, it is straight forward to calculate the anomalous dimension

of the fermion and boson propagators, defined as follows:

(2.37)

Note that these anomalous dimensions are gauge-dependent, and not physically observable.

We have defined them in the gauge A\ = constant. In terms of the coupling constants,

3 3 3 N

2 2 4 4 2.2

— ZA2 gt A2 14— 2.

ng=9t =290 - 4g’y<+2>, (2.38)
3

m = 29" — 29" — ~g*7y*(2 - R). (2.39)

4
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At the fixed points, we obtain the following expressions for the anomalous dimension,

FPlianO, nb_O, (240)
3
FPy:np= 36 m, =0 1y does not recieve correction at two loop , (2.41)
2 16 4 8
FPy:np=F——7° = =F — —7° 2.42
sif =T = e T, = gt T (2.42)
1 2 & 25 32 1 16 7 896 112
FPy:inf= €+ -F—— — ——7 + —¢F = e T — —— € — ——T2 4+ ——¢F.
=Rt T T o™ T TR 9T T 10 T’ Tz
(2.43)

2.3.5 Anomalous dimensions of the electron and spin
operators

We now calculate the anomalous dimensions 7. and 7ng of the physical and gauge-invariant

composite operators, the electron ¢, and the spin S specified in (2.3), defined such that

Ry~ B0 Gy~ L

: (2.44)

|7"77c |7-|775

at large 7. We will show that it is possible to determine these anomalous dimensions to all
orders in the € and 7 expansions, as was also the case in previous analyses [88-93].

To compute these scaling dimensions, we add source terms to the action

S. = ;Z <A5flagﬂfg + A Jfib+ H.c.]) : (2.45)

iwn,

Within the field-theoretic RG scheme, we have

ZriAs g ZpAe r
Ag = ZHASRE oy R (2.46)
Zy 72

The composite operators S = f;(ag 5/2)fs and ¢, = flb are renormalized as follows:

S = Vi ZSSR, c= \/ZCR- (2.47)
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It turns out that the diagrams contributing to the vertex corrections to Ag and A, are exactly

those we encountered while evaluating Z, and Z, respectively. Thus we have,

Zi\? AV
Zs= (2L Z.="L2. 2.48
() w7 (249

It is these identities which enable use to compute the anomalous dimensions exactly. We

evaluate the required anomalous dimensions as,

dlnZg dlnZ,
ns = ) Ne =

(2.49)

dlnp dlnp

We can now make an exact statement for ng for fixed points with v # 0. From Eqns. (2.49)

and (2.48) we obtain,

=2z, [ (Z” o9 I 8;) pla)+ ( oy aJ) W] - (2.50)

Substituting the above equation in Eqn. (A.75), we obtain,

77,
2

€
2,25 — s L 1 5() 242, =0, (251)

which leads to

s =€+ 2B(7). (2.52)

The first term on the r.h.s. of (2.52) arises from the tree-level scaling dimension, while the
second term contains potential corrections higher order in e. However, at the fixed point

where 7 = v* # 0, we have §(~v*) = 0 and therefore,
ns =€, to all orders in € and 7. (2.53)

The same value of 7g is also obtained in the large M expansion in (A.64) and (A.67).

Similarly, using Eqns. (2.49) and (2.48) in combination with Eqn. (A.74) we obtain the
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following relation:

gne = 2rg + 26(g) - (2.54)

Thus at the fixed point, 8(g*) = 0, such that g* # 0, we obtain

ne =27, to all orders in € and 7. (2.55)

The same value of 7, is also obtained in the large M expansion in (A.54) and (A.56).

We can now state the main result of this subsection: at the non-trivial fixed point F'Py
(g% # 0,7* # 0) we have ng = € and 1. = 27 to all orders in € and 7.

Finally, we can impose the self-consistency condition, Eq. (2.9). This implies equating
the exponents in Eq. (2.14) to the anomalous dimensions found above, i.e., ng = d — 1
and 7. = r + 1. Solving these equations requires using values of € and 7 which are of order
unity, but because Egs. (2.53) and (2.55) are valid to all orders, we can use such values with
confidence. Solving these self-consistency conditions we obtain our exact results for 7, and
ns

ns=1, n=1, (2.56)

at the self-consistent values ¢ = 1 and 7 = 1/2. These anomalous dimensions imply the

critical correlators at F' Py

(8- SO~ . (eamed () ~ B (257)

as indicated in Fig. 2.1. We note that the fixed point F'Py in (2.36) is stable when evaluated
at ¢ = 1 and 7 = 1/2, although formally we cannot trust our expansion for the stability

exponent at such large values of € and .
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2.4 Moving away from the critical point

The RG flow equations presented in Section 2.3.3 have a fixed point F'P4 which realizes the
deconfined critical point of Fig. 2.1. This fixed point has one relevant direction, corresponding
to the on-site energy s which distinguishes the local energy of the spinon and holon states.
As s flows to +o0o, the holon state is lower in energy, corresponding to the p > p. region of
the phase diagram in Fig. 2.1. Conversely, as s flows to —oo, the spinon states are lower in
energy, corresponding to the p < p. region of the phase diagram.

We can now exploit the choice of superspin representations between SU(1|2) and SU(2|1)
to understand the fate of the RG flow. The energy of the ground state is minimized if
we maximize the occupation of the lower energy state, and this is achieved if we choose the
representation in which this lower energy state is bosonic. This implies that we should choose
SU(1|2) for p > p. and SU(2|1) for p < p., as indicated in Fig. 2.1. We now describe the

structure of these theories in turn

2.4.1 Overdoped region

In the SU(1|2) theory for p > p., we condense the boson b. With (b) # 0, we have from (2.3),
Ca ~ fa, and the hopping term ¢;; in Hy; in (2.1) reduces to a renormalized hopping term
for the f, spinons. Indeed, the resulting theory for the f, fermions is similar to that studied
by Parcollet and Georges [69], and more recently in SYK-like extensions [44, 104-107].

A description of this phase, far from the p = p. critical point, can be obtained from H;; in
(2.1) by taking the large M limit of Ref. [69]: we consider spinons f, with « = 1... M, the
bosons b do not acquire any additional index (so we are considering a SU(1|M) superspin),
and we rescale t2 — t2/M? and J? — J?/M. (Note that this large M limit is distinct from
that described in our Appendix A.3, where the bosons do acquire an additional index, and
we rescale t2 — t2/M and J? — J?/M.)

In the large M limit of Ref. [69], the b bosons can be replaced by their condensate (b) =
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bov'M. The f, fermions have an effective hopping of strength ¢b3. As shown in Ref. [69],

the theory behaves a like a disordered Fermi liquid below a coherence scale

E, = . (2.58)

Note that this disordered Fermi liquid has a hole carrier density of 1 + p. This follows from
Ca ~ fa, and the density of f, fermions obtained from (2.4) and (2.11).

As we approach the critical point, with p \, p., we expect E. and (b) to both vanish
algebraically. However, we do not expect the large M theory of Ref. [69] to properly describe
the approach to the critical point: in this large M theory, we obtain an insulating state as
(b) vanishes, whereas our p = p, critical point is metallic. Indeed, as b is gauge-charged field,
the value of (b) is not a gauge-invariant quantity which can be directly compared between
different approaches. However, the crossover scale E. is better defined, and we can deduce

the behavior of . near p = p. by the RG analysis of Section 2.3. We expect

Ee ~ |p— pe|t™ (2.59)

where A is the relevant RG eigenvalue with which s flows away from the F' Py fixed point,

specified in (A.84).

2.4.2 Pseudogap region

For p < p., we use the SU(2|1) theory, and condense the b, spinons to obtain spin glass
order, as described in Refs. [70, 71]. The presence of the mobile f fermions will make this a
metallic spin glass with carrier density p, as determined by (2.13).

We need to extend the insulating spin glass theory of Refs. [70, 71] to the metallic spin
glass, and this will be studied in greater detail in future work. Here we note that a systematic
description appears possible in the large M limit of a SU(M|M’) formulation noted in Ap-

pendix A.1.1, where the f fermions acquire an additional ‘orbital’ label £ = 1... M’, and we
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Figure 2.4: Schematic plot of the temperature dependence of the entropy S of H;j. At
p = p., there is a non-vanishing extensive entropy at zero temperature Sp. The linear-in-T'

coefficient of the specific heat v = limp_,o C/T = limp_,o dS/dT diverges as we approach p.

keep k = M'/M fixed in the large M limit. This should be contrasted from the SU(M'|M)

theory described in Appendix A.3, in which the b, bosons are assumed to not condense.

2.4.3 Specific heat

This section discusses qualitative features of the specific across the phase transition at p = p...

Right at p = pe, the critical theory is expected [71] to have a non-vanishing extensive
entropy Sp as T' — 0. This follows from the similarity of the random insulating magnet [1],
and many other models in the SYK class.

Away from p = p., we expect that the entropy follows the behavior of the critical point at
temperatures above the coherence scale E., before vanishing lineary with T at temperatures
below E., as shown in Fig. 2.4. We can therefore estimate that the linear-in-T" coefficient of
the specific heat C is

dsS S

C
= lim = = lim 2 ~ 20 2.
TEAT T Svar T E, (2.60)

|—1/)\

So we expect vy to diverge as |p — p. s in the infinite range model H;;. It is notable that
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this behavior resembles experimental observations [56].

2.5 Conclusions

We have presented a RG analysis (in Section 2.3) of the phase diagram of the ¢-J model
in (2.1) with random and all-to-all hopping and spin exchange. The predictions of this
analysis are presented in Fig. 2.1: a deconfined critical point which separates two phases
without fractionalization: a ‘pseudogap’ metallic spin glass phase with carrier density p,
from a disordered Fermi liquid with carrier density 1+ p. The change in the carrier density
across the critical point, and the behavior of the specific heat across the critical point implied
by the entropy in Fig. 2.4 are in good qualitative accord with experimental observations [53—
56]. The SYK-like structure of the deconfined critical point connects naturally with a class
of theories with linear-in-7" resistivity in the strange metal [44, 69, 104-107]; a linear-in-T
resistivity was also found in numerical studies [82, 83] of lattice models without disorder
described by equations closely related to those of the large M limit of Appendix A.3. And
we note that there is a recent report of spin glass correlations in the pseudogap phase [61],
extending earlier impurity-induced observations [59, 60].

It is useful to compare the structure of H;; in (2.1) with that of SYK lattice models
[44, 104-106]. The SYK models have a random 4-fermion interaction term, and a random 2-
fermion hopping term of strength ¢, but no on-site fermion constraint. At the lowest energies,
the 2-fermion term is always relevant and drives the system away from SYK criticality to a
Fermi liquid state. In the present ¢-J model analysis, the presence of the local constraint
(2.4) or (2.6) is crucial; in terms of the fractionalized particles in (2.3) or (2.5), both the t
and J terms are 4-particle terms. Consequently, they can balance each other, and allow for
a critical SYK-like state to exist at a critical p = p. all the way down to T'= 0. At p = p,,
the 3 states of the t-J model obeying the constraint (2.4) or (2.6) are nearly degenerate in
our perturbative renormalization group analysis. Consequently, we find p. = 1/3 at zeroth

order (see Fig. 2.1).
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Appendix A.3 presents a low energy analysis of the large M saddle point of H;; obtained
by generalizing the SU(2) symmetry to SU(M). The main difference from the RG analysis
is that a critical phase appears in the low energy and large M theory, rather than a critical
point. However, the exponents of the gauge-invariant spin and electron operators in the
appropriate large M phase are the same as those obtained by the renormalization group
analysis of the deconfined critical point to all orders in € and 7: compare (A.64,A.67) and
(A.54,A.56) with (2.53) and (2.55). We also note that the similarity between Appendix A.3
and the SYK equations indicates that our critical theory obeys maximal chaos [43].

A useful perspective on our renormalization group analysis provided by viewing the 3
states on each site as different orientations of a SU(1]|2) or SU(2|1) superspin [74]. In the
large N limit of a N-site ¢-J model with random and all-to-all interactions, we obtain an
impurity model in which the superspin is coupled to both fermionic and bosonic baths self-
consistently. In addition, there is a ‘Zeeman field’ acting on the superspin which breaks the
degeneracy between the spinon and holon states; this field is a strongly relevant perturbation
at the deconfined critical point, and drives the system into the two phases flanking the
critical point. (See Refs. [101-103] for analogous RG studies of a relevant “Zeeman field” at
an impurity site (represented by a SU(2) spin) in a Bose-Hubbard model at the superfluid-
insulator transition, which are in good agreement with numerics.) In the overdoped phase,
the holon state has a lower energy (see Fig. 2.1): so we use the SU(1|2) superspin in which
the holon is a boson, and condense it to obtain a disordered Fermi liquid, analogously to
Ref. [69]. Conversely, in the underdoped phase, the spinon states have a lower energy, so we
use the SU(2|1) superspin in which the spinons are bosons, and condense them to obtain a
metallic spin glass.

Despite our use of the superspin terminology, the model studied and the renormalization
group equations are not supersymmetric: the fermionic ¢, generators in (2.3) and (2.5) do
not commute with the Hamiltonian. We can extend H;; by including off-site interations with
the generator V in (2.3) and (2.5), and this will include density-density interactions. With

this extension, we have the possibility of charge glass order in the pseudogap, and critical
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density fluctuations (likely similar to those observed in Refs. [108, 109]) at possibly super-
symmetric fixed points. (Supersymmetric ¢-J models have been studied in one dimension
without disorder [110-114].)

Finally, we comment on the extent to which a model with all-to-all randomness can be
mapped to the cuprates. Randomness is present in the experimental systems, and also serves
important simplifying purposes in our theoretical analysis. Moreover, certain approximations
to models without randomness lead to closely related saddle point equations [68, 81-83].
Several of the broken symmetries do not exist in the random model, and subtle questions
[115] about the structure of the Fermi surface in momentum space can be avoided. However,
the central issues of carrier density, fractionalization, emergent gauge charges, and associated
quantum phase transitions remain well defined even in the presence of randomness. Given
the recent spin glass observations [61], and as we noted in Section 2.4.2, it will be useful
to study the metallic pseudogap state, and the interplay between the spin glass order and
charge transport. A possible approach is the extend the large M theory of Refs. [70, 71] to

include fermionic holons, as well as numerical studies for M = 2.
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Metal-insulator transition in a random

Hubbard model

3.1 Introduction

The Mott metal-insulator transition is central to an understanding of correlated electrons
[116]. In many three-dimensional correlated electron compounds, and in dynamic mean-field
theories, this transition is first order. However, there are cases when the transition can be
continuous, with interesting possibilities for non-Fermi liquid and ‘strange metal’ behavior
at non-zero temperature in the vicinity of the critical point. One case which has been much
studied theoretically [117—-120] is when the Mott insulator is a spin liquid with a spinon Fermi
surface, and the continuous transition involves condensation of an electrically charged boson

which also carries charges under an emergent gauge field.
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In the present paper, we will focus on the continuous (or nearly continuous) Mott transition
observed recently in a numerical study of a Hubbard model supplemented by random exchange
interactions by Cha et al. [46]. Such a model was previously studied by Florens et al. [86]
using a large M approach which generalized the SU(2) spin symmetry to SU(M). In the
large M limit, the saddle point equations obtained by Florens et al. [86] turn out to be
essentially identical to the saddle point equations of a different model studied recently by Fu
et al. [87]. Fu et al. [87] obtained analytic results on the low energy structure of gapless
states in their model, and so we can transfer their results to the random Hubbard model of
Florens et al. [86] and Cha et al. [46]. We will find that the large M exponents obtained by
Fu et al. [87] for the critical state in Section 3.3.2.1 agree with the corresponding exponents
for the electron and spin correlators at the continuous Mott transition obtained numerically
Cha et al. [46] for the case with SU(2) spin symmetry. In the large M theory, the Mott
criticality is realized by a deconfined critical point [62], described by the fractionalization of
the electron into fermionic spinons and charged scalars both carrying an emergent U(1) gauge
charge. We argue that this deconfined critical point separates a disordered Fermi liquid from
an insulating spin glass (see Fig. 3.1).

In Section 3.4, we will present a renormalization group (RG) study of the random Hubbard
model for the case with SU(2) spin symmetry (and also for general SU(M)). As in a recent
study of the random ¢-J model [2], the RG is performed on a quantum impurity model,
with the impurity site coupled to fermionic and bosonic baths, and supplemented by self-
consistency conditions. The RG analysis follows methods developed in Refs. [89, 92]. For the
particle-hole symmetric case relevant to half-filling, the RG requires a perturbative treatment
of the on-site repulsion (the Hubbard U) between the electrons in the context of an € expansion
(defined in (3.34)). The solution of the self-consistency conditions requires an extrapolation
to € = 1; unlike the previous work [2], we are unable to perform this extrapolation with any
reliability as we do not have access to the needed exponents to all orders in e.

The RG analysis in the small U ,e expansion yields a finite coupling fixed point with one

relevant direction. This fixed point is a candidate to describe the metal-insulator transition
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Figure 3.1: Proposed phase diagram of the random Hubbard model in (3.1) with SU(2)
spin symmetry. The present paper describes the metal insulator transition at p = 0 between
the insulating spin glass and the disordered Fermi liquid as a deconfined critical point in
Section 3.3. The non-zero p transition between two metallic states at large U was described

by Joshi et al. [2] as deconfined critical point in a random ¢-J model.

at p = 0 in Fig. 3.1, with the larger U direction away from the fixed point flowing to the
insulating spin glass state. However, we don’t really have control over the computation far
from the fixed point, and it is possible that the fixed point actually describes the onset of
metallic spin glass order from the disordered Fermi liquid, as indicated in the phase diagram
in Fig. 3.4. We also note that there is a previous Landau-type theory [63, 64] for such a metal-
metal transition, and this will be reviewed in the present small U context in Appendix B.2.

We turn to a description of the model of interest in this paper, for the case with SU(2)
spin symmetry. We consider electrons, annihilated by c¢;o, spin « =1,] on N sitesi =1... N

with the Hamiltonian

N

N N
1 1
H =" (—plnit +niy) + Unignig) + —= Y tijelocjo +—= > JiiSi-8;  (3.1)
i=1 \/Ni;éjzl VN 2



where p is the chemical potential,

1
Ny = c;-rac , S;= §cjaaagciﬁ (3.2)

10

are the number and spin operators with o the Pauli matrices. The density of the electrons

is specified by the filling p

p=(1—ny—ny) . (3.3)

We can take the #;; to be all equal between the sites of a Bethe lattice with large co-ordination
number, or use a fully connected cluster in which all ¢;; = ¢}, are independent random
variables with zero mean and W = 2. We will focus on the random case because it is a
bit simpler, but equivalent results apply to the Bethe lattice. The real exchange interactions
Ji;j are independent random numbers with zero mean and mean-square value JTQ] = J2

Let us take a broader perspective, and consider the phase diagram of H as a function of
U and hole density away from half-filling, p = 0; see Fig. 3.1. At large U and p = 0, we
have an insulating spin glass state: at p = 0 we need only consider the spin-only model with
the J;; interactions, and a spin glass state was found in numerical studies [3, 4], in contrast
to the critical spin liquid appearing in the large M limit [1]. We will be interested here in
the approach to the spin glass insulator at p = 0 from the small U side, across a metal-to-
insulator transition from a disordered Fermi liquid at small U and p = 0. Upon doping the
spin glass, we expect a metallic spin glass state for a range of non-zero p, before there is a
distinct quantum phase transition to a disordered Fermi liquid state at a nonzero p: this large
U transition is also expected to be described by a deconfined critical point, and is discussed
in a separate paper [2].

The outline of the paper is as follows. Section 3.2 will described the limit of a large number
of sites, N, where H is mapped onto a non-local in time effective action for a single site with
self-consistency conditions on its correlators. Section 3.3 will describe the solution of the

single site problem for the case where the SU(2) spin symmetry is generalized to SU(M)
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with M large: we will describe the correspondence between the large M solutions, and the
numerical results of Cha et al. [46] for M = 2. Section 3.4 presents the RG analysis of the
single site model with SU(2) symmetry obtained in Section 3.2. Appendix B.2 reviews the
theory of Ref. [63] for the onset of metallic spin glass order in a disordered Fermi liquid in
a conventional Landau-type transition (and not via a large U deconfined critical point [2])

which can be present at small U, as indicated in Fig. 3.4.

3.2 Large volume limit

The limit of large volume (N — o) of H is obtained by the methods described in Refs. [1,
2, 46, 70, 71]. We introduce field replicas in the path integral, and average over ¢;; and J;;.
At the N = oo saddle point, the problem reduces to a single site problem, with the fields
carrying replica indices. The replica structure is important in the spin glass phase [70, 71].
In the interests of simplicity, we drop the replica indices here as they play no significant
role in the critical theory and the RG equations. Within the imaginary time path integral
formalism (with 7 € [0,1/T], with T" the temperature), the solution of the model involves a

local single-site effective action which reads:

Z = / Deo(r)e™s
S = / dr [cg(f) (;T— )ca(7)+ch(T)cg(T)c[s(T)ca(T)]

2

- tQ/deTIR(T — el (T)ealr!) — J2/d7'd7'lQ(T —8(r)-S(7"), (3.4)

In this expression, u is the chemical potential chosen to ensure p = 0. Decoupling the path
integral introduces fields analogous to R and ) which are initially off-diagonal in the spin
SU(2) indices. We have assumed above that the large-volume limit is dominated by the
saddle point in which spin rotation symmetry is preserved on the average, and so R and @

were taken to diagonal in spin indices. The path integral Z is a functional of the fields R(7)
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and Q(7), and we define its correlators

Rir—7) = —(caln)eh(r))
Qr—7) = $(8(r)-5(), (3.5)

In the thermodynamic (N — oo) limit, the solution of the model is obtained by imposing the

two self-consistency conditions:
R(r)=R(r) , Q(r)=Q(7). (3.6)

These equations and the mapping to a local effective action are part of the extended dynamical
mean-field theory framework (EDMFT), which becomes exact for random models on fully
connected lattices [64]. They can also be viewed as an EDMFT approximation to non-random

models [68, 81-83].

3.3 Large M theory

We consider here a large M generalization of the N-site Hubbard model, following Refs. [84—
87], and examine the structure of the large M limit at N = co. We consider an electron ¢, o
with a spin index a = 1... M, and an ‘orbital’ index p = 1... M’ (the index p should not be
confused with the doping p). We will take the limit of large number of sites, N, followed by

the limit of large M and M’ at fixed
M/

k i

(3.7)
We are interested in the case with SU(2) spin symmetry which has the values M = 2, M’ =1,
k =1/2. The large M,M’ limit requires us to fractionalize the electron as

CJr = Xi

ipo (38)

o)

48



where X, is a complex ‘slave rotor’ [84, 85], with p = 1...M’, obeying the constraint

M/
Z | Xip* = M. (3.9)
p=1
This representation has a U(1) gauge invariance
Xip - X’L’pei@(ﬂ ) fia — fiaeid)i(T) (310)

We shall be interested in the sector in which the U(1) gauge charge is fixed on each site by

[84]
M

M
Zfilfia"‘Li: 5 (3.11)
a=1
where L; is the U(1) angular momentum operator for the rotors.
The Hamiltonian generalizing (3.1) we shall study in this section is a combination of those

in Refs. [1, 84, 86]:

M 2
H = 2M/Z<Z:: Zafza_> +602f;rafia

ipa

(] zpacjpa t \/7 Z ijf;afiﬂf;ﬁfja . (312)

1,9,p, i>j,a0

The value of ¢ is adjusted to fix the average electron density at each site, Zaj‘{/lzl f;ra fia tO
equal M /2 for the half-filled case.

We now take the large volume limit of Section 3.2. For (3.12), the N — oo limit reduces
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to the following single-site path integral (replacing (2.10))
z = / D foDX,D\Dhe ™

1/T 1 o '
/O dr QUZP:KaT—i-zh)Xp

2 1T
X [ e R = X)X () )

105}
I

J2 1/T , ) / /
_2]\42/0 drdr Q(T—T)fl(r)fg(T)fg(T)fa(T).
o,

Here T is the temperature, A is the Lagrange multiplier imposing Eq. (3.9) and h is the
Lagrange multiplier imposing Eq. (3.11). The U(1) gauge invariance (3.10) applies also to
(3.13) after we transform

h—h—0-¢. (3.14)

The self-consistency equations (3.6) now become

Rir—7) =~ S (XX ()
Qr—7) = 1 S (ADBEIE L)) (315)
a,

Having taken the large N limit, we can now take the large M, M’ limit at fixed k = M’ /M.
We have set things up so we can decouple the quartic terms in § by Hubbard-Stratonovich
fields, perform the path integrals over f, and Xj,, and then perform a 1/M expansion about
the saddle point. The large M saddle point equations are essentially those obtained in
Ref. [87], and we adapt the relevant analysis here. We limit ourselves to the particle-hole

symmetric case with doping p = 0, in which case we can set ¢g = 0 and h = 0. We obtain for

20

2
0 M
. ) ' _
TSN (%: X, — M/) + Ea 1 (87 T e +zh> Fo — zh2]

(3.13)



the f fermion Green’s function, Gy, and the X correlator x

1

Gyliwy,) = o =5 Gn) Sp(r) = = JPGHT)Gy(—7) + kt*G(r)x* (1) (3.16)
; 1 = — 2 T —T
X (iwn) W2JU + xo T = Pliwn) + Plion =0) P(r) = —t°G¢(1)G¢(—7)x(B)17)
where

iX=xy " + P(iw, = 0) (3.18)

is the saddle point value of ¢\. Note that we have introduced notation so that

X(iw, =0) = x0, (3.19)

is the static X susceptibility. Formally, the value of xq is to be determined by solving the

constraint equation Eq. (3.9):

T X(iwn) = 1. (3.20)

The saddle-point equations (3.16), (3.17), and (3.20) were examined numerically and an-
alytically in Ref. [87] in the context of a different model. Here we transfer their analysis to
our model. We recall the analytic low energy structure of the solutions, starting with large
U, and then with decreasing U. At very large U, we expect the X boson correlators to decay
rapidly in time, and to become progressively longer ranged as U is decreased. A sketch of

our proposed large M phase diagram is shown in Fig. 3.2.

3.3.1 Gapped boson

At very large U, we expect an energy gap in the boson correlator x(w), corresponding to
exponential decay of X correlators, and the Mott gap in an insulator. In this case, we can
simply drop the boson Green’s function in (3.16) at low energy, and (3.16) reduces to the

equations of the spin-only model examined originally in Ref. [1]. As argued there, the fermion
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Insulating | Disordered
spin liquid. (8;(1) - 8;(0)) ~ F1| Fermi liquid.
(ia T 0)) ~ L0 (X,) #0
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($:(7) - S0 ~ - (8i(r) - S:0)) ~ ppamy [ (S:(0) - SHO) ~ 5
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le <Ay < ;

U

Figure 3.2: Schematic phase diagram in the large M limit. This section does not describe
the disordered Fermi liquid where the X, condense; for M’ > 1, this phase also has orbital
glass order, associated with the orbital index p = 1...M’. For the physical case M = 2,
M’ =1, the insulating spin liquid is expected to be replaced by an insulating spin glass [3, 4],
and we argue that the intermediate critical phase with 1/4 < Ay < 1/2 may not exist.
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Green’s function is gapless with the large imaginary time (7 — oo) form at 7' =0

F
=— —. 21
The exponent Ay = 1/4 [1]. Although the f fermion is gapless, the X boson is gapped, and
so the electron c is also gapped, and this solution describes an insulator. The spin correlations
in this insulator are however gapless: the spin operator is S = c;,aT gﬂcpﬂ, where T%, with

a=1...M?—1,is a generator of SU(M), and it has the long-time correlator

(S%(1)S%(0)) ~ ITI‘{Af | (3.22)
With Ay = 1/4, we conclude that the spin correlator decays as 1/|7|. From numerical studies
of the insulating quantum magnet [3, 4], we now know that the present insulating, gapless
‘spin-fluid’ solution is present only at large M. For the case M = 2 of interest to us, the
insulator has spin-glass order. So we expect that the large M gapped X solution discussed
will be mapped at M = 2 to the insulating spin glass state found by Cha et al. [46] at large
U.
The nature of the gapped boson correlator was also examined in Ref. [87], and it was found

that

(3.23)

at large ||, where m is the Mott gap.

3.3.2 GGapless boson

With decreasing U, we expect solutions in which the boson X is critical or condensed, as
shown in Fig. 3.2. We consider the critical case. Along with the low frequency form for the

fermion in (3.21), we assume a power-law form for the boson correlator at long times 7:

x(1) = |7—|§Ab (3.24)
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We will find below that consistency requires that A, < 1/4, and so from (3.19) xp = o
due to a IR divergence. In the large M limit, the ansatzes (3.21) and (3.24) imply that the

gauge-invariant electron Green’s function decays as

Go(7) = = {epalT)cha(0)) ~ —Msﬁﬁlw. (3.25)

Following Ref. [87], we will now see by explicit computation that the ansatzes (3.21) and
(3.24) are indeed valid solutions of the saddle point equations (3.16) and (3.17) at long times.

First, we need the Fourier transforms at T' = 0 which are at small w

Grliw) = —2i sgn(w)m cos(mAf)I'(1 — 2Ay)
, C .
x(iw) = QM sin(mAp)I'(1 — 2Ay) . (3.26)

From Eq. (3.16) and (3.17), the self energies are

J2F3 Et2FC?
Ef(7-) = _Sgn(T) ‘T’6Af + ’T’2Af+4Ab
t2F2C
P(7) EERET (3.27)
and their Fourier transforms are
' ) J2F3
Yr(iw) = —2isgn(w) (W|16Af cos(3mAf)I'(1 —6Ay)

kt?FC?

, , t2F2C ,

From Eqns (3.26) and (3.28), and using G ¢(iw)X ¢ (iw) = —1 and x(iw)(P(iw) — P(iw = 0)) =

—1 in the limit of low w, we see that solutions are only possible when

Ap+2A,=1/2. (3.29)
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From (3.25) we now see that the electron Green’s function G.(7) always has the decay ~ 1/,
which is the same as that in a Fermi liquid. This is in agreement with the electron correlator
obtained by Cha et al. [46] at the metal-insulator critical point, and in the Fermi liquid
phase.

Further examination of the saddle point equations shows that two classes of solutions are
possible, depending upon whether Ay > 1/4 or Ay = 1/4. We will examine these solutions

in the following subsections.

3.32.1 A;=A,=1/4

In this case, both terms in ¥ in Eq. (3.28) have the same low frequency power-law, and so
both contribute to the low w limit. The Schwinger-Dyson equations have solutions which

reduce to

1
JPFY + kt2C?F? = —
47
1
2022 = . .
C = (3.30)

These can be solved uniquely for both F' > 0 and C > 0 provided again k < 1. The existence
of a unique low w solution with these exponents indicates that Eq. (3.20) will be satisfied at
only a particular value of the couplings i.e. this solution corresponds to a critical point as
U is decreased to smaller values from the gapped boson phase: numerical evidence for this
structure was obtained by Fu et.al. [87].

Consequently, we identify the present Ay = A, = 1/4 solution with the metal-insulator
critical point found by Cha et al. [46]. Indeed, via (3.22) the spin correlator decays as 1/|7],
and via (3.25), the electron correlator decays as 1/7, and these correspond to the leading
exponents found numerically by Cha et al. [46].

Although the 1/7 decay of the electron correlator is the same as that of a Fermi liquid,
the spin correlator is distinct from the 1/72 decay in a Fermi liquid. Indeed, the presence of

a 1/7 electron correlator and a 1/|7| spin correlator is evidence for fractionalization at this

95



critical point: both correlators are simply understood from a fractionalization of ¢ into X

and f in (3.8), and from the scaling dimensions Ay = A, = 1/4.

3.3.2.2 A;>1/4

With a further decrease in U, Ref. [87] found that we should consider the case with a faster
decrease in spin correlations. With Ay > 1/4, the first term in ¥;(iw) in Eq. (3.28) is
subdominant and can be ignored. Then the Schwinger-Dyson equations can be solved, and

they simplify to the relations

47 cot(mAy)
K222 T2
O TuA,
t(rA
ppee™elTa) (3.31)
Ag

Note that these equations are independent of J, and so the asymptotic low energy structure
does not depend upon the strength of the exchange interactions. They are consistent only if

we choose the scaling dimensions

1 k
Ay = Ay = 3.32
F=oky2 ° TP 2k 42 (3:32)
Note that Ay > 1/4 requires k < 1. So the exponents are limited to the ranges
1 1 1
- <A — Ap < —. .
1<Br<g 0<Ap< 1 (3.33)

This analysis of the low w limit of the saddle point equations does not determine the values
of F" and C separately, only the value of their product C'F. So we expect that the Ay > 1/4
solution defines a critical phase which extends over a range of value of the couplings.

Ref. [87] labeled this critical phase as ‘quasi-Higgs’. The numerical results of Cha et al.
[46] do not indicate such an extended critical phase for the SU(2) case. It is possible that

such a phase only appears for larger M, and is absent, or very small in extent, for M = 2.
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We now argue that with a further decrease in U, the quasi-Higgs phase will be replaced by
an actual Higgs phase, as sketched in Fig. 3.2. Note from (3.28) and (3.29) that P(iw)—P(0) ~
|lw[?27, and so with Ay < 1/2 (see (3.33)), the frequency integral in (3.20) has no infra-red
divergence (recall x, 1= 0). Consequently [70, 71], at small enough U we will not be able
to satisfy (3.20) with a critical boson solution, and we expect the quasi-Higgs phase to be
replaced by a Higgs phase in which the X boson condenses i.e. Ay = 0. With X condensed,
a low frequency analysis of the saddle point equations shows that Ay = 1/2. Consequently,
such a Higgs phase realizes the disordered Fermi liquid, with electron correlations decaying

as 1/7, and spin correlations decaying as 1/72.

3.4 Renormalization group analysis

This section returns to the problem as defined in Section 3.2 for M = 2. We will view the
path integral in (2.10) as a quantum impurity problem in the presence of a bosonic bath Q(7)
and a fermionic bath R(7); we defer imposition of the self-consistency conditions in (3.6).
We will then follow the RG approach of Refs. [92, 93] who studied a symmetric Anderson
impurity coupled to a fermionic bath. The symmetric case is of relevance to us because we
are considering the particle-hole symmetric case at half-filling, p = 0. Our problem also has
a bosonic bath, not present in the earlier work [92, 93], and we will include this bath using
the methods of Ref. [89].

As we are looking for critical states, we assume that the fields Q(7) and R(7) have a

power-law decay in time with

Qr)~ gy o RO~ (3.3)

where, for now, d and r are arbitrary numbers determining exponents. Ultimately, once we
have found a RG fixed point, the values of d and r can be fixed by using the self-consistency

condition in (3.6). For now, our analysis exploits the freedom to choose d and r: we will show
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that a systematic RG analysis of the path integral Z in (2.10) is possible in an expansion in
€ and €, where

1 sgn(T)

— _ /: — N ~ T T ~ B9 /2
e=1-2r . ¢=2-d: QM) ~ = . RO~ oy

(3.35)

The analysis assumes € and € are of the same order, and expands order-by-order in homoge-
neous polynomials in € and €.

We note that the perturbation expansion in power of € is closely related to a weak-coupling
small U expansion of the symmetric Anderson model [92]. Consequently, the analysis is
carried out directly in terms of the physical electron operator ¢, and we will not fractionalize
the electron into rotors and spinons, as we did in (3.8) for the large M expansion in Section 3.3.
It therefore possible that a critical point found in this approach is not ‘deconfined’.

We proceed by decoupling the last two terms in the action S in (2.10) by introducing
fermionic (¢,) and bosonic (¢4, a = x,y, z) fields respectively, and then the path integral
reduces to a quantum impurity problem. The ‘impurity’ is a single site of a particle-hole
symmetric Hubbard model with 4 possible states, and this is coupled to the ‘bulk’ %), and

¢ excitations. The quantum impurity problem is specified by the Hamiltonian

a

Uoz
Himp = —p(ny +ny) +Unpng + go (cL ¥a(0) + H.c.) + VOCL—B% ?a(0)

+/yky’“dkkwliawm+;/ddm (72 + (020a)?] - (3.36)

We now note features of the baths coupled to the impurity site.

The bosonic bath is realized by a free massless scalar field in d spatial dimensions, as in
Refs. [88-90]. The field 7, is canonically conjugate to the field ¢,. The impurity spin S
couples to the value of ¢, at the spatial origin, ¢,(0) = ¢4(z = 0, 7). It is easy to verify that
upon integrating out ¢, from Hin,p,, we obtain the J term in S, with Q(7) obeying (3.34).

The fermionic bath is realized by free fermions v, with energy k and a ‘pseudogap’ density

of states ~ |k|". The impurity electron operator ¢, is coupled to ¥4 (0) = [ |k|"dk ka-
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Integrating out v from Hiyp yields the ¢ term in S, with R(7) obeying (3.34).

It turns out that the structure of the RG shows that there is additional ‘boundary’ renor-
malization of ¢2 that must be accounted for in the ¢, €’ expansion, and this introduces a new
coupling ¢. This is an important distinction from the previous analysis of the ¢-J model
at non-zero p [2], where there were no additional boundary renormalizations; this boundary
renormalization prevents us from making an all-orders extrapolation of certain exponents
that was possible earlier [2]. Our RG analysis will be carried out for the following action

which includes the ¢ coupling

5= [ ek w)iAsgn(w)wlea(w) + 5 [ dadrl(@:60)" + (2.6)

U, Ta
+ 00 [archchesca+ o [[ard "L eaon)+ § [aroa0r,  330)

Note that we have already integrated out the fermionic bath 1y, (as was also done in Refs. [92,
93]), to obtain a non-local propagator for the electron c,; Ag is an unimportant normalization
constant which has absorbed the value of gg. The action S, contains three coupling constants,

Uo, 70, and (g, and we will present their renormalization group flow below.

3.4.1 RG equations and fixed points

The RG equations of the action (3.37) are derived for the SU(M = 2) case and M’ = 1.

To the leading order, the flow equations are (notice that in this case we define Sy = (By +

Bv)lusvou)
R (U S
by = (e =€) A%+27T’
2

BU =eU — 31 )
8
<2 ,72

Be=—€C+ -+ : (3.38)
2 27TA3
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where e = 1 — 2r and € = 2 — d. Using the beta functions (3.38) we find the following four

fixed points (y*2, U*, (*):

FP; = (0,0,0) (3.39)
FPy = (0,0,27¢) (3.40)
Fpy = (47T;A%6(6+£)77T6A(2)(6+£),g(?»e’2e+§)) (3.41)
Py = (47T;Agf(f—€)a7?%(6—5),7;(36’—26—5)) (3.42)

where £ = v/9¢2 — 8¢2. In order for the fixed points (3.41) and (3.42) to be real £ has to be
real, which gives the condition €2 > 8¢2/9. Additionally, for the fixed point (3.42) to be real
we should also have € > ¢, which gives ¢? < €2.

We now analyze the stability of the fixed points by looking at the eigenvalues of the stability
matrix (see Appendix B.1 for details) and thus the RG flow. We will be interested in the
situation when the non-trivial fixed points (3.41) and (3.42) are real, i.e., 8/9 < (€'/€)? < 1.
We will have € > 0, and discuss the situations when € is positive or negative.

(i) € > 0: In this case, the trivial fixed point (3.40) is the only stable fixed point. The
Gaussian fixed point (3.39) and the non-trivial fixed point (3.41) have one relevant direction
and two irrelevant directions, while the other non-trivial fixed point (3.42) has one irrelevant
direction and two relevant directions in the RG flow phase-space of (v2,U, (). This is shown
in Fig. 3.3 (a), with a 2d projection on the U — 7 plane shown in Fig. 3.3 (b). Therefore,
the non-trivial fixed point (3.41) separates the RG flow between large « or U and small + or
U, and thus corresponds to a quantum critical point. We discuss the anomalous dimensions
of the spin and electron correlators at this fixed point in Sec. 3.4.2.

(i) € < 0: In this case, the Gaussian fixed point now becomes the stable fixed point, while
the other trivial fixed point (3.40) now has one relevant and two irrelevant directions. The
discussion of the non-trivial fixed points is the same as in case (i). The corresponding RG

flow projected in the U — ~ plane is shown in Fig. 3.3 (c). Here again the fixed point (3.41)
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Figure 3.3: (a) Schematic one-loop RG flow diagram in the ( — 42 — U space for ¢ > 0.
The gray point is the stable fixed point (FP), red points are the fixed points (F' Py, FPs)

with one relevant direction, and the black point is the non-trivial fixed point (F Py) with two

relevant directions. All four fixed points are on the same plane :;%ri — U = 0 coloured in light

red. The black lines are the separatrices for the non-trivial fixed points. (b) One-loop RG
flow projected on to the U — v plane for ¢ > 0. (¢) Same as (b) for ¢ < 0. In both (b) and
(c) the nature of the flow is similar and controlled by the non-trivial fixed point F'P3 (3.41),

which corresponds to a quantum critical point.

separates the flow at large v or U and small v or U, and therefore corresponds to a quantum

critical point.

3.4.2 Scaling dimensions

A significant feature of the action (3.37) is that the quadratic term in the ¢, does not get
renormalized because of its non-analytic dependence on frequency. Consequently, the electron
correlator has the same long-time decay as in the Gaussian theory

Ge(T) ~ sgn(r) (3.43)

=

and the scaling dimension of the electron operator is given exactly by

dimfea] = (1 —r)/2 = (1 +¢€)/4. (3.44)
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This result is the same as that in the ¢-J model analysis by Joshi et al. [2]. Comparing
with (3.34) and the self-consistency condition in (3.6), we observe that the only possible self-
consistent value is r = 0 or ¢ = 1. Clearly, the e-expansion cannot be trusted at this large
value in determining other features of the RG. Note that the electron scaling dimension in
(3.44) at r = 0 agrees with the gapless boson solutions of the large M analysis, where the
scaling dimension of ¢, is specified by (3.25) and (3.29).

Turning to the spin operator S, we now find important differences from the ¢-J model
analysis [2]. The scaling dimension of S is not a RG invariant because of the boundary
renormalization associated with the coupling (. The spin operator S mixes with the boundary
value of the bosonic bath field ¢,(0). This mixing is described by the matrix of anomalous

dimensions is

_v
Yig l i ( )
2 27

The full scaling dimensions are obtained by adding diag(1 — r, %) to v;; and diagonalizing

the full matrix. At the fixed points we find,

FP1:A+:1;€/, A_zlge, (3.46)
FP2:A+:1J;€/, A,:lgﬁ, (3.47)
FP3:A+—1;€’, A_—l;/, (3.48)
FP4:A+:1J;6,, A:l;l. (3.49)

Note that these expressions are valid for both positive and negative values of ¢, as long as
the conditions mentioned above are met.

Let us use these scaling dimensions to impose the second of self-consistency conditions in
(3.6). We consider the case of primary interest, the fixed point F'P;, with non-zero coupling.

We have to match the exponent in (3.35) with the smaller of the two exponents at F'Ps; this
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leads us to conclude that self-consistency is achieved for any ¢ > 0. Presumably a specific
value of € will be chosen at higher orders.

Finally, let us combine the consequences of the two self-consistency conditions in (3.6).
From the first condition we found above that e = 1. Using ¢ > 0, we also have the restriction
on the existence of F'P3 at real couplings, ¢ > \/%e, and so the values of ¢ are restricted
to € > 4/8/9 = 0.943. We expect spin correlations to decay with time, and so (3.35) also
restricts € < 1. But let us note that all these results are obtained as leading terms an

expansion in € and €, so these large values cannot be trusted.

3.4.3 Physical interpretation

The physical interpretation of the quantum criticality described by the fixed point F'Ps
remains an interesting open question. It is possible that it describes the deconfined disordered
Fermi liquid-spin glass insulator transition at p = 0 in Fig. 3.1. However, another reasonable
possibility is that the larger U side of the p = 0 transition in Fig. 3.1 is not an insulator,
but a metallic spin glass. We sketch a possible phase diagram in Fig. 3.4, which shows that
increasing U or J from a disordered Fermi liquid can lead either to a metallic spin glass or an
insulating spin glass. One indication we are approaching a metallic spin glass phase is that
the critical spin correlations at F'Ps decay extremely slowly. By (3.35), the spin correlations
decay with the exponent (1 — €’), and we estimated above that 0 < (1 — €/) < 0.057 by (the
unreliable) extrapolation from the one-loop results.

In Appendix B.2, we will review an alternative Landau-type theory [63, 64] of the transition
to metallic spin glass order from a metallic phase. It is unlikely that the fixed point obtained
in this section is the same as that of Appendix B.2: whereas the present RG analysis, when
combined with the self-consistency conditions, requires ¢ > 0 on quite general grounds, we

will see that the critical exponents in Appendix B.2 require ¢ < 0.
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Figure 3.4: Schematic phase diagram at half-filling, p = 0, as a function of the Hubbard

repulsion, U, and the mean-square exchange interaction J.

3.5 Conclusions

Our paper has presented two approaches to analyzing the metal-insulator transition of the
random Hubbard model (3.1) at half-filling (p = 0); see Fig. 3.1.

The large M analysis in Section 3.3 leads to the fractionalization of the electron ¢, into
a boson X (with scaling dimension Ap) and a fermion f (with scaling dimension Ay). We
argued that the deconfined critical point with Ay = Ay = 1/4 realized the metal-insulator
transition observed numerically by Cha et al. [46]. These exponents imply the electron
correlator in (3.25) and the spin correlator in (3.22), both consistent with the results of Cha
et al. [46]. Given the similarity of the structure of this deconfined critical point to that
of the Sachdev-Ye-Kitaev model, we expect it to share its unusual properties, including the
non-vanishing low temperature entropy [71], and the maximal quantum Lyapunov exponent

[42, 121-123].
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We presented a renormalization group analysis of the random Hubbard model in Sec-
tion 3.4. This turns out to be effectively a small U analysis, and to leading order in an e
expansion we found a fixed point (F P3) possibly describing a metal-insulator transition. The
renormalization group results have to be supplemented by the imposition of a self-consistency
relation on the exponents, and we found that this required extrapolation to values of e of
order unity where our expansion breaks down. Consequently, we are not able to obtain the
exponents accurately in this approach. We also discussed the possibility that F'Ps described
the onset of a metallic spin glass phase from a disordered Fermi liquid, and that F'P; was
an alternative to the Landau theory of such a transition [63, 64] (the latter is reviewed in

Appendix B.2).

65



Critical anomalous metals near
superconductivity in models with random

Interactions

4.1 Introduction

The quantum phase transition out of the superconductor in disordered two-dimensional sys-
tems has been the focus of intense theoretical and experimental study in the past few decades
[124-134]. Depending upon experimental conditions, the non-superconducting phase can ei-
ther be an insulator or an ‘anomalous’ metal [124]. In an early proposal [134], it was argued
that the breakdown of screening with increasing disorder could lead to a metallic phase with

weak interactions and disorder. However, as argued by Kapitulnik et al. [124], observa-
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tions show that the metallic phase is anomalous, with a much larger conductivity than in
the ‘normal’ metal state at higher temperatures. They dubbed it a ‘failed superconductor’:
they surveyed the large body of experimental data, and concluded that no available model of
fluctuating superconductivity in a metallic background can consistently explain the existing
observations.

Given this impasse, further advances would be greatly aided by a dynamical mean-field
model which displays a quantum phase of matter analogous to an anomalous metal (a ‘dy-
namical mean-field’ is a theory which is mean-field in space, but includes fluctuations in time).
In this paper, we propose such a model with a critical metallic state which shares some char-
acteristics with those in the Sachdev-Ye-Kitaev (SYK) models [1, 42, 135, 136]. We consider
a model of electrons with random pair-hopping and spin exchange terms, and find evidence
that a critical anomalous metal phase appears either as a critical point or a critical phase
between a disordered Fermi liquid and a superconductor. But unlike earlier studies of the
superconductor-metal transition [134], the interactions do not scale to weak-coupling at the
critical point, and there are large anomalous exponents.

The infinite-range interactions (or large spatial dimensionality) in our models imply that
it cannot capture aspects of the physics that are associated with low dimensionality. These
include weak localization and interaction corrections associated with diffusive electrons which
were key ingredients in the theory of Finkel’stein [134]. However, these effects require coherent
quasiparticle excitations, which will turn out to be absent in our SYK-like model. Indeed,
from our dynamical mean-field model, our proposal is that the anomalous metal is controlled
by non-quasiparticle dynamics, and so it is a useful starting point to ignore such effects which
have so far been at the forefront in the theory of disordered interacting electrons. Quantum
Griffiths effects associated with rare regions will also be absent in our model, but there is
little experimental indication that rare regions control the observed anomalous metal.

The critical exponents of our anomalous metal turn out to have a natural interpretation
in a dynamical mean-field theory of fractionalization of the electron into spinons, holons,

and doublons. Galitski et al. [132] introduced the idea of fractionalizing electrons and
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Cooper pairs in a theory of the anomalous metal, and examined a dual theory of fermionic
vortices carrying flux h/(2e). It is difficult to make contact with microscopic physics in
such a dual formulation, and their theory relies on a conjecture on the vanishing of an
average dual field acting on the fermionized vortices. In Section 4.4, we will implement
fractionalization directly on the electrons, and show that it applies in the large M limit of a
model with USp(M) spin rotation symmetry. Furthermore, in Section 4.3 we will employ a
renormalization group analysis to obtain very similar critical states without explicit reference
to fractionalized degrees of freedom.

We will carry out our analysis on a very general class of electronic Hamiltoinans with both
disorder and interations. Consider a model of electrons (¢) with on-site interaction U and

chemical potential u, and hopping and interaction terms between the sites:

1= o0 (dhen=5) (dew=3) + 7 30 o
=1 =1 2 2 \/N

i#j=1
1 I R
+—= Z [JUSZ . Sj + Kijnmj] + — Z Lz’j CITCLCNCjT . (4.1)
\/N 1<j=1 \/N i#j=1

(The 1/ V/N normalizations are for future convenience.) The hopping between the sites is ¢;;,
and there are three classes of interaction terms between the sites: a spin-exchange interaction
Jij with § = cL(aag/Q)CB (o are the Pauli matrices), a Cooper-pair hopping term L;;, and
a density-density interaction K;; with n = cJ&ca; however, we note that we will only consider
the K;; = 0 case here—see comments below on changes expected for non-zero Kj;. Such
a class of Hamiltonian has been much studied in the context of the ‘universal Hamiltonian’
for quantum dots [137-139], which take a random set of ¢;; to obtain the random, extended,
single-particle eigenstates of a Fermi liquid description of the quantum dot. Kurland et
al. [137] argued that in such a Fermi liquid phase, the effects of interactions for a sufficiently
large and chaotic (in the single particle sense) quantum dot can be accounted for by taking
Jij = J/V/N, K;; = K/VN, L;j = L/V/N for some constants .J, K, L for all i and j. Then

the interaction terms can be written as complete squares, dependent only upon the total spin,
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number and pairing operator of the quantum dot.

As in previous work [2, 46, 140-142], our central thesis is that Hamiltonians like (4.1) can
also exhibit non-Fermi liquid phases or critical points in which the interaction terms cannot
be accounted for so simply. To access these non-Fermi liquid states without quasiparticle
excitations, we will consider the model in which the J;;, K;;, and L;; are independent real
random numbers for each pair of sites i, and j, instead of the constant values assumed in
theories of quantum dots [137, 139]. So the randomness in the interaction terms is treated
at an equal footing with the randomness in ¢;; (which is also an independent real random

number), and we can choose

f;=0 , J;=0 , Kg=0 , Lg=0

12 42 72 _ 12 T2 2 T2 _ 712
2=t* , JE=J" |, Ki=K* K6 L}=I (4.2)

and independent of N with the normalizations in (4.1). In previous works, Joshi et al.
[2, 141] considered cases with the on-site, non-random interaction term U — oo. Then,
double occupancy on each site is prohibited, and the L;; term has no effect. In this manner,
they obtained a critical metal state with SYK character, and proposed it as a candidate for
optimal doping criticality in the hole-doped cuprates. This critical metal appeared between
a metallic spin glass phase and a Fermi liquid phase. Numerical evidence for SYK criticality
between a metallic spin glass and Fermi liquid has appeared in recent work on a SU(2) model
[142]. We also note earlier numerical evidence for SYK criticality in a SU(2) model at the
metal-insulator transition at half-filling [46].

In the present paper, we will consider the case where U is small and can take values of
both signs. Then, both the L;; term, and a U < 0 can favor a superconducting ground state.
We find evidence for critical metallic states with SYK character between a superconducting
phase and a Fermi liquid phase, and propose it as a candidate theory for the anomalous metal
discussed by Kapitulnik et al. [124]. We will provide both a renormalization group and a

large M analysis of this anomalous metal. For simplicity, we will consider the case where the
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density-density interaction is neglected, K = 0. We have considered the effects of non-zero
K for a related model in another paper [141], and found that it did not change the basic
structure of the critical phase, and mainly modified certain critical exponents. We expect a
similar consequence of a non-zero K here. Given the significant complexity of our analysis
below, we choose to defer a full analysis of the effects of K to later work.

The model which is the focus of this paper will be introduced in Section 4.2. As in earlier
work [142-144], we can also consider models in the limit of large spatial dimension with
nearest-neighbor non-random hopping and nearest-neighbor random exchange; this leads
to the same saddle-point dynamical mean-field equations, and also allows definition of the
conductivity and other transport observables.

In Section 4.3 we present a renormalization group (RG) analysis of the model of Section 4.2
for the case at half-filling (1 = 0). This analysis does not require a large M limit, and we
retain the SU(2) spin symmetry. We use the mapping of the model of Section 4.2 to an impu-
rity model with a self-consistent bath. We assume that the bath correlators have a power-law
decay and, following Ref. [2], show that for suitable exponents a RG analysis is possible,
analogous to the field-theoretic ¢ expansion. This RG analysis ignores the self-consistency
condition on the bath; but the self-consistency is imposed a posteriori on the exponents of the
correlators, although not the amplitudes. Our € expansion is carried out at U = 0, and finds
fixed points at which U is a strongly relevant perturbation about U = 0. We can therefore
identify the fixed points with critical points between a superconductor and a disordered Fermi
liquid. We note that the RG analysis in Section 4.3 is carried out entirely with the electron
operator and its composites, and there is no explicit reference to fractionalized degrees of
freedom. Precisely the same RG results are obtained using fractionalization of the electron
into spinons, holons, and doublons, and imposing the same local constraint on the fraction-
alized fields. This acts as a strong check on our RG computations, and shows explicitly that
the use of fractionalized variables is optional when the gauge constraint is imposed exactly.

Section 4.4 turns to a solvable large M limit of the model at general u, obtained by

generalizing the spin symmetry from SU(2) to USp(M). For our large M limit, we will have
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to explicitly fractionalize the electron into spinons, holons an doublons. In the body of the
paper we present the formulation where we make the spinons fermionic, and the holons and
doublons bosonic; Appendix C.3 considers the alternative formulation where the spinons and
bosonic, and the holons and doublons are fermionic, and obtains similar results. The large M
limit admits intermediate critical points or phases at variable density between the metal and
the superconductor whose structure we will describe in some detail. In particular, we will
show that the conductivities of these intermediate critical phases can be larger than that of
the disordered Fermi liquid. The large M solutions can be viewed as relatives of the critical
points found in the RG analysis of Section 4.3. This conclusion is supported by the agreement
between the exponents of the electron, spin, and Cooper pair operators between the large M
computations of Section 4.4, and the RG computations of Section 4.3, as we will review in

Section 4.5.

4.2 Model

We will consider the model with all-to-all and random electron hopping, spin exchange, and
Cooper-pair hopping: this is the Hamiltonian in (4.1), with K;; = 0. Our analysis can be
extended to non-zero K;; without significant difficulty [141], but we choose not to do so here
in the interests of simplicity; we do not expect significant changes to be induced by the Kj;.
The random parameters in the Hamiltonian obey (4.2). We can also consider a model without
time-reversal symmetry with ¢;; and L;; complex, but the results in the non-superconducting
state will remain unchanged in the all-to-all interaction limit.

Let us first discuss the possible phases of the model. For small U > 0 the electrons can
freely hop around to form a metal. Depending on the exchange interaction we may have a
disordered Fermi liquid or a metallic spin glass [140, 142]. For large U > 0, doubly-occupancy
is energetically costly thus restricting the electron movement to form a Mott insulator. This
is likely to be a spin glass, although in the large M limit (where M corresponds to SU(M)

generalization of SU(2)) one obtains the SY state [1]. This metal-insulator quantum phase
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transition at finite U > 0 in this model has been recently studied both analytically [140]
and numerically [46], with an evidence for a SYK-like criticality. On the other hand, for
large U < 0, one expects to obtain a superconductor. Thus near U = 0 we expect a metal-
superconductor quantum phase transition. This phase transition and its vicinity will be
discussed in detail here.

We note that we could equally consider a model on large-dimensional lattice with non-
random hopping, and nearest-neighbor random exchange. Such a model leads to the same
large volume limit, with the same on-site dynamical mean-field equations [142-144]. Such a
limit allows definition of transport quantities, and we will need it here to define the appro-
priate correlator needed to define the conductivity.

The Hilbert space of (4.1) on each site has four states: empty (]|0)), singly occupied (|1)
or |})) and doubly occupied (|1]))). As we are working at small U, there is no constraint we
need to impose and we can perform computations directly using the electron operator c,.
This will be our strategy in the Section 4.3. We will introduce a fractionalized representation

later in Section 4.4 when we study a large M limit.

4.2.1 Large-volume limit

Models with random interactions often offer the possibility of simplification in the large-
volume limit, i.e., N — oo. We formally introduce replica indices for the fields in the path
integrals and perform a disorder average over t;;, J;;, and L;;. Consequently we arrive at
an effective single-site action. Since we are interested in the critical point the replica indices
do not play a significant role. These are important when studying a spin-glass phase. The
entire procedure follows the methodology developed in Refs. [1, 70, 71]. In the end when
N — oo and dropping the replica indices for simplicity, we arrive at the effective single-site

action below. (As we noted above, the same single-site action can also be obtained in the
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limit of large dimensionality.)

Z= / Deg(r)e 50751 (4.3)
So = / dr [CL(T);TCQ(T) — pel (T)ea(T) + Uq(f)cj(f)q(f)q(f)} , (4.4)
5 = / drdr’ [ﬂR(T — )b Pealr) = LQr — )8 () - S(7)

— L’P(r —7) ci(r)cj(T)ci(T')cT(T')} . (4.5)

The fields R, @, and P have to be determined self-consistently. With respect to the above

path integral we have the correlators,

) Z
Qr—7) = 3(S(r)-8("),
Pir—7) = (a@en)elr)e () - (4.6)

To find the solution of the problem defined by (4.1) we have to impose the following self-

consistency conditions:

P(r—7) = P(r—-17). (4.7)

This is the difficult part in obtaining the solution. Note that since ¢;; and L;; are real random
variables, in principle, upon disorder averaging we also obtain the anomalous (pairing) fields
in (4.5). However, our analyses below will be restricted to non-superconducting states where
the anomalous correlators vanish, and so we have omitted them in our presentation for
simplicity. If we consider ¢;; and L;; to be complex then the anomalous fields do not arise.

So as long as we are not in the superconducting phase the analyses with real or complex ¢;;
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and L;; are same.

4.3 Renormalization group analysis

In this section we present a renormalization-group study of the model in (4.3) - (4.5). To
make progress and set-up our RG let us for the moment ignore the self-consistency conditions,
(4.7). We shall come back to it later in our analysis. Furthermore, since we are interested in

criticality let us assume a power-law time dependence for R, () and P fields,

sgn(7) 1 1
R(T)NW7 Q(T)Nmﬁa P(T)NW’ (4.8)
where r, d and d' are arbitrary numbers. The idea is similar to that introduced in Ref. [2].
This allows us to decouple the quartic terms in the action, (4.5), by introducing a fermionic
and two bosonic bath fields. Consequently, the path integral reduces to a quantum impurity

problem with the following impurity Hamiltonian:

1 1
Himp = —pclea +U <C$CT — 2> (CIQ - 2)

+ 90 [c& ¥a(0) + H.C.} + WOCL@% $a(0) + vo [c 4 €(0) + H.c.]
1

1
+ / k|"dk k] ke + 3 /dd:[ (72 4+ (0r0a)] + 5

/ & (77 + (0:0)(0:07)] . (4.9)

where a = (z,vy, 2), 0% are the Pauli matrices, m, is canonically conjugate to the bosonic-bath
field ¢,, 7 is canonically conjugate to the bosonic-bath field ¢, and 1y, is a fermionic-bath
field. Additionally, ¢4(0) = ¢4(z = 0), ¢(0) = ¢(z = 0) and ¢¥o(0) = [ |k|"dk pa. As
discussed in Sec. 4.2, we will perform the RG about half-filling and small U, and so we will

set ;4 = 0 and expand perturbatively in U in the following RG calculations.
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Let us start by writing the tree-level scaling dimensions of the fields and couplings,

LT imfya(), dimie] = 5L aimig = T

2
3—d €
=== (4.10)

dimley] =0,  dim[yg,] = —

dim[vg] =

Thus we will be using 7, €, and €’ as our expansion parameters in perturbative RG calculation.
To set-up our field-theoretic RG, we introduce the following renormalization factors for the

electron operator and coupling constants,

m Z/g Me/Qz/,Y €/270,
Ca =\ ZeCarrt 0% jo = 2ty = BT 20T (4.11)

Note that the action in (4.9) does not contain any interaction terms for the bath fields. As a
result, the bath fields do not get renormalized. In the below subsections we shall calculate the
electron self energy and vertex corrections at one-loop order to obtain the renormalization
factors defined above.

We note that a perturbative RG was performed for Hiy, without the ¢ bath field in
Ref. [140] by a different method which chose field definitions so that the tree level scaling
dimension of v was € = 2 — d rather than € = 3 — d in (4.10). That approach led to an
additional boundary renormalization of the operator ¢2, and a different scaling structure.
Here we choose the method above because it leads to results compatible with the large M

analysis in Section 4.4.

4.3.1 Self-energy of electron

We begin with the evaluation of the electron self energy. There are three contributions to

the electron self energy, one each from the gg, 79, and vy vertices. These are shown in Fig.
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e G (oa)
(b) (c)

(a)

Figure 4.1: Feynman diagrams for the self energy of electrons. Here the solid line is electron
propagator, dashed line is ¥ propagator, curly curve is ¢ propagator and wavy curve is ¢

propagator.

4.1 and evaluate as follows:

‘k|7’ _ ﬁ coN1=27 f Al 4.192

Z41(a)(“/ —90 dk'w_k——?j(“/) ——,FW W (4.12)
, 3 [ d k 1 1 3 e 372

Yaap(iv) = 704/ (2r Z w2 TR e —’ygze(w)l = —TGWBI’“ (4.13)

Yo (iv) = —vé/ (2n Z w2 T2 i e —vgg(w)l = —E—wCI’“ (4.14)

where A), = p* (iv)" ¥ 22/ Z., B), = pc(iv)~<Z?/Z2, and C}, = p "(iv)~¢ 22/ Z2. Demand-

ing the cancellation of poles at the external frequency iv = pu, we immediately get,

Zo=1-2 -2 _ (4.15)

4.3.2 Vertex corrections

Next we evaluate the vertex corrections. The gy vertex has no corrections and so Z; = 1.
Let us first calculate the correction to 7 vertex. There are two one-loop diagrams shown in

Fig. 4.2 (a) and (b), which evaluate as

1 ddk: 1 1 1 1
. _ s 1 B’ 4.16
4.2(a) = 70 ( 4) / (27 Z W2 + k2w + i iw + Q. %4 " 19
d? k 1 1 1 1 v?
. _ ) / 4.17
4.2(b) = Y0Yg / (2 Z w? + k2 qw + iQq iw + Qs 70 C ( :
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(a) (b) (c)

Figure 4.2: Feynman diagrams for the vertex corrections. Diagrams in (a) and (b) con-
tribute to o vertex correction, while that in (c) contribute to vy vertex correction. Conven-

tions are the same as in Fig. 4.1.

In (4.16), iQ; = i€y are external electron frequencies. Similarly, in (4.17) iQ; = —ify are
external electron frequencies. We can compute the vy vertex correction, which has only one

contribution at one-loop level (Fig. 4.2 (c)),

3 [ d% 1 1 1 1 372
T = 25— = E =v9——DB' . 4.18
42(c) = Y00} / @m)A5 4 W2 4 K2 iw + i iw i A (4.18)
Here i1 = —i€)y are external electron frequencies. The above vertex corrections then lead
to following renormalization factors:
2 2
/ Y v
372
Z =1-—". 4.20
v 46 ( )

4.3.3 Beta functions and fixed points

Having obtained the renormalization factors we can now derive the RG flow equations. Using

Egs. (4.11), (4.15), (4.19), and (4.20) we get the following beta functions,

gv?

) 3
B(g) = —Tg+g° + §972 5 (4.21)
€
BlY) = =357+ v+ 2vg%, (4.22)
/
B(v) = —%v + 03 + 2ug?. (4.23)
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The RG flow described by the beta functions found above has seven fixed points and a fixed
line in the v = 0 plane, which are located using the condition 5(g) = 5(y) = f(v) = 0. These

fixed points/line (g*2, v*2, v+?) are as follows:

FP; :(0,0,0) (4.24)
FPy: (7,0,0) (4.25)
FPy: (0, %,0) , (4.26)

FPy: (47 — 25, 2¢ — 87, 0> : (4.27)

(
FPs: (0,0, g) : (4.28)
(

€ €
FPs:(0,=. = 4.29
6 725 2) 3 ( )
FPr: (g% 0,9%) , such that 2g° + 0° = 27 with ¢ = 4. (4.30)
4F € € 8F 2¢ 8 € €
FPe:(-—— 442 2 =2 2 - _ = . 4.31
8<3+4+3’3 3'3 2 6) (4.31)

Note that F' Py is not a fixed point but a fixed line; an ellipse in the v = 0 plane described
by the condition 2g? + ©? = 27 with ¢ = 47. Thus F P; occurs only at a fine-tuned value and
is generically not present. Also note that F P, and F Ps lie on the same curve that describes
the ellipse of F'P;. However, F'P, and F'Ps do not require any fine tuning and are generically
present. It so happens that if ¢ = 47 then the fixed line F'P; exists and it passes through
both F'P, and FPs.

Let us now discuss the conditions when the fixed points are real. The fixed point F'Ps is
real for any 7 > 0, FP; is real for any € > 0, F'P; is real for any ¢ > 0, and FP; is real for
any €,¢ > 0. The fixed point FPy is real if 167/3 > ¢ > 47. While the fixed point F' Py is
real if (167 — €')/3 > € > (167 — 4€¢') /3. We emphasize again that F Pr exists only if €’ = 47.
If ¢ = 47 then F Py also lies in the v = 0 plane, and in fact it lies on the ellipse describing
FP;.

We discuss in detail the stability of the fixed points in Appendix C.1. In particular, the
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non-trivial fixed point F Pg, (4.29), is stable at the self-consistent values of €, €/, and 7, which
will be determined in the next subsection. It is interesting to note that this fixed point has
g = 0, and so charge transport occurs only via Cooper pair hopping, and not via single-

particle hopping. So we may consider this as describing a critical Bose metal.

4.3.4 Anomalous dimensions of spin, electron and SC
order-parameter operators

We now calculate the anomalous dimensions of the electron, spin, and SC order-parameter
operators. These exponents are physical observables in scattering and spectroscopic experi-
ments. Our aim is to evaluate the exponents corresponding to the spin correlator (S(7)-S(0)),
the electron correlator (cq(7)ch(0)), and the SC order-parameter correlator (A(T)AT(0)). For
this purpose, we define the following renormalization factors: S = \/75§ rand A = /ZAApg.
To evaluate these we use the strategy of introducing source terms in the action. From this

analysis it is straightforward to see that

Ze\ 2 272 2g2
Zs = (z) === (4.52)
Y
Ze\ 2 2¢2 202
Ia=(28) =12 = 4.33
= (7) - 3

We have already evaluated Z. in (4.15).
It is now straightforward to express the required anomalous dimensions in terms of the

coupling constants,

dln Zg

= i, 49% + 277, (4.34)
dln Z, 3

Ne = dTn 1 = 292 + Z’)/Q + ’U2 ) (4'35)
dlnZ

A= uA =4g> + N°. (4.36)
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These can be evaluated at the respective fixed points,

FPi:ins=0, 7.=0, na=0 (4.37)
FPy:ng =47, n.=2r, na=A4r, (4.38)
FPs;:ns =ce, ﬁc:%, na =0, (4.39)
FPy:ns=¢€, mn.=2F, na=16F — 3¢, (4.40)
FPs:ng=0, 1= 62/ na =€, (4.41)
FPs:ns =ce, nc:?§+€2/, na =¢€, (4.42)
FP;:ns =4g%, n.=2F, na=¢, (4.43)
FPy:ng=c¢€, n.=2F, na=¢. (4.44)

Similar to Ref. [2], we can obtain an exact result here for the spin, electron, and SC order-
parameter anomalous dimensions. Using Eqs. (4.11), and (4.34) to (4.36) we obtain the
exact result that if g* # 0 then 1. = 27, if v* # 0 then ng = €, and if v* # 0 then o = € at
all orders in €, ¢ and 7. In particular this means that at the non-trivial fixed F Py we have
ne = 27, ng = €, and na = €' at all orders in the perturbation theory. Note that for K;; # 0
in (4.1) the exponent of density operator is similarly determined exactly at the fixed points
with non-zero density coupling.

Now we are in a position to impose the self-consistency condition, (4.7), that we had
neglected so far. We shall impose the self-consistency condition at the fixed point F P,
(4.29). This simply means equating the exponents of Q(7) and P(7) in (4.8) to the anomalous
dimensions calculated for the spin and SC order-parameter operators, i.e., 2 — ¢ = ¢ and
2 — ¢ = €. Solving these equations yields the self-consistent values of ¢ = ¢ = 1 at the
fixed point F'Ps. This means that the spin and SC order-parameter correlators decay as 1/7.
And we again emphasize that this result is true at all orders in €, ¢ and 7. Note that since
g* = 0 at F' Py there is no self-consistency condition for R(7) and hence the value of 7 is

not fixed. Remarkably, at the self-consistent values of € = ¢ = 1 the fixed point F P is
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stable at one-loop order for 7 < 7/16; although we can not formally trust this result at such
large values of € and €. We also note that had we decided to consider fixed point F Pg, we
need to impose the self-consistency condition of all P, ), and R, which fixes the values of
€ = ¢ = 27 = 1. This means that spin, electron, and SC order-parameter correlators decay as
1/7 at F'P3. However, at one-loop order F Py is always unstable for real values. But one can
not rule out the possibility that at large values of our expansion parameters and at strong

coupling the non-trivial fixed point F'Pg is stable and controls the RG flow.

4.4 Fractionalization and Large-) analysis

In this section, we discuss another approach to solve the model introduced in (4.1). Here
we shall fractionalize the electron operator into spinons, holon and doublon. Also we will
generalize the SU(2) spin symmetry to USp(M). As we shall see this allows us to solve a set
of saddle-point equations and find a conformal solution of the electron Green’s function. In
particular, we shall calculate the residual conductivity. We discuss this approach in detail in
the following.

With the electron operator c,,, we represent the 4 states on each site using fermionic spinons

fa, a bosonic holon b, and a bosonic doublon d as follows:
0) = by, chjoy = flv), clcljo)=df), (4.45)

where |v) is the vaccumm state. We therefore fractionalize the electron into spinons, holon,

81



and doublon in the following manner:

Ca = fabl+eapfld, (4.46)

chea = n=1+dd—10'b, (4.47)

S = %Ciaaﬁqa=:éfidaﬁfﬁ» (4.48)

<c¥c¢ - ;) <cic¢ - ;) = % <de + b — ;) , (4.49)
cier = bld, (4.50)

with the constraint, f;ré fa + b0+ dd =1. Such a fractionlization was studied early on by
Kotliar and Ruckenstein [145], and applied to the Mott transition at large positive U. Here,
we shall study the behavior at small and negative U, and allow for critical, gapless, SYK-like
states in which the bosons don’t condense.

Using Eqgs. (4.46) - (4.50), we can write the Hamiltonian in (4.1) in terms of the fraction-

alized particles, f,b, and d, as

N
U
H = —u(dld; — bib;) + = (did; + bib,
> (el i)+ Gl + 1)
1 1 & 1 <
3 tyel g Q. S L bldsdly,
+ ﬁ t’ljcz'acja + ﬁ Z Jl]Sz . S] + ﬁ LZ] bzdzdjb] . (451)

i#j=1 i<j=1 i#j=1

Most of our analysis will be on the particle-hole symmetric case y = 0; the form of the
particle-hole symmetry is briefly discussed in Sec. 4.4.2.

Next, we generalize the model in (4.51) to a model with M spin indices and M’ orbital
indices. We then study the model in the large-M limit at a fixed &k = M'/M. As it will
become clear later, this allows us to find an analytic solution for our model in the low-energy
limit. The original model has M = 2, M’ = 1, k = 1/2. In this generalization, the electron

operator is

Cta = fa by + Tapflde, (4.52)
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where J is the USp(M) invariant tensor [146], whileaw=1... M (M even),and £ =1...M'.

This representation has a U(1) gauge invariance,
fia = Fia€ T by = by i — dype’® ) (4.53)

We also have the constraint fixing the U(1) gauge charge on each site,

M M’ M
> fia+ ; (blybie + dlydie) = 5 (4.54)

a=1 =

Then the large M, M’ Hamiltonian is

U 1
H = Z <—M <d}€diz - b}zbie> + = (bgebiz + d}edM)) + Z tijczgacjm
it 2 VNM 7
1 1
+ Z Jijfjafiﬁf;,ﬁfja + == Z Lijbggdié’d;g/bje. (4.55)
\/ij,aﬁ \/W#j’w

The large M analysis will proceed as Refs. [87] and [2]. We first take the N — oo limit
and perform disorder average, as discussed in Sec. 4.2.1 to obtain the single-site action in

the large-M limit,

Z = / D foDbyDdyDNe™S

S — /Ol/qu- Ze:b} <£+u+g+u> bg+ze:dz <§T—u+g+m> dy
+Zajf; (;T +i)\> fa —i/\%

2 1T
- a2 [ e = s ) )
af 0

t2 YT / VA /
+ M%}/o drdr'R(T — ")y, (T)coa(T)

2 1T
Ly /0 drdr’ P(r — )8 (7)do (7)dl, (7 Ybe(+) (4.56)

12

where T is the temperature. Here A(7) is the Lagrange multiplier imposing the constraint in
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(4.54) and the self-consistency conditions read as follows:

R —7) =~ (M) |

Lo

QU —7) = 2 S (ADSEIE L)
ap

Pa=7) = 512 3 (b (o (W) (157)
174

Alternatively, we can also use a representation with bosonic spinons b, fermionic holons

f¢ and fermionic doublons dy. This is discussed in detail in Appendix C.3.

4.4.1 Saddle-point equations

We will now write down the saddle-point equations obtained from the action in (4.56). Using

the condensed matter notations, we first introduce the following Green’s functions

Gylr, ) =~ S (T fal D) (458)
Golri ') = 15 S AT ) (4.59)
14

Culr, ) =~ S {THd()dj(7)) (4.60)

zZ
l

corresponding to the spinon, f, holon, b, and the doublon, d. Note that one can also construct
anomalous Green’s functions as well as a mixed Green’s function involving b and d. However,
we take these to vanish as they break the U(1) gauge symmetry, (4.53), down to Zs.

From the action in (4.56), it is straightforward to obtain the saddle point equations for the
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fractionalized particles:

Y1 (1) = kt2R(—1)Gy(1) — kt*R(7)Gy(1) + J*Q(7)G (1), (4.61)
Yy(1) = *G(T)R(—7) + K*L*G4(1)P(7), (4.62)
Y4(1) = —t?R(T)G(1) + K2 L2Gy(1)P(—7), (4.63)
G Hiw) = iw — pta — Ba(iw), a= f,b,d. (4.64)

Here i, are chemical potentials, determined by U and the saddle point value of A to satisfy

= Jy, (4.65)

= 5, (4.66)

<de> . (4.67)
> — n=1-06=1+d;—0, (4.68)
with the gauge-charge constraint (4.54) implying
1
O + k(0p + 0q) = 5 (4.69)

In terms of the Green’s functions, the self-consistency equations are expressed as follows:

R(7) = =Gy(T)Gp(=7) + Gy (=7)Ga(T),

Q1) = =G (1)Gs(=7),

P(7) = Gy(1)Ga(~T). (4.70)

Now our aim is to look for the solution of these saddle-point equations, which we discuss in

the following subsections and refer to technical details in Appendix C.2.
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4.4.2 Particle-hole symmetry

Before we discuss the solutions of our saddle-point equations, we briefly comment on the
particle-hole symmetry here. The form of the electron Green’s function in terms of the

fractionalized particles is
Go(1) = =Gf(1)Gy(—7) + Gy (—7)Ga(T). (4.71)

The model considered here has particle-hole symmetry at u = 0, which exchanges the holon

and doublon. The particle-hole transformation can be written as follows:
b——d, d—=b, fo— fa, (4.72)

Under this transformation we have Gy(7) = G4(7) and thus 04(Q2) = 04(£2). Importantly,
Ca — ea[gcTﬂ, which means that n — 2 — n. Therefore, the electron Green’s function is an
odd function due to particle-hole symmetry, i.e., G.(7) = —G.(—7). Also note that the spin

operator is invariant under this transformation.

4.4.3 Critical solution of saddle-point equations

We will now work towards finding solutions to the saddle-point equations, Eqs. (4.61) - (4.64)
assuming that the spinons, holons, and doublons are all gapless. The basic strategy is to find
the constraints on the parameters of our low-frequency ansatz by the saddle-point equations.
In terms of the imaginary time, 7, such that |7| > 1/J we write at T' = 0,

CoI'(2A,) sin(mA, + sgn(1)6,)

7|7 |2Ra ’

Go(T) = —sgn(1) (4.73)

where parameters C,, A, and 0, are real, with more details explained in Appendix C.2. The

spectral densities (C.18) in comparison with (C.20) immediately yields the following relations
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of the exponents for nonzero ¢, J, and L,
1
A+ Ay = 5 s (474)

and a restriction on asymmetry angles

sin(rAp + 0p) sin(rAg + 6g)  sin(rAy — 0y) sin(rAg — 6g) (4.75)
sin?(mAf + 0f) - sin®(rAy — 0y) . '

We can now evaluate the anomalous dimensions of the electron, spin, and SC order-
parameter operators in the present large M limit. Specifically, as the electron Green’s
function is given by Eqs. (4.71), spin correlator by (S(7) - S(0)) ~ —G¢(7)Gf(—7), and
SC order-parameter correlator by (A(7)AT(0)) ~ Gy(7)Ga(—7), it is straightforward to see

the anomalous dimension of the corresponding operators are

ne = Min{2(Ay + Ay), 2(Ay + Ag)}, (4.76)
ns =4Ay, (4.77)
na =2(Ap+Ag) =1. (4.78)

Examining the saddle-point equations leads to several possible solutions. Since we are
interested in the general t — J — L model, we will focus on the case with nonzero ¢, J, L first

and then discuss other special scenarios.
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4431 A;j=A,=7A;=1/4

In this case, the exponents in 2, J? and L? terms in Ypd (see (C.18)) are equal, and so all

terms are important in our low-frequency analysis. Comparison of (C.18) with (C.20) yields

sin(7/4—04) sin? (7 /4+0
12C3CE cos(205) — K2 L2CEC3 cos(204) — 2A2CHC,Cy AP0 — 7o (4.79)

sin(w/4—0y) sin” (7 /446
120203 cos(26) — K2L2CRC3 cos(26y) — 22 CHC,C, MO (/A0 — 7 (4.80)

JQC;‘: cos(20y) — k‘tzC’J% C?2 cos(26) + C3 cos(20,)

sin(7r/4—0f) sin(mw/4+6,) sin(7/4+04)
sin(w/4+9f)

—4C,Cy (4.81)

as well as the restriction on asymmetry angles (4.75). Notice the bounds [0¢| < /4, 7/4 <
Oy < /2 and 7/4 < 03 < w/2, which leads to all the coefficients on the left-hand sides of
Eqgs. (4.79) - (4.81) being positive. Since Cy, Cp, Cq are defined to be real positive numbers,

we find another constraint for 6y, 6, and 6;:

— cos (205) < —k[cos (26,) — cos (204)] < cos (26y), (4.82)

Therefore the parameters of the solution (04, Cf, C, and Cy) are fully determined by the
two asymmetry angles ; and 60;,. Recall that the values of ¢ and 6, are related to the particle

densities d, d4 via the Luttinger constraints derived by techniques in Ref. [136]:

0 1 sin(26) 1

P (2 a Af) sin(2wAy) T2 o (4.83)
9(, 1 sin(QQb) 1

%o (2 p,) 25 2 4.84
T (2 b) sm@rAy) 2" %, (4:84)
04 1 sin(264) 1

T <2 a Ad) sin(27Ag) 2 *0a- (4.85)

And from (4.68), we see that at half-filling with particle-hole symmetry, we have n = 1 and
0p = dgq.

It is useful to recall now all the parameters and constraint equations for the low energy
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behavior of the large M ansatz. The low energy ansatz in (4.73) with Ay = A, =Ag=1/4
is determined by the 6 parameters Cy, 0, Cy, 6, Cy4, 04. Let us also regard the densities
of the fractionalized particles df, 03, and 64 as unknown quantities to be determined by the
electronic doping density §. So at fixed § we have 9 parameters specifying the low energy
solution. These parameters are fully determined by & by 9 equations: the Luttinger relations
(4.83), (4.84), (4.85), the density constraints (4.68), (4.69), and the saddle point equations
(4.75), (4.79), (4.80), (4.81). Now let us consider the solution of the saddle-point equations at
all energies (this has to be done numerically, and we will not carry out the numerical analysis
here; such a numerical analysis has been carried out for the ¢-J model in Refs. [147, 148]).
The saddle point equations (4.61), (4.62), (4.63) will lead to definite values of the self energies
Yf(iw = 0), Xg(iw = 0), Xg(iw = 0). But the gapless nature of the ansatz in (4.73) requires
that G;l(iw =0) = G, '(iw = 0) = G;'(iw = 0) = 0, which requires cancellation of the
zero frequency self energy by the chemical potential [1]. The chemical potentials of the 3
fractionalized particles in (4.56) are determined by the 3 parameters pu, A, and U. As U is
not a free parameter, we conclude that the single parameter U must be tuned to realize the
critical solution (4.73). So this large-M solution describes a critical point at a fixed density
0, but is present for variable 4.

From Eqgs. (4.74), (4.76), (4.77), and (4.78) we immediately see that in this critical point
Ne = Ns = na = 1, i.e., the electron, spin, and SC order parameter correlators all decay as
1/7. In particular, the 1/7 decay of the spin correlator is in stark contrast to its 1/7% decay
in Fermi liquid phase. Such a critical behavior of spin correlator is similar to the SYK-like
criticality [1, 42]. The present scenario can be understood as a direct consequence of the
fractionalization of electron into spinons, holon, and doublon, wherein the correlator of each
of these particles decay as 1/4/7. As we shall show in the next subsection the conductivity
of this critical phase is larger than that of a Fermi liquid metal. Therefore, this solution is
a candidate anomalous metal. In Sec. 4.3 we presented a weak-coupling RG analysis for the
case of M = 2, M’ = 1, and we found a SYK-like critical point, F'Ps in (4.31). The critical

point therein is related to the critical point studied here. Our one-loop weak-coupling RG
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analysis found F Pg to be unstable. However, as mentioned earlier we expect this fixed point

to be stable at strong coupling such that it corresponds to the present large-M solution.

4.4.3.2 A;>1/4

For Ay > 1/4, we neglect the subdominant terms in our low-frequency analysis. The saddle

point equations Eqs. (4.79)-(4.81) are now modified as

1/2:Af—|-Ab, (4.86)
1/2:Ad+Ab, (4.87)
272022 i . _
1o _ k*L=CyCy Sln(T('A{., + 6) sin(mAp — 6p) ’ (4.88)
2w Ay sin(2mAp)
kt2C202 sin(m Ay + 0p) sin(m Ay — 0
L MGy ( 2 b) sin(mAy b)} (4.89)
2w Ay sin(2mAy)

- Sin(ﬁAf—i-ef)Sin(WAf—Hf)/Af
sin(mAy + 0p) sin(mAy — 03) /Ay — sin(rAg 4 0y) sin(tAg — 03)/Ag’

_k (4.90)

or the other set of equations by making a replacement Ay < Ay, 0, <> 04, Cp <> Cy. Since
the Luttinger relations (4.83), (4.84), (4.85), the density constraints (4.68) remain the same
here, so this solution corresponds to a critical phase. Here the anomalous dimensions of the
spin operator, ng > 1, while that of the SC order parameter, nao = 1. The saddle-point of the
J term vanishes in this solution, and the solution only depends upon the values of ¢ and L.

So this solution is the analog of the fixed point F'P; had only the g and v couplings non-zero.

4.4.3.3 Solutions at t =0

In this case, the combination of (C.18) and (C.20) yields Ay = 1/4 and still satisfies the

constraints (4.74). We can assume A, = A > 0, Ay = 1/2 — A > 0 and therefore Egs.
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(4.79)-(4.81) are modified to

JQC;% cos(20f) =7, (4.91)
272,42,2€08(204) + cos(2TA)
_R2L2C2C2 cos(260y) — cos(2mA) _on. (4.93)

2Asin(2wA)

Therefore the parameters of the solution (65, C¢ and the product C,Cy) are fully determined
by the asymmetry angles ¢, 8; and exponent A. Since Cy, Cy, Cy are defined to be real

positive numbers, we find a constraint in analogy with (4.82) for §; and A at ¢ = 0:

cos (204) + cos (27A) < 0. (4.94)

This solution corresponds to a critical phase with ng = na = 1 and n. < 1. Our weak-
coupling RG in Sec. 4.3 yielded a stable ‘Bose metal’ fixed point, F' P in (4.29), with these

properties.

4.4.3.4 Solutions at L =0

For Ay = Ay = Aq = 1/4, the saddle point equations have the same form as Eqs. (4.79)-
(4.81) without L terms, but the condition to keep all C, Cy, Cy real and positive is different
from (4.82):

—cos (205) < —k[cos (26y) + cos (264)] < cos (26y) . (4.95)

This solution actually is a special case in Sec. 4.4.3.1.

For Ay > 1/4 the J? term in (C.18) is subdominant compared to the ¢* term, and so we

91



neglect it in our low-frequency analysis. The combination of (C.18) and (C.20) yields

1/2 = Ap+ Ay, (4.96)

1/2:Af—|—Ad, (4.97)

sin(rAg — 0g) sin? (7 Ay + 6)
27TAf Sin(QWAf) Sin(ﬂ'Ab + Hb) ’

(4.98)

Sin(ﬂ'Ab — 91,) sin® (WAf + Gf)
2rApsin(2rAg) sin(mAg + 04)

(4.99)

in(mAy +0f)sin(rAy —0y)
1 = 202 osin(rAy + 0y f—YF
rCfC 21 A s sin(2mA )

— 1*C7C,Cy

in(mAs+ 0f)sin(rAr — 6y)
1 = 202 osin(mAs + 0y f—Yf
FOsC 21 A fsin(2mA )

— 2C3C,Cy

k= sin(ﬂ'Af—l-Qf)sin(wAf—Qf)/Af (4 100)
 sin(mAp + 0p) sin(mAp — )/ Ap + sin(mAg + 04) sin(mAg — 04) /Ay '

along with the restriction on the asymmetry angles (4.75). Therefore the parameters of the
solution (Ay, Ag, 6, 04, and the product C'tCy, CyCy) are fully determined by the asymmetry
angle 6y and exponent Ay. This solution corresponds to a critical phase with g > 1, na <1

and n. = 1.

4.4.4 Non-critical phases

As in Ref. [87], we obtain non-critical phases by gapping or condensing the bosons. A solution
with both b and d gapped is possibly only at half-filling, and this describes a gapless spin
liquid of the f spinons. Such a solution is only reasonable at large U. If we condense only
one of b and d, then we Higgs the U(1) gauge symmetry, but leave the global U(1) symmetry
unbroken—such a solution is therefore a disordered Fermi liquid, as in Ref. [2]. Finally, if
we condense both b and d, we break both the gauge and global U(1) symmetries, and the

solution is a superconductor.
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4.4.5 Conductivity

We shall now compare the zero temperature residual conductivity between the normal state,
and the critical point corresponding to the solution Ay = Ay = Ay = 1/4 found above. Let
us denote the residual conductivities in the normal and the critical phases by o’ and o'
respectively. We shall show below that for a wide-range of asymmetry parameters the ratio
R = a()“ / O'év > 1. This suggests that the critical phase is in fact an anomalous metal phase,
similar to that reported in experiments in the vicinity of a metal-SC phase transition. In
this section, we will need to revert to the large dimensionality limit to properly define the
expressions for the conductivity [143, 144].

The calculation in the critical (anomalous metal) phase uses techniques from Ref. [143],
which applies a more general formalism using time-reparameterization symmetry in SYK-like
models. Following the steps in Ref. [143], we first generalize the Greens function to finite

temperature,

Gal0) = _CaF(QAa) sin(f, + 7A,) o—Eaf
™ |2sin |24

, 0€(0,2m), (4.101)
where we choose § = 277/f. &, is determined by

onEs sin(f, + TA,)
°  sin(f, — TA,) Sa (4.102)

where (, = (4 = 1, {f = —1 indicate the periodicity of G,(¢). Here the subscript a = f,b,d
is used for spinon, holon and doublon respectively.
The Kubo formula for conductivity on the Bethe lattice from electron hopping is derived
in Ref. [143]
_ M'e?t?q®1 np(w) —np(w +v)

Reo(v) = ———— /dec(w)Ac(w +v) , (4.103)

2mz 1%

where a is lattice constant, z is coordination number, d is spatial dimension and A.(w) =

—2Im G.(w + in) is electron spectral density. We can introduce the bosonic Cooper pair
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Green’s function Ga(0) = G,(0)G4(—0), whose contribution to conductivity is an analogy
with the electron contribution after making the replacement e — 2e, A, — Aa, np — np

and t*> — kL?. The residual conductivity now yields

4 Me2q2d M'(2¢)2kL2a?—¢

/dec(w)QBnF(w)nF(—w)+ /deA(w)QBnB(w)nB(—w),

% 27z 27z
(4.104)
where Ax(w) = —2Im Ga(w + in) is Cooper pair spectral density,
- h(Bw/2) _xe cosh(fw/2)
Au(w) = 27Ce™ ™ 2 2™ 4.1
(W) = 2nCe cosh(fw/2 — 7€) anCe cosh(fw/2 — &)’ (4.105)
_ —nes  Sinh(Bw/2)
Ap(w) = —21Cae cosh(Bw,/2 —n€a) (4.106)
Here the parameters are defined as € =&y — &, &' = &3 — &, Ea = & — &4,
C = CyCysin(0f + m/4)sin(0y — 7 /4) /7, (4.107)
C'= —CyCysin(0y — 7 /4)sin(0y + 7/4) /T, (4.108)
Ca = CpCysin(Oy + w/4) sin(0g — w/4) /. (4.109)

We now have all the ingredients to calculate the residual conductivity using (4.104). Inserting

Egs. (4.105)-(4.106) into (4.104) we obtain,

M/€2a2_d
T

z

(€ —-&)

2 2 —27w& 12 _—2nE" 1 —m(E+E")
[t (C e +C"e 2CCe Snh[r(E — &)

ol =2 >+4k:L2cge—2“5A

(4.110)

In the normal state with semi-circle density A.(w) = /4t2 — (w + p)2/t2, only electron

contributes to the residual conductivity. Therefore, at zero temperature and g = 0 the
normal state residual conductivity is

N M/€2t2 a2—d

IM' 22— ¢
UO ==

/dec(w)ZﬁnF(w)nF(—w) = (4.111)

2mz TZ
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Now we have the ratio of these two residual conductivities,

R = ﬁ _ 7T2 t2 026—27T€ + Cl26—27r8/ + QCcle—ﬂ(é‘-ﬁ-gl) ﬂ-(g — 8,) + 4k’L202 e—27r€A
oy sinh [7(€ — &")] A '

(4.112)

As we can see from Sec. 4.4.3, the above ratio has only two parameters, namely, 6y and
Oy. In Fig. 4.3 we make a density plot of R with contours as a function of these parameters.
The ratios are calculated at a given set of parameters k = 1/2,t =1/2, J =1, L = 0 and
5 in two schemes: the fermionic spinon scheme in Sec. 4.4 and the bosonic spinon scheme
discussed in Appendix C.3. In the particle-hole symmetric case, the only solution is 6 = 0,
Oy =m/2 with R~5at L =5and R =n/2 at L =0 for both schemes. We further explore
the particle-hole symmetric solution at k = 1/2 but arbitrary positive ¢, J, L parameters,
and obtain the ratio in the range of

2
g< JL+1

< Rlg—0.0,2n2 = 27 g S 27 (4.113)

More generally, for arbitrary k, ¢, J, L parameters,

R‘ ]{,‘JQLZ + (1 o 2]€)t4 4 \/k2J2L2t4 + (1 _ 2k)2t8 7'('/k7 if JL > t2
=T =
05=000=m/2 T k2 7212 4 2(1 — 2k)t4 + 2\/K2J2L2A + (1 — 2k)28

n/2, if JL < t2.
(4.114)

The limit JL > t? likely describes a Bose metal, where incoherent pairs of electrons carry
the charge current instead of bare electrons.

We now briefly discuss the conductivity of the phases corresponding to the RG fixed point
FP; and F P, which are associated with the large M saddle points in Sections 4.4.3.2 and

4.4.3.3 respectively. For F'P;, we assume Ay = Ay =A>1/4,50 Ay =1/2 - A <1/4 and
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the ratio of these two residual conductivities yields

— m(1 —2A) s;n?r(l —2A) [2 cos(2rA) — 2 cos(204) + ;cos(Qef)} < ii; . (4.115)

For F'Ps, we consider the case with ¢t = 0, Ay = 1/4, A, = A, Ay = 1/2 — A. The ratio

becomes

Ar A sin 2w A

R = A

[cos(2m) + cos(2c9d)} . (4.116)

The maximum of R = 11.4 reaches at A = 0.365, 04 = 7/2.
As a reminder, we also quote here the value of zero temperature residual conductivity in
the critical phase found in a related model, namely the random ¢-J model without double

occupancy. The result obtained in Ref. [143] is

ott oo M'e2t2q% 4 T T
R — % — 91(C%e 2”52/0(])\[ =7 cos(26) < 1 (4.117)

4.5 Conclusions

We have examined a model of interacting electrons with random and all-to-all hopping and
interactions in (4.1): this yields a theory which is mean-field in space but includes fluctuations
in time. The interactions are in one-to-one correspondence with the interactions in the
universal Hamiltonian for disordered metallic grains [137-139]. The universal Hamiltonian
has the same interaction strength acting between any pair of sites, but we instead take each
interaction term to be an independent random number. An important characteristic of our
analysis is that the random hopping and interaction terms are treated at an equal footing.
We then employed RG and large M computations to argue, as in Ref. [2], that such models
lead to critical metallic solutions similar to those in the SYK models. For the class of models

examined here, with the on-site Hubbard interaction parameter small, we have argued that
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Figure 4.3: The ratio of large M background conductivity to normal state solution,
R = 064 / aév , in a density plot for possible asymmetry parameters 0y and 6, in different
representations; the full black lines are contours of equal R. The ratio is calculated at
k=1/2,t=1/2, J =1 and different L. (a) Bosonic holon scheme with L = 0. (b) Fermionic
holon scheme with L = 0. (c¢) Bosonic holon scheme with L = 5. (d) Fermionic holon scheme
with L = 5. The red dashed lines are contours of constant doping density § obtained by solv-
ing (4.68,4.84,4.85), and the black dashed lines shows the solution of (4.75,4.83,4.84,4.85).
Spectral positivity and the conditions for real Cy, C, Cy parameters restrict the range of
solutions: (a) is bounded by (4.75,4.95,C.13), (b) is bounded by (C.40,C.44,C.46), (c) is
bounded by (4.75,4.82,C.13), and (d) is bounded by (C.40,C.44,C.45),. We could identify the
ratio R in the two schemes (a) and (b) or (c) and (d) by 05 <> 7/2 — 6.
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such critical metals can realize a critical point or phase between a disordered Fermi liquid and
a superconductor, and so are candidate dynamical mean-field descriptions of the anomalous
metallic ‘failed superconductor’ [124].

The experimental observations are largely in two-dimensional systems, while our model has
either infinite-range interactions or large spatial dimensionality, a characteristic of dynamical
mean-field theories. So our model does not capture effects that have been viewed as crucial to
the physics of disordered interacting electrons: weak localization and interaction corrections
from diffusive electrons. However, such effects require long-lived quasiparticles, and the
absence of quasiparticles in our theory is reason to hope that our dynamical mean-field theory
is useful starting point for a theory in two dimensions which can be applied real materials.

Another perspective on our anomalous metal is provided by an analogy with the large U
work of Joshi et al. [2]. That work examined the transition between a metallic spin glass and
a disordered Fermi liquid, and proposed a description in terms of a deconfined spin liquid with
doped charge carriers. Our present work is carried out at small |U|, and has fluctuations in
the Nambu pseudospin space along with spin fluctuations. So we may consider the anomalous
metal as a ‘deconfined pseudospin liquid’ found at the transition between a supercondutor
and a disordered Fermi liquid.

Our RG computations in Section 4.3, and our large M computation in Section 4.4 yielded
a number of candidate solutions for the critical anomalous metal. There are interesting
connections between these two classes of solutions, and we list below 3 solutions from each
method that have similar physical properties and exponents. Notice, however, that the
stability of the phases differs between the two methods, and so we are not able to reliably
determine the optimal candidate.

The exponents 7., 1g, na determine the decay of the electron, spin, and Cooper-pair
correlators in imaginary time ~ 1/7". The Bose metal transports charge primarily via Cooper
pair hopping, and single electron hopping is subdominant.

The conductivities of the anomalous critical metal phases were computed in Section 4.4.5

in the large M theory. Here, we followed the large-M formulation of the conductivity in a
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RG Large M
Fixed point F' Py Solution in Sec. 4.4.3.1
Unstable critical point Stable critical point
Fixed point F'P; Solution in Sec. 4.4.3.2
Ne=1a=1 Ne=mna=1ns>1
Present only for ¢ = 47
Line of stable critical points Stable critical phase
Fixed point F'F Solution in Sec. 4.4.3.3
ns =1na =1 ns=na=1mn<1
Stable critical point Critical phase unstable to t # 0
Critical Bose metal Critical Bose metal

Table 4.1: Comparison between the properties of fixed points obtained by RG and large M

analysis.

large dimension lattice, which was discussed in Ref. [143]. It should be noted that this large
M approach yields residual resistivities which are significantly higher than those obtained
numerically in the SU(2) solution of the same model [46]. So we computed the ratios of the
conductivity of large M solution of the critical anomalous metal to that of the disordered
Fermi liquid, as an estimate of any enhancement of the conductivity in the anomalous metal
in the large M limit. As presented in Section 4.4.5 there is a moderate, but not large,
enhancement in this ratio in our computations. It would be of interest to perform numerical
studies for the SU(2) case, similar to that in Ref. [46], for models like (4.1) with Cooper pair
hopping, and compute their conductivities between the Fermi liquid and superconducting

phases.
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Superconductivity of non-Fermi liquids

described by Sachdev-Ye-Kitaev models

5.1 Introduction

The classic BCS theory provides a highly successful description of the onset of superconduc-
tivity (SC) from a Fermi liquid (FL). However, in modern correlated electron materials, the
normal state at the onset of higher temperature superconductivity is usually not a Fermi
liquid. Below the critical temperature, basic aspects of the BCS superconducting state (such
as the breaking of U(1) gauge symmetry by an electron pair condensate) continue to hold, but
numerous quantitative details on the critical temperature, superconducting gap amplitude,
and electron spectral function are not described by BCS theory.

A popular class of theories for the onset of superconductivity from a non-Fermi liquid
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(NFL) focus on a normal state which has a Fermi surface coupled to a critical boson [149-
154]. The boson could represent a symmetry breaking order parameter at a quantum critical
point, or an emergent excitation associated with spin liquid physics. This critical boson plays
a dual role—it leads to the breakdown of quasiparticles in the normal state, and it also leads
to superconductivity at low temperature (7) by inducing pairing between the underlying
electrons. The precise manner in which the non-Fermi liquid gives way to superconductivity
at low T is not well understood, and remains a topic of great interest.

In this paper, we will address the interplay between the non-Fermi liquid and supercon-
ductivity using a different class of simpler and more tractable models. These models do not
have much spatial structure because of the presence of all-to-all hopping and interactions.
However, they have the virtue of being exactly solvable, and so can describe the competition
between the different energy scales in a quantitative manner. We consider the Sachdev-Ye-
Kitaev (SYK) type of models [1, 42], which are a rare class of solvable models leading to
non-Fermi liquid phases [15]. Models in this class have been recently studied in different
contexts of strongly correlated systems. In this work we consider a model of electrons with
an attractive on-site interaction. In the spirit of SYK models, we consider random and all-
to-all hopping, exchange interaction, and Cooper-pair hopping. This model was previously
considered by us and for weak interaction an anomalous metal phase (or a Bose metal) was
shown to exist [155] in the proximity of superconducting phase. In this work our focus is
on the superconducting phase, and the associated thermal phase transition. Depending on
the relative strength of the hopping amplitude and exchange interaction, the normal state
at higher temperatures is either a FL. or a NFL. Thus our model allows us to systematically
investigate the emergence of superconductivity by continuously tuning between FL and NFL
normal states. Moreover, we show that SC emerging from a NFL has certain unique features
in the spectral function that are absent in the case of a FL-SC transition.

There have been previous studies of superconductivity in SYK models [156-164]. However,
our model is distinct from the previously considered models. In our model in (5.18), we start

with a SU(2) spin symmetry (see H in (5.20)), just as in the original Sachdev-Ye (SY) model
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[1]. In previous models the random and all-to-all SYK term is in general not SU(2) symmetric:
in Refs. [156, 157] a general Hamiltonian of two coupled SYK models is considered, which has
a SU(2) symmetry only at a special point (o« = 1/4 in the notation used in Ref. [156]), and it
corresponds to the zero hopping limit with U = ¢ = L = 0 in our model. However, it is shown
in Refs. [156, 157] that at this SU(2) symmetric point there is no superconductivity, which
is consistent with our results. Ref. [159] also examined models without any hopping, but did
examine finite N corrections. The models of Refs. [161, 162] are related to the one examined
here, but with lattice rather than random matrix hopping: the lattice dispersions and all-
to-all random hopping for electrons lead to equations with similar solutions [15]. Because
of the simpler form of our equations, we are able to present spectral functions within the
superconducting phase across the full range of the crossover between the FL. and NFL cases.

The plan of the paper is as follows. In Sec. 5.2 we first study SC in a simple model of
attractive Hubbard model with random and all-to-all hopping. Then we introduce our model
in Sec. 5.3 and discuss the saddle-point equations. These equations are solved to obtain the

normal state and SC solutions in Sec. 5.4. Therein we discuss several observables. Finally

we conclude in Sec. 5.5. Technical details are provided in Appendices.

5.2 Random matrix Bogoliubov-de Gennes theory

Before we dive into the actual model and its detailed analysis, let us first consider a simpler
case. In this section we present a BCS theory of superconductivity for a Hubbard model
with attractive on-site interaction U along with a random and all-to-all hopping. Our main
purpose here is to introduce the formalism in a more familiar setting. Curiously, the spectral
functions in the superconducting state in this simple model do not appear to have been
obtained earlier, although there have been results for other quantities for finite N [165, 166].

We consider a model of electrons c¢;o, with ¢ = 1... N a site index, and a« = 1...M a

USp(M) index. We have thus enlarged the usual SU(2) spin symmetry. The USp(M) group,
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M even, is defined by the set of M x M unitary matrices U such that

urgu =7, (5.1)

where

Top =T = (5.2)

is the generalization of the ¢ tensor to M > 2. It is clear that USp(M) C SU(M) for M > 2,
while USp(2) = SU(2). We will consider SYK-like models on N sites with USp(M ) symmetry,
and take the N — oo limit followed by the M — oo limit. We don’t expect the large M
limit to significantly modify the results, as discussed in Ref. [15]; the large N limit is more
significant, and there can additional phases at finite N, as discussed in Refs. [159, 163].

We shall calculate the electron spectral density using a set of saddle-point equations, which
we derive below. We consider an attractive Hubbard model on a random hopping matrix

with the Hamiltonian,

U
Ztlj (ch ] + Cgacz> + Z |: ;racg + 557 2M ‘jaﬁ ja IB

1<]

} : (5.3)

where t;; is a real random number with zero mean and root-mean-square value ¢, N is the
number of sites, u is the chemical potential and U < 0 is the attractive on-site interaction. In

terms of the electron annihilation (creation) operator, ca(cL), the number operator na = ccq-
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We perform a disorder average to obtain the following action:

- i |datr) (5 =) )+ g P aelyo]

2 2

+ — [ drdr’

oN , (5.4)

(e} e

where 7 is the imaginary time. Note that we have ignored here the replica indices as they are
not significant for the present discussion. Next, we proceed by the G-X method used for SYK
models. We introduce the normal and anomalous Green’s functions G and F' respectively, as
well as the normal and anomalous self energies Y and ® respectively. We can then write the
path integral as

Zy = / DGDFDED®De exp(—Sy — S1), (5.5)

where, initially, the role of the self energies is to impose delta functions which define the
Green’s functions as two-point fermion correlators. Let us now look at the two contributions

in the action. First we have,

/ercm < - N) /deT’z 7,7')
/ drar 2 0T) [jaﬁ Z ch(r )+ NMF*(r, 7 )]

/ drar 20T [jagzcw‘ P () = NMF(r, T)] . (5.6)

Zcm —~ NMG(r', 1)

For the interaction terms in (5.4), we need to introduce additional Hubbard-Stratonovich
terms which decouple the quartic fermion interactions, and then use the large M limit to
replace these fields by their saddle-point values. This procedure has been carried out explicitly
for a related model in Ref. [167], and we do not display the intermediate steps here. Assuming

the saddle-point has USp(M ) symmetry, we can obtain the final answer more directly simply
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by the following identifications in the interaction terms:

()P () = LG, 1),

CO‘(T)C’B(T') = —jO‘BF(T,T') (5.7)

In this manner we obtain the second contribution in the action,

S U

2
NV 3 /dT |F(r,7)|* + % /deT' (G(r,™G(7',7) = F(r,7)F*(r',7)] . (5.8)

Now we take the variational derivative of the action with respect to G and F*, and obtain

the saddle-point equations,

Y(r,7) = t*G(r,7),

o(r,7") = —UF(r,7)0(1 —7') +t*F(r,7'). (5.9)

These equations have to be supplemented by the Dyson equations obtained from the single-

site action for the fermions, which follows from the first 2 spin components of the action

SO?

. . —iw — p + B(iw) P (iw) CT@“)
S:= T3 (i) i(-iw) (i) —itw + = B(—iw) (i) |
- iw w w clTw

(5.10)
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where T is the temperature. We can now write down the combined saddle point equations,

1

@) = s

iw) = £2G(iw) = 12 [GE(_W)r1
B () FOw) = ¢ |®(iw) |2 + [Gs (iw)Gs (—iw)] 1
D (iw)
A = -UT ,
2 [@(iw)[2 + G (iw) G (—iw)] ™
Fliw) = D (iw)
[@(iw)|? + [Gx (iw) G (—iw)] "
P(iw) = A+t2F(iw). (5.11)

w

The normal and anomalous Green’s function in the superconducting state are G(iw) and
F(iw) along the Matsubara frequency axis, while Gx(iw) is an intermediate quantity defined
for notational convenience; G(iw) = Gx(iw) only in the normal state where A = F(iw) = 0.

It is useful to first solve these equations in the normal state solution by setting A =
F(iw) = 0, which yields for p < 2¢

iw+ @ Z,sgn(w)
2t2 2t2

G (iw) = Go(iw) = 42+ (w — ip)2, (5.12)

where the sign in front of the square-root is discontinuous across the real frequency axis, and
is chosen so that Go(z) ~ 1/z as |z| — oo. This yields the expected semi-circle density of
states.

Next, we can linearize the equations (5.11) in A at 7" > 0, and so obtain the supercon-

ducting critical temperature 7T,.. We find the condition

Go(iwn)Go(—iwy)
UTZ 1 — t2Go(iwn)Go(—iwy) ’ (5.13)

with w, a Matsubara frequency. At small |w,| we obtain from (5.12) that

2|wn|

— = 4 O(W?). 5.14
s+ O (5.14)

t2G0(iwn)G0(—iwn) =1-
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We can now observe that the denominator in (5.13) has a singularity at w, = 0, which
yields the BCS log divergence. This implies that there is superconductivity at 7' = 0 for
infinitesimal negative U.

We can analytically solve Egs. (5.11) at 7' = 0 to linear order in A for general u. Such a
solution will be valid for |w], /42 — 2 > A. We find,

(VA + (w0 =) + A7+ (w0 + i) — 2w
4]
G(iw) = Go(iw) + O(A?). (5.15)

Fliw) = A +0(A?),

Note that F'(iw) is a real and even function of w along the imaginary frequency axis. However,
neither F' nor G are analytic at w = 0. Similarly, we can see that G(—iw) = G*(iw), and for
=0 G(iw) is purely imaginary, with G(—iw) = —G(iw).

At p = 0, the exact solution of the saddle-point equations in (5.11) is

Cliw) — W Vw? +4t2 + A2 )
(ZLU) - 7271;2 /7002 T A2 - )

A w? 4 4t2 + A?
Flw) = o3 -1, 1
(iw) 242 ( Vw2 + A2 ) (5.16)
Analytic continuation gives the spectral function, A(w) = —1 Im G(w + i0),
42 + A? — w?
Alw) = WLV H AR -0 < /AR, (5.17)

o 2rmt2 w2 — A2

The spectral function is plotted in Figure 5.1a, along with the numerical results obtained by
exact diagonalization of random realizations of the Hamiltonian in (5.3). As expected, the gap
is centered at w = 0, between A and —A. It is also straightforward to obtain the imaginary
part of the retarded anomalous Green’s function, which is shown in Figure 5.1c. For p # 0

an analytic solution is no longer possible, and we show numerical results in Figs. 5.1b,d.
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Figure 5.1: (a) The spectral function, A(w), of the normal Green’s function in the SC phase
at a fixed A for the particle-hole symmetric case (1 = 0). The solid line is exact solution to
the saddle point equations Eqs. (5.11), and the yellow bars are obtained by averaging exact
diagonalizations of random instances of (5.3). (b) Same as (a) but u = 5. (c) Imaginary part
of the anomalous Green’s function F'(w) in the SC phase at a fixed A and p = 0. (d) Same
as (c) with g = 5. In all the plots, t = 10 and A = 5.

5.3 Model

Having discussed the basic set-up we are now ready to discuss our model. To the random

Hubbard model considered in the previous section, we will now add random and all-to-all
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spin exchange and Cooper-pair hopping terms. So the full Hamiltonian is

H=Hy+H;+ Hp, (5.18)
U 2

Hiy = ——= Ztlﬂ (Czacj + C]acl ) + Z |: Cia 2 m ‘jaﬁcgacjﬁ :| ’ (5'19)
z<]

i m z Jﬂ ] 7 (5.20)
z<]

5 )
Hy = \/—ZLUJ Bj% { joz Iﬂ "7}/ 5t ;a ;50702] : (5.21)

1<)

Recall that we have solved Hyy in Sec. 5.2. Hj describes the exchange interaction of the
original SY model [1], while H, describes the random Cooper-pair hopping. In the above
Hamiltonian, J;; are real random numbers with zero mean value and root-mean-square value
of J. Similarly, L;; can be either real or complex random numbers with zero mean value and
root-mean-square value of L.

For clarity, let us consider the contribution of individual terms in the Hamiltonian in (5.18).
The first term, Hyy, in (5.19) was already dealt with in Sec. 5.2. Next, let us consider the
contribution of H; in (5.20) to the action of the full Hamiltonian. After averaging over

Gaussian random variable J;; the resulting action is

2

Dl e (el (5.22)

S;=— 4NM/d7'dT

In the large M limit, we can use an identity analogous to (5.7),
()P (1) (TP () = 8505 G (7, 7)G (T, 7) + T Tor F* (7,7 F(7,7').. (5.23)

Here we have dropped factorizations associated with equal-time Green’s functions. Then the

contribution to the action from the H; term is Sy with,

S, _ P

NM- 71 drdr’ <[G(T, ™G(7, 7')]2 + |F(r, T’)F(T’,T)‘Q) : (5.24)
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Finally, let us consider the contribution from the random Cooper-pair hopping term, Hy,

in (5.21). Averaging over real Gaussian random variable L;; yields the action,

2
3L = - L /deT/jaBj!ijéjpa[

SNM

(Zciamciﬁ<v>cf<7'>cf<r'>> S el (el () () ()
+<ZcIa<r>clg<r>ciu<r’>ciy<r'>) >SS () () || (5.25)
i J

Note that the last term would be absent for complex L;;. Now, we use large M identities

similar to Egs. (5.7) and (5.23), again dropping equal-time factorizations,

A7) = (0205 - 0605 [G(r. )7

ch(Meb (D) (e (T) = (TarTsu — TanTsw) [F* (1, 7)) . (5.26)

The contribution of the Hy, term to the action is &7, with,

S, I?

NM - 2 drdr’ ([G(T, ™G(7, 7')]2 + |F(r, TI)F(T/,T)‘2> , (5.27)

having the same form as S in (5.24).

So finally, the action corresponding to the full Hamiltonian in (5.18) is
S=8+S1+S7+SL, (5.28)

with the terms Sy and S; quoted in Eqgs. (5.6) and (5.8) respectively, while the terms Sy and
Sy, are shown in Egs. (5.24) and (5.27) respectively.

Putting everything together, the final saddle-point equations for the normal and anomalous
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equations are

oy 1
Gy (iw) = s Em L (5.29)
Y(r,7") = ?°G(r,7) — (J* + L*)G*(r, 7")G(, ), (5.30)
. (G (—iw)] ™
G(iw , 5.31
() = [P (iw)|? + [Gs (iw) Gx(—iw)) 31
D (iw)
T e G Gsl i 532
, D (iw)
Fliw) = , 5.33
(@) |B(iw)|? + [G (iw) G (—iw)] ™! (5:33)
O(r,7") = —UF(1,7)0(1 — ') + *F(1,7') + (J* + L)) F*(r, 7"\ F*(', 7). (5.34)

Note that Egs. (5.30) and (5.34) generalize the expressions in (5.9) upon the inclusion of the

spin exchange and Cooper-pair hopping terms.

5.4 Numerical solutions

We shall now solve the the saddle-point equations (Egs. (5.29-5.34)) at finite temperature
and obtain the normal-state as well as SC solutions. For simplicity and clarity, we will focus
on the p = 0 half-filling case, but the results are qualitatively similar for non-zero u as we
show at the end of this section. Hence, unless otherwise stated p = 0 throughout this section.
We introduce the notation J = v/J2 + L2 since the interactions J and L are on equal footing
in the large-M limit, as seen from Eqs. (5.30) and (5.34). Furthermore, we will parameterize

the hopping ¢ and interaction J as
t=Rcosf, J=Rsin, (5.35)

where R = V/t2 + J2, and the parameter 6 € [0,7/2] tunes between FL (§ = 0) and SYK-
NFL (6 = 7/2) limits. We will discuss results for different relative strengths with respect to
U, i.e., different ratios R/|U].
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We solve the saddle-point equations, Egs. (5.29)-(5.34), on the imaginary (Matsubara)
frequency axis at finite temperature. The strategy is as follows. We first start with a free
fermion normal Green’s function, G (iw,) = (iw, +p)~!, and a randomly chosen real function
F(iwy), and iterate until we find a converged solution for the normal and anomalous Green’s
functions. The SC order parameter, A(T) = —UJ,p(c*c”), is then determined as a function
of temperature. It is finite at low temperatures in the superconducting phase, and it vanishes
in the normal state at higher temperature. The superconducting critical temperature, Ty, is
thus determined numerically using A(T — T,.) — 0. We will use the notation Ay = A(T' —
0).

In both the normal and SC phases we also compute the spectral function. The spectral
function is obtained by numerical analytic continuation of Matsubara Green’s functions to
the real frequency axis. More details regarding numerical analytic continuation are discussed

in Appendix D.1.

5.4.1 Normal State

The normal-state equations with A = 0 and F' = 0 are the same as those in Refs. [69] and [44].
As stated earlier, in our model we tune the parameter 6, defined in (5.35), to go from FL to
NFL normal states. At any given temperature T, the normal state is FL like for 6 < 6.1,
and NFL-like for § > 0,5, where 0., is defined by T' ~ T,.; = 2/ J = Rcos Ocon €Ot Ocop, .

In Figure 5.2 (a) we show the spectral function in the normal state. For the FL-like phase
(smaller 6) we see the expected semi-circular spectral function, whereas for a NFL-like phase
(larger #) a pronounced peak at w = 0 is seen. This is consistent with earlier results obtained
for a similar random model in Ref. [69].

Also, note that the FL-like normal state (# < f.,) has the usual 72 dependence of re-
sistivity, while the NFL state (6 > 6.,,) has a linear-in-T" resistivity. This is similar to the
results obtained in Refs. [44, 69].

The cross-over between the FLL and NFL normal states can be further characterized by

112



---60=0, exact
0.08 A —Z i 2/4 9 FL exponent
X 0 =3r/8
0.06 A —0=7/2
3
= 0.04] <
0.02 4 [
— T SYK exponent
I TR e T e o PP
| '/‘ | ‘\r | ‘ , .
-2 -1 0 1 2 7T/8
w/R

(a) (b)

Figure 5.2: (a) The normal-state spectral function A(w) for different values of § at u = 0,
and R/|U| = 2. The dashed line is the exact semi-circle solution for § = 0, as obtained in
(5.12). (b) Effective spin exponent as a function of # in the normal state at R/|U| = 2. The
spin exponent takes the expected FL value for low 6, while it approaches the SYK value for

larger 6.

looking at the effective spin exponent (7s), which is shown in Figure 5.2 (b). This exponent
is extracted from the dynamical susceptibility, x”(w), which is the imaginary part of the spin
correlation. In Appendix D.2 we discuss the details related to the evaluation of the spin
exponent 7. Clearly, for lower values of 6 the spin exponent takes the value s, = 2 expected
for a disordered FL, while in the limit § — 7/2 it takes the value 75 = 1 corresponding to the
marginal NFL. In the intermediate 6 region 7, smoothly interpolates between these extreme

values. As expected, this crossover is roughly around 6.,y,.

5.4.2 Superconducting state

Before we discuss the numerical results, we first show analytically that SC phase exists at
zero temperature for any infinitesimal attractive on-site interaction. The analysis is similar
to that presented in Sec. 5.2. We determine the instability to the superconducting state
by expanding the action to second order in F'(iw). This leads to the same condition for

the instability as (5.13). But the important difference is that the Green’s function now also
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contains contribution from the exchange interaction terms and satisfies the equations,

. 1
Go(iw) = iw+ o — Xy (iw) — By (iw) 7

Sa(iw) = t*Go(iw),

Sin(r) = —(J?+ L?)[Go(T)*Go(-T). (5.36)

Note that we have separated the self energy into an ‘elastic’ part X.;, and an ‘inelastic’ part
Yin. This is useful because Im 3;,(w — 0) = 0 at 7' = 0, and that is not true for the elastic
part.

From (5.36), we can write a quadratic equation for G (0):
*[Go(0)]* — (1 — Lin(0))Go +1 =0. (5.37)

An important point is that X;,(0) is real, and so it can be absorbed into p. This quadratic
equation has two roots, and they correspond to Gy(i0") and Go(i0~). From the formula for
the product of the roots of a quadratic equation we can therefore conclude that at T = 0,

. ) . 1
ilg%) Go(iw)Go(—iw) = 2 (5.38)

So this equation holds even when .J or L are non-zero, and the denominator in (5.13) vanishes.
Thus indicating the presence of SC at T' = 0.

Let us now discuss the numerical results obtained by solving the saddle-point equations.
For low enough temperature we find a SC solution with a non-zero A and F'(iw). In Figure 5.3
we have shown the variation of SC order parameter, A, with temperature. It turns out that
for small values of 6, i.e., FL-like normal state, the SC-normal state transition is continuous.
However, at larger values of , the phase transition (SC to NFL) becomes first order for larger
values of R/|U]| (as seen in Figure 5.3 (a)). Note that although the absolute value of A and

Tsc depends on the value of U, the variation of A/|U| as a function of T'/|U| depends only
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Figure 5.3: SC order parameter, A, as a function of temperature, 7. (a) SYK-NFL (§ =
7/2) case with varying R/|U|. Note that for larger values of R/|U| the phase transition
becomes first order instead of a continuous transition. (b) Here R = |U| is fixed and 6 is

varied.

on the ratio R/|U]|.

In Figure 5.4, we show the variation of SC transition temperature (7s.) as a function of
6 for different values of R/|U|. For very large on-site interaction, i.e., for very small R/|U|
there is no difference between SC emerging from FL or NFL. This is because in this case
both hopping as well as exchange interaction are sub-dominant. However, at larger values of
the ratio R/|U], i.e., weaker on-site interaction the SC transition temperature, T, strongly
depends on the nature of the normal state or 6. It is larger for NFL-SC transition (larger )
as compared to the FL-SC transition (smaller #). The same trend applies to the SC order
parameter in the limit of zero temperature, Ay, and the SC gap (as obtained from the spectral
function) in the 7" — 0 limit, 80, as seen in Figure 5.5. Recall that in our model SC phase
corresponds to the condensation of doublon, i.e., the Cooper pairs are on the same site. A
single-particle hopping tends to break these pairs and destroy SC. The exchange interaction
and Cooper-pair hopping have a very weak effect in destruction of SC. Therefore, Ts., Ao,
and Ay have very weak dependence on 6 for larger on-site interaction (smaller R/|U]), as in

this case the relative strength of hopping and spin-exchange is unimportant. On the other
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Figure 5.4: (a) The SC transition temperature, Ts., as a function of # for different values of
R/|U|. Qualitatively, the phase transition becomes first order (indicated by open circles) at
larger values of R/|U| and 6 instead of a continuous transition (indicated by filled circles). (b)
Comparison of Ty and Tpon/3 = t2/3J = (1/3)Rcosfcot§ at R/|U| = 3. For larger values
of R/|U]| the transition becomes first order for 6 2 0..,. (c) Same as (b) but R/|U| = 5.
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Figure 5.5: (a) The variation of SC order parameter in the zero temperature limit, Ag, with
6 for different values of the ratio R/|U|. (b) The SC gap observed in the spectral function
in the zero temperature limit, Ag, as a function of 6. (c) The ratio 2Ag/Ts.. (d) The ratio
2&0 /Tsc. For larger values of 6, these ratios deviate strongly away from the BCS value of

(d)

3.53. As 0 — 0 and R/|U| > 1, both 2Aq/Ts. and 230/T3c tend to the BCS result.
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hand, for weaker on-site interaction the relative strength of hopping, ¢, compared to J is
important. Hence for larger 6 (weaker ¢) SC is more stable leading to a higher Ts.. This is
also the reason why the SC-NFL transition becomes first order in nature for larger R/|U].

We have also calculated the ratio 2A¢/Ts. and 2&0 /Tse, which is 3.53 for the BCS super-
conductivity (for FL-SC there is no difference between Ay and &0 as discussed below). This
is shown in Figs. 5.5 (c¢) and (d). We find that in our case, this ratio approaches the BCS
value for smaller § (FL normal state) and weaker on-site interaction. For SC emerging from
NFL normal state this ratio deviates strongly from the BCS value. The value of this ratio
first increases with 6 as long as the transition is continuous, and then tends to decrease as
the transition changes its nature to first order. This trend follows from the observation that
the transition temperature increases very sharply for large values of § and R/|U| compared
to the much gradual increase in Ag. In the FL case (smaller #), both Ay and T, are sup-
pressed exponentially as a function of R/|U| such that their ratio is a constant. However,
in the NFL case (larger 6) this is not true anymore. Both Ay and T,. appear to decrease
with different power-laws with respect to R/|U|, and in particular for larger values of 6 the
transition temperature, Ts., saturates quickly for large 8. This is shown in Figure D.3 in the
Appendix.

We have also computed the spectral function for the SC phase. This is shown in Figure 5.6.
As expected, we clearly see the SC gap in the spectral function. For § = 0 (FL normal state)
we see the expected square-root divergence near w = A. The form of this divergence seems
to be modified for § away from zero. In particular, for # = 7/2 (SYK-NFL normal state) we
see very narrow peaks. We also note that the SC gap (ﬁ) observed in the spectral function
may not be the same as SC order parameter A calculated above, as is shown in Figure 5.5
(a) and (b). The two quantities are same for SC emerging from FL (smaller #), but may
deviate from each other for the SC emerging from a NFL phase (larger #). In particular, the
deviation between A and A is strongest for larger 6 and larger values of R/|U| (where the
transition is of first order). In Figure 5.8 (a), we show the variation of the ratio of these two

quantities in the limit of zero temperature, i.e. KO/AO, with respect to # and R/|U|. We do
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not have an analytic expression for the gap in the spectral function, A. But numerically we
find that Ag + Ag ~ |U| at # = 7/2, independent of the ratio R/|U|. This relation does not
hold for other values of §. This is shown in Figure 5.8 (b).

A noticeable new feature for SC emerging from NFL (larger values of 6) is the presence
of peaks at higher energies compared to the SC gap (see Figure 5.6 (c) and (d)). In the
limit of T" — 0 the first higher-order peak appears at ~ 3A. A dominant all-to-all exchange
interaction (large #) means strongly interacting Cooper pairs, which may be the reason for
these additional peaks. For smaller values of 6 the Cooper pairs are weakly interacting. Note
that such high energy features in the spectral function have also been reported for SYK-like
electron-phonon model for SC [160].

We have so far focused on the particle-hole symmetric point, u = 0, for clarity. However, it
is straightforward to also do the same analysis for a non-zero chemical potential. The results
are qualitatively the same as discussed above. The main difference seen is the particle-hole
asymmetric distribution of the spectral weights at positive and negative frequencies, as shown
in Figure 5.7. The gap is however symmetric around w = 0. In the remainder of the paper
we again focus only on p = 0.

We further also compute the spin correlation in the SC phase. In Figure 5.9 we plot
X" (w) for different values of # in the SC phase. The features essentially follow from what
was discussed for the electron spectral function earlier. The high-energy peak present in the
electron spectral function at larger values of 6 is also seen in x”(w).

Using x”(w) we can also evaluate the temperature dependence of the NMR relaxation
rate, 1/T1, which we show in Figure 5.10. The NMR relaxation rate is given by the following

relation [69]:

(5.39)

w=0
Recall that for the standard BCS superconductor one expects a peak (often referred to as the
‘Hebel-Slichter’ peak) around the critical temperature as a consequence of the square-root

divergence in the spectral function [168]. However, one of the signatures of the unconventional
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Figure 5.8: (a) In the limit of zero temperature, the ratio of the SC gap, &0, (as obtained
from the spectral function) and the SC order parameter, Ay, as a function of R/|U| at 6 = 7/2
(blue) and as a function of § at R/|U| =1 (red) is shown. The two quantities are in general
different away from the FL limit and for small on-site interaction the deviation between the
two quantities is strongest. (b) The sum Ag and Ag as a function of R/|U| at 6 = 7/2 (bluc)
and as a function of § at R/|U| = 1 (red) is shown. The sum is a constant for § = /2.

However, this is not the case for other values of 6.

superconductivity is the absence of ‘Hebel-Slichter’ peak, for instance, as observed in cuprates
[169] and Fe-based superconductors [170]. We find that for a fixed R/|U| when 6 < 6., there
is a well distinguished ‘Hebel-Slichter’ peak whose strength diminishes with increasing 6 (see
Figure 5.10 (a) and (b)). After the crossover into the NFL regime for larger 6 the peak is
absent and there is only a kink around the critical temperature (see Figure 5.10 (c) and (d)).
This is another distinguishing feature between the FL. and NFL case. We also see that the
relaxation rate is higher for the NFL case compared to the FL case. In the normal state this
trend easily follows from the fact that the critical temperature is much higher in the NFL
case. Also note that the height of the ‘Hebel-Slichter’ peak present for smaller 6 is roughly

inversely proportional to R/|U|, i.e., for smaller Hubbard interaction the peak is smaller.
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Figure 5.10: Temperature dependence of the NMR relaxation rate, 1/T1, for different values
of § at R = 2|U|. Note that for smaller values of 6, where the normal state is FL-like, there is
a ‘Hebel-Slichter’ peak around the SC transition temperature. This can be seen in (a) around
T/|U| ~ 0.006 and in (b) around 7'/|U| ~ 0.018, which have FL normal state. Note that the
peak height diminishes as we increase 6 and go closer to NFL case. The ‘Hebel-Slichter’ peak

is absent (and replaced by a kink) in case of NFL normal state, shown in (c) and (d).
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5.5 Discussion

We have investigated the emergence of SC in a SYK-like model of interacting electrons,
(5.18). The model is solved in the large-M limit, where we generalize the spin symmetry
from SU(2) to SU(M). The solution of the large-M saddle-point equations can be viewed as
a dynamical mean-field solution. We have shown the contrast between the emergence of SC
from a NFL as opposed to a FL. normal state. Several distinguishing features are found for

SC emerging from a NFL and we summarize below the salient features of our work.

e Even in the presence of all-to-all and random exchange interaction and Cooper-pair
hopping, we show that BCS-type superconducting instability is present, thus ensuring
SC ground state at zero temperature for any infinitesimal attractive Hubbard interac-

tion.

e The SC transition temperature, T, is shown to be strongly enhanced for NFL normal
state as compared to a FL normal state. This is an important highlight of our results.
This is understood physically by realizing that the most dominant mechanism to break
Cooper pairs is single-particle hopping. However for the NFL case the Cooper pairs
are strongly interacting, and single-particle hopping is sub-dominant, thus leading to a
higher Ti.. This also renders the transition in case of NFL to be first order for weaker

Hubbard interaction.

e While for the FL. (BCS-like) case both Ty, and A are exponentially suppressed with
respect to R/|U|, we show that for NFL case they decay with different power-laws.

Consequently, the ratio 2A /Ty, strongly deviates from the BCS value for SC arising

from NFL.

e We have presented a detailed study of the local electron spectral function in the SC
as well as the normal states (FL and NFL). This is an observable in photoemission

experiments like ARPES. We discuss how the SC gap closes upon approaching T..
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In the case of a FL normal state the transition is continuous and BCS like, and the
spectral function in SC phase features the well-known square-root divergence at w = A.

We show that this is not the case when the normal state is a NFL.

We show that for SC emerging from a NFL there is a distinct new feature in the local
electron spectral function — peaks at higher energy at w ~ 3A. This is a consequence of
strong interactions between Cooper pairs (which is absent in case of FL normal state).
We believe that this is a generic feature of SC emerging from a NFL, and could be a
relevant observation in many materials. How generic and model independent is this

feature is an interesting open question for future.

In the normal state, as a function of the parameter 6, there is a crossover between FL
and NFL phase for a fixed temperature, which we characterize using the effective local
spin correlation exponent, ng. The exponent deviates from FL value for 6 2 6.,,. We
hope that our work motivates the observation of this exponent in neutron scattering

experiments.

We also note that NFL phase, i.e., the normal state for 6§ > 6., has a linear-in-
temperature resistivity. Thus SC emerging from this state may have some relevance to

the situation in correlated systems.

We have evaluated the local dynamic structure factor, x”(w), an observable in neutron
scattering experiments. In the SC phase emerging from NFL x”(w) shows distinct

peaks at high energies akin to that discussed for the spectral function.

Further we have also calculated the NMR relaxation rate, 1/77, as a function of tem-
perature. Here we show that for FL normal state there is a ‘Hebel-Slichter’ peak near
Tsc, which is a hallmark of BCS SC. However for NFL case this peak disappears and
the transition temperature is marked by a kink. Such observations have been reported
in experiments on unconventional SC in cuprates and pnictides. Our work clearly

shows the mechanism for the disappearance of the ‘Hebel-Slichter’ peak in the case of
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a NFL normal state. This may be of general relevance to the NMR experiments in

unconventional SC materials.

We believe that our work will further motivate and provide a pathway to investigate SC
emerging from NFL. Our work also motivates numerical investigation of the model in (5.18)
at M = 2 to further elucidate the SC-NFL phase transition. We hope that our work may
also provide a good starting point for constructing more realistic lattice models.

While this work was being completed, we learnt of the study Ref. [163] of essentially the

same model, but with a focus on the finite N behavior.
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Strange metal and superconductor in the

two-dimensional Yukawa-SY K model

6.1 Introduction

Higher temperature superconductors of correlated electron materials all display a ‘strange
metal’ phase above the critical temperature for superconductivity [15, 36]. This is a metallic
phase of matter where the Landau quasi-particle approach breaks down. It is characterized
most famously by a linear in temperature (7") electrical resistivity. We use the term strange
metal only for those metals whose resistivity is smaller than the quantum unit (h/e? in d = 2
spatial dimensions). Metals with a linear-in-T" resistivity which is larger than the quantum
unit are ‘bad metals’.

An often quoted model for a strange or bad metal (e.g. [171]) is one in which there
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is a large density of states of low energy bosonic excitations, usually phonons, and then
quasi-elastic scattering of the electrons off the bosons leads to linear-in-T' resistivity from
the Bose occupation function when T is larger than the typical boson energy. However,
studies of the optical conductivity in the strange metal of the cuprates [172] show that the
dominant scattering is inelastic, not quasi-elastic, and leads to a non-Drude power-law-in-
frequency tail in the optical conductivity. The optical conductivity data has been incisively
analyzed recently by Michon et al. [39]: they have shown that while transport scattering
rate (related to the real part of the inverse optical conductivity) exhibits Planckian scaling
behavior [36], there are significant logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related to the imaginary part of the inverse
optical conductivity). Furthermore, the optical conductivity data connects consistently with
d.c. measurements of resistivity and thermodynamics.

In this paper we present a SYK-type self-consistent disorder averaging analysis of the
Yukawa-Sachdev-Ye-Kitaev model of quantum phase transitions in a two-dimensional metal
in the presence of impurity-induced disorder. We find results that displays all the key char-
acteristics of the optical conductivity and d.c. resistivity described by Michon et al.. We also
examine the instability of the strange metal to superconductivity, and present the evolution
of the electron spectral function and superfluid density at T' < T, the superconducting criti-
cal temperature. We show that the Yukawa-SYK exhibits the connection between scattering
and pairing discussed by Taillefer [173], with a linear relation between T, and the slope of
the linear-T' resistivity.

The Yukawa-SYK Model—Several recent works [25, 47, 48, 174-177] have argued that
clean quantum critical metals cannot serve as a universal model for transport in a strange
metals, and that impurity-induced spatial disorder is essential. We now present arguments
that a SYK-type analysis of the Yukawa-SYK model £ in (6.2) below describes a wide class
of quantum critical metals over a significant intermediate temperature range. At very low 7',
there is a crossover to strong disorder physics with boson localization [178-180], where we

cannot use a disorder-averaged analysis.
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We consider the Hertz-Millis theory of a quantum phase transition in a metal associated
with a Ising-nematic parameter ¢ [181] in the presence of spatial disorder which preserves
the Ising symmetry [182, 183] i.e. no ‘random field’ disorder. Other order parameters, in-
cluding those at non-zero wavevector, and Fermi-volume changing transitions without broken
symmetries [184], also map to essentially the same Yukawa-SYK model [25]. We write the
Hertz-Millis Lagrangian for ¢ and fermions ) with dispersion £(k) and a Fermi surface at

wavevectors k where (k) = 0 (7 is imaginary time) in spatial dimension d = 2:

Cina =0} (55 +£06) ) i+ o) 1))

+ g (W'D, v()] + [Py v ()]0(r)) 6(r)

+ K [Vro(r)? + [s + 8s(r)] [o(r)]* +u [o(r)]". (6.1)

The operator D, = 02 — 85 is special to the Ising-nematic case, and will be dropped for
simplicity in our computations as it unimportant apart from ‘cold spots’ on the Fermi surface.
The transition is tuned by varying the boson ‘mass’ s. Ly contains the two sources of

disorder most frequently considered. One is the potential v(r) acting on the fermions:

e Spatially random potential v(r) with v(r) = 0, v(r)v(r’) = v25(r — 7).

Its influence is familiar from the theory of weakly disordered metals [185], leading to marginally
relevant localization effects on the fermions [185]. However, much more relevant is the disor-
der which couples directly to the boson leading to shifts in the local position of the quantum

phase transition

e Spatially random mass §s(r) with ds(r) = 0, §s(r)ds(r’) = §s26(r — r').

This is a consequence of the violation of the Harris criterion v > 2/d [186], where v is the
correlation length exponent, and the value v = 1/2 in d = 2. Consequently, it is important
that the influence of ds(r) be treated at the outset. This is also supported by a recent analysis
of v(r) disorder effects along the lines of Ref.[185] near quantum criticality [187] which found

singular corrections to the boson propagator.
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Inspired by various works [15] on making the SYK model more realistic, recent work [25]
proposed the following approach. We can account for the strongly relevant spatial dependence
of 0s(r) by rescaling ¢ to make the mass spatially uniform. But this rescaling induces disorder
in the Yukawa coupling g [47, 188—194] (along with disorder in other less-important couplings

that we drop) leading to the theory

£ =l (5 + 20 o+ o) )
o+ g )] (81 Dr ()] + [Py 0T (r)ir)) 000

+ K [Vog(r)]” + s [o(r)]* + ulo(r)], (6.2)

with the coupling ¢'(7) obeying

e Spatially random Yukawa coupling ¢'(r) with ¢’(r) = 0, ¢'(r)g'(v') = g"25(r — 7).

In this form, with a spatially random Yukawa coupling, £ can be analyzed in a SYK-type
disorder-averaging theory [25], in contrast to Lzs. Within a subsequent expansion in powers
of g and ¢, it was shown that the effects of the spatially uniform Yukawa term with co-efficient
g cancelled in the transport response function. In the present paper we will therefore set g = 0,
and analyze the resulting Yukawa-SYK model in spatial dimension d = 2. With g = 0, all
self-energies become functions of frequency alone, and we will present fully self-consistent
frequency-dependent solutions of self energies in the SYK-type disorder average.

A recent work [179] has shown that the mapping from Ly to £ eventually fails at very low
T because of the localization of the eigenmodes of ¢. The localization is a signal of the flow
of the random mass ds(r) in Lgas to strong disorder. To summarize, it is never appropriate
to treat ds(r) in a disorder average because it is strongly relevant:
(i) When the ¢ eigenmodes are extended, we can transfer the disorder from ds(r) to the less
relevant ¢'(r) in £, and treat the latter in a SYK-like disorder average, as in the present
paper. After the mapping to £, we conclude there is also a flow of the random Yukawa

coupling ¢'(r) to larger values, and this partially justifies our consideration of the limiting
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case with g = 0.
(it) When the bosonic ¢ eigenmodes are localized, but the fermionic 1) eigenmodes remain
extended [195], we must treat the influence of disorder on the bosonic sector numerically

exactly, as in Ref.[179], or map to ‘two-level system’ models [178, 180].

6.2 Equations for Green’s functions

The self-consistent equations for the Green’s functions can be obtained by endowing the fields
with flavor indices, and making the Yukawa coupling also random in flavor space. We start

from the lattice action in imaginary time

S = /dezxZ Z 1/} T,2) [0r + k] Yio (T, )

i=1 o=%£1

+ é /de2ZL‘Z¢¢(T, x) [—03 + w,ﬂ oi(T,x)

/ drd®z Z 3 [g’ﬂ DL (T, D) s0 (1, ) e(T, ) | (6.3)

1,j,f=10==%1

with flavor indices 7,7 = 1--- N and consider the following choice of lattice dispersion
€ = —2t(cosk, + cosky) — wg =mi +2J(2 — cosqy — cosqy) . (6.4)

Here t is the fermion hopping, p is the chemical potential, my; is the bare boson mass and
J determines the boson dispersion. The Yukawa couplings g;ﬂ are complex-valued random
variables that obey g;jl(:c) = g1,ije(x) +ig2i0(x) = g;if(x). The real part g;;j¢(v) and the

imaginary part gs ;j¢(x) have zero mean and variances given by

(0]
91,ije(x) g1y () = (1 — 5) 92800 (8110650 + 8110500 ) 6(z — 2),
«
92,i0(x) g2 (') = 59/256,4' (8:176,j0 — 6ij165ir) 6(w — '),
g1,ije(x")gairjr o (2') = 0. (6.5)
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In the o = 1 limit, (6.5) reduces to <g;jé(x)g;,j,e,(x’)*> = ¢?0(x — 2')8;0; Ok and therefore
no superconductivity occurs. For a = 0, however, the coupling constants are all real valued,
which preserves the time-reversal symmetry and gives rise to superconductivity. After a

disorder average, we obtain

% — ~Trlog(Gg' — %) + %Trlog(Dal — 1)
—/de2$/dT,d2ﬂf/ (22(7'/,JJ/;T,QZ)G(T,I;T/,LL“/) — %H(T/,xl;T, l‘)D(T,JI;T/,l‘/))
— /d7d2$/d7'd2x' <‘1)T(7'/,$/;T, 2)F(r,x; 7 2" + ®(7, 2 T,:L‘)FT(T, 7, x’))
+g'Q/deQ:L‘/dT'dQ:E'G(T,a:;T',ﬂ:')G(T’,x';T, 2)D(r,z; 7, 2" ) (x — o)
—¢%(1-a) /dezx/dT/dZZL',FT(T,.’L‘;T/,.T/)F(T,, 27, 2)D(r, 27, 2o (v — o)

9 IA(T,x)
—/de x o (6.6)

Here Ga !and ¥ are matrices in Nambu space. We have introduced the time-bilocal fields
G, F, D, which are normal and anomalous fermionic Green’s functions, as well as bosonic
Green’s functions. The corresponding self-energies, given by ¥, ® and II, are employed as

Lagrange multipliers. We also include a fixed length constraint

N
DN ig(r)di—q(r) = N/vy (6.7)
1

q i=

133



Figure 6.1: Feynman diagrams for the 1 self energy Y, and the ¢ self energy II. The wavy
line is the ¢ Green’s function, and the smooth line is the ¥ Green’s function. All Green’s
functions include self energy corrections. The dashed line represents an average over spatial
disorder. All Green’s functions and self energies become 2 x 2 matrices in the superconducting

phase.

imposed by a Lagrange multiplier A. Integrating out ¢ and ¢ yields this G-X action (6.6).

In the limit of a large number of flavors, the SYK-type saddle-point equations are given by

Giw) = /((21:;:2 (iwao + pos3 — epoz — i(iw)>_l , (6.8a)

d?q 1
D(iv) = 6.8b
(iv) / 2m)2 12 + w2 + m? — (iv)’ (6.8b)

Y(r) = ¢*G(r)D(7), (6.8¢)
d(r) = —¢”*(1 —a)F(1)D(7), (6.8d)
n(r) = -267 (G(NG(-7) = (1= ) F(r)F'(-1)) | (6.8¢)
I d?q 1
v szj/ (27)2 v + wZ + m} — (i)’ (6.8F)

which are indicated schematically in Figure 6.1. Different from the translationally invariant
model, the self-energies are momentum independent as a result of the extra J-function in
(6.6). Appendix E describes numerical solutions of these equations. We present highlights of

the results in normal and superconducting phases below.
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Figure 6.2: A. Resistivity exponent as a function of the T' = 0 value of the renormalized
boson mass M and temperature T', together with the superconducting T, (7, has been mul-
tipled by a factor of 20 to be on the same scale as the resistivity data.). B. Resistivity for
various values of M. The QCP corresponds to M = 0; M > 0 is on the disordered side of
the QCP.

6.3 Results

We have solved the integral equations defined by the diagrams in Figure 6.1 numerically on
a 2D square lattice with nearest-neighbor hopping ¢ and with fermion chemical potential
= —0.5t. These parameters are chosen to represent the generic properties of our model and
are not meant to correspond to the detailed microscopic structure of any particular material.
Our findings are summarized in the phase diagram in Figure 6.2. The phenomenology we have
found is broadly similar to that observed experimentally in a wide variety of strange metals:
Above the QCP there is a quantum-critical fan, in which the resistivity has an approximately
T-linear temperature dependence. At low temperatures the QCP is ultimately masked by a

superconducting phase, with the maximal T, occurring just above the critical point.
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6.3.1 Normal state properties

The d.c. transport properties are shown in more detail in Figure 6.2. At the QCP, the
resistivity is essentially T-linear down to the lowest temperature. Logarithmic corrections to
the T-linear behavior are expected in the present model [25], but the effects of such corrections
are evidently relatively weak for the parameters shown here. On the disordered side of the
transition the resistivity is T-linear at elevated temperature inside the quantum critical fan,
before going to zero with what is well-approximated by a T2 power-law below a certain
crossover temperature. For temperatures less than the electron hopping ¢, the resistivity is
smaller than the quantum of resistance; the system is thus not in the bad metal regime.
Next, we consider the finite-frequency response. The real and imaginary parts of the optical
conductivity o(w) at the QCP are presented in Figure 6.3a and 6.3b. At a crude level, the
optical conductivity can be seen to obey an approximately Drude-like behavior. To better
understand the more detailed structure encoded in o(w) we follow Michon et. al. [39] and

parametrize o(w) via a “generalized” Drude formula:

K

iwm*(w)/m +i/Te (W) (6.9)

o(w) =

Here the optical weight K is equal to the average electronic kinetic energy via the f-sum
rule. With K defined in this way, we may read off a frequency dependent mass-enhancement
parameter m*(w)/m and a frequency-dependent transport scattering rate 1/7,(w) directly
from the real and imaginary parts of the optical conductivity. The optical scattering rate
is shown in Figure 6.3c. There is an approximately linear in frequency dependence down to
w ~ T, while for frequencies w < T the scattering rate tends to a T-dependent non-zero value
which vanishes in the limit 7" — 0. The frequency-dependent mass enhancement parameter
is shown in Figure 6.3d. For the chosen parameters, the low-frequency mass enhancement
does not exceed roughly 20% down to the lowest temperatures we are able to reliably access

in the numerical calculations. At sufficiently low temperatures, however, we do anticipate
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Figure 6.3: Real (A) and imaginary (B) part of the optical conductivity as a function of
w/t for different temperatures. Frequency-dependent optical scattering rate (C) and mass

enhancement m*/m (D) are derived from (6.9).
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m*(w = 0)/m diverges logarithmically with 7. We note the behavior of the “optical” mass
enhancement is consistent with the mass enhancement we have inferred from the fermion self-
energy in Appendix E.1. Within the quantum critical fan, frequency-dependent observables
are generally expected to obey w/T scaling. As has been explained in [39], a simple of version

of w/T scaling for the optical conductivity will in fact be spoiled by logarithmic corrections.

6.3.2 Superconducting state

We now investigate the onset of superconducting pairing in our theory. To preserve time-
reversal symmetry, we focus on the o = 0 limit with real-valued random couplings g’ i The
superconducting transition temparature 7., as shown in Figure 6.2, is numerically identified

by the linearized gap equation
1
B (iwy) = ¢"%(1 — a)B > Dl(iwn — iwm) X (iwm) B (iwn,) . (6.10)
Wm

Here D(iw, — iwy,) and X (iw,,) are determined by normal state solutions; see Appendix
E.2. For each coupling strength ¢’, we are interested in the superconducting transition at the
critical point « = 4., where the renormalized boson mass vanishes approximately as M? ~ T
and the resistivity exhibits a linear temperature dependence. At low temperatures, we find
a linear relation between T, and A, the slope of the linear-T" resistivity p(T') = po+ AT. The
same correlation between A and T, is observed in various cuprate superconductors, suggesting
pairing and non-Fermi-liquid scattering can stem from the same origin[173].

We have also computed spectral properties as the system goes through the superconducting
transition. In Figure 6.5 we show the evolution of the electronic density of states at the
quantum critical point: a gap opens as temperatures decreases to T' < T.. The fermion self-
energy behaves as a marginal Fermi liquid with —Im¥ ~ |w|, as seen in the inset of Figure
6.5.

We then discuss the superfluid stiffness in the superconducting state. Following approaches

discussed by Sacalapino et al.[196] and Valentinis et al.[176], we express the phase stiffness
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from a linear fit of p(T"). The black line is a linear fit to show the correlation between A and
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Figure 6.5: Evolution of the local density of states upon cooling through 7, at the QCP.
The superconducting transition temperature is 7./t = 0.067. Inset shows the marginal Fermi-
liquid form of the fermion self-energy —Im¥ ~ |w| at the QCP. Dashed curve is calculated in
the a = 1 limit at 7'/t = 0.004.
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Figure 6.6: A. Temperature dependence of superfluid stiffness Dy at g = 5 for various values
of v < 7. = 0.247. B. Comparison of T, and superfluid stiffness Dyy = Ds(T — 0).

in terms of the anomalous Green’s function on the Matsubara frequencies,

TrD€52 = ;Z/de ptr(e)F(e,iwn)FT(e,iwn), (6.11)

where the density of states ptr = | k gi’; gzgé € — €k) is analytically computable for the
given lattice dispersion (6.4). In figure 6.6A, we show the temperature dependence of super-
fluid stiffness for a fixed ¢’ and different tuning parameter . The stiffness reaches a finite
constant value, Dy, for T — 0. As we tune  towards the critical point ~., T, saturates to
its maximal but the Dyy decreases, as seen in Figure 6.6B. This result at strong couplings
aligns with the superfluid density extracted from muon relaxation experiments in cuprate

superconductors [197, 198].
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6.4 Conclusions

The two-dimensional Yukawa-SYK model provides a promising framework for the universal
theory of strange metals. In our theory, we couple a critical Fermi surface to a scalar field
linked to a quantum phase transition. We have shown that a self-consistent disorder averaged
analysis of this model describes a variety of disordered quantum critical metals over a wide
range temperatures. We provide comprehensive numerical solutions for both the normal and
superconducting states in this scenario, calculating superconducting transition temperatures,
electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness. A
quantum critical fan is observed above the QCP, where the d.c. resistivity is linear-in-T.
The optical conductivity in our model aligns closely with the transport properties of cuprates
analyzed by Michon et al.[39]. Additionally, we investigate the transition of the strange metal
to superconductivity, and report a linear relationship between the superconducting critical
temperature and the slope of the linear-T' resistivity at low temperatures. Our theory would
offer new routes to explore the interplay of strange metal and superconductivity in strongly

correlated systems like cuprates.
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Appendix for chapter 2

A.1 Swuperalgebras

The operators in (2.3) obey the commutation and anti-commutation relations

[S¢, Sb] = T€gbeS° , {ca,c8} =0 , {ca, c%} = 0a3V + UZBS‘I
a 1 a a 1 a a
[S%, cal = —5%a568 . [8% el = iaﬁac}j , 9% V]=0
1 1
[‘/7 Coz] = icoc s [V, CL] = _QCL . (Al)

The constraint (2.4) commutes with all operators of the superalgebra. Imposing this con-
straint yields the fundamental representation of SU(1|2).

Alternatively, we can use the operators in (2.5). These realize the SU(2|1) algebra, and it
can be verified that these operators also obeys the superalgebra in Eq. (A.1). The constraint

projecting to the fundamental representation is now (2.6).

A.1.1 Larger symmetries

We consider the model for general M and M’, with the electron operator

Cla = bzfom (AZ)
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acquiring both spin (o« = 1...M) and ‘orbital’ (¢ = 1... M) indices. We define the SU(M)

spin operator

§° = fiTasts (A.3)
where the matrices T® obey
1 M? -1 1 1
(IT") = 307, TUT = s, DT = ((sa(gaﬁ7 - H(saﬁ%) L (A4
The operators ¢y, S, the operator
1 1
V= Mfglfa + szbe, (A.5)

and the operators szzag, by are the (M + M')%? — 1 generators of the superalgebra SU(M'|M).

A general constraint fixing the representation is
ffoc+ bibe = P, (A.6)

with P a positive integer, and our interest in the case P = M /2 which realizes the rep-
resentation in which the SU(M) subalgebra is self-conjugate. Note that the fundamental
representation of the superalgebra is P = 1, but this does not lead to a convenient large M
limit.
We can also consider a bosonic spinon and fermionic holon decomposition for general M,
M/
Cta = FJba (A.7)

The analogous steps will lead to a realization of the SU(M|M’) superalgebra, which is iden-
tical to the SU(M'| M) superalgebra. However, the constraint

bl,bo + flf, = P (A.8)

now leads to a different representation of the superalgebra from (A.6) for P # 1 [199]. So
the models defined by (A.2) and (A.7) are in general different, although they are the same
for the M = 2, M’ = 1 case of interest to us. Note also that in all cases the Hamiltonian
contains an exchange interaction involving the SU(M) generators only, and not the SU(M’)

generators.

A.1.2 Operator expectation values

We will compute the only RG equations for the SU(M’| M) theory in Appendix A.2 following
the method in Appendix C of Ref. [89]. After using the identity (A.4), the computations in
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Appendix A.2 can be reduced to the following operator traces.

First, let us compute the dimension, D(M, M’, P), of the superspin Hilbert space. To
compute this, it is useful to compute the grand-canonical partition function, while ignoring
the constraint (A.6).

fe ot 14 )M
Z(Z) =Tr Zfafa-f—bzbg — ((1 — Z))M' (Ag)

where z is the common fugacity. Then we can impose the constraint (A.6), and the dimension

of the Hilbert space is given by the coefficient of 2 in the series expansion of Z(z), or

equivalently
D(M, M, P) = 7{ 4z 1 20 (A.10)
) ’ - =<1 o 2P+1 :
Some sample values from Mathematica are
D(2,1,1)=3 , D(6,6,3) =292 , D(20,14,10) = 553844224 , ... (A.11)

Now we can compute the general expectation value

T = <( i fa)m (b}bg>m/> (A.12)

- s b ) e | (- S
DM, M, P) J,j—ecq 2mi 2P+ dz dz (1—2)M

Note 1070 =1.

The values for M =2, P =1, and M’ = 1 case of interest to us are simple:

2 1
Ino = =, m>1; Ty, = 3 m'>1; Ty, =0, m>1andm >1(A.13)

This simplicity is the reason Section 2.3 was able to compute the RG equations using Feynman
diagrams and the Abrikosov method.

Some other random values

342 3384
Tyg = o2 _ 290 for M =6, M’ =6, P = 3:
2,3 73 ) 7,4 73 3 or 67 65 3,
238531161015 3197447102115
Ty y = 220202207009 _ ondaRliiel o for M =20, M’ = 14, P = 10A.14
74 6698 0 9 6698 or 0, ’ (.14)

A.2 RG equations for general M, M’

This appendix generalizes the method of Refs. [88, 89] for SU(2) spins to superspins in
SU(M'|M). This method utilizes only gauge-invariant information contained in the super-

spin algebra and its representation; thus the Berry phase Sp (see (2.10) and (2.12)) of the
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supergroup [74] is exactly accounted for by the commutation and anti-commutation relations.
The RG equations obtained here reduce to those of Section 2.3 at M =2, P =1, M' = 1.
We consider here the Hamiltonian

Hingp = g0 (c}a Yar(0) + H.c.) + 705% ¢4 (0)

—i—/‘k‘fdkk@b;gaﬂbkag—i—;/ddx [7{3 + (8:c¢a>2] 7 (A.15)

where ¢ and S* are defined in (A.2) and (A.3), and we impose exactly the constraint (A.6).
Recall, the indices a, 5=1...M,¢=1...M', anda=1... M? —1.

The setup of the renormalization factors in the present perturbation theory is somewhat
different from (2.19). We now write, using the operators defined in (A.2) and (A.3),

6/22 FZ
%= 755k, i =\ ZeChtar 0=l M2, (A6)

—"7, 90= g-
/ZSSd—I—l ZCF(T + 1)

The renormalization constants Zg and Z. are the same as those defined in (2.47), but we will
now compute them in a different manner. The notation of our renormalization constants also

differs from that in Ref. [90], and we provide a translation in Table A.1. Unlike Ref. [90],

Ref. [90] | Present paper
7 Z;
Z, Zy
Z Zy =1
A4 Zsg
Z, Z,=1

Table A.1: Correspondence between the notations of Ref. [90] and the present paper.

we do not have bulk interactions of the bosonic bath field ¢, and hence we have Zy = 1,
as we noted in Section 2.3.3. For the same reasons, it was argued in Refs. [88-90] that (in
our notation) Z,y = 1 in the absence of bulk interactions. The reasoning extends also to the
fermionic bath, and so we have Zy =1 and Zg = 1 exactly. These identities can also be
understood from the statement below (2.47) that the vertex corrections Ag. arise from the

same diagrams as Z, 4. We compute Zg and Z. by renormalizing the two-point correlators
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of S and ¢y,

€ v0Zg v 0Zg
—~Z Zg — ——— -———= =0 A7
275+ |75 - 352 860 - § 55 6ta) 0. (A1)
_ g0Z, g0Z,
Ze Ze— = - = — =0. A.18
rozo+ | 2. - 357 st) - 4575 8to) (A18)
We have used the exact relations Eg = ~7 = 1 in obtaining these equations. Solving these two

equations and using the expressions for the renormalization factors found above we obtain

the following one-loop beta functions,

P P

Blg) = —Tg+ 9" + T 97", (A.19)
€ L L

Bly) =—57+ 7”73 - 39792 : (A.20)

Recall that at M = 2, M’ =1, we have P; =3, P, = 3/4, L, = 2, and L, = 2. With this the
above expressions match the one-loop beta functions derived earlier in Sec. 2.3.

We can also calculate the anomalous dimension for the spin and electron operators, defined
in (2.49). From (A.17) and (A.18) we obtain exactly the same equations derived before, i.e.,
(2.52) and (2.54). Thus at the non-trivial fixed point where % # 0, gx # 0 we obtain ng = €

and 1. = 27 to all orders in € and 7.

A.3 Large M limit

In this appendix we consider the large M limit examined originally in the insulating spin
model in Ref. [1]. To extend the large M limit to the ¢-J model, we also need to endow the
electron with an additional orbital index ¢ =1... M’ as in (A.2), and take the large M limit

at fixed
M/

M
using SU(M’|M) superspin formulation of Appendix A.1.1 while imposing the constraint

k

(A.21)

(A.6) at P = M /2. Similar large M limits were taken in particle-hole symmetric models in
Refs. [84-87] and for a non-random ¢-J model in Refs. [82, 83].

A sketch of our proposed large M phase diagram is shown in Fig. A.1. This applies to the
theory obtained by taking the large M limit of the path integral Z in (2.10) by inserting the
SU(M'| M) superspin operators in (A.2) and (A.3), and rescaling t* — 2 /M and J? — J? /M.
See Ref. [87] for details of a similar computation with particle-hole symmetry. In our case,
both the boson and fermion Green’s functions will have to be particle-hole asymmetric, as in
Refs. [1, 70, 71, 135].

We will perform an analytic low energy analysis of the large M equations, and find a
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(SU(M|M’) theory] [ SU(M'|M) theory ]
Metallic 1 1 Disordered
Spin glass. (Si(1) - 8:(0)) ~ wa (Si(7) - 8i(0)) ~ m Fermi liquid.
1 1
(ba) # 0 ~ T ~ree | (be) #0
(S;(1)-8;(0)) ~ const. <= 16 0 <2 el (Si(7) - 8:(0)) ~ =
Ap=-— Ap==C5C !
Ty =74 71
>

Figure A.1: Schematic phase diagram in the large M limit, with the phases displaying more
rapidly decaying spin correlations as we move to the right. This appendix describes only the
two intermediate critical phases in the SU(M'|M) theory with bosonic holons and fermionic
spinons. We propose in the present paper that for the case M = 2, M’ = 1, these two critical
phases reduce to a critical point with the characteristics of the ¢ = 1 phase, as shown in
Fig. 2.1 . A description of the spin glass phase in the large M limit requires fermionic holons
and bosonic spinons in the SU(M|M’) theory, which we do not examine here. We also note
that for M’ > 1, the disordered Fermi liquid phase also has glassy correlations associated
with the ‘orbital’ index £ =1... M.
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critical solution which is in close correspondence with the RG fixed point F' P, in Section 2.3.
However, the large M solution appears to be present for a range of dopings, and not at a
critical doping as in the RG analysis. We expect that either constraints from the higher
energy structure of the large M theory, or corrections higher order in 1/M, will convert the
critical phase to a critical point. It appears that the numerical studies of Haule et al. [82, 83]
examined the finite temperature behavior about the critical phase described here as their
model of the pseudogap. This contrasts with our model of the pseudogap in Fig. 2.1 as a
metallic spin glass flanking a critical point. We also note that the present large M limit, with
fermionic spinons, cannot obtain a metallic spin glass; instead we have to use the bosonic

spinon approach outlined in Section 2.4.2.

A.3.1 Green’s functions

We follow the condensed matter notation for Green’s functions in which

Gi(r) = —(T(f(r)f1(0))),
(A.22)
Gy(t) = —(T-(b()b(0))). (A.23)

We drop indices «, ¢, and all Green’s functions are diagonal in these indices. It is useful to
make ansatzes for the retarded Green’s functions in the complex frequency plane, because
then the constraints from the positivity of the spectral weight are clear. At the Matsubara

frequencies, the Green’s function is defined by
yr
G (iwn,) :/ dre™"TG(T). (A.24)
0

So the bare Green’s functions are

Gyoliwn) = Toom — g
n

Groliwn) = — (A.26)

twn — b

The Green’s functions are continued to all complex frequencies z via the spectral represen-

G(z) = /OO a8y (A.27)

oo T Z2— 8

tation
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For fermions, the spectral density obeys

pr(2) >0, (A.28)
for all real 2 and T', and for bosons the constraint is

Qpp(Q2) > 0. (A.29)

The retarded Green’s function is G*(w) = G(w + in) with 7 a positive infinitesimal, while
the advanced Green’s function is G4 (w) = G(w —in). It is also useful to tabulate the inverse

Fourier transforms at 7= 10

oo
Q
/ d—p(Q)e_QT , forr>0and T'=0
0
o 4 . (A.30)
/ —p(=)er™ | forT<0and T =0
0

A.3.2 Saddle point and self-consistency equations

The saddle-point equations of the SU(M’|M) form of (2.10), after rescaling t> — ¢2/M and
J? — J? /M, for the boson and fermion Green’s functions are
1

Gy(iwn) = o T i — S (ian)’ Sp(r) = t°G(r)R(-7) (A.31)

. 1
Grlien) = sy S0 = F0R) ~kPROGE),  (A32)

while the self-consistency equations in (2.9) are
R(1) = =G(1)Gp(—7) , Q(1)=—G(1)Gs(—7) (A.33)

Here p1y and py are chemical potentials, determined by €y and the saddle point value of A,

and chosen to satisfy
1
<f*f> =5 "k, <bTb> =p. (A.34)
Egs. (A.32,A.33,A.34) are identical to the ones considered in Refs [82, 83] as an EDMFT

approximation to the non-random t¢-J model. We will look for gapless critical solutions of
the above equations. We expect that such solutions exist only for p < p., and that for p > p.

the boson condenses, leading to a Fermi liquid solution.
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A.3.3 Low frequency ansatzes
For the fermion Green’s function, we write at a complex frequency |z| < J

e—i(ﬂAf-f-@f)

which is expressed in terms of three real parameters, C'y, Ay and . Then the constraint
(A.28) becomes
sin(mAg+0f) >0 , sin(rAy—6f) > 0. (A.36)

The particle-hole symmetric value is §; = 0. Using (A.30) we obtain in 7 space for |7| > 1/J
CfF(QAf) Sin(ﬂ'Af + Hf)
|28

CtI'(2Af) sin(mAyr — 0)
| |22

, forr>0and T =0

Gy(r) = (A.37)

, forr<0and T =0

We can also write corresponding ansatz for the fermionic correlator R(7), which we will

only need as a function of 7 for || > 1/J

—||(;(+1RT) , forr>0and T =0
R(r) = TC . (A.38)
HQ(% , forr<O0and T =0
T T

where Cyr > 0 and C_i > 0, but they need not be equal. This corresponds to the ansatz
in (2.14) which has Cr = C_g. We can allow these amplitudes to be distinct in the large
M limit. We also examined generalization of the RG analysis in Section 2.3 to the case
Cyr # C_p; we found that the perturbative RG then gave inconsistent renormalizations of
the coupling g, and so C1r = C_g in the context of the € and 7 expansion.

For the boson Green’s function, we write at a complex frequency |z| < J

e—i(wA,,—&—G;,)

Go(2) = Co——58,—

Im(z) >0, (A.39)
expressed in terms of the three real parameters, Cy, Ay and ;. The constraint (A.29) becomes

sin(mAp +60p) >0 , sin(rAp —6p) < 0. (A.40)
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Using (A.30) we obtain in 7 space for |7| > 1/J

_CbF(QAb) Sil’l(ﬂ'Ab + 95) 7 for r>0and T =0
Gy(1) = W’.T - (A.41)
GhL(24) sin(r 2y — 6) forr<0Oand T =0
| 7|22 ’

Finally, we can write expressions similar to (A.38) for Q(7) for || > 1/J

C
HTQ—e , forr>0and T =0
-
Q1) = o . (A.42)
HéQ_e , forr<0and T =0
i

where Cg > 0. This corresponds to the ansatz for Q(7) in (2.14)

We can relate the parameters in the ansatzes for the bosonic bath Q(7) and the fermionic
bath R(7) to the parameters in the ansatzes for the Green’s functions Gy and Gy, by using
the self-consistency conditions (A.33). This yields expressions for 7, €, C1 g, and Cg in terms

of Aﬁb, 9f7b, and C'f7b:

ro o= I—Af—Ab

e = 2(1-2Ay)
_CbeF(2Af)F(2Ab) Sin(?TAf + Qf) sin(mAp — 6p)

Cirn = )
C CbeF(QAf)F(QAb) Sin(ﬂ'Af — Hf) Sin(ﬂ'Ab + 95)
R = 5
s
Co = [C;T(2A f)]Qsin(mf2+ 0p)sin(rAs —0y) (A.43)

™

However, in keeping with RG computation, we will defer application of the relations in (A.43).

A.3.4 Luttinger constraints

The Luttinger constraints on the spectral asymmetries of the Green’s functions are very
similar to those in Refs. [71, 200], and can be obtained by the method of Ref. [201]:

0 1 sin(207)
3 + <2 Af) sin(2rAf) hp

9(, 1 sin(295) . 1
T (2 a Ab) sin(274y) 2 tp.

These constraints imply —7A; < 8y < 7Ay and 1Ay < 6, < 7/2. The determine the spectral

asymmetry angles 0 in terms of the density p and the scaling dimensions A .
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A.3.5 Self-energies

We can now collect the corresponding expressions for the fermionic and bosonic self energies
at |[7| > 1/J and T = 0:

CbC+RF(2Ab):| Sin(TFAb + Gb)

_ 2
Lplr) = —kt [ . |7[220+2(1-7)

_ CfCQF(2Af) Sin(ﬂ'Af-i-Hf)
‘T’2Af+2—e ’

>0 (A.44)

™

C,C_ F(QA )) Sin(ﬂ'Ab — (9(,)
_ 2 |CvC-r b
Bp(r) = —kt [ . ] |72 +2(1=7)

—|—J2 CfCQF(QAf) Sin(ﬂ'Af—ef)
T ’T‘ZAf+2—e )

T<0 (A.45)

T>0

Sp(r) = —t? {C’fc_RF(ZAf)] sin(rAf + 05)

T ’T|2Af+2(1—f) ’

(A.46)

7<0

Sy(r) = —t2 |:(CfC+RF(2Af)] sin(wA; — 0;)

T ‘7_|2Af+2(1—q=) ’

(A.47)

We also use the spectral representations for the self energies

$(z) = / T d o) (A.48)

o T 2—8

Performing the inverse of the Laplace transforms in (A.30) we obtain at 7'= 0 and |Q] < J

op(Q) = mht” CyCyrI'(280) ] sin(mAy + 6p)
L2245 +2(1 — 7)) ™ Q[ 1—28—2(1-7)
ok CrOoT(2A4)] sin(mAf + 64)
+ F(zAf + 2 — 6) |: T |Q‘—1_2Af+€ ) Q > 0 (A49)
o(Q) = — mkt’ CyC_gT(2A,)] sin(rA, — 6,)
/ B ['(2A, 4+ 2(1 — 7)) T |Q|1—28p—2(1-7)
wJ? CfCQF(QAf) Sin(TrAf — Qf)
+ P(2Af +2— 5) |: T ] ’Q|_1_2Af+€ , Q<0 (A50)
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o 7l't2 CfC_RF(QAf) sin(TrAf + Qf)
() = IF'(2Af + 2(1—-17)) |: U ‘Q|1_2Af—2(1—7) , 2>0
(A.51)
mt? CfC+RF(2Af)Cb Sin(?TAf — 9f)
Q) = — Q
() T2A; +2(1—7)) [ ™ o282 <0
(A.52)

A.3.6 Solution of the saddle point equations

We will now determine the constraints placed by the saddle point equations (A.31) and (A.32)
on the parameters of the low frequency ansatzes presented in Section A.3.3. As in the body
of the text, we will defer application of the self-consistency conditions (A.33), which led to
the relations (A.43). This will allow us to make a more complete comparison of the results
of the large M theory with that in Section 2.3.

From (A.39) we have

Sy(z) = —C{be“ﬂﬂﬁ*"b)z@mb). (A.53)
Comparing (A.51), (A.52) and (A.53) we have the exponent identity
Ap+Ap=r7. (A.54)
In the present large M limit, the electron Green’s function is given by
Go(1) = =Gy(1)Gy(—T1) , (A.55)
and so the anomalous dimension of the electron operator is

ne=2(Ar + Ayp). (A.56)

Now we see that the large M result (A.54) is precisely the result (2.55) for the electron
anomalous dimension obtained to all orders in the € and 7 expansions.
Comparing the amplitudes of (A.51), (A.52) and (A.53) we obtain

7t? CfC,RF(QAf) . _ sin(mAp + 6p)
T@A; + 20— 7)) [ - sin(mrAy +6y) = — (A.57)
wt? CrCLrI'(2Af)] . _ sin(mAy — 6)
IF'2Af+2(1—-7)) [ 7r sin(mdy = 0p) = G (A.58)
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From (A.35) we have

54(2) = —Cffe“wfwf)z(l—%f). (A.59)

The comparison of this with (A.49), (A.50) leads to two possible solutions, appearing as the

two intermediate critical phases in Fig. A.1.

A3.6.1 A;>e/d

The second J? terms in (A.49) and (A.50) are much smaller than the ¢ terms when Af—¢/2 >
Ay, — 7; using (A.54), we obtain the condition Ay > ¢/4. So the J? terms can be neglected.
Indeed, the low energy solution is then entirely independent of the strength of the exchange
interaction, which is rather different from the structure of the F'P, fixed point in Section 2.3
with both g* and vy non-zero. Instead, it is the F'P5 fixed point, with y* = 0, which matches
the structure of the present large M solution, and this fixed point was found to be unstable
in the RG analysis for M = 2, M’ = 1. We will therefore only write down the saddle point
equations here, and not consider this case further.
From (A.59), (A.49) and (A.50) we have

mkt? CbC+RF(2Ab) . Sin(ﬂ'Af + Gf)
A =— -° A.
T(2A, 1 2(1— 7)) [ 7r sin(wl + 6) C; (4.60)
7T/€t2 CbC,RF(QAb) . N Sin(TrAf — Qf)
T2A; 1 2(1=7)) [ - } sin(mrAp — 60p) = G PR (A.61)
The combination of (A.57), (A.61) or (A.58), (A.60) yields
L(2Af)sin(mAf + 0f) sin(mAp — 0f) k (A.62)
[(2Ap) sin(mAp + 0y) sin(mAp — 0,) '
We also have from (A.57), (A.58) or (A.60), (A.61)
Cyir sin(mrAy + 0¢) sin(m Ay — 6p) (A.63)

C_r sin(mAy — 0¢) sin(mAy + 6p)

which is consistent with the relations in (A.43).
We can also apply the self-consistency relations in (A.43) to the exponents, and obtain
r=1/2and Ay =(2—¢€)/4.

A3.6.2 A;=ce/4

Now the 2 and J? terms in (A.49) and (A.50) are equally important, and we will see that
the structure of this large M solution is very similar to that of the critical point found in the

RG analysis in Section 2.3.
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Solving (A.54) and Ay —€/2 = A, — 7 we obtain the scaling dimensions.

Ap== (A.64)
4

_ €
Apy=7— - (A65)

4

In the large M limit, the spin correlator is given by
(S(7) - 8(0)) ~ =Gy(1)Gs(—T7) (A.66)

and so the anomalous dimension of the spin operator is

ns = 4As (A.67)

We now see that the spin anomalous dimension implied by the large M equations (A.64) and
(A.67) is consistent with the result (2.53) obtained to all orders in the € and 7 expansion.
Comparison of the amplitude of (A.49) with (A.59) yields

2 CbC+RF(2F — 6/2)

k T2—c/2) sin(mAp + 6p)
CCoT'(e/2) . sin(mAy +6y)
241 A e Sl B N A A
+J T2 —¢/2) sin(mA¢ +6y) C; (A.68)
while the comparison of (A.50) with (A.59) yields
CyC_gl'(2T —€/2) .
kt T2—c/2) sin(mAp — 6)
CiCoT'(e/2) . sin(mrAf — 0y)
2~ fvQ =Y
Ay — = A.
+J T2 —e/2) sin(mAy —6y) o (A.69)

Comparison of (A.68) and (A.69) again yields (A.63), which is consistent with (A.43).

Let us combine the saddle point equations (A.57), (A.58), (A.64), (A.65), (A.68), and
(A.69) with self-consistency equations (A.43), and collect all the equations which determine
the parameters Ay, 0y, and Cyp in the low frequency ansatzes for Gy and G in (A.35)
and (A.39). All these equations reduce to e = 1, # = 1/2, and the following independent

equations

1

A, = =

77y

1

Ab - Z

tZCJ%Cg cos(205) =m
JzC}1 cos(20y) — thC]%Cf cos(26,) = . (A.70)
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Note that the values of Ay and A, above, combined with (A.56) and (A.67) yield the self-
consistent values in (2.56). For the last two equations in (A.70), notice the bounds [0¢| < 7/4
and 7/4 < 0, < 7/2 below (A.44); so all the co-efficients on the left hand sides of (A.70) are
positive, and the last two equations determine the values of C'y and Cjy. The values of 6 and
0y are then determined by the particle density p from (A.44). So this low energy solution can
exist at a variable particle density, and the present low energy M = oo theory describes a
potential critical phase, rather than a critical point.

Finally, let us note the form of the electron Green’s function from (A.55)

CCysin(m/4 4 0f) sin(m/4 — 0)
7]
CCysin(m/4 — 0f) sin(m/4 + 0)

77|

, forr>0and T =0
Ge(T) = (A.71)

, forr<Q0Qand T =0

The exponent and signs of (A.71) agree with the self-consistent electron Green’s function
obtained in (2.57) (recall (A.36) and (A.40)), but it appears that the magnitudes of the
amplitudes in (A.71) can be different between 7 > 0 and 7 < 0. This is a subtle feature of
the large M theory which is not reproduced by the ¢ and 7 expansion in the body of the
paper. This is related to the discussion below (A.38).

Also note that the 1/7 decay of (A.71) is similar to that of a Fermi liquid. Nevertheless,
this state is not a Fermi liquid because the spin correlator in (A.66) decays as 1/|7], in
contrast to the 1/72 decay expected in a Fermi liquid. The exponents in (A.66) and (A.71)
can be understood together in a picture of fractionalization of the electron into spinons and

holons, where the spinon and holon correlators both decay as 1/4/7.

A.4 RG details

This appendix contains further details on the RG computation of Section 2.3.

The beta functions are defined as follows:

dg dy
Blg) = N@|go ;o By = u@!w (A.72)
To begin,
W90 oWy W A2y 2y g p g [1dZp 1 dZ
dp 22y A du W/Zbed,u 2 L2y Zy du Zy du |’

(A.73)
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which gives us,

o0z 0z 07,
FngZbe + ,B(g) |:ZngZb + ngZbig — g (Zgaf + Zngb>:|

dg dg dg
0Z, g 0Zy 07y,
ZiZy—2 2\ 72,2, —L +72. 72,2 =0. A.74
Similarly, we have
0z, _, 0% 07

0Z.
%7272f + B(g)y [Zf } +B(7) [VZfa,; + 212y =2y 67} 0. (A.75)

Bg_ 789

A.4.1 Flow away from criticality

For the flow equation of s at one-loop, we will follow the momentum-shell RG procedure,
where the cut-off D is kept explicitly. In this case, we introduce masses for bosons and
fermions, but keeping in mind that only their difference is physically relevant. To this end

we consider the Fourier-transformed action,

S(D = 6D) = Sy(D — 6D) + S,(D — 6D) + Sy(D — 6D) + Sy(D — 6D)

1 1
+= > fl[—iwn+)\+mf+EF]fa+BZbT[—z‘wn+/\+mb+23]b,

(A.76)
where the self energies are evaluated as follows:
D
k" oD
Yo = g5 dk =—ggD" ' (6D n— A=
go/Dw in—A—k—mb < + (1w mb)D)
D
= <5D + (iwp, — A — mb)(SD > (with ¢*> = g2D™1), (A.77)
35y ka2 3 Sd oD
S =3 = D3 (6D + (iwn — A —
b=y D_(;deiwn—)\—k—m R + (iw ")
=—- — 0D + (iw, — A —m with v =~5D*°S ,
D (P N> ( 3D 350)
(A.78)
) 22/D dk il 208D (0D + (iwn — A — )5D
c = " = — n m
W sp i —A—k—mb T " "D
D
= —2¢> (5D + (iwn, — A —my) 5D > (with ¢*> = g2D™1), (A.79)
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with Xp = ¥, + 3 and ¥p = 3.. The scaling factor is | = 1+ §D/D such that under the

scaling k' = lk and iw’ = liw. Thus we have,

S'(D) = 1*3*’“(5’(1)) +S5(D)) +17'SH (D) + 1718l (D)

5D 3 ,6D 3 40D
T 22 2
ZJ i A1+ 47 o) i)

oD 3
—1g%5D + 1g*>my— — 1=~%5D
970D +lg°my—- — 177 1f

6D 6D
ZbT [ (—iw], + A)(1 + 2923) + Imy, — 12g20D + z292mf3 b.  (A.80)

w},

Thus we have the following expressions for the renormalized masses:

oD oD 3 oD 6D
=14 —=—¢? — P+ = A.81
m' <~I—D gD>mf <g+4’y D—I—gme (A.81)
0D 6D 20D oD
I o 2 _
mb—<1+D 2g D>mb 24> o) + 242 Mg - (A.82)

Note that along with this the fermionic and bosonic operators, bosonic field and the coupling
constants are also renormalized. For instance, f/ = [~179°/2+37/8f and ¥ = [~1+9°h. In
addition to the self-energy corrections there is also a vertex correction to v at this order.
However, this does not influence the mass renormalization and thus we can already proceed
to calculate the flow equation for the mass. In our notation introduced earlier, s = m; — my,.

Now,

s 3
B(s) = —DE = —5+3¢°s—g*+ 172. (A.83)

We can compute the relevant eigenvalue associated with the flow of s at the fixed points of
the beta functions, and find -

)\5:1+36_616T, (A84)
at the non-trivial fixed point F'Py. At the self-consistent values, i.e., e = 1 and 7 = 1/2 we
have Ay = 1/6, although we cannot trust the result at such large values of € and 7. Similarly,
at F'P), FPy, and FP3 we find \s to be 1, 1, and 1 — 27 respectively.

Within the momentum-shell RG, we get the same beta functions for g and ~, after consid-

ering the vertex correction as well.

A.4.2 Particle density

We can also calculate the particle densities (n¢/,). This can be done at any s. We will first

make the following identification: s = §/, such that § is small. This will facilitate us to do
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(a) (b)

Figure A.2: Lowest order diagrams for particle densities. There are corrections, which are

expected to vanish at T' = 0.

a small § expansion. From the diagrams we find,

gr(\) = 2¢770F) 267N (1 - 5),

Q
o
—
>
Nt
Il
ml
i)
>

q(A) = qr(A) + (M), such that,

af/v
nie = I
So, we have,
2—2s 2 2 2 2
= ~Z1 -+~ 55
np= it~ t(1-8)(14 38~ s — 25,

Note that we still satisfy the particle density constraint n; + n; = 1 exactly.
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Appendix for chapter 3

B.1 Stability of fixed points

In this subsection we discuss the stability of fixed points found above and listed in Eqgs. (3.39)
- (3.42). First we construct the stability matrix,

Ji Jy J3
J= 1y J5 Js| (B.1)
Jr Jg  Jy
where,
_ 0B, e—¢ U ¢ _ 08, v _ 0By v
=9y Tamtaw T T aa BT a0 Tan
_0Bu 3y _0Bu _0Bu _
=G T e T = =0
B v B¢ B¢ S
= ——=—— Jgs=—=2=0 = —— = =, B.2
=y a2 BT =Y A= Tty (B2)

The eigenvalues of matrix J at the trivial fixed points (3.39) and (3.40) are (e, (e —€') /2, —€)
and (e, (e + €')/2, €) respectively. Thus, for any positive values of € and ¢ all the eigenvalues
corresponding to F'P» are positive, and thus it is a stable fixed point. The eigenvalues
at the non-trivial fixed points (3.41) and (3.42) are given by the roots of their respective

characteristic polynomials,
p3s(A) = X3+ az 4 bsA + 3, pa(\) = N3+ aa\? +byd + ¢y, (B.3)
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where,
et+¢

3 )

Recall that for non-trivial fixed points to be real we need ¢ to be real as well as € > £.

€ 2
a3,4 = — b374 = §(—116:|:2§), 0374 :igeg(éif). (B4)

Now examining the coefficients of the characteristic polynomials we see that the fixed point
(3.41) has one negative eigenvalue and two positive eigenvalues, while (3.42) has two negative

eigenvalues and one positive eigenvalue.

B.2 Onset of spin glass order in a metal

This Appendix will address the transition from the disordered Fermi liquid phase to the
metallic spin glass. There are 3 possible theories of this transition:
(i) At large U, and for p > 0, eliminate the doubly-occupied site, and address the transition
in the ¢-J model. This yields a deconfined critical point, described in Ref. [2].
(i1) At small U, and at p = 0, perform the RG analysis presented in Section 3.4. This yields
fixed point F'Ps, which could describe the onset of spin glass order in a metal.
(#ii) Use a weak-coupling Landau functional approach to quantum spin glasses [63, 202],
which we review in this section.

We begin with the disordered-averaged imaginary time path integral of the Hamiltonian
n (3.1), keeping track of replica indices, a,b = 1...n; at the end we need to take the n — 0
limit. The path integral has the form

z - / DQ™ (71, 72) exp (~NS[Q])

S[Q] = 3J2 dﬁdeZ[ 71,72} + &1[Q)] (B.5)

where the functional S;[Q)] is to obtained by a path integral over the electrons. Near the
transition, it turns out to be sufficient to evaluate S1[Q] in powers of J2 and U to understand
the basic structure of the critical point, as in other theories of the onset of broken symmetry

in metals [203]. Explicitly the expression is

exp (—~N&1[Q])

/DRab(Tl,Tg) exp< N;Q ‘Rab(ﬁ,m)‘ — NSz[Q,R])

e (-8 R) = [pamen{- [ar | (5 - n) @+ Gealng D)
2

+ t2/deT’R“b(T, ™)e (1) (7)) + JE /deT/Qab(T, ™)8%(7) - Sb(T/)} (B.6)

where the second expression generalizes (2.10). Analyzing the saddle-point equations of (B.5)
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and (B.6) in the large N limit, it can be verified that we obtain the replica generalizations
of the self-consistency conditions in (3.5) and (2.9).
First, we explicitly solve the saddle-point equations for R at J? = U = 0. The solution is

replica diagonal and depends only on time differences
R®(7,7") = 6R(t — 1) . (B.7)

The equation for R(7) is easily expressed in frequency space

1

R(iw) =
() = S = PR(w)

(B.8)

and yields the Green’s function of a disordered Fermi liquid with the expected semi-circular

density of the states

1
R(iw) = o5 (z’w vp—wt p= 4t2) . (B.9)
For |pu| < 2t, we have a non-zero density of states at the Fermi level, and the low frequency
behavior
, [ VA — p?
This is just the Fourier transform of the electron Green’s function in (3.25) with Ay + Ay =
1/2.

Next we expand (B.6) in powers of J? and U, and evaluate the path integral over the c2.
This results in an expression for S[Q] as a polynomial in the Q% (71, 72) which has the form
described in Ref. [63]; see also Chapter 22 in Ref. [26]. A crucial term in this expansion is a
term linear in @ of the form

J2 ! yab / a b1 J2 /Qaa(Tv TI)
—— [ drdT'Q (7’,7’)<S (r)- S (7')> ~ —— [ drdT————=
2 2 (t—17)2
~ TJ*Y Q" (iwn, —iwn) [r + |wnl] (B.11)

Wn

where w,, = 2mnT is a Matsubara frequency. The 1/72 term is characteristic of the decay of
spin correlations in a disordered Fermi liquid, a direct consequence of the constant density of
states at the Fermi level in (B.10). The frequency dependence in (B.11) is primarily respon-
sible for the low frequency dynamics of the spin glass order parameter, and the frequency

depends of all the other terms in the action for ) can be safely neglected. Near the critical
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point, it turns out to be sufficient to keep only the following terms in the effective action [63]

SQ] = I:/d’]’ Q*(r,7) — 7r1/<;/deT/ ?:a_(:’_,;;

=5 [andndn 3 @)@ (e m)Q  mor)+ 5 [ dri@(rrR2)

abc

Here we have performed a shift by an unimportant short-time correlator, Q% (r,7') —
Q®(1,7') — C3%5(T — 7'), to eliminate quadratic terms in the action similar to that in
(B.5).

It is now a straightforward matter to solve the saddle point equations of (B.12). The

saddle-point value @ has the following structure in Matsubara frequency space

0,00 0,
Qab(iwn,ien) _ WmOQEmO qab + wWn +€n,0 sab Q(an) ) (B.l?))
T T
Here ¢% is the spin-glass order parameter, which is non-zero only for the parameter 7 (ap-
pearing in (B.11)) smaller than a critical value, » < r.. Focusing first on the Fermi liquid

state found for r > r., it was shown that the second term in (B.13) has the form

Qliwy) ~ =T —71e+ |wn| , T>71c. (B.14)

This quantity is just the Fourier transform of Q(7) appearing in (3.5) and (2.9), and so at

the critical point » = r., the spin correlations decay as

1
Q(T)NMT/Q ;, T=Te. (B.15)

Comparing with (3.35), we see that € = —1/2. So the present critical point appears distinct
from the fixed point F'Ps found in Section 3.4, which can satisfy the self-consistency conditions
only for ¢ > 0.

Finally, let us also recall [63, 202] the nature of the solution for < r.. Here the spin glass
order parameter ¢* is non-zero. In the simplest replica-symmetric ansatz, ¢*® = qga, the

Edwards-Anderson order parameter for all a and b, and
qEA ~Te—T , T <T¢ (B.16)

At T > 0, the stable solution has replica symmetry breaking, but the structure of this is very
similar to that of the classical spin glass. The replica diagonal term Q(7) in (B.13) is the
only one with non-trivial time dependence, and this remains pinned at the » = r. form in
(B.15) for r < re.
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Appendix for chapter 4

C.1 Stability of fixed points

Here we discuss the stability of the fixed points (Eqs. (4.24)-(4.31)) by looking at the eigen-

values of the following stability matrix:

Ji Jo J3
J = J4 J5 J6 s
Jr Jg Jg
where,
_0B(g) a0 3., v _9B(g) _3 _ 9B(y)
Jlf ag = ’l“+39 —|—8’)’ + 9 JQ: 6’)/ —49’7, J3: 90
9B(7) IB(v) € 2, 52 IB(v)
=——-=1 = — —— = —
J4 89 g, J5 87 2 + 3’7 + 29 ) J6 31} 0 )
9B(v) 9B(v) 9B(v) ¢ 2 o 2
= =4 = = = = —— .
J7 g Vg, Js B 0, Jo BN 5 + 3v° + 2¢g

We shall consider 7 > 0, € > 0 and ¢ > 0. From the eigenvalues,

€ €

1 _ 1 2
B =, BV =-C, BEY=-2,
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it is immediately clear that the Gaussian fixed point F'P; is unstable. The fixed point F P

has the following eigenvalues:

4F — €

2

=
R . il (C.4)

E® =27, EY = .

So F'P; is stable for any € < 47 and € < 47. The fixed point F P; is unstable and has one
relevant direction as seen from the eigenvalues,

3e — 167 €

3 3 3
B =, B ==, EY=-C. (C.5)

F Py is stable if 47 < € < 167/3 and ¢’ < 167 — 3¢, which follows from its eigenvalues,

(4) 167 —3e — ¢

EY —5e—16r-0, EY =5c—16r+7, El 5 : (C.6)

where U = /76872 — 3847¢ + 49¢2 > 0. The fixed point F'Ps is unstable and has one relevant
direction as is evident from the eigenvalues,
€ e —AF

B =2, B =¢, BY="——. (C.7)

The fixed point F'Ps has the eigenvalues,

—167 + 3¢ + 4€
E§6):€’ Eéﬁ):e’, E§6): r—i—16e+e. (C.8)

Thus it is stable if —167 + 3¢ + 4¢’ > 0. We will discuss the eigenvalues at F P,

_4§2—6
==

B BV =0, E{ =167 —8g>. (C.9)
It is then clear that F P; is marginally stable if 27 > §? > €/4. The first inequality is trivially
satisfied by the points on the ellipse describing F'P;. The second inequality is satisfied if
€ < 47 (since g% < 7), which leads to atleast one stable fixed points. For lower values of e
there is a fixed line on the ellipse describing F P.

The stability of F'P3 can be best studied by looking at the characteristic equation,

E*4+ AE?* + BE+C =0, (C.10)

where A = —J; — J5 — Jg = —2(¢*? + 72 +0*2) < 0, B = J1J5 + J1Jg + J5Jg — JoJy — J3J7 =
G224 4202 > 0, and C = J3JrJs + JoJuJy — JiJsJy = 6g*2y*20*2 > 0, with ¢*,v*, v*
being the values at F'Ps. It is clear that C = —EES)ESS)E:%S), B = E§8)E§8) + E%S)Eég) +
E§8)E§8), and A = —(E§8) + Eég) + E:E)S)), where Ei(s) are the eigenvalues. So, if F'Ps is real,
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one of its eigenvalue is negative and so it is an unstable fixed point.

C.2 Solving the saddle point equations in large-M
analysis

We proceed by introducing a low-frequency ansatz for the Green’s functions defined earlier.

In terms of the imaginary time, 7, such that |7| > 1/J we write at T' = 0,

CoI'(2A,) sin(mA, + sgn(1)6,)

Cu(r) = —sem(7) e , (©1)
where parameters C,, A, and 6, are real. To simplify the expression, we define
o = Col'(2A,) sin(mA, £ sgn(7)0,) ' (C.12)

s

Positivity constraints on the spectral densities impose restrictions on asymmetry angles:
Ay <O <Ay, TA, <O, <7/2, TAG<Og<T/2. (C.13)

We can now collect the corresponding expressions for self energies at || > 1/J and T'= 0
by plugging (C.11) into (4.61)-(4.63) and obtain,

crcte;  c;cf? crotor
_ 2 b —f—f d—f 272 b ~d -d
(1) = —sgn(r)t (T‘4Af+2Ab — 7—‘4Af+2Ad> + sgn(7)k“L T (C.14)
crfere; o cf? cre; ot
— 2 d~f~f b ~f 272 b “b —d
Ya(r) = —sgn(1)t (7-|4Af+2Ad — |7-4Af+2Ab> + sgn(7)k°L v (C.15)
crcre;  2c;cier cfcfcy ctcy
_ 2 “5 G Oy £ & Ca 1 CqCy ,Cf
Bp(r) = sgn(r)kt <‘T|2Af+4Ab T A ARA A, ,T‘mf+4Ad> —sgn(7)J 4@’7‘6 >16)
Using the spectral representation of the self energies,
*© dQ o(Q)
Y(z) = — . C.17
0= T2 (©17)
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we perform the Laplace transforms at 7' = 0, || < J and obtain

— _ 2 _
() = mt? Gy Cf Gy B mt? Cy CF Tk oo,
(28, 1 40) [ 2515~ T(2A, + 4A,) [0 254185 ~ T(2A, + 4A,) (01 Ar—i8s
— _ 2 _
oa(Q) = mt? CiCiCy mt? C,Cfm akL? croyof
L(2Aq + 4A5) Q17228448 D24, + 4A5) Q' 280487 T(2A4 + 44,) [Q[1 284447
o) = — mht? C7 Gy Cy B Tkt CroyCy
f T(2Af + 4A,) Q128744 D(2Af +44A,) |Q[1-285 444
-+t +2 -
N mkt? 20, Gy Cy N rJ? Oy C (©18)
D(2A7 + 20, + 2A) [QF 2877280280~ T(6Af) |Q1-627
where _
ot = C,I'(2A,) sin(mrA, £ sgn(Q)6,) ' (C.19)

T
On the other hand, we can rewrite the saddle point equations (4.64) at |w| < J and

perform the analytic continuation to obtain

1 sin(rA, + sgn(2)6,)

0a(Q) = a ‘Q’2Aa—1 )

a=fb,d. (C.20)

Comparison of (C.20) with (C.18) for both positive and negative 2 leads to the solutions to
the saddle point equations in Sec. 4.4.3.

C.3 Large M analysis with bosonic spinon +

fermionic holon and doublon

We now discuss the other fractionalization scheme, consisting of bosonic spinons b, and

fermionic holons f, and doublons 0y,
Cto = ba f} + Tapbly o0 | (C.21)

where J is the USp(M) invariant tensor (see Section 2.2 of Ref. [146]), while the spin index
a =1...M (M even) and the orbital index £ = 1...M’. This representation has a U(1)

gauge invariance,

Fia = Fia€ @), big = b 05— 057 (C.22)
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We also have the constraint fixing the U(1) gauge charge on each site,

M M
Z bzabia + Z (f&m + Dggbw) = —
a=1 =1

(C.23)

The large M analysis will proceed as Sec. 3.3, Refs. [87] and [2]. We first take the N — oo

limit and perform disorder average, as discussed in Sec. 2.2 to obtain the single-site action

in the large-M limit,

Zz = / Db, DfyDoyDNe”

1T
S = / dr
0

B M
P (9 L MU
+§a bf, <aT+zA> bo — A

t? yr / Nt /
+ 27 ;‘; /0 drdr'R(T — 7')c}, (7)cua(T')

J? UTdd’ "ol (1)bg ()65 (7/)b o (7
- WQZB ; TdT'Q(T — 7' )bl (T)bs(T)bi (") ba (1)

YT
- LY [ draree - el ),

o

0 U B U
] v, . (o _ U, .
%:ff(87+u+2+m>fg+%:oe<87 M+2+1)\>0

(C.24)

where T is the temperature. In the large-M limit the Lagrange multiplier, A(7) imposes the

constraint in Eq. (C.23) and the self-consistency condition reads as follows:

Rir—7) = AjM%xcea(T)cza(T’)}Z,

Qi —7) = %Z<bL<T>bﬁ<T>bL<T’>ba<r'>>Z

P(r—7) = ,ZZ@ b (T (L))

I

C.3.1 Saddle point equations

Introducing bilocal fields

1
Go(1,7') = —MZba(T)bL(T/), Gi(r, ") ng ™Y, Go(r, 7))
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and the corresponding self-energies, we can obtain the saddle point equations:

G“woziw—uaizgwg’ a=f,b0 (C.27)
Sp(7) = K2 R(—7)Go(7) — K> R(7)G{(7) + J*Q(7)Go(7) , (C.28)
3i(7) = 2 Go(T)R(—7) + K*L*G5 (1) P(7) (C.29)
So(1) = —t2R(1)Gy(T) + K2 L?G;(1)P(~T) . (C.30)

Here 4 are chemical potentials, determined by U and the saddle point value of A to satisfy
(F'f) = o, (C.31)
= dp, (C.32)

)
<0Ta> = &, (C.33)
)

= n=1-6=1+6 -3, (C.34)

with the gauge-charge constraint (C.23) implying
1
dp + k((Sf + &) = 5 (C.35)

The self-consistency equations are

R(1) = Go(1)GH(=7) = Go(=7)G(7) , (C.36)
Q) = Go(1)Go(-7), (C.37)
P(r) = =Gi(1)Go(=7). (C.38)

We solve Egs. (C.27)-(C.30) in a similar procedure as in Sec. 3.3 and Appendix C.2. We
introduce a low-frequency ansatz for the Green’s functions in terms of the imaginary time
7| > 1/J at T = 0,

C.I'(2A,) sin(mA, + sgn(7)6,)
7| 7|2 ’

Go(T) = —sgn(7) a=7f,b,0 (C.39)

where parameters C,, A, and 6, are real and positivity constraints on the spectral densities
yields
A} < Oy <A}, Ty <Oy <72, —mAy < by <A, (C.40)

Assuming Ay = Ay = Ay = 1/4, the exponents in ¢, J? and L? terms in Eqs. (C.28)-(C.30)

are equal, and so all terms are important in our low-frequency analysis. Combination of Eqs.
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(C.27)-(C.30) yields

sin(7/4 — 6y) sin? (7 /4 + 6y)
sin(7/4 + 65)

sin(m/4 — 6;) sin® (/4 + )
sin(7/4 + 6)

—t2C¢ [Cf? cos(26y) — 2C5Cy ] + K*L*C{Cy cos(26,) = #C.A41)

—t2C? [Cg cos(20y) — 2C;5C,y ] + K L2CPC3 cos(26;) = #C.42)

—J2C¢ cos(26y) + kt2C? C? cos(26;) + C2 cos(26,)

sin(m/4 — 0p) sin(m/4 + 05) sin(7/4 4+ 65) ]
4Cf03 Sin(ﬂ'/4 T eb) =T, (043)
and a restriction on asymmetry angles
sin(rA + 0;) sin(mrA — 0,)  sin(7A + ) sin(mrA — 6;) (C.44)

sin(wA — ;) sin(mA + 6p)  sin(wA — ) sin(TA + ;) |

Notice the bounds |65 < w/4, /4 < 6y < 7/2 and |6y| < w/4, which leads to all the
coefficients on the left-hand sides of Egs. (C.41) - (C.43) being positive. Since C}, Cy, Cp are
defined to be real positive numbers, we find another constraint for 65, , and ¢, at nonzero t,
J, L:

cos (20y) < —k|[cos (265) — cos (26,)] < — cos (265) (C.45)

and at L = 0:
cos (20y) < —k|[cos (265) + cos (26,)] < — cos (265) (C.46)

Therefore the parameters of the solution (,, Cj, Cy and Cy) are fully determined by the
two asymmetry angles 65 and 6. Note that the values of ; and 6, are now related to the
particle densities d;, dp via the Luttinger constraints in analogy with Eqs. (4.83)-(4.85) of the

other represention:

¢9f 1 Sin(29f) 1
S\ [ od PA 4
+ (2 f) sin(2mAy) iE (C.47)

T2
9[, 1 Sin(29b) N 1
* ( A") sin(2rAg) 2
1

2

+ 0 , (C.48)
— 0 . (C.49)
At half-filling with particle-hole symmetry, we have n = 1 and é; = d,. Consequently, all

parameters of the solution are fully determined at fixed doping density. So this large-M
theory also describes a critical point.
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C.3.2 Conductivity

The calculation follows the steps in Ref. [143]. We first generalize the Greens function to
finite temperature similar to Eq. (4.101) in Sec. 4.4.5 with ¢, = 1, ¢; = ¢ = —1. Here the
subscript a = b, f, 0 is used for spinon, holon and doublon respectively.

We assume the system living on a Bethe lattice and consider both electron’s and cooper
pair’s contribution to the residual resistivity:

N M/€2t2a27d
Oy = —

M'(2€)?kL?a?¢
2mz

/dec(w)QBnF(w)nF(—w)—i— /deA(w)QBnB(w)nB(—w),

(C.50)

where a is lattice constant, z is coordination number, A.(w) is electron spectral density and

2mz

Ap(w) is Cooper pair spectral density,

_ —7€ COSh(ﬂw/2) 1 —m&’ COSh(Bw/2>
Aelw) = 2mCe cosh(fw/2 — 7€) e cosh(fw/2 — w&")’ (C51)
An(w) = —2mCpe—Ea__Smh(5w/2) (C.52)

cosh(fw/2 — wEA)

Here the parameters are defined as &€ = & — &, & = & — &, €a = & - &, C =
CtCysin(0; — m/4) sin(0y + w/4) /7, C" = —CyCy sin(fy — 7/4) sin(0y + w/4) /7, Ca = —CsCy sin(By — 7/4) sin(6

The ratio in this fermionic holon representation then becomes

(€ —E&)
sinh [7(€ — &")]

A

90
N

99

Ry =™ [t2 <C26_2”g L O | 90T TERE) > +ARL2C% e |,

(C.53)

We could transfer the bosonic holon scheme in Sec. 3.3 into the fermionic holon scheme
by
T T
=50, O=5—
Therefore both schemes give the same ratio R at the particle-hole symmetric solution 6; = 0,
Op = /2.

0. (C.54)
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Appendix for chapter 5

D.1 Numerical analytic continuation

We also perform numerical analytic continuation to real frequency. In general, performing
analytic continuation is an ill-posed problem if the function on the imaginary axis is known
only at a finite number of points. There are several techniques to do analytic continuation.
But for simplicity we use the Pade approximation method. This technique parametrizes
the function on imaginary axis as a ratio of two polynomials or by terminating a continued
fraction. There are several ways for implementing Pade approximation. We adopt the simple
strategy outlined in Ref. [204] of evaluating the coefficients of the two polynomials recursively,
which is based on Thiele’s reciprocal difference method. Details of the algorithm can be
found in the Appendix of Ref. [204]. Briefly, we first solve the saddle-point equations on the
imaginary-frequency axis to obtain the required Green’s function, say G(iw), at non-negative
Matsubara frequencies. The number of Matsubara frequencies used in our calculation is
10°. Then we evaluate the required polynomials, A,(z) and B,(z), to approximate the
imaginary-frequency function, G(z) = A,(z)/Bn(z). The accuracy of these polynomials
depends on the number of Pade points, n, and in our calculation we find that n = 200
points are sufficient to obtain accurate results. We have checked our results by increasing or
decreasing n and it does not result in any significant improvement. The resulting ratio of
polynomials then corresponds to the retarded Green’s function on real-frequency axis, once

we identify z = w 4 i07. Imaginary part of this function then gives the spectral function.
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Figure D.1: Plot of log(x”(wo)/wo) versus log(T) at wy = 0.2, R/|U| = 2, and in the
temperature range between T/|U| = 0.13 and T'/|U| = 0.15, for different values of #. The
slope of the linear fit (black dashed lines) gives ns — 2, from Eq. (D.3). This is used to plot
the curve of 75 as a function of 0 in Fig. 5.2 (b).

D.2 Effective spin exponent

In this appendix we discuss the evaluation of the effective spin exponent (7,) in the nor-
mal state. To start with, we first evaluate the spin correlation, x(7) = (S(7) - §(0)) ~
—G(7)G(—7), which is straightforward to obtain from the imaginary frequency numerics.
We then Fourier transform to obtain y(iw), and then perform numerical analytic continu-
ation to obtain y(w) whose imaginary part is the dynamical susceptibility, x”(w). This is
shown in Fig. D.2 for the normal state and in Fig. 5.9 in the SC phase.

At temperature above the SC transition temperature, the normal state solution is one
of the SYK-type conformal solutions at low energy (w < J ). For such a solution the spin
susceptibility follows the scaling relation [69, 205, 206],

hw

"(w) ~ T, [ —— D.1
) () D)

where )

. Y Ns | . Y
@, (y) = sinh <§> ‘F (5 + z%> ‘ . (D.2)
For hw < kpT we have,

X' (W) ~w T2, (D.3)

while in the limit of hw > kpT, the result is similar to the zero temperature form, x”(w) ~
sgn(w)|w|” L.

We can thus use Eq. (D.3) to extract the effective spin exponent (7;) from the slope of plot
of log(x”(wo)/wo) versus log(T'), where wy is a fixed small frequency. In Fig. D.1 we present
the data for such a procedure for R/|U| = 2 in the temperature range of 7'/|U| = 0.13 and
T/|U| = 0.15, with wy = 0.2. We have also checked our results for two other small frequency
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Figure D.2: (a) Plot of x”(w) for different values of 6 at a fixed temperature 7'/|U| = 0.13
in the normal state. (b) Plot of x”(w) for different values of temperature at a fixed value of
6 = 0.3887. In both the plots, R/|U| = 2.

points, and the results are unchanged. The resulting 7, as a function of 8 is plotted in Fig.

5.2 (b). Similar procedure can be done at other values of R/|U|. This works well for larger

values of R/|u|. At smaller values of R/|U| the transition temperature is relatively high,

where our numerical analytic continuation is not very reliable, and so extracting 7s there is

difficult.
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Figure D.3: Plots of transition temperature Ty., the SC order parameter Ay and the SC
gap ﬁo versus R for different values of 6. Note that for smaller values of  when the normal
state is FL-like, there is an exponential decay with respect to R/|U|. In contrast, in the case

of NFL normal state these are replaced by different power-laws.
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Appendix for chapter 6

The plan of this supplement is as follows. We present a full numerical solution of the large
N equations for the complete Fermi surface in Section E.1 for complex couplings and E.2 for

real couplings. We then discuss transport properties in Section E.3.

E.1 Numerical solutions to the Complex
Yukawa-SYK model

We first solve the saddle-point equations in the normal state and consider complex-valued
ggje extracted from the Gaussian unitary ensemble[160, 207]. In this limit, the anomalous

terms disappear and saddle point equations (6.8a)-(6.8¢) are simplified as

S(iwn) = ¢*T  Gliwn — ivm)D(ivim), (E.1a)

M(ivy) = —2¢”T>  Glivn + iwm)G(iwm), (E.1b)
. d?k 1

Gliwn) = / (27)2 dwp, — e + p — B(iwy)’ (E.1o)

Divy) = /(dq ! (E.1d)

27r)2 1/% + wg + m% — H(iun).
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For the lattice dispersion (6.4), the momentum integrations for the local Green’s functions

can be worked out analytically, giving rise to the local Green’s function

Ghoe(2) = %g <Z+“4_tz(2)> . (E.2)

Here we define

G(z) = %K(l/zQ), (E.3)

with K the complete elliptic integral of the first kind. Similarly, for the bosons we obtain

1 22 —m? —4J —T1(2)
Dioe(2) = — b , E4
toe(2) = 779 ( 47 > (E4)
where m7 is obtained by solving the above equations with the constraint (6.8f)
1
Dloc(T = 0) = _;7 (E5)

and will be plugged in the equations of the real-axis. Because we have taken care of the
momentum integrations analytically, we work directly in the thermodynamic limit. For fast
Fourier transform (FFT) of physical quantities between imaginary time-frequency domains,
see Ref [208].

The real version of (E.1) originates from the analytic continuation iw, — w + i0" of

imaginary propagators. To proceed, we introduce the following spectral functions

1

Alw) = —;ImGR(w), (E.6a)
B(w) = —%ImDR(w), (E.6b)

where GT(w) = G(iwn)|iw, wrior and DE(w) = D(ivy)|iy, —wiio+ are the retarded Green’s

functions. From the spectral representation, we derive the following retarded self energies
Sa(w) = ¢ / AW Dp(w — o) — B)Grlw+ ), (E.7a)
Mp(w) = g2 / AW ([Gr( — )] + Grlw + &), (E.7b)

Here we define A(w) = A(w)np(w) and B(w) = B(w)np(w). After the usual Fourier trans-

form, we obtain self energies in real time domain
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Figure E.1: Left: Renormalized boson mass as a function of T for v > ~.. Right: Imaginary
part of the bosonic self-energy as a function of w/t at 7'/t = 0.004 for different values of boson

mass.

For numerical results in this section, we will use the following choice of parameters:

12

p=—05t J=t> A= 57 = 05, (W = 8t = bandwidth) (E.9)

E.1.1 Boson properties

We define the renormalized thermal boson mass following Esterlis et al. [47]. At the QCP, the
boson mass decays as M2(T) ~ T at low temperatures up to logs, as is seen in the left panel
of Figure E.1. The retarded boson self-energy shown in Figure E.1 obeys —Imllp ~ w, also
the expected Landau damping form. The low-frequency behavior is essentially independent
of the distance to the QCP.

E.1.2 Fermion properties

Figure E.2 shows maginary part of the fermionic self-energy —Im¥p ~ |w| at the QCP and

—Im¥p ~ w?

in the FL regime. There is also an appreciable mass enhancement, as seen
in Figure E.3, although it is not clear if the growth is indeed m*/m ~ log(1/T) at low

temperatures.
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E.2 Numerical solutions to the Real Yukawa-SYK

model

E.2.1 Linearized gap equations and 7,
Now we turn to real-valued ggﬂ extracted from the Gaussian orthogonal ensemble[160, 207],

and start from the linearized gap equations

O(iwn) = g (1 — )T > Diwn — iwm) X (iwp) P (iwn) - (E.10)

m

Here X (iw,y,) is determined by normal state solutions

, _ GN(iwy) — GN (—iwy,) ‘ 1
Xiwm) = S o) + D) G (iwm) = 16 <

1w + p— S(iwn,)
4t

> . (E.11)

The superconducting transition temperature 7T, can be determined by imposing that the

matrix
g*(1 = )T D(iwn — iwm) X (iwm) (E.12)
m

has eigenvalue 1.

E.2.2 Full solutions to the coupled saddle point equations

The momentum integrations can also be worked out analytically for the local Green’s func-

tions (6.8a). Under the given lattice dispersion (6.4), we have a generalized version of (E.2):

1 22(2) 1 (x() it EZE) - 0
Gloc(Z) = 5 (1 + \/(zZ(z))Q — (ID(Z)2> Eg < At )
YA © 1, (X&) +1 = VEZEP =367
2\ VeZe) - a0 ) 1 |
(E.13a)
P(2) L [ —x(2) + p+ /(22(2))2 — D(2)?
Floc(Z) 2\/(ZZ(Z))2 — @(2)2 @g ( it )

B o(z) 1, <—X(z) + = G:Z(ZW - @(z)2> . (E.13b)
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Here we define

The Green’s functions (E.13) reduces to (E.2) when ®(z) = 0. The analytic continuation
iw, — w4107 of (E.13) will lead to the Green’s function on real axis. Following a similar

procedure shown in E.1, we obtain the self energies in real time domain

Sr(t) = ig?(2m)20(t)[A(t)B(t) — B(—t)A(t)], (E.16a)
Bp(t) = —i(1 — a)g”(2m)0(t)[Ar(t)B(t) — B(=t)Ap(t)], (E.16b)
Tg(t) = i29”(2m)°0(1)[A(H) A(—t) — A(=t) A(t),

— (1= a)(Ap(t)Ap(—t) — Ap(—t)Ap(1))]. (E.16¢)

The self-consistent equations can also be readily solved directly on the real-axis for the

retarded functions.

E.3 Conductivity and superfluid stiffness

E.3.1 Current-current correlator

The current-current response is just the dressed bubble as seen in Figure 6.1
Aa,@ (an) = —TZ / Vka Uk <Gk (iwn/) Gp, (iwn + iwn/) + F,:[ (iwn/) Fy, (iwn + iwn’))
n k

= —TZ / depiﬁ (€) (G (€, iwnr) G (€, iwn + iwnr) + FT (€, iwn) F (€, iwn + iwn/)> .

(E.17)
In the last step we introduced the “transport” DOS
o — %%5 _ E1
WO = | G (B.15)

and assumed that the normal and anomalous self energies are momentum independent. For

the given dispersion (6.4), this quantity is analytically computable

2t 2 2 € 2 2
pur(€) = = [E(l — €7 /16t%) — @K(l —€e*/16t%) |, (E.19)
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where F is the complete elliptic integral of the second kind. In the normal state, the analytic

continuation for the retarded (R) function is

Ap(w) = / de pu(e) / Ao np(W)Ale, ) {Grlew + o) + [Grle,o — )]}, (E.20)

where ng is the Fermi function. The final expression is efficiently evaluated via FFTs by

rewriting the convolution in real-time:

Ag(t) = / de pie(€) x 2m{[A(e, )" GRr(e, t) + A(e, )[GRr(e, 1)} . (E.21)

E.3.2 conductivity
The conductivity is related to Ag according to [196]

2 (=K)/d = Ap(w)
i(w+i0t) 7

o(w)=—e (E.22)

where (—K) is the (negative of) the average kinetic energy per site and d is the spatial

dimension (for us d = 2). Explicitly

K=-tY (clej+he). (E.23)
(i5)
We may write
0(w) = Dé(w) + Oreg(w), (E.24)
where the Drude weight is
D = we?[(—K/2) — Ap(w — 0)] (E.25)
specialized to d = 2 and
A A’ —(—K/2
Ureg(w)/€2 — RQEW) — R(w) w< / > (E26)

In a disordered system, the J-function contribution vanishes in the normal state (there is a

finite dc resistance), from which we find

D=0 = (—K/2) = Ny(w — 0), (E.27)
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and we may also write

Apleo)  Alple) = Apleo = 0)

o(w)/e? = - "

(disordered). (E.28)

This form is useful since it does not require computing independently (K) (although explicitly
comparing the left-and right-hand sides of Eq. (E.27) is a useful consistency check). Another

useful result that follows from Kramers-Kronig is the sum rule
o0
/ dw o(w) = Te?(—K/2). (E.29)
—0o0
Finally, note the dc limit for the conductivity can also be taken explicitly:

oucfe? = i S [ac (o) [ar (-G8 ) Uew )t @30

w—0 w

E.3.3 Superfluid stiffness

The coefficient D of the delta function, the Drude weight, can be obtained by extrapolating
iwy, — 0[196]. If there is a gap, D = Dy, the superfluid stiffness is

D

me?

— (~K)/d — A(iwn =0), d=2 (E.31)

The two weighted densities of states py(€) = % >, vid(€ — €) and po(e) = % >, (e — €x)
are closely related with each other
dpir(€) €

) = —Epole). (E.32)

Therefore, we can rewrite the average kinetic energy per site as
(K) = 530 3 S aGh i) = =3 / depo(€)eG(e,wn )"
- 9 n - 9 n
18 Wn N k /8 Wn,

2 dptr(e) . iw, 0t 2 / dG(ﬁ, an) i 0F
= — — n 1Wn — r TWn, E
3 Ew /de 5 Gleiwn)e 3 WE depu(e)——¢ (E.33)

From Dyson equation,

OG (€, iwy,)

5 = G (&,iwn)? — F (e, iwn) F (e, iwy) (E.34)
€
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and we get for the superfluid stiffness

Dy
me2

= (=K/2) = A(0)

= T [ e (G i) - F vion) F (e )
+ TZ / depyy (€) (G (e, iwn)2 + Ff (€, iwn) F (e, iwn))

= QTZ/deptr (€) FT (e, iwp) F (e, iwy) - (E.35)
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