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Abstract

Manifestation of Quantum Fluctuations in
Strongly Correlated Systems

Anatoli Polkovnikov

2003

The work underlying the thesis is an attempt to study possible signatures of quan-
tum fAuctuations in strongly correlated systems and relate them to some existing and
future experiments. There are two basic parts. The first one focuses on static prop-
erties of high temperature superconductors. In particular, we study the scattering
of quasiparticles on magnetic impurities and on dynamical collective spin fluctua-
tions. We show that if the spin-spin interaction strength between quasiparticles and
defects is large enough then quantum fluctuations lead to the Kondo effect. The
Kondo screening strongly renormalizes the scattering matrix of the electrons on the
impurity and results in the appearance of low energy resonances detectable by tun-
neling microscopy. We show that near the critical coupling the impurity behaves as
a scatterer in the unitarity limit. The second part of the work focuses on nonequi-
librium dynamics of interacting bosons confined in a periodic lattice. We examine
the range of validity of the classical evolution for some experimentally relevant sit-
uations . We discuss dynamical restoration of coherence in such a system after a
sudden increase of the tunneling amplitude and in the absence of energy relaxation.
We also describe behavior of the condensate near the point of classical instability
and argue that quantum fluctuations can drive the system into a macroscopically
entangled state. At the end we show how to generalize classical Gross-Pitaevskii

dynamics systematically including quantum fluctuations.
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Chapter 1

Introduction

Throughout several decades, the effects of quantum fluctuations on various prop-
erties of many-body systems at low temperatures have been particularly attractive
for both theoretical and experimental studies, especially in the case of strong in-
teractions, where it is particularly hard to deal with the problems. Among the
topics which were extensively studied recently we mention various quantum phase
transitions [131], fractional quantum hall effect [126], high-temperature supercon-
ductivity [111], transport through quantum dots [56], problems of quantum mea-
surements [27], equilibrium and non-equilibrium properties of Bose-Einstein conden-
sates [92], quantum entanglement and applications to quantum computing [149], and
many more. The main obstacle in addressing all these issues is the importance of both
interactions and quantum effects. So except for a very limited class of exactly solv-
able problems, approximate methods have to be used. Some of the most successful
approaches to equilibrium problems include various mean-field theories with possible
lowest order corrections in fluctuations (see e.g. [99]), quantum Monte-Carlo algo-
rithms [30], renormalization and numerical renormalization group theories [96, 164],

and dynamical mean field theory [55]. Various methods are usually designed for
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CHAPTER 1. INTRODUCTION 2

specific kinds of the problems. For example, renormalization group analysis is par-
ticularly suitable for studying continuous phase transitions, where the properties are
universal and can be described by few renormalized coupling constants. On the other
hand, appropriate mean field theories usually capture very well key aspects of the
possible phases of the system, but fail to describe fluctuations near phase transi-
tions. Besides it is usually extremely hard to check the validity of the mean field
results. The situation becomes even more complicated and much less studied for
the case of nonequilibrium problems. Very well understood linear response theory is
appropriate only for systems close to the thermal equilibrium [42]. Quantum-kinetic
equations can successfully deal with some out of equilibrium problems but are very
complicated and restricted to the systems close to some kind of steady state [99].
The Keldysh technique proves to be very powerful for many different situations [76].
However, ultimately this approach, like any diagrammatic technique, is limited by
smallness of interactions and complexity of the computations. Among recently de-
veloped methods it is worth mentioning the reformulation of quantum evolution in
terms of classical stochastic equations [21]. So far such a mapping exists only for
a limited number of hamiltonians, but this field is intensively developed at present.
Somewhat similar stochastic methods are also very useful for studying open systems
interacting with bath degrees of freedom [53].

After this brief overview let us describe in some more detail the main motivation
for the work presented here. It consists of two main parts. In the first one we study
scattering of quasiparticles in high temperature superconductors by isolated defects.
Quantum effects manifest themselves through Kondo screening and through possible
coupling to the virtual dynamical fluctuations of other collective degrees of freedom.
In the second part we focus on the non-equilibrium temporal behavior of strongly

correlated Bose systems. There we study how quantum scattering affects semiclas-
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CHAPTER 1. INTRODUCTION 3

sical (Gross-Pitaevskii) dynamics and develop a perturbation theory in powers of
Planck’s constant. In both parts we will describe in some detail experimental con-
sequences of the theoretical analysis and emphasize the difference between classical

and quantum results.

1.1 Defects in high temperature superconductors

Since their discovery in 1986 [14], high temperature superconductors (HTSCs) have
attracted lots of theoretical and experimental activity. However, apart from a few
well established facts, there is still a lot of controversy about them. At present there
is no fully consistent and accepted theoretical framework, which would describe their
properties. The only thing which is clear about cuprates is that their phase diagram
is extremely complicated and contains a number of conventional and unconventional
phases. In this prospect local defects can become a very important probe of the
underlying electronic structure of HTSC materials. Indeed, a number of recent scan-
ning tunneling microscopy (STM) experiments discovered interesting properties of
the quasiparticle behavior near isolated defects. Thus imaging of the electron density
of states (DOS) near Ni [71, 72] and Zn [114] impurities as well as unidentified local
defects [168] showed the presence of the low energy resonance states with Friedel-like
oscillations. It turns out that for gapless quasiparticles, e.g. nodal fermions in d-
wave superconductors, it is possible to obtain low energy resonances in the presence
of a very strong potential scatterer [12, 137, 138]. So it was quite natural to assume
that those resonances were the ones experimentally observed [100, 101]. However, it
turns out that the direct potential or magnetic scattering give spatial pattern which
- is complementary to what was observed in experiments [48]. The only way to rec-

oncile this with the simple theory is to assume some kind of extra d-wave mixing of
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CHAPTER 1. INTRODUCTION _ 4

the electronic orbitals in the copper layer with the Bi atoms on the surface of the
superconductor [101]. There are no independent verifications of this idea so far. On
the other hand, a different group of experiments usiﬁg nuclear magnetic resonance
detected a Kondo-like effect in cuprates doped by Zn, Ni or Li impurities both above
and below T [15, 16, 97, 98, 103], and an uncompensated spin S = 1/2 was observed
near the Zn impuriﬁy [75]. The Kondo screening was also a very likely explanation
of the specific heat data in Zn-doped YBay;Cu30g.95 compounds [145]. Moreover the
characteristic Kondo scale was very close to the low energy resonance observed in
STM experiments. The emergence of an uncompensated moment near a spinless
impurity was also predicted in a number of theoretical papers [84, 107, 129, 162] due
to proximity to the antiferromagnetic state and enhancement of the spin fluctuations
near the defect. These all led us to believe that the Kondo physics should play a
very important role in the observed STM data [118, 122]. Later a number of other
theoretical papers addressed the same issue [155, 175]. Besides experimental moti-
vation, the study of the Kondo effect in d-wave superconductors has some purely
theoretical interest. It is well known that in conventional metals, even infinitesimal
_antiferromagnetic coupling of electrons with a single impurity causes the Kondo ef-
fect at sufficiently low temperatures [62]. However, this is not necessarily true if the
density of quasiparticle states vanishes at the Fermi level [23, 24, 73, 165, 173, 176],
which is the case in cuprates below T.. In particular, there is nc Kondo phaselif the
coupling constant is relatively small so the impurity remains effectively free. If the
DOS vanishes at the Fermi surface slower than the square root of energy: p(e) o |¢|"
with 7 < 1/2, then it is possible to develop a perturbation theory in r [165]; which
predicts the Kondo transition at a spin-spin coupling larger than a éertain critical
value proportional to . However if » > 1/2 this simple picture doesn’t work. Both

numerical renormalization group (NRG) [57, 155, 156] and dynamic large N multi-
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CHAPTER 1. INTRODUCTION 5

channel approach [157] showed that the Kondo phase exists only if the Hamiltonian
does not respect particle-hole symmetry. In the symmetric case, the spin-spin cou-
pling always flows to zero. In our work [118, 122], which will be presented below, we
attempt to describe the Kondo physics within a simple analytically tractable model
and discuss its implications on the experimentally observable quantities.

Recently another series of beautiful STM experiments was performed in the
cuprates. A four unit cell periodic DOS modulation was observed near isolated
magnetic vortices [64]. Later, similar modulations with the same periodicity were
discovered without magnetic field near isolated defects [65, 67, 68, 102]. The pe-
riodicity four is quite remarkable because it can not be explained by simple anti-
ferromagnetic fluctuations. On the other hand neutron scattering experiments on
lanthanum cuprates clearly showed the existence of period eight spin fluctuations,
which can either coexist or be gapped in the superconducting phase [82, 83, 89, 90].
The general phenomenological theory of competition between superconducting and
spin-density wave (SDW) order was developed in [36, 174]. On symmetry grounds
[170], collinear SDW correlations are always accompanied by charge order correla-
tions at precisely doubled wavevectors (or half period). Assuming that this is not
simply a coincidence, we developed a phenomenological model describing scattering
of quasiparticles on dynamical SDWs pinned by isolated defects [119, 120, 121]. We
will give a detailed discussion of the results in this thesis. There has been a different
related work suggesting that the spin or charge density order is responsible for the
period four oscillations [86]. There is again some controversy about interpreting the
experimental data. Based on a simple analysis of the quasiparticle scattering from a
point defect [161, 172], it was claimed [102] that one can reconstruct the quasipar-
ticle Fermi surface from the STM data alone. However, as will be discussed below,

the simple scattering model may be not adequate to explain the data and we discuss
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CHAPTER 1. INTRODUCTION ' 6

how the future experiments may address this issue.

Because of unusual properties, the multiple scattering of quasiparticles on defects
at low temperatures brings a lot of new interesting results. Thus it was shown
that depending on the symmetry of the underlying hamiltonian, the quasiparticle
density of states in the presence of multiple unitary scatterers may diverge [116],
vanish [11, 140] or remain finite [177]. Unusual diffusion of quasiparticles was studied
in [167]. However, all those predictions are very hard to confirm partly because the
cuprate semiconductors are very inhomogeneous [69]. Therefore we believe that
the single defect probes are the most effective in extracting some intrinsic electronic
structure of HT'SCs. Here we briefly mentioned only few experimental and theoretical
results concerning high temperature superconductors. We intentionally avoided any
references to numerous specific microscopic theories aiming to describe the cuprates.
So far, there is no accepted view on which oné is correct. The present work mostly
relies on phenomenological models which contain few unknown parameters, so that
the theoretical predictions can be easily compared with experiments. There are many
other experimental results which are beyond the scope of this thesis. Unfortunately it
seems now impossible to address all of them within one even purely phenomenological
theoretical framework simply because of the complexity of different phases emerging
in HTSCs. Nevertheless, even clear and unambiguous understanding of some parts

of the phase diagram would be great progress in this field.

1.2 Interacting bosons in optical lattices

In the second part of the thesis we will focus on a different subfield of strongly corre-
lated systems. While d-wave superconductors are widely believed to emerge from the

fermion Hubbard model [6], very interesting physics also arises from the boson Hub-
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CHAPTER 1. INTRODUCTION 7

bard model. The huge interest to interacting bosons was stimulated by experimental
advances in realization of ultra-cold Bose-Einstein condensates (BECs) [5, 33, 58, 59,
112). If the atoms are sub ject to an additional periodic potential coming from optical
standing waves, then they form perfect bosonic crystals with no dislocations, impu-
rities or other defects. Also, contrary to conventional condensed matter systems, one
can vary the hopping amplitude between the adjacent sites of this crystal by orders
of magnitude, simply by tuning intensity of the laser beam [58, 112]. Moreover, even
the sign and the strength of interaction can be changed using an external magnetic
field [29, 150]. Hence, one can experimentally address various phenomena without
worrying about complications arising from unwanted degrees of freedom. For ex-
ample, at equilibrium, the bosons can undergo a transition from a superfluid to an
insulator as the strength of the optical potential is increased [4, 41, 46, 52, 74, 131].
This transition was directly tested [58], and there is no controversy in interpreting
this experiment as in the case of high temperature superconductors. The simplicity of
the system and relatively slow decoherence suggest possible use of interacting bosons
in quantum computations [35, 95]. A very appealing idea is to encode quantum
information in different sites of the optical lattice rather than in different internal
atomic states [113]. In this way the measurement process and the manipulation of
the information seem to be very straightforward.

Another huge advantage of the cold atomic systems is that one can address dy-
namic properties of the interacting atoms both theoretically and experimentally. In
conventional many-body systems, strong and non-adiabatic perturbations generically
lead to fast damping due to various degrees of freedom. So if one is interested in
quantum effects, it is extremely hard to work far from fhe equilibrium. There are
no such limitations, however, in the atomic systems. Indeed, in order to obtain

extremely low temperatures where the atomic de Broglie wavelength becomes com-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1. INTRODUCTION 8

parable with the inter-particle spacing, it is necessary to isolate the system to such an
extent that it can be really thought of as completely closed. One of the examples of
the strongly out of equilibrium behavior occurs when the sign of interactions changes
from repulsive to attractive using Feshbach resonance [37, 77, 80]. The important
issue for this class of problems from the theoretical point of view is how to take into
account quantum fluctuations. The classical or Gross-Pitaevskii (GP) equations of
motion can not adequately describe dynamical properties near the instabilities sim-
ply because the classical wavepacket spreads very fast. The obvious generalization
comes from Bogoluibov approach [92]. However, it is good only if the instabilities
are weak. There were some attempts to generalize GP equations including the inter-
action of the condensate with excited bosons which are produced during collapse of
condensate [39, 148]. However, these approaches are not very general because they
rely on specific assumptions about the evolution. Recently, there was developed an-
other class of methods based on stochastic wavefunctions [21, 22]. These ideas look
very promising, but so far the theory is applicable to a particular class of two-body
interactions and it is not completely clear (at least to this author) how to generalize
them. So at the moment, out of equilibrium dynamics is certainly a theoretical and
experimental challenge. Feshbach resonances allow switching interaction from large
positive to large negative values. Such a sudden change usually causes a collapse of
the condensate, while a slow, adiabatic tuning is required to manipulate the conden-
sates in a reversible way which preserves the coherence. Fortunately this difficulty
can be easily overcome in optical lattices. The trick consists in changing the relative
phase of the condensates confined in particular lattice sites [127, 146, 166].  Thus in

a periodic lattice the relative 7 phaseshift from the point of view of the dynamics is

11f each site contains relatively large number of bosons in the same state then they can be treated
as condensates.
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CHAPTER 1. INTRODUCTION 9

equivalent to the switch of the interaction sign from positive to negative [123, 124].
Moreover, it turns out that in a finite lattice a sufficiently small attractive interac-
tion does not cause collapse of the condensate. In this way it becomes possible to
drive the system adiabatically to the point of instability and check how it evolves.
Then the role of quantum fluctuations becomes especially emphasized since they are
responsible for initiating the wavepacket spread. We consider this process in detail in
this thesis (see chapter 5). Another interesting set of experiments corresponds to the
quite opposite limit, where some parameters, e.g. tunneling, change abruptly. For
example, it is possible [154] to start in the insulating phase with no phase coherence
and suddenly increase the hopping amplitude by orders of magnitude so that the
ground state becomes superfluid. The resulting evolution, however, is quite different
from what is generally expected in conventional condensed matter systems because
there is no energy relaxation. It turns out that the emerging dynamics can be still
described within a GP approach but only for a finite amount of time [123]. The
evolution and arising limitations are described in this work (see chapter 4).

The dynamic and static properties of interacting bosons rise a very important
issue of developing some generic approach to include .quantum fluctuations in the
classical picture. This is fairly well understood for equilibrium problems where the
Bogoluibov’s approximation and perturbative treatment.of the interactions between
quasiparticles give a consistent expansion near the classical ground state. On the
other hand, such an approach is not adequate for many nonequilibrium problems
simply because it is valid for a limited amount of time and it heavily relies on the
stability of the classical motion. Let us give a simple intuitive example illustrating
this. Suppose that there is a macroscopic ball located right on the top of the hill with
a finite height, which has for example a Mexican hat like shape. Further suppose the

system is isolated from any sort of external noise. Classically, the ball will stay on
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CHAPTER 1. INTRODUCTION 10

the top forever. However, because of the zero point motion, it will go down along dif-
ferent classical paths. The quantum effects will be manifested only in certain phase
relations between these paths but will not affect the motion itself. Clearly neither
classical nor Bogoliubov’s approach (which is equivalent to approximating the hill
with an inverted paraboloid) will work in this case. Also the conventional Keldysh
diagramatic technique is not very useful, as it is hard to sum all the diagrams which
would contribute to a nonlinear classical dynamics. This is an extreme example, but
one can think of many more where the classical approach is not sufficient, Bogoli-
ubov’s does not work, Keldysh’s is very complicated, and still intuitively it is clear
the motion is quite close in some sense to the classical limit. The problem with
the ball is somewhat artificial, because one can just solve the Schrédinger equation
exactly. On the other hand, if this ball represents some collective degree of freedom
of a many-particle system, the problem becomes much harder. Here we will suggest
a method showing how to include quantum fluctuations to the noneqilibrium semi-
classical evolution [125]. In spirit it is somewhat similar to that developed in a series
of works by Filinov et. al. [43, 44, 45] for interacting fermions. Another generic
reason for disturbing the semiclassical equations of motion is the coupling to other
degrees of freedom, which are usually represented as a thermal bath. Though as we
mentioned before, the notion of the bath is not particularly useful for condensates
because of their isolation, this coupling is certainly a strong mechanism of decoher-
encé in most of condensed matter systems. A standard approach to this problem
uses a representation of the bath as a set of harmonic oscillators satisfying certain
physical properties. Then after integrating out environment degrees of freedom one
derives Langevin equations, which are essentially classical equations of motion with
extra dissipative and random force terms [19]. In thermal equilibrium both ran-

dom forces coming from environmental fluctuations and dissipation are necessary.
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Moreover there is a ceratin relation between them which constitutes the fluctuation-
dissipation theorem [91). The main drawback of the Langevin equations is that they
can be rigorously derived only for the harmonic potential linearly coupled to the
bath, i.e. in the noninteracting limit where there are no corrections to the classical
equations of motion. There were some attempts to generalize these equations [70]
but they did not yield a simple and tractable picture of the resulting evolution. One
can think that if the classical dynamics gives a fairly good description in the isolated
system then the effects of environment can be taken into account in the same spirit
as described in [19]. However, it turns out to be wrong close to equilibrium and at
sufficiently low temperatures [28] where the quantum effects become important at
long time scales. In the last chapter of this thesis we will argue about a possible
way to generalize Langevin equations to the interacting system and how to access

asymptotically the zero temperature limit.

1.3 Outline of the work

e Chapter 2

This chapter is based on papers [118, 122]. Here we consider Kondo screening
in d-wave superconductors and describe possible experimental manifestations of this
effect. A simple mean-field (or large N) approximation is employed for this purposes.
It gives a picture consistent with that obtained using numerical renormalization
group methods. The advantage of the approach used here is that it yields transparent
analytical results, which can be easily generalized to include the effects of screening
by nonlocal spins, which is relevant to the experiments with Zn impurities [114].
The emerging structure of the electron density of states modulations is consistent

with available experimental results and does not need extra assumptions about the
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CHAPTER 1. INTRODUCTION 12

tunneling as required in the pure potential scattering model [101].
e Chapter 3

This chapter is entirely devoted to the discussion of the possible manifestation
of the dynamic. spin-density order in STM experiments performed recently by two
different groups [65, 67, 68, 102]. Using a simple phenomenological model it is
argued what are the main distinctions between scattering of quasiparticles on the
order parameter and simple potential scattering on isolated defects. Some confusion
existing in the literature on this account is discussed and further possible experiments
which can distinguish the two scenarios are suggested. The results of this chapter

are based on papers [119, 120, 121].
e Chapter 4

In this chapter we consider nonequilibriurh evolution of the bosons in a lattice
which were initially in the insulating (incoherent) state and were then subject to
a sudden increase in the hopping amplitude. This work was motivated by yet un-
published experimental results [154]. Classical dynamics and its limitations are dis-
cussed. Surprisingly it appears that the coherence between the sites develops even
in the absence of energy relaxation. We discuss the importance of the interaction
strength and of the shape of the smooth confining potential profile on the dynamics.
We argue that in the classical limit the system evolves towards the microcanonical
ensemble satisfying initial energy and number of particles constraints. This chapter

is mostly based on Ref. [123].
e Chapter 5

Here we focus on the evolution of the many-particle “Schrédinger cat” state.

We develop a theoretical description suitable to take into account both quantum
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CHAPTER 1. INTRODUCTION 13

fluctuations and highly unstable classical evolution. This approach is equivalent to
the truncated Wigner approximation used in quantum optics, where one can work
with classical equations of motion corresponding to a family of initial conditions
distributed according to a Wigner transform of the initial density matrix. Possible
limitations due to coupling to the environment are discussed at the end. This chapter

relies on the results of [123, 124].
e Chapter 6

In this chapter we develop a general framework for the dynamics of the bosonic
systems close to the classical limit. A consistent perturbation theory in A is sug-
gested here. The approach goes beyond Bogoliubov;s approximation and accesses
the regime of arbitrary interactions, which is very hard to achieve using standard
Keldysh technique. Contrary to the latter, the initial density matrix of the system
in our approach is completely isolated from the dynamics and enters only as a distri-
bution of the initial conditions. The corrections to the classical equations of motion
are shown to be in the form of nonlinear response to the infinitesimal transformation
of the bosonic field along the classical trajectory. Such corrections can be thought
of as quantum scattering events and in diagrammatic technique, they correspond to
quantum vertices. At the end .of this chapter we briefly describe how to generalize

Langevin equations based on this analysis.
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Chapter 2

Kondo effect in d-wave

superconductors

It is well known [62] that in ordinary metals any local moment antiferromagnetically

coupled to quasiparticles gets screened at low temperatures below:

1 1
Ty ~ =37, 2.1
K~ (2.1)

where p is the quasiparticle density of states at the Fermi level and J is the spin-spin
coupling between the impurity and quasiparticles. On the other hand this effect does
not occur in dielectrics or semiconductors where band electrons are gapped, simply
because at low temperatures there are no free carriers. Therefore the situation with
vanishing density of states becomes particularly interesting. Essentially two effects
compete: the available quasiparticles try to screen the impurity as temperature is
lowered, but the number of the free carriers goes to zero as T — 0.

If the density of states vanishes as a small power of energy:
p(e) o [e]" (2.2)
with 7 << 1, it is possible to give a perturbative argument of resulting low energy

14
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CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 15

behavior of the impurity similar to “poor-man’s-scaling” [7]. This has been done
in [165] where it was shown that a third unstable fixed point for the interaction J
appears. So that when J < J, the coupling flows to zero and there is no Kondo
effect, otherwise it flows to infinity and the impurity spin gets screened. The critical
coupling itself is proportional to the exponent r and vanishes if the density of states
is constant. However, as we already mentioned in the introduction, if » > 1/2 this
simple picture doesn’t work. Both numerical renormalization group [57, 155, 156]
and dynamic large N multichannel approaches [157] showed that the Kondo phase
exists only if the hamiltonian does not respect the particle-hole symmetry. In the
symmetric case the spin-spin coupling always flows to zero. ‘The main difficulty of
the NRG approach is that it is hard to generalize to realistic band structure and to
the case of nonlocal magnetic moment. It is also restricted only to the low energy
scales and does not give access to high energies, which might be important at e.g.
finite temperatures. On the other hand these difficulties do not arise in simple mean
field or large N theories, where both screened and unscreened phases can be easily
studied. The large N approximation was first successfully applied to the Kondo
problem in ordinary metals by Read and Newns [128].

The model hamiltonian of a pure superconductor to be exploited in the present

work is:
Ho= " ¢l(k) (ewrd + Ar) g5(K), (2.3)
K
where ex = —eo(cosk; + cosky) — p and Ay = Ag(cosk, — cosk,) are the hop-

ping energy and superconducting gap respectively, and (k)=(c;(k), c‘i(—k)) is the
Gor’kov-Nambu spinor. For simplicity we will keep only the nearest neighbor hopping
terms. Second nearest neighbor tunneling is necessary to explain the actual Fermi

surface and we will include this term in the numerical calculations. The interaction
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CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 16

with a single impurity can be expressed in the Cogblin-Schrieffer form [62]:

iy J
Hine = Ul (ro)774;(ro) — 5

(%l (xo) Py — Fltby(x0)) (Fir (xo) — 9] (v0) F1),  (2.4)
where U and J are the potential and spin-spin coupling constants, F' is the effective
impurity spinor in the Nambu representation (related to the creation and annihilation
operators by Fy = f, F| = ff). The single impurity occupancy corresponds to the
condition:

fifi=1 & F+F=0 | (25)

In fact, there is an additional potential like scattering term proportional to J in
(2.4), however, it disappears in the path-integral formulation of the problem [23].
If chemical potential 4 = 0 then the hamiltonian (2.3) respects the particle hole
symmetry, i.e. under the transformation k, — k;+m, ky — k,+ 7 both the hopping
energy € and the pairing amplitude Ay change their signs. This additional symme-
try is not generic, it disappears if either p or the second neighbor hopping become
non zero. However this notion is very useful, éince in many cases the particle-hole
asymmetry can be treated as a perturbation. The model above but without the
potential scattering term was already examined by C. Cassanello and E. Fradkin
in [23, 24]. The authors concluded that there is a Kondo phase transition above
some critical spin-spin coupling J,. They found that for the linear DOS, the Kondo
temperature vanishes exponentially near the phase transition. Also it was argued
that in the Kondo phase the impurity susceptibility vanishes at ' — 0 as T'In1/T..
However, these results were obtained even in the particle-hole symmetric case. We
find similar dependences of the Kondo temperature and susceptibility only if the
particle-hole symmetry is broken, e.g. by non-zero potential scattering. The reason
for this discrepancy is that the symmetrization of the action with respect to posi-

tive and negative frequencies used in [23, 24] is not valid, and resulted in essential
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CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 17

inconsistencies there. We come back to this point in the next section. The other
difference between our approaches is that we start from the hamiltonian (2.3) in-
stead of its linearized nodal version. This is important for the analysis because (i)
the particle-hole asymmetry (U # 0 or u 5 0) is a high energy effect, i.e. it does
not come from nodal quasiparticles only, but rather is determined by contributions
from the whole Brillouin zone, (ii) the spatial structure of the scattering can not be
correctly reproduced from the nodal version of the hamiltonian, (iii) the expressions
for the T-matrix and Green functions are much more transparent in the original
Gor’kov-Nambu representation than in that of the nodal quasiparticles.

We also study in detail the phase diagram of an isolated impurity at finite tem-
perature, where the effects of particle hole asymmetry become crucial. The model is
generalized to the case of an arbitrary exponent r larger than 1/2, where the simple
Withoff-Fradkin picture [165] is not valid. We would also mention that the problem
addressed here but for the Anderson magnetic impurity was studied in [176] using
the slave-boson mean field approach. The impurity potential was chosen in such a
way that only zero or single occupancy was allowed. As a result the hamiltonian
was strongly particle-hole asymmetric from the beginning. It was found that this
model predicts the Kondo effect and that the particle hole symmetry of the pure
superconductor is not important. The model also results in a low-energy resonance
in the DOS and is consistent with the experimental spatial dependence.

This chapter is organized as follows. In Section 2.1 we solve the saddle point
equations and study the phase diagram in the space of the potential and spin-spin
couplings U and J. It is found that the transition to the Kondo phase occurs only
in the particle-hole asymmetric case. At zero temperature the critical spin-spin
coupling J, saturates as U — 0 if » < 1 and diverges as 1/ VU if r > 1. In the

case of a d-wave superconductor (r = 1), the Kondo temperature is found to vanish
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CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 18

exponentially near J = J, in agreement with [24]. At fixed temperature and for
r < 1 the crossover from the high temperature (T >> Tk) to the low temperature
(T < Tx) limit occurs at J diverging as U — 0.

In section 2.2 we examine the expressions for the local and total magnetic suscep-
tibilities of the impurity and the quasiparticle density of states. It is shown that in
the particle-hole symmetric case for r < 1 and J > J, the local susceptibility, which
includes only the magnetic response of the impurity spin, diverges as T — 0, but
TXi10c — 0, while the total impurity susceptibility, which is defined as the difference
between the susceptibilities of the superconductor with and without impurity, has
the usual Curie-like behavior: T';mp — const. In the Kondo phase X, saturates
and Ximp — 0. Both X and ximp as functions of temperature have a maximum
at T =~ Tk. At the end of the section we derive the expression for the induced
quasiparticle DOS near the impurity. It is shown that in the Kondo phase the ef-

-fective scattering matrix has a pole at a frequency close to the Kondo temperature
(2 = Tx). The crucial difference between this model and simple potential scatter-
ing [12, 137] is that the unitary limit here occurs at finite magnitude of the spin-spin
coupling J = J,,, which does not have to be large.

Section 2.3 is devoted to the discussion of the modifications of the model for the
case of a non-magnetic impurity, which induces a staggered magnetization nearby.
This study is motivated by the nuclear magnetic resonance (NMR) experiments [15,
75] unambiguously showing existence of the magnetic moments in the vicinity of the
Zn atom, which substitutes for Cu. From the theoretical point of view, this issue
is interesting since the spin-spin interaction becomes non-local. Assuming that the
effective spin is induced on the first Cu neighbors of Zn we show that the action
has four different saddle points, and for the whole range of coupling constants the

configuration with the D symmetry of the order parameter corresponds to the lowest
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energy. The critical spin-spin coupling for the non-local spin is found to decrease
with U as opposed to the local spin case. The spatial dependence of the induced DOS
is also different. 'It is characteristic for the scattering on four rather than a single
site and gives an excellent agreement with the data from STM experiments [114].
In section 2.4 we present numerical results for the electron density of states near
the Zn-impurity using the realistic band structure of the BiySroCaCusOgys. We
compare the emerging spatial structure of the DOS modulations with that coming
from a pure potential scattering model and discuss the main differences. Unfortu-
nately, using STM data alone it would not be possible to distinguish quasiparticle
scattering from a Kondo screened impurity from simple potential scattering. We
will briefly argue what possible experiments can be further performed to determine

which mechanism is responsible for the observed low energy resonance.

2.1 Saddle point approximation for a single mag-
netic impurity

After performing a standard Hubbard-Stratonovich decoupling and integrating out
fermion fields, the partition function for the system with the hamiltonian given by
(2.3) and (2.4) becomes a functional integral over the auxiliary fields ¢ and e with

the action:

8
_ 0 0 2 2
S=-Trln (E + (7)1 — ¢(7)G (§> ¢(T)) + 'j/¢(7') dr,
0
where trace is taken over all antiperiodic functions of 7: f(7 + 8) = —f(7);

G(8/67) = G(ro,10,0/07)
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is the quasiparticle Green’s function in the presence of the potential scattering on

the impurity:
G(r,r',w) = G(r—r',w)—G°(r—xo,w)UT; (1 + U7'zG°(0,o.z))_1 GO(ro—r',w), (2.7)

and GP is the free electron Green’s function, which in the momentum space is equal
to:

Gr(w) = (—iwTo + exT: + DiTe) (2.8)

The Lagrange multiplier field € in (2.6) enforces the single occupancy constraint. In
general ¢ is a complex field, however its phase can be reabsorbed into € by a simple
gauge transformation [128].

It is not hard to show that in a d-wave superconductor the free particle Green’s

function at r = 0 is expressed as:
G°(0,w) = GY(w) + G¥(w)T; (2.9)

with G} and G? being even and odd functions of frequency, respectively. If the free
hamiltonian is also invariant under the particle-hole transformation then G9 = 0 [63).
For simplicity we assume this is the case. In fact, it can be shown that the models
with U # 0 and GY # 0 can be mapped onto each other. Explicitly G(w,) is given
by

GBlwn) = 3 (2.10)

—~ Wi+ et + AL
At small frequencies the main contribution to G5 comes from the wavevectors close
to the nodes, so we can do the summation over k and obtain:

iwp w2+ A2
70—~
TV w2

G(wn) ~

? (2-11)

where v = /upva is the geometrical mean velocity near the nodes and A denotes
the upper cutoff of the order of A. For the hamiltonian (2.3) with u = 0 we have
vp = €0V2, va = AgV/2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 21

From equation (2.9) we see that the action (2.6) splits into two identical terms

for the spin up and spin down polarizations so that:

S=—-NTrln (% +e—¢l(1) Gy <-§7-_-> ¢(T)> + -1:\][- /ﬂ dr|o(7)|? — %{eﬂ, (2.12)
0

where IV = 2 is the number of the spin channels,

Gy (a%) =G (8%) (1 +UG) (56;))_1 : (2.13)
Note that there is an additional term “—~N/2¢(” in (2.12), which enforces the sym-
metry € — —e in the absence of the potential scattering. In (2.12) we find it more
convenient to use a gauge, where ¢ is complex, but ¢ is time independent. In the
large N limit, the action can be evaluated in the saddle point approximation [128].
Thus it is necessary to find the stationary point with respect to the auxiliary fields

€ and ¢. Let us start with e:

208 2
——=I(e)=-0- ; ,
Vo= 10=F f: === Gy (wn)lgf?

(2.14)

where ¢ is an infinitesimal parameter showing the correct procedure for closing the

Wick’s contour. If U = 0 then for any ¢:
I(e) = B(—1+42gr(c)) <= I(e)+I(—¢€)=0, (2.15)

where gr is the Fermi function. In fact this identity is just a consequence of the

particle-hole symmetry. If U # 0 the relation above generalizes to
I(e,U) + I{—€,=U) = 0. (2.16)

So in the absence of the potential scattering, e = 0 at the saddle point. With the
help of (2.15), we write the saddle point condition as follows:

—€

Z (iwn‘—5+l¢|2GT(wn)) (iwn + ld’IZGg(wn))

Wwn

_ Ul6|*G5(wn)Gr(wn)
-2 (iwn —€e+[6|2G1(wn)) (iwn+|81°GE(wn))’

(2.17)

Wn
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so that both sums become convergent at w, — oco. Clearly € = 0 as long as |@¢| = 0.
Near the phase transition, the order parameter |¢| is small and therefore ¢ is also

small. After introducing dimensionless parameters

e, BB, U—»él—]- Jo uz’ 62— W (2.18)
and using € < 1 we can simplify (2.17) to
tanh——P __~o <1 +2/¢|?In —-> F($,U), (2.19)
1+ 2|¢%In ﬁ €]
where
Ulol” (2.20)

dz
Fo0)= [ 5 -
S [ (14 &) +16P]° + U2
The function F' increases linearly with U at small U and saturates at 1/2 at U — co.
At finite temperature and small U or |¢|, (2.19) shows that € o< T up to logarithmic

corrections, i.e. instead of (2.19) we can write:

6

T PTRE

2(1+2|¢|*InB) F(¢,U). (2.21)

As long as temperature is not too small we can ignore the weak logarithmic depen-
dence of the RHS of (2.21) on T, and ¢ is a decreasing function of temperature. This

picture is valid down to T = Tk, where

1—-2F(¢,U)
At this temperature € saturates becoming
e ~ Tk (1 +2|¢[%In T_1K> : (2.23)

The quantity Tk gives the low-energy scale of the problem and further will be iden-
tified with the Kondo temperature. Note that it depends exponentially on the order

parameter |@)|.
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The second equation defining the saddle point is obtained by differentiating (2.12)

with respect to ¢. There is always a trivial solution ¢ = 0, the second one is found

Jol) o

where the sum over discrete w, was transformed into the integral, which is justified

from:

in the low temperature limit. Assuming ¢ < 1 and eU < 1, i.e. the system is in the

vicinity of the phase transition, (2.24) becomes:

1 [dz  (1+|¢PIn(1+%)) In(1+)
z O/.:r_ (2.25)

1+ |92 In(1+ 2% ) +x2U21n2(1+;—2)’

The RHS of (2.25) is bounded from above with the value 1 corresponding to ¢ = 0

and U = 0. We see that if J is less than the critical value J, given by

Tde In(1+%)
= 2.26
0/77 m2U21n(1+ %) (2.26)

then ¢ = 0 at the saddle point and the impurity is decoupled from quasiparticles.

The critical coupling is an increasing function of U. In particular

Jo(U) = 1+%U2 at U <« 1,

J(U)=U atU > 1. (2.27)

As J increases and becomes larger than J;, the nontrivial solution of (2.25) becomes
relevant, since it defines the minimum of the action as a function of |¢|?. Near the

critical point J = J, we have:

J—J U
2 ¢
9~ e (1 + 21n2> U<l

J - Jc(U)
Je(U)

162 ~ at U1, (2.28)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 24
At the transition Tx = 0 and according to (2.22) its asymptotics are:
T ~ - Jz(U) In2 t U 1
x(J,U) =~ exp 2T - J(U))20 at U <1,
(2.29)
’ 2
TK(J, U) ~ exp (—ﬁ%ﬁ) at U > 1.

These expressions show that close to the phase transition, Tk is exponentially
small and as long as Tx < T < 1, the system is in the regime where the effective

impurity energy e is a temperature dependent quantity (see (2.21)):

2
€ = l(1'{—']_']‘:lnﬁ> U=J)U at U <1,

B J22In 2 J2
1 J = J.(U) 2 9(J-JU)nU

In the regime, where T' « Tk, € saturates at the value proportional to T}( (2.23).
The exponential behavior of the Kondo temperature and the effective impurity energy
have been already predicted in [24]. However, we note that this is the case only if
the particle-hole symmetry is broken. In the particle-hole symmetric case € and T
are identically equal to zero for the whole range of the magnetic coupling constant.

As we noted in the introduction, our results are quite different from those- de-
rived in [23, 24]. We believe there are several weak points in those treatments. In
particular, the action (2.28) in [23] clearly doesn’t give a zero saddle point for the
effective impurity energy €; in the particle-hole symmetric case Q 5= N/2 (we use
the notation of 23] in this paragraph). As a result the action in that form does not
predict the Curie law for the susceptibility even when the impurity is free. On the
other hand this symmetrization is appropriate for finding the order parameter ¢ and
the critical coupling g. (J. in our notation). That is why we find completely different

expressions for the Kondo temperature as compared to [23], while the critical cou-
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pling J, remains the same. In their second paper [24], the authors considered only
the linear density of states (see (3.33) therein) and treated the action more carefully.
However the saddle point equation (5.3) in [24] is still incorrect. It gives the nonzero
value of €; in the particle-hole symmetric case (see e.g. (5.9) with z = 1/2). It seems
that there was lost a contribution to (5.3) from the residue at |e| > |Ao|, and hence

an implicit particle-hole asymmetry was introduced.
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Figure 2.1: Phase diagram in the J—U plane. The solid line (J = J.) corresponds to
the Kondo transition at zero temperature. The dot and the dashed lines are the con-
tours of constant Kondo temperature Tk (J,U) = 10~ and Tx = 1075 respectively.
The critical spin-spin coupling J, remains finite at U = 0, however in this case there
is no real transition to the Kondo phase since at any finite temperature the crossover
value of J (dashed and dot lines) diverges as U — 0. For r < 1 the phase diagram is

similar to this, while for 7 > 1 the zero temperature boundary between the Kondo
and Curie phases is analogous to the dashed line.

Figure 2.1 illustrates the phase diagram in the J — U plane. The solid line
corresponds to the phase transition, while the dashed and dot lines show the contours
of the constant Tk. At fixed T the latter lines separate the high-temperature (Tx <

T) and the low-temperature (Tx > T) regions. Here we would like to emphasize
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that the phase diagram with the dashed line being a boundary is reminiscent of that
obtained by NRG [57]. This probably indicates that the large N-theory is not very
reliable in the zero temperature limit. It is also important to note that the curve
J(U), corresponding to Tk =const is very insensitive to the variations of the latter.
Thus the dot and the dashed lines corresponding to Tx = 10~* and Tx = 1073

almost coincide.

Generalization to the nonlinear density of states

Before we proceed further with d-wave superconductors, let us generalize the expres-
sions obtained in the large N limit to the case of vanishing density of states with an

arbitrary exponent:

Bl el <1
ple) = (2.31)

0 l¢g>1

i.e. the action is still given by the equation (2.12), but the unperturbed Green

1 14r 347
1~7:( 179 g v )
Go ) = / _ r+ 2 12

wi-+ 62 2 W, '

function G3(wy,) is now as follows:

:Eml =

(2.32)

where F is the hypergeometric function. High and low frequency asymptotics of G§

are
4
Wi ey — e wa K1
G(wy) =~ 4 : (2.33)
iwy ! wn > 1.
\

For 7 < 1/2 the problem was studied in detail in [73, 165]. Both the consequent
analysis and numerical results [57] show that the effects of the particle-hole asymme-

try become crucial for r > 1/2. Here only this situation will be considered. Doing
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the same steps as before we find the critical J, where |¢| first becomes nonzero, is

JCNT(T;D at U—0
Jo ~ U max i1 at U— oo (2.34)
¢ r+1’ ' '

In the case of small potential scattering U, the order parameter near the phase

transition is:
J—J, 4r—2 1 1N\
ot~ (v (5) 0 (3)) (285)

where 1 is the digamma function. Note that regardless of r, |¢|? is proportional to

J — J.. However, when ¢ is considered, it is necessary to distinguish between r < 1

and 7 > 1. In the former case one can define the Kondo temperature:

Ty [ 2cos I +4T—1 cos’;—"('(2r))}_1+f’

m(l—r) ' 41 gl |giF.(U (2.36)
where ( is the Riemann zeta function,
RO~ S (4(B) - (3)) mru <
22r-1 2 2
oy~ Lo m Lt for U > 1. (2.37)
(cos zrér_)? 727+ sing
For r < 1 near the phase transition we have:
Ty o (J — J)=== (2.38)
Above the Kondo temperature ¢ increases with T, while for T' < Tk it saturates at
the value:

147 r
1T (1+7) _ 2cosF .
e~ ¢l 2cos I~ T \1 ar(l+7r)" ¥ - (239)

It is easy to check that the expressions for r = 1 obtained earlier are consistent with
these formulas.
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The picture becomes quite different for » > 1. If the order parameter is sufficiently

small, € can be found from:

tanh (H_ﬂe____>= 2|6 (1+:—§|¢|2> F.(U). (2.40)

el
Provided the RHS of (2.40) is less than 1, this equation has a solution with € < T,
i.e. vanishing as 7" goes to zero. On the other hand if the RHS becomes larger than
1, this equation has no solution and at zero temperature at this point there is a phase
transition to the Kondo phase. Thus for r slightly greater than 1 and U <« 1 the

new critical coupling J., which gives the actual transition to the Kondo phase, is

r—1

Je~ J.+0.35 i

. (2.41)

For U > 1 we have J, ~ J,. The diverging behavior of J, at U — 0 is in fact very
similar to that of the crossover value of the spin-spin coupling for r = 1 at finite
temperature (see dashed line in Fig. 2.1). However, for r > 1 this divergence exists
even in the zero temperature limit.

At this point we obtain an additional evidence thaf the large-N theory might be
not reliable at small temperatures for 7 < 1. Namely, the NRG analysis shows that
7 = 1 is not a special point in the phase diagram [155]. On the other hand, the saddle
point approximation predicts that the curve similar to the dashed (not solid) line in
figure 1 corresponds to the transition to the Kondo phase for r > 1. At the same
time at finite temperature, the mean field results are qualitatively similar to those
given by NRG [73, 155]. Moreover, for 7 close to 1 the contours Tk (J, U) =const are

very insensitive to the magnitude of Tk (see Fig. 2.1).
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2.2 Magnetic susceptibility and quasiparticle den-
sity of states.

We start this section by calculating the local magnetic susceptibility at zero field. In

the saddle point approximation it is given by:
— . (2.42)
Using (2.14) we immediately get:

N
Xioe = Z VTR (2.43)

This expression becomes particularly simple if there is no potential scattering and

€ = 0 (we always assume that the temperature is small compared to the cutoff, i.e.
B> 1):
N —2
e~ 1 (1+2061082) (240
It is not surprising that for ¢ = 0 in the physical case N = 2, (2.44) gives one half

of the usual Curie constant. This feature is an artifact of the large N techniques

applied here. For r < 1 instead of (2.44) we have

1

Ng _ 2cos T |7

Xioe ¥ 7 1< BLBo=m [W(T n 1)¢2] (2.45)
2NpB*tcos® I 47 —1

Xloc & HAm2Ar+(r +1)2 47 ¢(2r) B> fo (2.46)

On the other hand for 7 > 1 the local susceptibility in the particle-hole symmetric
case is completely described by the Curie law.
The formulas above are valid as long as ¢ € T. For r < 1 this is equivalent to

T > Tk. Below the Kondo temperature ;0. saturates at:

Nigl?
4Tk (1 — 2|92 In(Tk))3
N 2(1-r)cos®Z
4|¢|4T12{""1 r2p2r=1(r +1)2

Xioe forr =1, (2.47)

Xloc forr < 1. (2.48)
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Figure 2.2: Temperature dependence of local (top) and impurity (bottom) suscep-
tibilities in the Kondo phase for different values of U. For U = 0 and U = 0.1 (see
figure 2.1) the Kondo temperature is much smaller than T = #~! for all plotted
values of 8. So both susceptibilities increase with 8. Note that Xy, is clearly a
sublinear function of inverse temperature even in the particle-hole symmetric case.
For U = 0.2 and U = 0.25 the Kondo temperature becomes large enough and both
susceptibilities have a maximum at 8Tx = 1. The local susceptibility. saturates at

B — oo, while Ximp — 0.
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The temperature dependence of x;,. for 7 = 1 is plotted on the top graph on
figure 2.2. This function is non-monotonic with the maximum occurring at T =~ Tk.

Using equation (2.43), it is not hard to calculate a correction to xo(T = 0) for
T K Tk:

23
Xioo(T) = Xioe(0) = %(%zlgl_?‘ (

1+2|¢|°In 51,-) (2.49)
showing that x;.. decreases at T'— 0 for T < Tk.

The local susceptibility is the response function to the magnetic field coupled
dnly to the impurity. We will also consider here the impurity susceptibility which
additionally includes the contribution from the nearby electron cloud .

Assuming that the g-factors of band and impurity electrons are the same, we see
that the only effect of the magnetic field » on the action (2.12) is the shift of the
imaginary frequency w, — w, + %h for the spin up states and w, — w, — ih for the
spin down states. Therefore, the impurity susceptibility at zero field is:

2
(1~ 192G (wn) ) 19125 Gir(wn)
Ximp = Zﬁzn: (wn + i€ — 3|$[2Gr(wn))” 4ﬂZ fon— e+ PGy 220

If € = 0, the expression above reduces to:

‘ NB 2|¢|?
Ximp = 16 (1 - H—ZMB') . (251)

Note that ximp asymptotically approaches the Curie law at T — 0, contrary to (2.44)
where T'xjoc — 0. This peculiarity was already predicted in [26], however in the later
work [57], Xioc Was found to be proportional to the inverse temperature without any
logarithmic corrections. The discrepancy between the mean-field and NRG results
can not be resolved considering the next terms in the 1/N expansion near the saddle
point. In fact, it is easy to show, that for U = 0 at each order of the perturbation
series for Xioc, a multiplier (1+2|¢|? In 3)? is generated in the denominator. Therefore

the sublinear dependence of x;,.(T) is generic for the large N approach. Probably

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. KONDO EFFECT IN D-WAVE SUPERCONDUCTORS 32

the reason for the discrepancy between this work and [57, 155] is that the large N
expansion is asymptotic in the particle-hole symmetric case and for r < 1, and it
does not converge as temperature goes to zero.

For r > 1 near J = J;, Ximp = Xtoc = NF/16. While for r < 1 there is a crossover

between

i £ Jf_g (2:52)
and

Mm“%?a (2.53)

for TGy > 1 and TGy < 1 respectively, with £y defined in (2.45). Hence the impurity
is partially screened. We note égain that these results are valid only for r > 1/2,
otherwise there is a transition to Kondo phase even in the particle-hole symmetric
case.

Below the Kondo temperature X;m, goes to zero in agreement with [24] . _For

example, at r = 1:
o T|¢|°N1n2
Ximp ™ T2 1 9| InT)’

(2.54)

The impurity susceptibility as a function of temperature is plotted in the bottom
graph of Fig. 2.2.

Another manifestation of the coupling between quasiparticles ana the impurity
is the change of the electron density of states, which is given by the imaginary part

of the effective Green function:

147, -
-;T G(r,r,Q), (2.55)

p(2,r) =S Tr

where () is a real frequency with an infinitesimal positive imaginary part,

G(r,r',Q) = G(r,r',Q) + G(r, 10, Q) T (Q) G(ro,r', Q). (2.56)
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The scattering matrix Tx (), corresponding to the Kondo contribution is equal to:

o
= ) 2.
Tx(Q) —Q + e, — |¢]27.G(r0, T, )7, (2.57)

Note that a similar form for 7" was found in [173] for the case of an Anderson impurity

below the Kondo temperature. Using (2.9), (2.55) can be simplified further:
p(2,1) = S G, VT (QCL (1, Q) + C2r, DT (QCA-1,0).  (2.58)

We have adopted the notation: -

1+7,

Gl(r,Q)=Tr 5

Go(r, @), GAr,Q)=TrZGo(r,Q),  (259)

1 1 2 1 |

Tu() = =1 e T <li UG8(Q)) Y wl%—;%‘%?%m' (2.60)

- The spatial dependence of the DOS coincides with that obtained earlier for the

case of pure classical scattering [137, 138]. We note that at small frequencies (@ <

A), there is a maximum at the nearest neighbors of the impurity and at r — oo

the asymptotic behavior of the DOS is r~2. Also it is easy to show that if the |

resonance frequency is much smaller than the superconducting gap, the spatially

integrated DOS remains particle-hole symmetric. It is determined by the momenta

in the vicinity of the nodes and therefore this result is valid regardless the microscopic

details of the model such as chemical potential, existence of second-neighbor hopping
matrix elements, etc.

Clearly the 7-matrix for the Kondo scattering channel has a pole at the frequency
QrTkx. Tk < A, ie J = Jg the resonant levels corresponding to the poles
in 7, and 7_ become very narrow and they have roughly Lorentzian shape. In the
opposite limit A <« T, the resonance corresponding to 7_ disappears and (2.58)
results in the Fano lineshape in agreement with [171].

We would like to emphasize that the scattering in a strong classical magnet gives

two identical peaks at positive and negative frequencies and additional weak potential
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coupling results in the weak splitting of those [138]. In the Kondo case, even at small
U the spatial structure of the resonances at positive and negative frequency is highly

asymmetric.

2.3 Non-magnetic impurity in a d-wave supercon-
ductor

In this section we focus on the situation, where the spin is not located on the impurity
site, but rather it is a staggered moment distributed nearby. The main motivation
for this study comes from the NMR experiments [15, 16, 75, 97, 98, 103] with non-
magnetic Zn or Li impurities in BiSCCO superconductors. The effective strength of
the induced moments rapidly decreases with the distance [75], therefore it is reason-
able to assume that the spins are located only on the first nearest neighbors.

In this way the new interacting part of the hamiltonian becomes:

How = Ul o) 93(r0)— 5 S04 Fr ~ Elb () (Bl x2) = 9] ), (261)

s€0

where O denotes the subset of the sites closest to the rg. Contrary to the spin-spin
coupling which is strongest on the nearest neighbors of the impurity, the potential
scattering is dominated by the local term, therefore its form is unchanged as com-
pared to (2.4). Repeating the same steps as before and using the static approximation
we obtain:

S=-~-Trln ( + €T, — Z s G (rs,rs: > ) % qu (2.62)

s,8'€0 se0

This action can be also evaluated in the saddle point approximation. The important

difference with the local spin case is that there are four nontrivial saddle points

corresponding to S (¢10 = ¢o1 = ¢"o = ¢, 1) D (¢10 = —dor = P10 = — @y, 1), and
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Figure 2.3: Critical spin-spin coupling as a function of potential scattering for the
non-local spin case. The D-wave configuration of the order parameter ¢ always has
a lower critical coupling J, and thus corresponds to the Kondo phase tran51t10n
Contrary to the local spin case J.(U) is a decreasing function.

P (¢10 = —d10; do1 = ¢p1 = 0) symmetry of the order parameter, the latter case
being doubly degenerate. In Fig. 2.3 we show the dependence of the critical coupling
Je on the potential scattering for the order parameter of the S and D symmetry (P
case is always in between), and for the local spin. Clearly, for the whole range of
U, D-order has a lower J. and as a result a smaller action. Also, contrary to the
local spin case, J, decreases with U. This phenomenon is readily understood since
the potential scattering increases the quasiparticle density of states on the nearest
neighbors [137, 138], where the magnetic moments are located, and hence enhances
the effective spin-spin coupling. It is interesting to note that the effective DOS of the
“bath” electrons for the D-wave saddle point in the absence of potential scattering
term is proportional to w3, and not w, due to Green’s functions cancellation near the

nodes. However this feature is not important for the subsequent analysis.
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Qualitatively, both the local and impurity magnetic susceptibility do not change
as compared to the local spin case, since they are sensitive to the value of the impurity
spin and not to its distribution. The situation is quite different for the density of
states . In particular, for the spin scattering part and D-wave order parameter (2.58)

generalizes to

P9.5) = 9 |G (5, T ()G (1. + GLr TG ], (265)

where:
' -1
g (Q> = 2 0 ’ (2'64)
Q. e+lgf2 (G4()+ SR )

Gi,m(r) Q)= Z(si - 312,:) Giz(r, 15, 8),

s€0

GoQ) = Y (si—})(ss” = 5,°) Gil(rs — 14, ),

5,8'€0
with s; = 0,£1. The resonance frequency is approximately equal to the Kondo
temperature as in the local spin case. If the potential scattering is not too large
UG}(Tx) < 1, then the spatial dependence of the DOS is determined by the inter-
ference from the scattering on the four nearest neighbor sites of the impurity. In
particular, for the D (S) order parameter, the resonance corresponding to the 7_
(7}) matrix gives the largest DOS at the impurity site r = rg, a local maximum at
the second neighbors and very small signal at the first neighbors. This behavior is in
the excellent agreement with the experiments, where the spatial distribution of the
DOS near a Zn impurity was directly observed [114]. Also at r — oo the density of

states vanishes as r—¢

, i.e. much faster than for the the local scattering. The spa-
tially integrated induced DOS is generically particle-hole asymmetric. In particular,

it can be shown that if UGS(Tk) < 1 and Tx < A then at the resonance frequency
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the integrated DOS is:

4 e2A2 d%k
Q) ~ — / Ak ST,.(Q 2.65
4 Ab d’k
_(—Q) = —/ k S7_(—-Q 2.66

Simple power counting shows that (2.65) and (2.66) converge near the nodes. There-
fore the ratio of the spatially integrated DOS is nonuniversal and while for particle-
hole symmetric spectrum p._/p, ~ 2.5, it decreases with the doping, crossing 1 at

some level. For comparison we will give the results for the local spin:

@ =~ [ %k o1 (2.67)
A RCTYSCOE
Ep Tk
) A2 @k
p(-Q) ~ / ST (—Q 2.68)
N =y o ‘
ExTaL

These expressions logarithmically diverge when € and A become small, and therefore
it is necessary to put a low energy cutoff of the order of the frequency. The integrals
mainly sit on the nodes and p, = p_ if £ is small. Physically these differences are
related to the slow (1/7?) dependence of the DOS on the distance for a single spin,
while for the nonlocal scattering, the DOS rapidly decreases away from the impurity
and the main contribution to the spatial integrals comes from the short distances or
high momenta.

Let us say a few words about the strong potential scattering case U > 1. As
we see from Fig. 2.3, the critical Kondo coupling J, goes to zero as 1 /U up to
logarithmic corrections. Therefore for most values of J the system is in the Kondo
phase. If J is not too large, then the order parameter |¢| and the Kondo temperature
are small enough so that the condition UGY(Tx) < 1 is fulfilled. As a result, the
spatial structure of the DOS remains the same, as if there is no potential scattering.

This contradicts the naive idea of the “hard-wall” impurity, which prohibits a large
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DOS at r = ry. The reason why this argument is not correct is that if the energy
scale T is too small then the potential scattering is irrelevant. If bc;th conditions
U > 1and J > J, are satisfied then UG)(Tk) might be greater than 1. In this
case, the Kondo scattering occurs on the almost frozen density of states created by
the potential scatterer and apart from small variations, the spatial structures of the
Kondo and potential resonances coincide. But we emphasize again, that in order to

have this situation, U should be very large.

2.4 Numerical results

In this section we will present numerical results based on the analysis given above,
but using realistic parameters describing the band structure of BiySroCaCusOgys.
For the hamiltonian (2.3) we will include first, second and third nearest neighbor
hopping amplitudes to correctly reproduce details of the Fermi surface. We ignore
the potential scattering term U to see the results coming from the Kondo effect only.
As we argued above, only very strong values of U may qualitatively change the actual
picture at low energies. Although the calculations can be done only numerically, the
qualitative analysis remains the same as described before. Thus at magnetic coupling
larger than-some critical value, which we determine to be about 0.1eV at optimal
doping, the impurity gets Kondo screened, resulting in a resonant feature in the
scattering matrix. The energy and spatial dependence of the local DOS for a typical
set of parameters at 14% hole doping are shown in Fig. 2.4. Most significant is the
pronounced peak at ro (on the Zn site) at a bias, w = —wjy. This was a robust feature
of our results: the peak retained a small negative bias and width for a wide range
of J > J.. Away from the central site, the peaks were much weaker, and varied

slightly depending upon U and doping. At optimal doping (and more robustly at
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lower doping) we obtained the alternating intensity pattern in Fig. 2.4b. The spatial
integral of the spectrum at negative bias is larger than that at positive bias, and
the ratio is quoted in Fig. 2.4. In Fig. 2.5 we show the comparison between the
spatial structures of the resonances obtained within the present model and for pure
potential scattering in the unitarity limit. Note, it is necessary to choose a very large
value of |U| to make the peak sharp and occur at a small bias. Both these features
are sensitive to variations in the values of the doping, the band structure parameters
and U. Another important observation, which is clear from the graphs, is that the
spatial decay of the induced DOS oscillations is much faster in the Kondo case than

for the single impurity scattering, which is also in agreement with experiments [1 14].

Let us make a few remarks on the spatial dependencies in Fig. 2.4. The domi-
nant contribution at peak energy comes from the normal (77 - at positive bias) and
anomalous (7% - at negative bias) components of G (2.63). These two terms result
in complementary spatial structure of the DOS modulations in agreement with STM
data [114]. Using the location of the four sites in O and the d-wave structure of both
the superconducting gap function Ay and the ¢ fields, we see that at ro the normal
(anomalous) Green’s functions destructively (constructively) interfere leading to a
vanishing (large) peak at —Q. This interference is also responsible for the asymme-
try of the spatially integrated spectrum. (We note that for an s-wave pattern in the
¢ fields the interference mechanism is similar, with the difference that the peak at
ro appears at +{.) An analogous discussion [137] can be applied to the potential
scattering case, where such interference does not occur. So in order to explain the
spatial structure (both peak maximum at the impurity site and the fast decay of the
DOS modulations with distance), one has to introduce by hand an extra interference

mechanism as was suggested in [138]. We also note that the coherence peaks, appear-
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Figure 2.4: Tunneling density of states for the Kondo impurity model at 14% hole
doping with a realistic band structure (t = 0.1 eV, t' = —t/4, t" = t/8), Ay = 0.04
eV, J =0.21 eV, u = ~0.09 eV and U ~ 0. For these parameters J. = 0.1 V. (a)
Tunneling spectrum versus sample bias for the impurity site, the nearest and second
neighbor sites. (b) Spatial dependence of the differential conductance at the bias
0 = —1.9 meV (= —€). The ratio of the spatial integrals at #w is 1.5, and this
value increases with decreasing doping.
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Figure 2.5: Comparison between spatial structures of the low energy resonances for
the Kondo model (a) and unitarity limit of the potential scattering (b). The graph (a)
agrees with experimental results. In order to reconcile (b) with them, it is necessary
to introduce a filtering mechanism [101], which has not been independently verified.
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ing in the DOS at the gap energy, are much suppressed at the impurity site and its
neighbors, although we did not include a spatial variation of the pairing amplitude.
Furthermore, upon moving to the metallic state by setting A¢ = 0, our approach is
closely related to that of [171], and then the large DOS around the Fermi level leads

to a Fano lineshape.

2.5 Conclusions

In this chapter we studied the screening of a magnetic impurity in d-wave super-
conductors. It was found that there is a Kondo transition, which occurs only if the
particle-hole symmetry is distorted, e.g. by potential scattering. The Kondo temper-
ature is exponentially small near the critical coupling. However, at finite but small
temperature, the crossover from the regime T > Tk, where the impurity spiri is not
screened to T' < Tk occurs at qualitatively different values of the magnetic coupling
J (see Fig. 2.1), in particular the crossover J — oo if the potential coupling U — 0.
In the particle-hole symmetric phase it was found that the impurity susceptibility
behaves in a Curie-like fashion: T"x;m, —const as T' — 0, while the local susceptibil-
ity has multiplicative logarithmic corrections, so that: T — 0. This result, which
holds in any order of the 1/N expansion, agrees with [26], however it contradicts
later NRG investigations [57, 155]. It is possible that the logarithmic corrections are
beyond the accuracy of the large NV expansion in the particle-hole symmetric case.
On the other hand, the resulting phase diagram at finite temperature is qualitatively
similar to that, obtained by NRG [57, 155] and dynamic multichannel [157] methods.
Moreover the contours of constant Tk change very slowly (logarithmically) with Tk
(see Fig. 2.1). Therefore, we expect that the conclusions about the Kondo phase are

reliable.
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We also examined the situations with 1/2 < r < 1 and r > 1. The former
appears to be analogous to the r = 1 case with the only difference that exponential
(logarithmic) behavior is substituted by a suitable power law. For 7 > 1 the picture
is different in the sense that the phase diagram is qualitatively consistent with NRG
results even in the zero temperature limit.

Finally we studied the behavior of a non-magnetic impurity in a d-wave super-
conductor, which creates a staggered magnetization on the nearest copper neighbors.
It was found that the saddle point corresponding to the true minimum of the action
always has d symmetry. The resulting spatial structure of the quasiparticle density
of states near the impurity for this saddle point is consistent with the experimental
data. It was also shown that contrary to the single spin case, the critical magnetic
coupling corresponding to the Kondo transition decreases as U increases.

The developed model appears to be required to explain NMR [15, 16, 47, 75, 98,
103] and neutron scattering measurements [49, 134, 141, 158] on the same system. It
is therefore satisfying that our model also leads to a low bias peak in the STM; the
measured bias of this peak (1.5 meV) suggests that the Kondo screening of the mo-
ment (as can be measured directly in NMR) occurs at a temperature of order 15 K.
We note, that density of states measurements alone can not distinguish between the

| purely potential and the Kondo scattering mechanisms. Indeed, the Kondo screened
impurity behaves as a spin singlet and thus is equivalent to a spinless defect. The
main difference for the Zn impurity case comes from the fact that local moments
are induced on the neighboring sites and thus the scattering occurs from four points
and results in a particular interference pattern consistent with experimental obser-
vations. On the other hand there are no natural reasons to assume anything like
that if the impurity is treated as a simple single site defect. Therefore additional

filtering mechanisms between the Cu layer and the STM tip were advocated to rec-
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oncile that model with experiments [101]. It is difficult to argue what is the actual
information, which is obtained from the STM measurements. On the other hand,
further experiments may show which of these scenarios is indeed true. The potential
scattering should not be sensitive at all to the applied magnetic field. On the other
hand, the Kondo resonance should be destroyed by moderate fields corresponding
to the Zeeman splitting comparable to the Kondo resonance energy (€ = 1.5meV).
Also possible temperature dependence of the DOS can shade the light because again
at T ~ 15K, which is still much below T, at optimal doping in Bi;SryCaCuyOgys,

the Kondo effect would be destroyed, while the potential scattering would survive.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

Pinning of dynamic spin density

waves in HTSCs

Many studies of the cuprates assume that high temperature superconductivity is
best understood by a theory of doping mobile charge carriers into a Mott insulator
which is paramagnetic [8] i.e. a Mott insulator with no static spin moment on any
site and dynamic antiferromagnetic spin density wave (SDW) correlations. Studies
of paramagnetic Mott insulators on the square lattice of Cu ions {136, 159] showed
that the most promising candidates have broken translational symmetry associated

" with the appearance of spontaneous bond charge order. The term “charge order”
can be defined very generally: there is a periodic spatial modulation in observables
which are invariant under spin rotations and time reversal, such as local electron/hole
density of states (LDOS), the spin exchange energy, the pairing amplitude, or the
electron kinetic energy contained in a link of the square lattice; the modulation in
the total charge density may well be unobservably small because of screening by the
long-range Coulomb interactions. |

Ref [159] studied the doping of the charge-ordered paramagnetic Mott insulator:

45
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superconductivity co-existed with charge order for a finite range of carrier concen-
trations (§), and a d-wave superconductor with the full square lattice symmetry
appeared above a critical §. This, and other theoretical and experimental studies
have concluded that the low temperature properties of this d-wave superconductor at
optimal § are qualitatively identical to those of a BCS superconductor obtained by
the Cooper instability of a metallic Fermi liquid. This conclusion raises the question
of whether the connection to the Mott insulator is even necessary in a description of
the low temperature properties of the superconductor at or above optimal 4.

A number of works [10, 50, 61, 85, 108, 132] have argued that memory of the
Mott insulator should survive in and around vortices in superconducting order: the
suppression of superconductivity in the vortex core implies that the Cooper pairs are
not condensed, but the electrons should still strive to retain the exchange correlation
energy of the Mott insulator. This reasoning, and the studies of the doped paramag-
netic Mott insulator [159], led to the suggestion that the static charge order, along
with dynamic SDW correlations, should appear near vortex cores.

Hoffman et al. [64] introduced a novel scanning tunnelling microscopy (STM)
technology of atomically registered spectroscopic mapping. Applied to slightly over-
doped BisSroCaCuyOg.y,, they detected LDOS modulations around the vortex cores
at wavevectors K = (m/2,0) and K. = (0,7/2) (the square lattice spacing has
unit length and this modulation has a period of four lattice spacings), co-existing
with well established superconductivity [36, 174].

Bulk charge order with this, and related, periods has been discussed in insulat-
ing/superconducting paired hole states from a number of different theoretical per-
spectives [2, 17, 25, 87, 115, 153, 159, 163, 169). Neutron scattering studies of the op-
timally doped cuprates have not (so far) seen dynamic or static charge order, but do

see collinear SDW fluctuations at wavevectors K, = (37/4,7) and K, = (m, 37/4)
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and at energies above a spin gap A. On symmetry grounds [170], collinear SDW cor-
relations are accompanied by charge order correlations at wavevectors 2Ky, ,,, which
equal the values of £K;,, modulo reciprocal lattice vectors. As we will show below,
this connection can be used to describe the spatial envelope of the charge order in
the doped Mott paramagnet by the pinning of a ‘sliding’ degree of freedom of the

SDW by imperfections, such as vortex cores.

3.1 Phenomenological model

We assume the cuprate superconductor has a dominant spin collective mode near the
wavevectors K, = (37/4,7) and K, = (7, 37/4), and so write for the spin operator

on the lattice site r at imaginary time 7
Sa(r,7) = Re [e™= @ (r, 7) + €KV Do (r, 7)]

where ®;,, are the spin density wave (SDW) order parameters which are assumed
to be smooth functions of spacetime.
We use a Gaussian action for @, ,, fluctuations:

Se =T Z X:;I(q, wn)|@ze(a, wn)|2 + (z — v); (3.1)

Q,Wn,

we have Fourier transformed from (r, 7) to wavevectors q and Matsubara frequencies
wn at a temperature T. The dynamic spin susceptibilities x;, will be inputs from
which we will deduce the dynamic structure of the pinned charge order. However,
this should not be interpreted as a causal connection from the SDW fluctuations to
the charge order; rather, our method relies on the assumed proximity of the super-
conductor to a quantum transition to a supercor;ducting state with long-range SDW
order (36, 159, 174]. The presence of such a quantum critical point, aﬁd the values

of Kz 4y near it, are determined by a complicated interplay between spin and charge
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correlations in the supérconductor and the proximate Mott insulator. We will take
a simple functional form for x,, (see below), with a spectral weight which vanishes
below a spin gap energy A (a more accurate form can, in principle, be extracted
from neutron scattering experiments). Sachdev, Demler, and Zhang [36, 174] argued
that the value of A can be tuned by an applied magnetic field perpendicular to the
square lattice layers, and its priniary effect is a reduction in A.

Invariance under translation by n, lattice spacings in the z direction (for arbitrary
integer n,) leads to the symmetry &, , — €="/4®,, obeyed by Sy (and similarly for
®,.). As long as this symmetry is preserved, no observable will exhibit static charge
order at wavevectors K., ,. However, this sliding translation symmetry is broken
by any imperfection (vortex core or impurity) that may be centered near r = ry,
provided the spatial extent of the imperfection is not much larger than the charge
order period (4 lattice spacings). We account for such an imperfection by adding a

pinning term to the action

Sin ==Y [ dr [68%(r0,) + (@ = 9) + e ], (3.2)

where (;, are complex coupling constants representing the pinning potential. Note
that Spin contains the simplest terms which break the ®, o, — e™=™/4®,, symmetry,
but preserve spin rotation invariance. Additional terms like @4 (rg, 7)®ya(ro, T) are
also permitted but we will not include them for simplicity; such terms lead to a
90° turn in an SDW fluctuation and can be expected to have a small amplitude on
physical grounds—their presence will lead to additional charge order at +K,, + Kgy.
We also note that the theory for the superconductor proximate to a charge ordering
transition has a pinning term linear in the charge order parameter.

STM involves tunneling of single electrons, and so to compute the STM spectra

we couple the Gaussian SDW fluctuations described by S + Spin to the electrons,
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which we describe by a standard d-wave BCS model:
Hpcs = Z Ul [(ex — )% + A7) Ty - (3.3)
k

Here ¥y = (cx, cf_kl) is a Nambu spinor at momentum k = (k;, k), 7%%% are Pauli
matrices in particle-hole space, and p is a chemical potential. For the kinetic energy,
ex we have first (t) and second (¢') neighbor hopping, while we assume a d-wave form
for the BCS pairing function Ay = (Ag/2)(cos k; — cos k). The full Hamiltonian for

the conduction electrons reads
H = Hpos+7 Y, ch(r)o2,c(r) (Pealr)e™=" + &} (r)e™™ =" + (z - y)), (3.4)

where o are the Pauli spin matrices, and «y describes the scattering of the Bogoliubov
quasiparticles of the superconductor off the SDW fluctuations. We note that Han [61]

has used the same model, but used microscopic computations on the t-J model as

input for x.
g Figure 3.1: Feynman diagram corresponding to
.7 % N the LDOS modulation described by 3.5. Solid
/7 . and dashed lines represent quasiparticle and SDW
~§ e propagators respectively. The cross corresponds to

the pinning of the SDW by a local defect.

In second order in the quasiparticle-collective mode coupling ~ and in first order
in the pinning strength (, described by the diagram 3.1, the model predicts the

following density of states modulations:

1+
2

6p(r,w) &~ STE="2 37 Go(r = 14,0)S(r0, 12,0)Golrz = 1,w),  (3.5)

ri,re

where Gy is the electronic Green’s function in a canonical translationally invariant
BCS superconductor with kinetic energy ex and pairing amplitude Ay (the momen-

tum subscript on Ay distinguishes it from the collective spin gap A), and 7, is a
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Pauli matrix in the Nambu particle-hole space. The self energy ¥ arises from the
coupling to the spin collective mode, and we focus only on the contribution which

breaks translational invariance because of the pinning of the collective mode

d
2(ry, ro,w) = 12&72/%X(I‘Q,I/)X(rl,V)Go(l‘g—rl,w—ll) cos(K;(r1+r2)—0). (3.6)

Thelparameter d, which is the phase of the coupling (, distinguishes site centered
SDWs (6 = 0) and bond centered SDWs (§ = n/2). Following the STM experi-

ments [64, 65, 67, 68], we will compute the Fourier transform of the LDOS:

2
spla.) =TT [ FhGulu)Dh k+q )Gk +q0).  (3)

It is not difficult to see from (3.5-3.7) that in the limit of a large spin gap (A —
o0), the modulations in the LDOS predicted by (3.7) are identical to those predicted
in a model of quasiparticle scattering off isolated, point-like static impurities or other
imperfections considered in Ref. [161]. For a general scattering potential u(q), and
impurity-induced variation in the superconducting gap v(qi, q2), the expression for

the LDOS modulation due to static impurities in the Born approximation is:

spalaw) = STEE [ 2 6ol w)ularmn +olok + dm)Golcta.0). (38)

Below, we will compare the predictions of (3.8) to those in (3.7) of a pinned dynamic

SDW with a finite A.

3.2 Numerical results

Sample results from the dynamic SDW model (3.7) are shown in figs 3.2-3.4. For
small spin gap A, the LDOS shows the expected [170] modulations near q = 2K, .
The magnitude of this modulation depends strongly on the value of A, and the strong

expected dependence of A on doping and applied magnetic field [36] (A decreases

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. PINNING OF DYNAMIC SPIN DENSITY WAVES IN HTSCS 51

with decreasing ¢ and increasing field) will lead to a corresponding variation in the
LDOS peaks near q = 2K, ,. This peak also disperses as a function of w, with the
dispersion being stronger for larger values of A as shown in fig. 3.4; the decrease in

the q value of the peak with increasing w is consistent with observations [65].

05 00 05 4 (wa)'0 et 05 00 05q (va) 19 05 00 5 q (ua)'0
w=10 meV A=10 meV @=20 meV A=10 meV w=30 meV A=10 meV

Figure 3.2: Fourier map of the LDOS ép(q,w) in (3.7) for A = 10 meV. The BCS
superconductor is parameterized by ¢t = —0.15 eV, t' = —t/4, p = —0.135 eV which
gives a doping level of about 15%, and Ay = 40 meV. The spin wave velocity was
assumed to be ¢ = 0.2 eV. The maxima around (7/2,0) come mainly from scattering
off a pinned SDW. The other peaks are due to details of quasiparticle spectrum.

. -1.0 T
-05 0.0 0.5q. (x/a)’ 0 -1.0 -0.5 0.

0 05 10 05 00 o5 10
@=10 meV A=40 meV ©=20 meV A=40 meV %@ g, (wa)

w=30 meV A=40 meV

Figure 3.3: As in fig. 3.2 for A = 40 meV.

As is clear from figs. 3.2 and 3.3, the LDOS also has peaks in its modulation at a
number of other wavevectors. These arise from the two flanking quasiparticle Green’s

functions in (3.7), and are consequently sensitive to all details of the quasiparticle
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Figure 3.4: Dependence of the fourier component of LDOS on the wavevector along
[1,0] direction for different energies.
spectrum. These additional features are also present in the static impurity model
(3.8) whose results are shown in fig. 3.5

It is instructivé to compare the static impurity scattering prediction in Fig 3.5
to the dynamic spin collective mode predictions in Figs. 3.2 and 3.3: apart from the
strong contributions at q = +2K;, present in the latter, the former has the same
general features as the large A cases of the latter. This is one of the main points of
this paper.

The physics of the structure in the static impurity scattering LDOS modulation,
6pst(q,w) in (3.8), has already been discussed by several authors [161, 20, 86]. The
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Figure 3.5: Fourier map of LDOS for scattering off a single localized defect, dps(q, w)
in (3.8). We used a point defect with u(q) = v(k,k+q) = 1.

expression (3.8) can be rewritten as:

&2k (W — ex) (W — Ekrq) — AkAx
§ o [P o 9 +q +a_
(5p t(q,w) / (27‘[‘)2 5( w” + ex + Ak) (u(q) _lw2 + Ei-{-q + Al2(+q

o(k,k+ q) (w— Ek)zAk+q2+ Ak(wz_ Ek+q)> . (3.9)
~w? + Eiiq T Biiq
We would like to point out, that this formula is not a convolution of the product of
the density of states of quasiparticles at energy w with momenta differing by q, but
rather the product of the density of states of one quasiparticle with the real part of the
Green function of the other. It contains square root divergences [20] at wavevectors,
where the contours of constant energies w? = e} + Af and w? = e}, + A%,
are tangent to each other. These singularities form one-dimensional manifolds in
the Fourer space. At special wavevectors there are local extremes, which look like
isolated spots [20]. We show some of the wavevectors corresponding to these spots in
Fig. 3.6. This singularities are quite weak in our plots; for strong impurity scattering
it is necessary to go beyond the Born approximation, and then the structure at
these (in fact at slightly different) wavevectors can be enhanced as discussed in

Refs. [102, 161]. There are also other momenta giving large DOS modulations.

For example, in Fig. 3.5, the main contributions for q along the Brillouin zone
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Figure 3.6: Fermi surface of a typical cuprate superconductor. Banana-like lines
correspond to constant energy contours. The arrows identify some of the possible
wavevectors giving local maxima in LDOS modulation. Without quasiparticle damp-
ing fourier component of LDOS would have a square root divergence whenever the
contour of constant energy translated by vector ¢ (dashed line) is tangent to a similar
contour.

diagonals come from values of k and k + q near the nodal points and the underlying
Fermi surface near £(m,0), (0, 7) respectively, presumably coming from Van Hove
singularity . We emphasize that all these features of quasiparticle-scattering induced
LDOS modulations also appear in our model of a pinned dynamic spin collective
mode. In particular, as we noted earlier, if A is large, then the pinned SDW model
is equivalent to an effective short-range static quasiparticle potential, along with
additional weak modulations at £2K, (compare Figs. 3.3, and 3.5). For smaller A,

the effective quasiparticle potential created by the SDW fluctuations is dynamic, but
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the qualitative the picture at wavevectors different from +2K, , remains the same.

3.3 Conclusions

In conclusion, we have shown that our model displays many of the features observed
in recent STM experiments. Besides the modulations of the LDOS at wavevectors
+2K;, arising from the spin collective mode, we find other features related to the
spectrum of the fermionic Bogoliubov quasiparticles. The positions of the maxima

“at £2K;, have a relatively small (but not negligible) dependence on the tunnelling
energy w, while other features are more strongly dependent on w and the details of
the quasiﬁarticle spectrum .

Whether the observed periodic modulation at the wavevector (7/2,0) is related
purely to the details of the Fermi surface [102] or the period four modulations in the
electron density of states can be attributed to the other collective degrees of freedom
like static or dynamic SDWs as we discuss here or some other static charge density
wave modulation [117] still remains an open question. It will be possible to resolve
it doing further experiments. The spin fluctuations should drastically increase with
the applied magnetic fields because of the strong field dependence of the anticipated
spin gap A [36, 174]. Also, the details of the Fermi surface will strongly change
upon doping. Thus, the period four modulation which is some kind of coincidence at
some doping level in the simple scattering model, should be modified to completely
different periodicity. On the other hand, the models which favor intrinsic order would
still predict density of states modulations at the same wavevector. These issues are
currently the subject of intense theoretical and experimental research and should be

resolved in the next few years.
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Chapter 4

Phase oscillations of BECs in

optical lattices

As we already mentioned in the introduction, interacting bosons in an optical lattice
have a number of spectacular properties. For example they can undergo a quantum
phase transition from the superfluid to the insulating phase [46], and this was indeed
experimentally observed [58]. The facile tunability and long characteristic time scales
of these systems also offer an opportunity to investigate non-equilibrium dynamical
regimes that have not been accessible before for other systems. In this context, there
have been a few recent theoretical studies of the temporal behavior of bosons in a
- periodic potential [40, 51, 88, 151]."

Motivation of the purpose of this chapter requires an understanding of the differ-

ent parameter regimes of the boson system, which we will assume is well described

by the single-band Hubbard model:
H=>Y |-J(ala; ) + Viale; + Zalas(ale — 1 4.1
= > |-J(ala1 + al,q05) + Viala; + Eajaj(aja, -1)|. (4.1)
J
Here a; is a canonical Bose annihilation operator on sites of the optical lattice

(“wells”) labeled by the integer j, J is the tunneling amplitude between neighboring

o6
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lattice sites, U > 0 is the repulsive interaction energy between bosons in the same
lattice minimum, and V; is a smooth external potential due to the magnetic trap
which is usually parabolic. We will mainly consider the case of a one-dimensional
optical lattice, relevant to the experiments of Ref. {112], but geﬁeralization to higher
dimensions is straightforward. There is another important parameter in the model:
N, which is the typical number of bosons per site (in the case of nonuniform poten-
tial the more precise definition would be the number per central site, where V; has
a minimqm). The importance of N becomes apparent if we consider two opposite
regimes of the model. For simplicity let us ignore for the moment V;. Then clearly
in the limit U — oo the ground state would be a Mott insulator with precisely N
bosons per site. The elementary excitation would be a transfer of a single particle

by one lattice spacing. The corresponding increase of the interaction energy will be:

2 _1\2
EROE S SPILE

UN?’=1U.. (4.2)
On the other hand, because of the uncertainty relation §Nd¢ > 1/2, it is clear that
if N =1 then the phase fluctuations are also of the order of one and the gain in the

hopping energy will be:
—0FEhop = 2JN{cos §) ~ JN. T (4.3)

If we equate these two energies we will get a qualitative estimate for the boundary of -
the superfluid - Mott insulator phase transition. Indeed if the hopping is zero, there
is clearly a gap in the excitation spectrum, and small tunneling can not immediately
destroy it. On the other hand if JN becomes larger than U, the gap disappearé and
the bosons can hop. The ground state then becomes superfluid. Let us now look
into hamiltonian (4.1) from the opposite limit of vanishing interaction U — 0. Then

the energy associated with hopping is still the same as before:

Enop ~ —2JN (4.4)
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while the interaction energy reads

2
Eint ~ UNT (4.5)

Equating these two energies gives another scale for the interaction:
U= J/N. (4.6)

It determines the crossover from the noninteracting to strongly interacting superfluid.

Note that if N > 1 then there is a wide range of parameters:

% KUK JN, (4.7)

where interactions are important but the quantum fluctuations are still relatively
weak. This gives an additional motivation for studying the regime N >> 1.
Instead of U, it is convenient to introduce a dimensionless measure of the strength

of interactions between the bosons A:

UN

AS |

(4.8)

the different physical regimes of H are also conveniently delineated by the values
of A. The Mott insulator will correspond to A > Ag; ~ N2, while the crossover
from weakly to strongly interacting superfluid occurs at A ~ 1. In this chapter we
will be mostly interesting in the superfluid regime, i.e. A <« N2. The discussion
above is somewhat modified in the presence of external potential (see Appendix A)
The phase transition is no longer there, but the scale for importance of quantum
fluctuations Ag; remains essentially unchanged.

For N large, and A smaller than \gy, it is widely accepted [61] that the dynamics
of H can be described by treating the operator a; as a classical c-number. (We
will investigate the conditions for the validity of this classical approximation more

carefully in Section 4.1, where we will also discuss the time range over which it can be
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applied.) More precisely, we introduce the dimensionless complex dynamical variable |
1;(t) whose value is a measure of (a;(t))/v/N; then its dynamics is described by the

classical hamiltonian

J

V; A
Hgp = Z [‘(’/’;d’ﬂl +Yia¥s) + 7J|¢j|2 + '2‘|'¢j|4 ; (4.9)

and the Poisson brackets
{d’j»d);} = d;;. (4.10)
Here, and henceforth, we measure time in units of %/J. The resulting equations

of motion are, of course, a discrete version of the familiar Gross-Pitaevskii (GP)

equations. In the case of a parabolic confining potential

72

(RS
n -
D vy

Nonuniform V; also can lead to localization of bosohs in separate wells; in particular,
even without interaction (A = 0), when |V}, — V;| > 2J the eigenmodes of (4.9)
become localized. Note that this localization is a purely semiclassical effect, described
by the GP equations. If V; is smooth then for A > Ag;, the system undergoes a
transition (or rather crossover) to a nonuniform insulating state driven entirely by
quantum fluctuations [13, 78].

Describing the non-equilibrium quantum Bose dynamics for A < Asr is now
reduced to a problem of integrating the classical equations of motion implied by
(4.9,4.10). However, it remains to specify the initial conditions for the classical
equations.

As an example, consider the physical situation (of current experimental inter-
est [154]) where for ¢ < 0 the bosons are in a Mott insulating state with A > Agr,
and at time ¢ = 0 the optical lattice potential is suddenly reduced so that A < Ag;

for all ¢ > 0. Clearly, the GP equations should apply for ¢ > 0. On the other hand
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the initial Mott insulating state can be never described using semiclassical theory.
So we have to deal with the problem that the dynamics is classical but the initial
conditions are not. In the next two chapters we will rigorously show how to deal with
such situations in general. However for this particular example, the required initial
conditions are readily deduced by a simple argument. Let us consider the full quan-
tum Heisenberg equations of motion for a;(t) implied by H. By integrating these
equations, one can, in principle, relate any observable to the expectation values of
products of powers of a;'-(t = 0) and a;(t = 0). For the Mott insulator with A >> Ag;
these expectation values have a very simple structure: they factorize into products
of expectation values on each site, and are non-zero only if the number of creation
and annihilation operators on each site are equal. Furthermore, for large N, we can
also ignore the ordering of the a; and a;. operators on each site, and e.g. we obtain

to leading order in 1/N:
<a}n(t =0)ay’(t = 0)> & Onm0ie (N;)", (4.11)

where we have accounted for a possible spatial inhomogeneity by introducing N;
(a number of order N), the number of bosons at site j in the Mott insulator. In
terms of the classical variables 1, the ¢ = 0 expectation values in (4.11) are easy to

reproduce. We simply choose

¥;(t = 0) = /N;/Ne'i (4.12)

where the ¢; are independent random variables which are uniformly distributed be-
tween 0 and 27. The other intuitive way to get these boundary conditions is to
note that the initial insulating state is essentially a number state with well defined
number of bosons per site. On the other hand from the Heisenberg uncertainty
principle, the phase in this state is completely undefined, i.e. randomly distributed.

In this manner, we have mapped the fully deterministic quantum time evolution of
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H to the classical evolution of Hgp with stochastic boundary conditions. In prac-
tice, the procedure is then as follows: choose a large ensemble of initial values of
¢;, and deterministically evolve Hgp fér each such initial condition; the expectation
value of any quantum observable at time ¢ is then given by the average value of the
corresponding classical observable at time ¢, with the average being taken over the

random variables ¢;. In particular

<a;”(t)a;.’,‘(t)> 0™ N (g5 ey (t)>random be’ (4.13)

where we have indicated that the angular brackets on the left represent a traditional
quantum expectation value, while those on the right represent an average over the
independent variables ¢; specified by (4.12) at time ¢ = 0. We will henceforth
implicitly assume that all angular brackets have the meaning specified in (4.13),
depending upon whether they contain quantum or classical variables.

An important property of (4.13) is that while we must have j’ = j for a non-zero
result at ¢ = 0, this is no longer true for ¢ > 0. In particular, non-zero correlations
can develop for large |7’ — j| as time evolves, corresponding to a restoration of phase
coherence. Indeed the ground state for A < Ag; is superfluid and thermalization
must lead to increase of the phase correlations. However, in this paper we show,
that even without relaxation the coherence can be restored dynamically. (Of course,
as we are looking at one dimensional systems and the final state is expected to be
thermalized at a non-zero temperature, the phase correlations cannot be truly long-
range and must decay exponentially at large enough scales: however, guided by the
experimental situation, we will look at relatively small systems for which this is not
an issue.) Describing the dynamics of the restoration of this phase coherence is one

of the central purposes of this chapter. We shall characterize the phase coherence by
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studying the expectation value of

Dy(t) = 5 3 o(13 =€) (45 (6)el®)) (4.14)

J#e

where M is the number of lattice sites (for a nonuniform external potential V;, M
is just the ratio of the total number of bosons to the number of bosons in central
well), and g is some suitably chosen weight function. Observables closely related
to D, are measured upon detecting the atoms after releasing the trap so that each
site serves as a source of matter waves and they interfere with each other if their
phases are correlated. At time t = 0, Dy(0) = 0, and we will be interested in the
behavior of Dy(t) for ¢ > 0, an increase would correspond to an enhancement of
phase correlations characteristic to the superfluid phase. We note, in passing, that
a closely related procedure was used earlier [31, 32] to describe the onset of phase
coherence after a sudden quench from high temperature; here, we are always at zero
temperature, and move into a superfluid parameter regime by a sudden change in
the value of A.

We will begin our analysis of the structure of Dy(t) by considering the case with
two wells (M = 2) in Section 4.1. For the weakly interacting case (A < 1), D,(t)
exhibits Josephson oscillations with a period of order unity; the weak interactions
lead to a decay of oscillations with a slow (t7/2) saturation of the coherence at a
steady-state value at a time scale ¢ o< A~1. For A > 1 the oscillations are overdamped
and D,(t) saturates at ¢t o< 1/v/), which is, in fact, shorter than a single tunneling
time. For this two lattice site case we can also obtain a complete solution for Dy(t) for
the quantum hamiltonian H (described in Section 4.1.2), and this allows a detailed
analysis on the regime of validity of the semiclassical.GP equations. We show that
the semiclassical approach is valid for two lattice sites when N is large and ¢t < N/.

This is, in fact, a general result which implies that the quantum mechanics becomes
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important when time exceeds inverse energy level spacing (or to be more precise
difference between adjacent level spacings). For more than two lattice sites, the
energy splitting scales as the inverse of the total number of particles and at A < 1,
the semiclassical conditions should be valid even for longer times. It is surprising
that even with a small number of particles per site N = 2, and weak interactions,
the GP equations give an excellent description of the system evolution, apart from
overall numerical prefactor (1 + 1/N), which is not small in this case. In the next
chapter we will show that the classical dynamics is indeed asymptotically exact at
small times for any number of bosons per well and we also explain the origin of the
(1 + 1/N) prefactor.

The restoration of coherence in a lattice with more than two sites is considered in
Section 4.2. We discuss the case without an external potential in Section 4.2.1; with
an equal number of particles initially in all the wells, phase correlations develop only
in the interacting case (A > 0). Similar to the two well case, in the weakly interacting
regime phase correlations will oscillate in time. However these oscillations will be
periodic only for particular number of wells: M = 2,3,4,6 for periodic boundary
conditions and M = 2,3,5 for open boundary conditions. For other numbers of
wells, the oscillations are chaotic. As for the two wells, a stronger interaction results
in decay of correlations in time, leading to a steady state, which as we will discuss,
would correspond to a microcanonical thermodynamic ensemble.

Next, in Section 4.2.2, we consider the restoration of phase coherence for the
experimentally important situation of a parabolic potential. The results are quite
different for this case, and phase correlations develop even without interactions. In a
weak potential, Dy(t) oécillates in time with a frequency which scales as the square
root of the parabolicity, £&. The period of oscillations is closely related to that dis-

cussed recently by Kramer et al. [88] in the context of the center of mass oscillations
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of the atomic gas. In the present situation, there is no physical displacement of the
condensate, but the same oscillation is excited upon a sudden change in the value
of A. The oscillations decay even at A = 0; weak or intermediate interactions A < 1
do not change the noninteracting picture much. The amplitude of the oscillations
becomes even more pronounced for intermediate interactions A ~ 1, but for A > 1
the oscillations become much faster and strongly damped as for the flat potential.
Recent work of Altman and Auerbach also addresses the restoration of phase
coherence in a Mott insulator [3]. However, there are some significant differences
in the physical situations being addressed. Above, we have considered a system
deep in the Mott insulating phase (with A > Ag;) taken suddenly to parameters
for which the ground state was deep in the superfluid phase (with A < Ag;). In
contrast, Ref. [3] considers the case when both the initial and final values of \ were
not too far from Mg, but remained on opposite sides of it. For A close to Ag;,
and at temperatures not too small, a “relativistic Gross-Pitaevski” equation had
been proposed in Ref. [133] as a description of the “Bose molasses” dynamics of the
order parameter. Altman and Auerbach [3] advocated that the same equations could
describe the time evolution of the amplitude of the order parameter as it evolved from
the Mott insulator (with zero amplitude) to the superfluid (with finite amplitude) at
zero temperature. Altman and Auerbach also considered the situation without an
external potential (V; = 0). We have noted above that such a potential changed our
results significantly; in Appendix A we discuss the role of the external potential in

the equilibrium properties for A =~ Ag;.
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4.1 Semiclassical versus quantum dynamics of two
coupled interacting Bose systems

We will start a general analy;sis of the semiclassical versus quantum dynamics from
an exactly solvable case of two coupled Bose condensates. Although this problem
was addressed earlier[51, 105, 127], we will give a complete analysis here trying to
extract the results valid for the general case of multiple condensates.

First let us focus on the semiclassical description of the two well system. In this

case, the Gross-Pitaevskii equations implied by (4.9) and (4.10) are
Oy

G ral —to + Ay %4, (4.15)
22 =yt AP, (4.16)

The total number of bosons |#1|? + [12]? is a constant of the motion; with our
normalization for ; described above (4.9), we have |¢;|2 + |[+)2|2 = 2. The above
system with two integrals of motion (total energy and the number of bosons) is
equivalent to a single second-order differential equation. To see this, let us use the

parametrization:
P12 = V1F ne¥¥é/2, (4.17)

Note that only the relative phase of 1, and ), is an observable. Substituting (4.17)
into (4.15) and (4.16) we obtain:

d2
d_z:: +4n + 4 nV1 —n2cos ¢ = 0, (4.18)
dcos ¢ n n

il B cos ¢ + Wi (4.19)

After further manipulation this system reduces to a single differential equation for

the continuous variable n:

d? '
-dt—g + 4n + 4An4/1 — nZ cos gp + 2X%n(n? — n2) =0 (4.20)
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with initial conditions: n(0) = ng, dn(0)/dt = 2sin ¢. Similar equations were
derived in [51, 127]. Without interaction (A = 0) we have a situation equivalent to a
single Josephson junction described by a free harmonic oscillator. The interaction is
responsible for the anharmonicity. Note that for A <1 the solutions n =20, ¢ =0, 7
are stationary; i.e. the phase difference between the two wells can be either 0 or =.
On the other hand for A > 1 the solution with ¢ = 7 becomes unstable [51, 127],

and instead the new minima appear at

2(r—1)

S (4.21)

Nmin = E

This observation leads to interesting implications, which we are going to address in
the next chapter.

Let us assume that initially the two condensates are completely uncoupled, i.e.
that they are in product of number (Fock) states. We will consider their semiclassical

and quantum evolution in turn:

4.1.1 Semiclassical theory

From the discussion above, we have ng = 0 and ¢ is a uniform random variable.
We will study the correlation between ; and 1, as a function of time. It is easy to

show that

A

(W5 () (8) + ¥ ()a(®)) = Z(n*(2), (422)

where the average is taken over all possible initial phases ¢y. The correlator is pro-
portional to the product of the coupling constant A and the variance of n, reflecting
the usual phase-number uncertainty relation.

Before proceeding with quantitative analysis let us argue qualitatively what hap-
pens with the system. Suppose A <« 1. Then (4.20) is equivalent to the motion of a

particle in a harmonic potential with random initial velocity. Because the frequency
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of the harmonic oscillator does not depend on the amplitude, (n%(t)) is a periodic
function of time with 7' = n/2. If X is small but not negligible, then (4.20) still
describes motion in a harmonic potential, which, however, depends on the initial
conditions. As a result the oscillations of (n?(t)) become quasiperiodic and decay
with time. In the limit of large A the oscillations become overdamped and the steady
state solution develops during the time ¢ ~ 1/ VA

For weak coupling ), equation (4.20) can be solved explicitly. Thus for A =0

() = 1%, (4.23)

For small A the approximate analytical solution is also readily derived:
1 17
(n%(t)) = vimiom /sin2 o cOs (4t\/ 1+ Acos ¢o> debo. (4.24)
0

It is easy to see that at large ¢ we have the following asymptotic behavior:

(n(t)) ~ % - \/%ﬂ_t [cos (4T X + Z) +cos (zht{/lT - %)] . (4.25)

so that the variance of n approaches the steady state value of one fourth. We note

that the amplitude of oscillations decays with time as t~1/2 and on top of that there
are beats with the characteristic frequency wpeqs = 4 (see Fig. 4.1). For large A
the oscillations decay very rapidly and (n?(t)) quickly saturates at the steady state

value, which decreases with A.

4.1.2 Quantum theory

Let us now study the quantum case. The Heisenberg equations of motion are:

daj ... .,
_d-tl =i[H,é;], (4.26)
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Figure 4.1: Semiclassical variance of n as a function of time. The insert on the top
graph has a different time scale. We note again that hereafter time is measured in
units of i/J.
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where square brackets denote commutator, j = 1,2 and the hamiltonian H is given

by (4.1). It turns to be convenient to use the following Heisenberg operators:

& = ala, —ala,,
¥ = ”Lél + d{az, (4.27)
A = dhdy — ala,.

We introduce hats over the operators to distinguish them from numbers appearing
in the semiclassical treatment and expectation values of the operators . It is easy to
see that the following combination

A
4N

b- Zat=9- %fﬁ (4.28)

commutes with the hamiltonian. Using this fact the system (4.26) can be reduced

to a single differential equation:

dzﬁ N 2A ~ Ll Az ~3 A D
F+4n+ﬁ{n,‘qls}++m(2n — {#, A2 =0 (4.29)

with the initial conditions:

dn -
A0) = A5, —| = —2id,. (4.30)
dt|,_,

In the equations above {...}, denotes the anticommutator, and the subindex s
implies time-independent Schrédinger operators. We note that the second relation
in (4.30) holds for all times if we use & instead of ®,. In the noninteracting case

(A = 0) the solution of (4.29) is:
A(t) = fis cos 2t — i®, sin 2t. (4.31)

The ground state for A 3> Ag; is |I) = |N/2, N/2). Note that such a state is possible

only if N is even. The generalization for N odd is straightforward, but we will not
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do it here, since our major goal is to compare quantum and semiclassical pictures.

Simple computation shows that

"0 = i =1

—cos4t N +1
N2 = N2 '

4 N

(4.32)

Comparing (4.32) and (4.23) we see that the only difference between the semiclassical
and quantum results in the noninteracting case is the presence of an extra numerical
factor 1+ 1/N in (4.32). We will explain its origin in the next chapter.

In the weakly interacting regime (A < 1) we can ignore terms proportional to A2.

Then (4.29) simplifies to:

d*h 22 -
_ 4+ —<n =0. 4.33
o + 47 + N {n,\Ils}+ 0 (4.33)

It is very convenient to solve this equation in the eigenbasis of R
2~ t k(st _ at \2N—k
k) = m(an + 83)" (G, — @3,)"" "[0), (4.34)
where £ =0,1,... N. After straightforward analysis one can show that the variance
of n is:
n?(t)
N(N +1)

92-N ’{j (2N — 2k — 1)1 (2k + 1)!

1
~ 4 NN+ (N =k — 1)kl

k=0

) )
X cos2t[\/1— sy (4k+3—2N)+ \/1— w4k +1-2N)| . (435)

Comparing (4.35) and (4.25) we see that in contrast to the continuous integral
in the semiclassical case there is a discrete sum in the quantum case. One can
formally obtain (4.25) from (4.35) in the limit N — oo using Stirling’s formula
and transforming the summation over k to integration. If the number of particles
per site NV = 1, there is only one term in (4.35), so the oscillations are completely
undamped. For N = 2, there are two terms and we expect perfect beats; i.e. the

amplitude of oscillations first goes to zero then completely restores and so on. For
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Figure 4.2: (a) Semiclassical (solid line) and quantum variance of n as a function of
time for the weak coupling case A = 0.05. Dash line and dot lines correspond to one
and two bosons per site, respectively. Solid and dot line are indistinguishable on this
plot. (b) Amplitude of the oscillations of the variance of n versus time.
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Figure 4.3: Variance of n as a function of time for intermediate (a) and large (b)
coupling constants. Note that for larger N semiclassical approximation works well
for a longer time scale, but eventually breaks down.
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N > 3 there are se\'reral terms contributing to the sum. At relatively small time scale
Mt/N < 1 frequencies in different terms are approximately equidistant: AQ = 2X/N
so the amplitude of oscillations is a periodic function. However at a larger time
scale the phases become random and periodicity disappears. Figure 4.2(a) shows
the comparison of the variance of n for N = 1 and N = 2 with the semiclassical
result. On short time scales already N = 2 gives an excellent agreement. In fact the
semiclassical and the quantum curve (for N = 2) are almost indistinguishable. The
behavior of the amplitude of oscillations of n? is plotted in Fig. 4.2(b). It is clear
that with increasing N, the semiclassical approximation works for longer and longer
time scales (see also Ref. {105]). However in a quantum system the recurrence time is
always finite, so ultimately at ¢ > 1/AQ, the semiclassical description breaks down.

In Fig. 4.3 we present the numerical solution for the case of intermediate and
strong couplings. As was discussed before for small N, the amplitude of oscillations
fluctuates, being completely chaotic at large time scales. However, at sufficiently
small time, the oscillations gradually decay, approaching the semiclassical result. At
intermediate times the amplitude of the oscillations experiences beats (compare with
Fig. 4.2). Note that for large coupling, the semiclassical description breaks down very

early.

4.2 Semiclassical description of multi-well Bose gases

The full quantum solution of the many well case rapidly becomes numerically pro-
hibitive with increasing NV, and so we will confine our discussion in this section to

the semiclassical GP equation. From (4.9) and (4.10) this is

0Y; Vi
Z% =~ +9im1) + 9 + A, (4.36)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. PHASE OSCILLATIONS OF BECS IN OPTICAL LATTICES 74

The equilibrium number of bosons in the central well (j = 0) is N, and so [¢p]? =1
in the Mott insulating ground state.

We will compute the correlation function Dy (t) defined in (4.14) for two limiting
possibilities for the weight function g: g(j) = d;1 and g(j) = const, where in the
former (latter) case one finds the nearest neighbor (global) phase correlation. Using

the GP equations (4.36) we can show that

dD t . . * *
D) 5 3 (% + Ny 00F) alli — ) (55(0e®) - OW(®) . (437
J#e '
Note that for uniform potential Dgy(t) changes only due to the interaction. In this

case, the ratio Dy(t)/A has a finite limit at A — 0. We will consider the solution for

Dy(t) with and without an external potential in the following subsections.

4.2.1 No external potential and periodic boundary condi-

tions

Let us assume that the lattice forms a periodic array of quantum wells and there is
no external potential (V; = 0). For the nearest neighbor correlation similarly to the

two well case it is easy to show that
« x A
Dy(t) = D 05w + ¥ty = 5 D (10— 1)°. (4.38)
J J .

This equation shows that the nearest neighbor coherence is proportional to the
product of the coupling constant and sum of the variances of number of bosons in
each well. From the previous section we can expect that if the interaction is weak,
then variances of n; at short time scales will be fluctuating and governed by the
noninteracting tunnelling hamiltonian. With increasing time the interaction will

suppress the fluctuations leading to some steady state. In the noninteracting case,
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(4.36) is just an ordinary Schrodinger equation. with eigenstates

1 L
hel(i) = == e2mikiN, (4.39)
corresponding to the eigenenergies
2 ~
Ey = —2cos -L—k (4.40)

Here M is the number of wells. Expanding the initial insulating state in terms of

the eigenstates defined above and propagating them in time we obtain

N
S (P -12=M (1 =Y IFG, t)l“) : (4.41)
Jj=1 J
where
N-1
F(i 21(7rk]/M+tcos27rk/M) 49

For several different values of M the function DY (t) at vanishing X is:

A
D2(t) = 5 sin” 2t, (4.43)
A
D3(t) = §9—(2 + cos 3t) sin® -g-t, (4.44)
A
DJ(t) = —(7 + cos 2t) sin® 2t, - (4.45)
DS 5. 35
D,(t) = (10 2 cos v/5t — cos v/5t — 2 cos 2t cos —— cos V/5t), (4.46)
)\
6 - -1
D,(t 36 (63 — 8cost — 12cos 2t
— 24cos 3t — 6cos 4t — 12 cos 6t — cos 8t), (4.47)
M
DY (t) » - <1 — o) -2 Z I t)4> at M — oo. (4.48)
m=1

Clearly 'DQM (t) is a periodic function only for M = 2,3,4,6 (this is, in fact true,
not only for the nearest neighbor case). For many wells the number of harmonics
contributing to the variance of n becomes large and oscillations become more chaotic

and weaker in amplitude. In the limit M — oo, D;W (t) is a monotonically increasing
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Figure 4.4: Time dependence of the coherence D,(t) for the weakly interacting Bose
gases at large number of wells (M — o0). Note that nearest neighbor correlation

rapidly saturates, while the global coherence exhibits oscillations.

function. If we add the interaction, then the overall picture remains similar to the

two well case. Namely, for small A the amplitude of oscillations slowly decays in

time. For strong interaction, the variance of n reaches steady state value in a very

short time scale.

In the opposite to nearest neighbors limit g(|j — £|) = const similar calculations

give:

A
D2(t) = = sin®2t,

2
A
3(1) = ——(3—2 -
D, (t) T3 (3 —2cos 3t — cos 6t),
A
4 — —
D,(t) = 160(13 12 cos 4t — cos 8t),
Di(t) = 510 ——(33 + 16cost — 24 cos 2t — 8 cos 6t — cos 8t),

9 972

DM M_.oo M)\//doldggsm t(14cos 6y —cos B, —cos(6; — 65))

1+cos 8, —cos B, —cos(f;, — 6s)

(4.49)
(4.50)
(4.51)

(4.52)

. (4.53)

The behavior of Dy(t) at large M is very different for nearest neighbor and global
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correlations (see Fig. 4.4). While the former rapidly reaches a steady state value, the
latter oscillates in time. Indeed the denominator in (4.53) selects only low frequency
harmonics in Dy, freezing out high frequency oscillations, especially at longer time
scales. Another observation we can make from these graphs as well as from figure 4.5
is that the steady state values of the nearest neighbor and global correlators are
comparable with each other, in fact they always lie within a factor of two from each
other. This is ‘clearly a characteristic of a short range phase coherence typical for
thermal Bose gas rather than superfluid.

Figure 4.5 shows D,(t) for six and twelve wells respectively. The former case gives
periodic time dependence, while the latter corresponds to chaotic behavior. In all
cases high frequency modes are suppressed for the case of global phase correlations.
Note that according to formulas (4.44-4.48), (4.50-4.53) and figure 4.5, at small A
the steady state value of the correlator D is proportional to A both for the nearest
neighbor and the global cases. At large interaction A > 1 it can be shown that D
saturates and becomes independent of A. This is a somewhat surprising result on the
first sight. Indeed, we know that in the ground state the interactions are responsible
for dephasing and here the situation is opposite. However, there is no paradox,
because we deal with a strongly out of equilibrium problem. Without interactions
there is no reason for the system to choose between positive and negative phases and
it is the interaction which sets the preferred direction. To see this let us note that
initially the interaction energy:

U
By = Z -2-|z/)j|2 : (4.54)

J

had the minimum possible value, since we started from the ground state of the
hamiltonian with no hopping. Any fluctuations can only increase E;,; therefore

decreasing the hopping energy. The latter is directly related to the nearest neighbor
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Figure 4.5: Time dependence of D,(t) for 6 wells (left) and for 12 wells (right);
solid and dashed lines correspond to nearest neighbor and global correlations respec-
tively. Without interaction (A — 0) D,(t) shows regular periodic behavior in time.
Nonzero interactions leads to decay of oscillations. High frequency oscillations of
global correlation function are effectively suppressed.
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correlator Dy, which, therefore, must be positive. In fact, it is easy to check that
the steady state corresponds to the microcanonical ensemble with fixed energy and
the number of bosons defined by the initial conditions. If the interaction emergy
still dominates the hopping in the steady state, then there is no difference between
the microcanonical and grand canonical ensembles, so the initial energy per boson,
which is approximately 2J above the superfluid ground state will correspond to the
temperature of the order of J. Clearly this is a high temperature phase from the
point of view of superfluidity so the resulting statistical ensemble should correspond
to fast decaying in space phase correlations and this can be also verified numerically.
In other words, though the steady state develops phase correlations if the tunnéling
is quickly turned on, the system does not become superfluid.

It is interesting to check whether the semiclassical steady state is always a ther-
modynamic ensemble, i.e. it depends only on the energy and not on the other details
characterizing different initial configurations. We would like to point out here that
the true steady state can be achieved only if the number of bosons goes to infin-
ity, so even for a finite number of wells we deal with infinite number of degrees of
freedom. Instead of trying to give a complete proof, we consider a specific example,

with different initial configurations having the same energy. Figure 4.2.1 illustrates

Figure 4.6: An example illustrating validity of the

thermodynamic limit. The circles denote different

O 0O sites. Initially all of them have the same number
of bosons. The filled (empty) sites have the mean

O O phase 7 (0). Besides there is a fluctuating compo-

nent of the phase, which is randomly distributed
within the interval [—6, 6]. The states with differ-
ent values of § have the same energy.

a possible ensemble of such states, characterized by a continuous parameter 6. Note,

that if 8 = 7 (see figure caption) then we recover the usual number initial state

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. PHASE OSCILLATIONS OF BECS IN OPTICAL LATTICES 80

which is discussed elsewhere in this chapter. On the other hand 6 = 0 corresponds
to some phase correlated state. All the configurations clearly have the same energy
but different global correlator D,(0). The resulting time evolution for a number of

different values of 6 and different number of wells is plotted in Fig. 4.7. As seen from

12 sites

D, (1)

10 15 20
Time

Figure 4.7: Evolution of the global phase correlations for different initial conditions
corresponding to the same energy as described in Fig. 4.2.1. Clearly the steady state
is the same only in for the infinite number of sites, i.e. in the thermodynamic limit.

the figure, the unique steady state develops only for the large number of sites, i.e.
in the thermodynamic limit. This suggests that in this limit the details of the initial
conditions are unimportant as long as the energy is specified. For example, the pha,ée
correlations are not entirely absent in the insulating state, they just exponentially

decay with distance between the sites [131].

4.2.2 Parabolic confining potential

So far, we have considered the rather hypothetical situation of quantum wells sitting
on a ring. However, usually the confinement is achieved using a magnetic trap, which
is equivalent to a nonuniform external potential V; in (4.36). The most common

shape of this potential is harmonic (V; o j2) and we focus on this case, although the
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analysis of other potentials is similar and straightforward. As before, we will first

study the non-interacting system: (A = 0).

£j°

& - =01+ ¥j-1) + 255 (4.55)

it

This is a linear Schrédinger equation with stationary states found from

£52
Epj = —(Yjp1 +¥5-1) + =5 Vi (4.56)
In the Fourier space the same equation looks more familiar:
§ d*p(k)
17 SPR)— 5 4,
Evy(k) 2cosk (k) 5 (4.57)

describing the motion of an one-dimensional particle of mass €71 living on a circle
with the external potential U(k) = —2cos(k). Note that the same type of equation
describes Josephson junctions with charging energy. If the curvature is small (£ < 1),
then the bosons form closely spaced extended states at low energies. In the Fourier
space this is equivalent to having a heavy particle in the —2cosk potential. With
a good accuracy one can describe the energy spectrum inside such a well using the
WXKB approximation. This is justified both for low energies, where —2 cos k ~ —2+k>
and the WKB gives the exact energy spectrum and for high energies WKB works
well for any potential. In fact there is a little subtlety near energy close to 2, since
the potential there is almost flat and can not be approximated by a linear function,

but this is just a minor detail. So the approximate WKB spectrum is given by

w—cos™! E/2 )
/ \/—(E+2cosk)dk=7r(n+ 1/2)
—m+cos™1 E/2 )

/ \/g(E + 2cos k) dk = 2mn, (4.58)

where the top (bottom) equation corresponds to E < 2 (E > 2). In the first equation

even or odd n describes even and odd states (in both real and reciprocal space),
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Figure 4.8: Energy spectrum of coupled noninteracting Bose gases in a weak (a) and
intermediate (b) parabolic potential.

respectively. For energies £ > 2, the second equation gives complete degeneracy
between even and odd energy levels. In real space roughly all states with £ > 2
are localized in individual wells, and degenerate while those with E < 2 are spread
through many wells. Figure 4.8(a) briefly summarizes this discussion showing the
exact spectrum for § = 0.1 (the WKB result is indistinguishable by eye from this
graph). Clearly the low energy levels are approximately equally spaced, revealing
the famous propérty of a harmonic potential, the spacing decreases as the energy
approaches 2, and starts linearly increasing for E > 2 as in a usual square well. If
§ > 1 then bosons become localized within individual wells and their energies follow
external potential. The crossover from weak to strong parabolicity is a finite system
analog of the Anderson transition. It is important to note that this is a purely
semiclassical transition in this case, because it is derived in the Gross-Pitaevskii
picture. The “quantum mechanics” here originates from the wave nature of the
classical field 1. If the average number of bosons per well is much larger than one,

then the semiclassical picture, where number of bosons and their phase commute,
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holds until the typical fluctuations of %2 becomes of the order of 1/N « 1. This
occurs deep inside the insulating regime, where the energy in GP approach is anyway
almost phase independent.

After deriving the energy spectrum we can proceed with study of the dynamics
of the condensate. Note that (4.37) yields that time derivative of Dy (t) is not equal
to zero even without interaction (A = 0). Therefore we anticipate that the results
for the parabolic and flat potentials will be strongly different, at least in the weakly
interacting regime. If the initial phases are uncorrelated then it is not hard to show
that at A=10

. o Es—E.
sin? Z8==ay

2 (4.59)

Dy(t) =23 V(o5 = £ 3 NEvai)balpWio)s() =5
J#L @

na,B
where N} is the initial number of Bosons in the well number p, ¥, and E, are the
eigenfunction and energy of the level o respectively . If starting from the ground

insulating state then

Ni=1- —ZB for V, < u, (4.60)

Ny =0 for V,>p, (4.61)

with p being a chemical potential. Let us make few comments about (4.59). Levels
B and o must have the same parity, meaning the lowest harmonic contributing to the
sum will be wpin = 2ming (Eaye— Eq) > 0. Because N is centered near the bottom
of the well, only levels with delocalized wavefunctions will contribute to the sum. In
particular, degenerate levels with £ > 2 can be safely thrown away. If (|7 — ¢|) is
constant, then summation over m ensures that the major contribution comes from
B = 0; therefore Dy(t) contains mostly harmonics with w = Ey—Ey, w = E4— Ey, etc.,
with the' strongest weight at the smallest frequency. Note that at small energies and

weak parabolicity the lowest energy levels are approximately equally spaced, therefore
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Figure 4.9: Time dependence of D, for the nearest neighbor correlation (a) and global
correlation (b). The period of oscillations scales as 1/+/€ and the amplitude is finite
even without interaction A = 0. At large A, Dy(t) saturates very fast similarly to
the flat potential. At intermediate coupling A ~ 1, however, the oscillations become
more pronounced than in the noninteracting regime.
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the whole expression for D, (t) will be a quasi-periodic function of a frequency w ~
E, — Ey. However, because this equidistance is not exact, the periodicity will be only
approximate, and the amplitude of oscillations will slowly decay. On the contrary for
the nearest neighbor phase coherence g(|j — £|) = 4,441 neither 8 nor a are bounded
to the ground state and we expect that all kinds of allowed frequencies E, — Ejp
will give contributions. Clearly in this case dephasing occurs much earlier and the
amplitude of oscillations is much weaker. Also the characteristic frequency of the
oscillations for the nearest neighbor case will be somewhat larger than that for-the
global case since the level separation decreases with energy. Figure 4.9 shows time
dependence of D, for nearest neighbor and global correlations at the parabolicity
€ = 0.08. From the above analysis we should expect the major oscillations at the

period
2n T

“E,—B, %

which is indeed very close to the numerical value. Relatively weak interaction does

T

~ 8, (4.62)

not qualitatively change the picture. In particular, if )\ is of the order of one, the
oscillations become much more pronounced and smooth compared to noninteracting
case (see Fig. 4.9). This is at first quite an unexpected result, since we know that the
interaction leads to decoherence and saturation of D,. However this is not the whole
story. In the previous analysis we saw that at least for the Dy(t), interaction “kills”
high frequency contributions first. But that is precisely what we need for harmonic
behavior. So crudely speaking, small or intermediate interaction removes harmonics
causing dephasing of the noninteracting function D,. If interactions become strong
A > 1, then the noninteracting picture is irrelevant and we come back to the usual
behavior with fast saturation of D,. Notice from Fig. 4.9, that as interaction in-
creases the other short time scale in the oscillations emerges and eventually becomes

dominant. This can be understood from a simple qualitative analysis. Thus with
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small or no interactions there is a collective center of mass degree of 'freedom which
oscillates with a characteristic period given by (4.62). On the other hand stronger
interactions lead to a fast damping of the center of mass mode. Instead, a new
short time scale emerges, which is equal to the characteristic period of the Josephson
oscillations between neighboring wells (T' =~ 7/v/}). Clearly in this limit of strong

interactions details of the overall confining potential become unimportant.

4.3 Conclusions

We have studied the non-equilibrium temporal behavior of coupled bosons in a lattice.
We predicted dynamical restoration of the phase coherence after a sudden increase
of the tunnelling in a system initially in a Mott insulating state. In the strongly
interacting case, A > 1, the coherence reaches a steady state rapidly (within a
Josephson time of plasma oscillations). On the other hand, time evolution in the
weakly interacting regime A S 1 depends strongly on the details of the confining
potential. We predicted that in a parabolic potential V; = £52/2 the coherence
exerts decaying oscillations with period T" < 1/1/€ (see (4.62)). The period and the
amplitude of oscillations only depend weakly on interaction in this case. On the
other hand, if the confining potential is flat, then the oscillations are either periodic
(for a particular number of wells in a lattice) or chaotic. Here the interaction leads
to the decay of the oscillations with time. In both cases provided that the number
of bosons is large and the semiclassical description is valid the system ultimately
reaches steady state with nonzero short-range coherence.

For the two well case we explicitly tested the validity of GP approach. It was
shown that the mapping of the deterministic quantum mechanical motion to the

stochastic GP equations is essentially exact for time less than the characteristic in-
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verse level spacing ¢ < N/A. Apart from the slight renormalization of the overall
constant, the mapping is excellent in this time domain already for two bosons per
well. For stronger interactions, the semiclassical and quantum mechanical trajecto-

ries start to depart faster, as expected.
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Chapter 5

Evolution of a cat state in BEC

As we already mentioned several times BECs are particularly interesting because
they provide a direct access to observing and manipulating various quantum effects in
many-body interacting systems. Let us note again that in optical lattices the bosonic
systems can undergo a quantum phase transition from superfuid to the insulating
phase, which is entirely driven by the zero point motion. On the other hand, in the
superfluid regime the quantum fluctuations are suppressed and either semiclassical -
(Gross-Pitaevskii) or Bogoliubov’s approach is often adequate for the description of
both static and dynamic properties of the condensates (see e.g. Refs. [92, 130]).
However, there is another possibility, wherein the system is superfluid but neither
of these approaches is good. Suppose that the condensate is driven to the regime
of instability. This can be achieved either by applying a certain phase gradient to
the superfluid with repulsive interactions [127, 146, 166] or by switching the sign of
the interaction to the negative value using Feshbach resonance [77, 80]. The main
difficulty arises because near the instability all the fluctuations including quantum
exponentially diverge in time and cannot be treated perturbatively. To be more

specific, suppose that for time ¢ < 0 the periodic system of condensates in a lattice

88
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was in a superfluid ground state, i.e. the interaction was relatively weak. Then
a phase imprint, i.e. a certain phase difference between the adjacent wells, was
imposed. Experimentally it can be achieved by e.g. applying a short (compared to a
single tunneling time) pulse of external field to the system. A case of special interest

will be when there is a relative 7 phase shift between neighboring wells:
¢; = jm. (5.1)

For the two wells with equal number of bosons and relatively small interaction A
(see (4.8) for the definition), this state is metastable (this is also the case for even

- number of wells and periodic boundary conditions). However, if A becomes larger
than a critical value, this equilibrium becomes unstable and the bosons spontaneously
form a “dipole” state [9, 51, 127] in which most of them occupy one of the two wells.
Upon accounting for quantum fluctuations in a system with a finite number of bosons,
the state obtained is a superposition of the two dipole states so that the inversion
symmetry is preserved. Clearly in the case of infinite humber of wells translational
symmetry is always broken. For example in Ref. [135] a similar instability but for
the case of a Mott insulator in a strong electric field was shown to drive the system
into a dipole state.

Related to this instability is a very interesting possibility of forming a Schrédinger
cat state [79]. If the interaction slowly increases in the 7 state, then at cerfain point
the system becomes unstable. Classically the bosons will remain in this unstable
state forever unless there is some noise present either dynamical or in the initial
conditions. As we will show below such a noise will drive all the bosons into one
spontaneously chosen well. However, apart from classical fluctuations, which are
always present but relatively small in the condensates, there is a quantum zero point

motion, which comes from the uncertainty relation between the number of bosons
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and their phase. This quantum noise will also cause the classical trajectories to move
apart from the unstable equilibrium. However, as we mentioned above, the quantum
fluctuations do not break translational invariance so the resulting state must be
macroscopically entangled. Let us give a simple analogy with a ball laying on the
top of the hill. Without fluctuations it will remain there forever. However, because
of the uncertainty principle this ball will move down along different classical paths.
The quantum effects will be manifested only in certain phase relations between these
paths but will not affect the motion itself. This analogy suggests that a good way to
describe these situations is to take into account fluctuations yielding some probability
distribution of the number and phase at initial time and evolve the fields according
to the classical equations of motion. In the literature this approach is known as the
truncated Wigner approximation [142, 143, 144, 94]. In this and the next chapters
we will try to justify this approach both numerically and analytically and show how

to go beyond.

5.1 Classical evolution of the phase modulated state

Recall, that in the classical description of the two coupled condensates the effective
motion of the number difference is equivalent to that of a classical particle of unit

mass in the effective potential (4.20):

2
Uess = 2n2(1 4+ A\/1 — n2 cosbp) + A?n? (%— - n%) =0, (5.2)

where the “coordinate” n represents the number difference between left and right
sites, ¢ is the relative phase; np = n(t = 0) and 6 = 6(t = 0) are the initial

conditions. In particular, if ng = 0 and 4y = 7 then

)\2 4
Uspr = 2%(1 ~ \) + —21 (5.3)
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Clearly the equilibrium n = 0 becomes unstable if A > 1.

In a more general case of multiple wells a similar analysis can be done. Because
there are now many degrees of freedom a simple representation of equations of motion
as in (4.20) becomes impossible. Instead let us return to the GP version of the
equations (4.36) with no external potential but with interaction being a function of
time:

d; _

’LF = —(Yj41 + Yjm1) + A(t) V5 ,2-, (5.4)

where 1;(t) is the semiclassical field corresponding to the expectation value of the
operator a;. We note again that we suppressed the tunneling amplitude J changing

the units of time to %/J. Clearly the 7 modulated state is a stationary solution:
¥;(t) = (-1)%e. (5.5)
The unimportant global phase ©(t) is given by:

O(t) = ~2t — / Ar)dr. . (5.6)

Similarly to the two well case this state becomes unstable when the interaction

exceeds a certain critical value [146]:

Ae = 2sin? -A”? (5.7)

where M is the number of the lattice sites in the array. The origin of the instability
becomes intuitively clear if use a dynamical symmetry which is obvious from (5.4):
A= = Y - (—1)j¢3?. So the strong repulsive interaction for the 7 state is
equivalent to the strong attractive interaction for the symmetric state. And the
instability for the attractive interaction is naturally expected [77, 80]. To get more

quantitative results we consider a time evolution of fluctuations around the 7 state:

Yi(t) = (=17 PO (1 + &(2) + ins(2)), (5.8)
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with §; and n; being the small real deviations from the exact 7 solution found above.

Substituting (5.8) into (5.4) and linearizing the resulting equations we obtain:

d€;
an; :
(ZJ = £+ &1 — 26+ 2A(0)E; (5.10)

In the Fourier space this system is equivalent to a set of decoupled second order

differential equations:

dzfq 49 29
o —16sin §§q + 8A(t) sin §§q, (5.11)
and
1 dg,
= — sl 5.12
Ta 4sin*4 dt (5:12)
In the case of adiabatically changing interaction we can write:
£4(t) = Eoge™e® (5.13)

where €04 is the initial amplitude of fluctuations and neglect by the second derivative

of ¢,. Substituting (5.13) into (5.10) we get:

do, . 24 /\(t)
— =34 = f1- 14
dt S g 2 sm2 (5.14)
For simplicity we assume that the interaction increases as:
Ao
At) = —— 1
6 =12, (5.15)

where ¢ is a small parameter and ) is the initial interaction, which we assume to
be small . This type of A(¢) dependence, in fact, corresponds to the tunnelling expo-
nentially decreasing with time (J(t) = Joe™®) with ¢t — t/J(¢). It is straightforward

to solve (5.14) explicitly and the result is:

6o() = 251n29[\/21 %\50_ \/ sn? ¥

)\q
]'—*-V]'_2smﬂ 1+V1-‘2sin%]
5 .
V _25m i V 1- 25in‘5§

(5.16)
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Assuming that Ay < 2sin? g/2 we see that in the limit A — oo the imaginary part of
phase ¢, goes to:
2r . 5 q

Sg(c0) = :i:—(—s— sin” 2. (5.17)

So if ¢ is large enough then the instability cannot develop in time and the phase
remains essentially real. In the opposite limit the fluctuations become large and we

have to study the nonlinear regime of GP equations. More specifically the relation
[0qle#a(>) = 1 (5.18)

defines the boundary between the regimes of small and large fluctuations. Using the

estimate of initial fluctuations (see the next section for details)

§0q ~ '\71—N (519)

we derive that the instability for a given momentum mode will evolve into a nonlinear

regime given that
2m sin®
5 < 2msin” g
— InN

This tells us that the interaction should indeed change slowly in time (at least near

(5.20)

the onset of instability) and so justifies the adiabatic limit we used. The lowest

energy mode corresponds to the momentum ¢ = 27 /M so the lower boundary for §

becomes:
2r | 5, T
(51 = h’l_N sin —M, (521)
and the upper boundary clearly is
2m
o = N (5.22)

If 6 < 41 then all the modes have enough time to get into the nonlinear regime. On
the contrary if 6 > 4, then the fluctuations around GP state will remain small. In
the intermediate regime é; < é < d, some of the momentum modes will exhibit small

fluctuations and some will become strongly enhanced.
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5.2 Quantum fluctuations

Here we will try to examine the role of quantum fluctuations. Before starting the
technical calculations, let us give some qualitative discussion. As we mentioned
before we are interested in the regime, where NV is large and interactions are relatively
weak A < A\sr ~ N2 so that the system is far from the insulating transition and the
quantum fluctuations are intrinsically small. This means that normally it is possible
to use GP approach or at most the Bogoliubov’s extension. However, this is not the
case for our problem. Indeed, near the classical instability the starting point for the
Bogoliubov’s expansion of the uniform condensate becomes bad. The other way to
describe this is to noté, that the Bogoluibov’s equations are nothing but the quantized
version of linearized equations (5.9,5.10), which can predict the onset of instability
but fail to describe the nonlinear regime. On the other hand, we can anticipate that
the quantum fluctuations will remain weak until we cross the instability point. After
that they will force the system to evolve into the superposition of unstable classical
trajectories and become unimportant again, when those trajectories will be relatively
far from each other.

These ideas known as the truncated Wigner approximation [160] (TWA) have
been recently successfully applied to the description of BECs [94, 142, 143, 144, 147].
The usual method of deriving this scheme is based on the Fokker-Planck equations
of motion for the density matrix written in the Wigner representation. The main
difficulty with these Fokker-Planck equations is that the third order derivative terms,
which are responsible for the corrections to GP trajectories, make them practically
untractable [147). Another entirely different Keldysh technique can be also used
to attack non-equilibrium problems [76]. Classical equations of motion appear there

naturally as the saddle point of the action. However any attempt to include quantum
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fluctuations immediately results in a path integral with a self-interacting classical
field [76], which is practically impossible to evaluate. In the next chapter we will try
to combine these two approaches justifying TWA and showing how to go beyond.
The whole idea of the TWA is that the expectation value of any given operator
at time ¢ is equal to the corresponding classical observable Q(t) evaluated accord-
ing to standard GP equations and averaged over an ensemble of initial conditions

distributed according to the Wigner transform of the initial density matrix po (see

the next chapter for the details of the derivation)

0(t) = [ dvidpuplio Y0, 9 (01,0, (5.23)
where p is defined as:
(o, ¥2) = / dndno (4o — %| polto + %Q)e—lwolz—%lnol2 o3 (nEwo—novg) (5.24)
Note that if initially the system is in the pure state |O), then
po = |0){0]. (5.25)

In the equation (5.24) | £ 79/2) denote coherent states. We use the following

measure

H dR1poo dSYpa

T

dipody = (5.26)

x

with the product taken over continuous or discrete spatial indices, which we sup-
pressed in (5.23) and (5.24) to shorten the notations. The interpretation of p(ty, %/%)
as a probability is not very precise, because the Wigner transform does not have
to be positive. To get the function Qg(%,%* t) we need to rewrite the quantum
operator {2 in the fully symmetrized form and substitute field operators a and a! by

their classical counterparts ¢ and ¢*.! In particular, the relation between Q and a

1To avoid the confusion hereafter in this and the following chapters, except otherwise specified,
by 9 we will understand the expectation value of a without rescaling by a factor of VN as we did
in the previous chapter (see the text above (4.9)).
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more familiar version of the classical counterpart of the normal ordered operator 2

usually appearing in the functional integrals is:

Qu = Q" +07/2,9 —n/2)), (5.27)

where the average is taken over n with the weight exp(—|n|?/2). Let us give a simple

example of the operator Q:
(5.28)

According to (5.27) we have:

Q= (0" +7/2,% = /2 = ¥ — 2, (5.29)

We see that (g obtained from the normal-ordered §2 according to (5.27) is equivalent
to substituting the symmetrized product of a and a' by ¥¢* in (5.28).

Let us now give general comments on validity of (5.23). If the Hamiltonian
is non-interacting, then this expression is exact. So it includes the Bogoliubov’s
approximation and goes beyond. To recover the Bogoliubov’s theory we just need
to linearize the semiclassical (Gross-Pitaevskii) equations of motion while evaluating
¥(t). This statement is not surprising since the noninteracting evolution is always
classical [19, 53, 144]. If there are nonlinear interactions, then in general, there will
be corrections to the equations of motion themselves. We will consider them in the
next chapter. Let us only note here that for the two coupled condensates we showed
in chapter 4 (see also Sec. 5.2) that the time where GP breaks down in the worst
possible scenario with the least classical initial state having completely undefined
phase is equal to t, & N/A = J/U. We expect that the scaling with N is generic?
and therefore (5.23) should be valid at least for the times shorter than ¢,. In next

section we will see that if there are no sudden perturbations, so that a small fraction

2To get the unique classical limit at N — oo we should keep A, not U, to be independent of N.
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of quantum levels is populated then the time scale of validity of TWA becomes much

longer.

Two coupled condensates. Comparison with exact solution.

The main purpose of this section is to test the truncated Wigner approach on a
simple example of two coupled condensates, where it is straightforward to obtain the

exact solution. The two well version of the hamiltonian (4.1) reads:

H(t) = —al 705 + v al2a?

2 a o)

(5.30)

where o, 8 = L, R denote left or right well respectively, 728, a = z,y, z are the Pauli
matrices. As usually we imply the implicit summation over repeated indices. Let us
choose

Q= al 7%ap)? = ]\1[2 : (al7%ag)? +2- (5.31)

N et N’

as an observable, which is nothing but the variance of the relative number distribu-
tion. We consider several examples of evolution: (i) the initial state is symmetric
and the interaction increases with time, (ii) the initial state is antisymmetric and the
interaction increases with time, and (iii) the initial state is the Fock state and the
interaction does not change in time. Another example will be discussed in the next
chapter. The situation (ii) is directly relevant to the “cat” state dynamics we con-
sider in this chapter, but we also look to the other possibilities to check the validity
of this approach in a more general case.

As we discussed before the operator 2 should be substituted by its classical

counterpart Qg (see (5.27)), which in our particular case reads:

) = (urrefyze 221
ch(¢ i’()[)) - ( a7z ’d) ) A& N 8N2
= (¢* 27%6)" - g | (5.32)
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The final step is to find the probability function p(io,¥5) according to (5.24). This
will depend on the details of the state |O), therefore we have to explicitly study

different initial configurations.

Symmetric or antisymmetric initial state

Suppose that at ¢ = 0 the interaction was negligible. Then the products of symmetric
and antisymmetric wavefunctions give the ground and the most excited stationary
states, respectively. They can be also represented as a superposition of products of

the two coherent states with equal or shifted by 7 phases:
dé ., . .
IO) — (47rN)1/4e‘N/ﬁe‘z“"”|\/Ne19)L|\/Ne’9+”"’)R, (5.33)

where ¢ = 0,1 for symmetric or antisymmetric state, respectively. The integral
over the global phase # ensures the particle number conservation. Before proceeding
with further analysis let us look into a simpler example of just a product of the
two coherent states, where the global phase symmetry is broken and 6 takes some

particular value, say zero. Then after straightforward calculation one can show that:
P, ¥5) = de™2 1o WoamVNETR, (5.34)

We see that in this simple case the probability distribution of 1 is a gaussian centered
near the classical value with relative variance of fluctuations of the order of 1/v/N.
This makes perfect sense and we indeed recover GP picture of a single initial state
in the limit N — oo. Now let us look closer to the true wavefunction (5.33). After

simple calculation the final expression for the probability p reads:

p(Yo, ) = de~Wo+l=lo- 1, 0 (9, 2), (5.35)

where 9o+ = o1 £ Yor in the symmetric state and we should interchange g+

and 1 for the 7 state, Lon(z) is the Laguerre’s polynomial. This expression is a
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gaussian in terms of [tp—|, however it has a nonlocal behavior as a function of |44
Moreover p(vo, ¥%) is not positively defined. This leads to interesting consequences.
For example, while the average of [p+|%, computed with help of (5.35) gives the
expected classical result, the variance of |thp+|? is negative. In figure 5.1 we plot
the normalized function |y .| p(|1o+|) for the situation with 8 bosons per well. The

extra factor of |¢p4| comes from the integral measure:

/0 o (o dltos] = 1, (5.36)

For convenience we rescaled the fields 9 — v/ N so that the expectation value of

|04/ is 2. In the limit N — oo we again recover the classical result (for the rescaled

p(v,.D

-6 - Y T T v T . -
0.0 0.5 1.0 1.5 2.0 25

.|

Figure 5.1: Distribution of the GP initial conditions versus |1p.| for the symmetric
state with eight noninteracting bosons per well. The classical value of |1 | is equal
to two.

fields) Yoz,r = 1 or |o+| = 2, || = 0, but in a peculiar way. The contributions

to a given observable from |¢p| < 2 will cancel each other because of the fast

oscillations of p and those coming from [t > 2 will be exponentially suppressed,
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so that only a small region around |t .| = 2 will determine the ultimate result. We
might think, that if the observable is a smooth function of the initial parameters,
then the details of the distribution p (o, ¥§) are not important and we can substitute
it by some gaussian function with appropriate mean and variance. However, as we
pointed out before the variance given by the distribution (5.35) is negative, so at
least this is not very straightforward to do.

Now let us assume that the interaction increases with time according to:

_ tanh(dt)

AMt) = ——5 (5.37)

where 4 < 1 is the adiabatic parameter. This dependence is somewhat different
from what we used in the previous section. But the resulting instability is still there,
and besides the purpose of this section is to test our approximation scheme rather
than to do some particular calculations. The resulting graphs for both symmetric
and antisymmetric initial states are plotted in figures 5.2, 5.3. Note that even for
the eight particles per well the agreement between the exact and the TWA solutions
is remarkable. For the thirty two particles there is a small discrepancy for the
intermediate value 6. Apparently the semiclassical curve does not capture the small
oscillations very well. But both in the limit of large and small § the oscillations
disappear and the agreement becomes perfect. Notice that the steady state for the
initial antisymmetric conditions is exactly the maximally entangled “Schrédinger
cat” state, where all the bosons occupy either left or right well:
1

V2

The ultimate reason for this is that as we mentioned above the 7 shifted state is

U;) = —=(|LLL...) +|RRR...)). (5.38)

at classical equilibrium for any interactions A. This equilibrium though becomes
unstable for A > A;. So any fluctuation will cause a classical trajectory to end up

either in the left or in the right well and the quantum zero point motion provides
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Figure 5.2: Dependence of the number variance as defined in (5.32) on the interaction
changing with time according to (5.37) for initial symmetric state and 8 bosons per
well. Dashed and solid lines show semiclassical and exact solutions, respectively.

us with these fluctuations. However, quantum mechanically we do not break the
left-right symmetry, because it is the property of the full hamiltonian. The only
way to reconcile these two results is to have the final configuration in the coherent
superposition of the left and the right states, which can be also verified from the

exact solution.

Initial number state

Here we revisit our results derived in the previous chapter, where the two condensates
were initially uncoupled and their wavefunction was just the product of the number
states. At ¢ = 0 the tunnelling is suddenly turned on and the number variance

starts to experience some oscillatory behavior. Repeating the same analysis as in the
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Figure 5.3: Same as in figure 5.2 but for initial antisymmetric state. The graphs (a)
and (b) correspond to 8 and 32 bosons per well, respectively . The lower graphs cor-
respond to a faster turning on the interaction. The inset in the graph (b) corresponds
to the slowest evolution.
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previous subsection we find:

<(a’31 (t)Tg’ﬂa’ﬁ (t) ) 2) = / dnpdnrdfpnum (nL )pnum (nR) ("/); (t) T:’ﬂ¢ﬁ (t))27 (539)

where ny g = |9, r(t = 0)|2, 0 is the initial phase difference between 1, and ¥r. So
in the Fock state the phases in the two wells are indeed uncorrelated as we argued in
chapter 4. However the number of bosons is distributed according to ppum(n) given
below and not fixed at n = N as we might naively think. In 5.39 we ignored an
additive 1/8N? correction (see (5.32)). The probability of having initial occupation
n in either well is [53]:

pnum(n) = 23—2nLN(4n), (540)

where as before Ly(z) stands for Laguerre’s polynomial of the order N. The function
Pnum is very similar to its counterpart defined in (5.35) in the sense that it has also
an oscillatory behavior for n < N and exponentially decays for n > N. Recall that
the simple GP picture does not predict correctly the prefactor before the number
variance (see Sec. 4.1) and it is valid for the finite amount of time shorter than
some characteristic scale determined by interactions: ¢t < t, = J/U = N/A. For
longer times the GP result starts to strongly deviate from the exact solution due to
the recurrence occurring in a quantum system. We might guess that the agreement
between the semiclassical and the quantum pictures can be improved upon inclusion
of quantum fluctuations at initial time according to (5.40). This is indeed the case for-
t < i, i.e. the discrepancy in the prefactor completely disappears. However, as we
can see from the figure 5.4, these fluctuations do not affect the time ¢, itself so that the
correct result can be recovered only if we also include quantum scattering, or in other
words deviations of the trajectories from the classical ones. We briefly conclude this
section noting that the developed approach works very well if the external parameters

change smoothly with time so we do not excite many quantum levels. In this case
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Figure 5.4: Time dependence of the number variance for the initial number state

and 16 bosons per well. The interaction strength is A = 1.

the quantum fluctuations enter only at initial time and the subsequent evolution
is essentially classical. In the opposite limit when the parameters change fast the
classical behavior is adequate for short times (¢ < ¢.) and breaks completely for t > .

with the characteristic time ¢, determined by the strength of interactions.

5.3 Numerical results for multiple wells

Having established the general framework and checked its validity let us move on to

the main subject of the chapter. First, following the analysis given in Sec. 5.1, we
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will study the temporal behavior in a periodic array of wells being initially in the 7

state. Then we will consider a case of a harmonic trapping potential.

Periodic array

The straightforward generalization of (5.33) for the 7 state in a periodic chain of
coupled condensates of size M (we assume M to be even) is:
|0) = (4 NM)ie~ 2" da e~ IONM H |VNeb+imdy . (5.41)
j=1
where | ... ); stands for the coherent state in the j-th well. This state is an eigenstate
of the noninteracting hamiltonian and apart from the global phase, which conserves
the total number of bosons, it is just a product of coherent states with alternating
phases. Ignoring the integral over 8, results in a gaussian probability distribution of
the initial state (compare with (5.34)):
p(o, ¥5) = 2M He*“ﬁw e, (5.42)
j=1

while the correct result for (5.41) reads:
p(o,¥5) = 2Me M Extborl® L\ (AMehool?), (5.43)
where 1,71% stands for the discrete Fourier transform of g ;:
p 1 —ikj
Yo = i Z%je (5.44)
J

Clearly as M — oo the difference between (5.42) and (5.43) should vanish. Next let

us define the operator €2, which would be a good measure of the instability:

Q= W—(lﬂ ;(a;f-aj - N)2 (545)
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Clearly Q is equal to the normalized sum of number variances over the different wells.

It is easy to verify that the classical counterpart of €2 is:

1 1\? 1
* ) = e Wi—N—-—=) — ——. 4
It is reasonable to expect that as the number of wells increases the global phase
becomes less and less important and therefore (5.42) becomes more accurate. First

let us take interaction to be monotonically increasing in time according to (5.37). In

1.0
o §=0.0056 . --======""
O -
c 0.8
3
© 6=0.02
(>U 0.6-
o
e
& 04- : : :
S —— Semiclassical Wigner
Z - - - Semiclassical Gaussian
0.2-
0.0 . T ——

00 02 04 06 08 10 12 14
Interaction (A)

Figure 5.5: Number variance defined in (5.46) as a function of the interaction for
the case of ten wells with eight bosons per well. The solid and the dashed lines
correspond to the distributions given by (5.43) and (5.42), respectively. The upper
curves correspond to a slower increase in interaction.

figure (5.5) we plot the resulting evolution of the state for the case of ten wells with
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eight bosons per well in average. The solid and fhe dashed lines correspond to the
probability distributions given by (5.43) and (5.42), respectively . Clearly there is
no noticeable difference between them. Note that the upper curves corresponding to
smaller §, i.e. adiabatic limit, saturate at Q) = 1, which shows that all the bosons

appear in a single well, i.e. the resulting steady state |F’) is:

. |
F) = o= (111 + 222 ) o [MMM.) (5.47)

The whole procedure of driving the system into the maximally entangled state de-
scribed here is conceptually very similar to that recently suggested in [38], where
the tunneling was assumed to decrease by the spatial drag of the double-well con-
densate through a beam splitter. The important difference however, is that here we
are not limited by the double-well system and can consider larger arrays, so that our
entangled “cat” occupies more than two macroscopic states.

There is an important issue, which was completely obscured in the preceding
analysis. Indeed, studying the number variance alone it is impossible to distinguish
the “cat” state from a collapsed condensate. While the collapse is often very well
reproduced using GP equations, it is much harder to describe recovery within this
framework. To examine this issue let us consider the interaction, which is periodic
in time:

A(t) = Ao sin®(ndt), (5.48)

where the parameter ¢ determines the adiabaticity of the interaction. If § is small
- then we expect complete restoration of the initial state after one period of oscillation
T = 1/6. With decreasing period we gradually loose adiabatic limit and the evolution
of the system is no longer expected to be periodic. Figure 5.6 summarizes this

discussion and the graphs are in perfect agreement with our expectations. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. EVOLUTION OF A CAT STATE IN BEC 108

1.0- - -1.0
A
' —— 5=0.004
08 ! - - =5=0.02 08
® 0.8- L o.
S 5
© ©
e 0.6- 0.6 @
s 2
~ o
o &)
8 0.4- 0.4 g
- n
= e
< o.2-§ 0.2 0L
0.0 J' | L] ' L l ¥ I L] O-O
0.0 0.2 0.4 0.6 0.8 1.0

Time/Period

Figure 5.6: Number variance and the phase correlation as a function of time divided
by the period of interaction (T = 1/§) for ten wells and eight bosons per well. The
interaction changes with time according to (5.48) with A9 = 2. For smaller § the
phase restoration is almost complete, which proves the coherence of the dynamics.

phase coherence in this figure is defined in a usual way as

1 t
~SNIE 2 (ajajp1) +c.c
j
and the “—” sign is inserted for convenience because we start from the 7-state.

So far we considered examples, where the initial state was a noninteracting -
phaseshifted condensate and then the interaction was slowly ramped up (or equiva-
lenﬂy tunnelling was ramped down). This rather hypothetical situation is certainly
suitable for the theoretical analysis, but hardly applicable to any real experimental

realization, where the interactions between the bosons is always present. So the

initial wavefunction is not a simple product of coherent states but a more compli-
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cated object. One way to proceed with this issue is to write down an approximate
wavefunction, which can be obtained using either Bogoliubov’s hamiltonian (valid
for A < N?2) or variational methods, and then find its Wigner transform according
to (5.24). This would be a tractable but lengthy calculation. Instead we can do
a simple trick, demonstrating the advantage of the present approach. Naniely, we
can start from the simple noninteracting ground state, then adiabatically increase
the interaction strength to the desired value, and finally apply the w-phaseshift and
follow the subsequent evolution. In this scheme there is no need to do any additional
analytic calculations, both the “fake” evolution to the interacting ground state and
the subsequent real dynamics are described within the same scheme. Moreover the
computational time does not increase much because of the extra “fake” evolution to
the true ground state. Indeed, the classical motion is stable before the 7w-phaseshift
is applied so that GP-equations can be efficiently integrated. To be more specific,
assume that we start from the interacting condensate with A\ = const(t), then at
t = 0 suddenly apply a 7 phaseshift and follow the subsequent appearance of the
“cat”. Clearly if A > X, (see (5.7)) the system will become unstable and the quan-
tum fluctuations will force it into the entangled state. Without any calculations, it is
obvious that the final state will not be maximally entangled as described in figure 5.5
because of the energy conservation. Indeed, the state with all the bosons occupying
one well costs a huge interaction energy which can not be compensated unless there is
an external pumping resulting in the time dependence of the hamiltonian. From the
same considerations it is obvious that the maximum possible entanglement within
this scheme can be achieved at some intermediate values of A. Thus if A < A, there
is no instability to begin with and so no entanglement in the final stéte. On the other
hand for the large A any significant number fluctuations will cost a strong increase

in the interaction energy, which can not be compensated by a limited decrease of the
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hopping energy. We plot the resulting number variance as a function of time for the

periodic array of ten wells in figure 5.7. The critical value of the interaction for this

0.35

Number Variance

Figure 5.7: Number variance as a function of time for ten wells and eight bosons per
well. The interaction remains constant in time in this example but at ¢ = 0 a sudden
w-phaseshift is applied to the system.

case is A, = 2sin?(7/10) &~ 0.19. Clearly for A getting closer to ). the oscillations
become slower and the steady state is achieved later. We would like to point out,
that this type of dynamics certainly corresponds to a sudden perturbation discussed
in Sec. 5.2. Therefore we expect a finite ergodic time for a full quantum solution and
no true steady state for the finite number of bosons. So to achieve a stable stationary

entangled state it is always preferable to drive the system adiabatically towards the
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instability, i.e. apply a m-phaseshift at smallest possible A and then slowly ramp up

the interaction.

Harmonic trap

‘The effect of the harmonic trap can be mimicked by adding a quadratic potential

term to the hamiltonian of the system see Y(4.1):

—E'zz"]_“u’?'2

‘/}234,

(5.49)

where w; is the trapping frequency. As before let us assume that initially the inter-

actions are suppressed and the system is in the ground state:

N

|0) = (Z aja;) [Vac), (5.50)

tot

where |Vac) denotes a vacuum state with no particles, Ny, is the total number of

bosons in the system and
\/Q )
+J

(mwy) i

Olj"rb‘

(5.51)

is the ground state wave function of a single boson in the harmonic trap in the

coordinate representation. This wavefunction can be written as:

dé . —
IO>=/_2_WezO(n1+nz+ Ntot)l Ntotal)cl\/ﬁtota2>c"" (552)

where as usual |a). stands for the coherent state. If the number of populated wells

is not small, then we can ignore the global phase and use an approximate expression

10) = [T 1V Newetj)e (5.53)

As in the previous discussion we assume that at initial time the phases in the adjacent
wells were uniformly shifted by some phase 8. However, we will not assume that § =

m, because the 7 phase shift in the nonuniform potential does not give a stationary
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solution, although it still preserves inversion symmetry. Also the number variance
is no longer a convenient measure of the instability, because the distribution is not
uniform even in the initial state. Instead let us introduce two other quantities:

coordinate of the center of mass and the condensate width:

X= N(Zja a;), W= \/ j2al ja5) — X2, (5.54)
The semiclassical operators can be trivially obtained from (5.54). For example,

1 .
Xa = 50> 3 (545 - 1/2)). (5.55)
J
Let us assume that both the interaction and the trap frequency increase in time:

2
_"‘-’t(o)
s “O=1_4

(5.56)

We define A according to (4.8) with N = Nyu|ag|? being the number of bosons in
the central well. Note that with w; # 0 there are two degrees of freedom: \/J and
we/J. If we want to reflect the experimentally relevant case of vanishing tunnelling
rather then increasing interaction we have to keep the ratio A\/w? constant. Extra
multiplier “tanhdt” in the interaction term is taken only for convenience purposes
and does not qualitatively change any of the results.

The two graphs in figure 5.8 show the condensate width and the center of mass
position versus time for different initial phase imprints. Note that if the phaseshift is
equal to 7, there is no center of mass oscillation because of the left-right symmetry.
On the other hand, the width oscillations are very large and pronounced. Clearly
these oscillations die very fast away from the 7 phaseshift, however the steady state
condensate width depends on 6 rather smoothly. It is also intereéting to point out
that the center of mass oscillations decay faster for larger angles. This is in a direct

agreement with the previous predictions of self-trapping [146]. We would like to point
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Figure 5.8: Center of mass position and the condensate width as a function of time
for the interaction and trapping frequency increasing in time according to (5.56) with
6 = 0.01, w2(0) = 0.06, and the total number of bosons N,,; = 100.
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out that the trapping is real in our case because of the rapidly increasing interaction
(or equivalently vanishing tunnelling).

There is, however, a major difference between the results for a periodic array and
a harmonic trap. In the semiclassical limit the 7 state is an eigenstate in a periodic
array for any strength of the interaction, therefore the motion is completely driven
by the quanfum—mechanical fluctuations, while in a harmonic trap the 7 state is
semiclassically unstable (that is why we plot our observables versus interaction for
the periodic array and versus time for the parabolic case). This makes quantum
effects unimportant if the number of bosons is large. To further elucidate this point
let us compare the results for a single Gross-Pitaevskii trajectory, i.e. simple classi-

cal limit, with the TWA result advocated here. The two dependences are shown in
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Figure 5.9: Condensate width as a function of time for the same conditions as in
figure (5.8). The dashed line is the simple Gross-Pitaevskii result and the solid line
is the improved calculation according to (5.23).

figure 5.9 and they are clearly very similar. This proves that the resulting instability

has a simple classical nature and does not give a “cat” state, rather the condensate
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simply has large amplitude breathing modes. Such an outcome should not be very
surprising. In order to get to the macroscopic entanglement one has to prepare a
classically equilibrium but unstable state, which can be driven away via quantum
fluctuations. This can be achieved by a simple phase shift only in a uniform pe-
riodic lattice. We can also check the reversibility of the evolution for the periodic

in time interaction (5.48). And clearly, see figure 5.10, the dynamics is completely

1.0

Phase Coherence

00 02 04 06 08 1.0
Time/Period

Figure 5.10: Phase coherence as a function of time for the periodic interaction (5.48)
with § = 0.004. The total number of bosons Ny, = 100, the parabolicity w? = 0.06,
and the initial phaseshift y = . Clearly the dynamics is completely irreversible as
opposed to figure 5.6.

irreversible. This result is quite trivial given that the initial state is not stationary
even without interactions, so the 7 phaseshift looks as a sudden perturbation applied
at ¢ = 0 and the even if the interactions changes with time slowly the system is not

in the adiabatic regime.
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5.4 Discussion

In the previous sections we adopted a reduced Wigner approximation allowing to
treat classical instabilities due to quantum fluctuations. In this analysis we com-
pletely ignored the clé,ssical noise, which may come from various sources e.g. fluctu-
ations of the laser intensity or wavelength, fluctuations of the magnetic field creating
the harmonic trap, collisions with external gtomé, triple interactions between the
bosons leading to the loss of the atoms from the condensate, etc. All these sources -
are generally quite weak, otherwise no beautiful experiments would ever be possible.
On the other hand the “cat”states are extremely fragile to any kinds of classical noise.
For example, we know that in a double well in the equilibrium the noise required to
destroy the coherence exponentially scales with the mass (or equivalently number of
particles). So that heavy objects are always localized in one of the classical minima.
However, this is not the case in our situation. Indeed, the system is far from the
equilibrium and the “cat”state is not a ground state. Let us crudely estimate the
limits on the noise. Assume that the classical fluctuations result in a random exter-
nal potential with a usual correlator (Y (¢)Y (¢)) = Yo6(¢t — t') and consider a case of
two wells for simplicity. Then the relative phase flow with time due to fluctuations
will be
68 ~ NYyv/t.

On the other hand the minimum time required to get to the cat state is (see (5.1)):

tN%NIIlN.

Requiring that the total phase accumulated during the evolution is less then 1 we

get an upper bound for the noise which does not destroy the coherence :

1

Yy mo e
" NVIN
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This result is encouraging, because instead of an exponentional we get a much weaker
scaling of the noise with the number of particles. Clearly, in the multi-well limit
there will be an extra scaling with the number of wells and of course no cat state is
possible in the thermodynamic limit. However, the scaling will be again weak and
tractable. Another possibility to observe macroscopic “cat” states experimentally is
to use modulated hopping between the sites in a large array effectively splitting the
condensate into pairs of sites, so the effects of the classical noise become weaker.

The other two constraints used in our analysis that the number of bosons is
large and the condensate is one-dimensional are also not essential. We used large
number of bosons rather to satisfy the formalism then to explain the effect. The
instability is there even in the fully quantum-mechanical treatment of the problem.
The evolution of macroscopically entangled states with a large number of atoms
are much more interesting from both theoretical and experimental points of view.
Concerning higher dimensions we would like to point out that, although we did not
performed actual calculations, it is extremely unlikely that any of the results will
qualitatively change. The instability will clearly survive in any dimensions and the
m state can be implemented, at least theoretically, in square lattices of arbitrary
dimensionality.

To conclude this chapter, we showed that it is possible to create macroscopically
entangled “Schrédinger cat” states in the bosonic systems in optical lattices with
finite number of sites. We developed a formalism generalizing a simple GP approach
by exact treatment of quantum fluctuations at initial and final times of the evolution.
The resulting expressions were tested on a solvable model of two coupled condensates
and found a very good agreement with the exact results. At the end we presented
some numerical simulations for the multiple-well condensates and argued that it is

possible to create a “cat” state with more than two possible outcomes.
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Chapter 6

Quantum corrections to classical

evolution

6.1 Overview

Motivated by the discussion given in the previous chapter we will try to justify the
truncated Wigner approximation and see how it is possible to go beyond. The essence
of this work is to try to develop a consistent expansion of the evolution equations in
powers of A. We will use Bose condensates as an example, though the results can be
easily generalized. In this way the Gross-Pitaevskii equations describe the classical
evolution. It is important to emphasize again that the Bogoliubov’s approximation,
which certainly goes beyond GP, nevertheless is not what we need. The ultimate
reason is that there is an implicit assumption of smallness of both quantum and
classical fluctuations. To justify it we need to require not only that initially the
system is almost classical, but also that the subsequent classical evolution is stable,
i.e. fully described by the linearized version of the GP equations. This is certainly

not always a good assumption.

118
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Before presenting the actual derivation let us review in some detail other tech-
niques used to attack nonequilibrium problems. We will try to concentrate on their

advantages and drawbacks and give the final justification for the present contribution.

6.1.1 Fokker-Planck equations and stochastic evolution

One of the possible approaches, which came from quantum optics [53, 160] is based
oﬁ the Liouville equations for é density matrix written in the coherent basis. This
technique was first adopted to BECs in [147]. The main idea is to rewrite a density
matrix p in a coherent state representation and substitute into the corresponding

evolution equation. Note that the coherent basis is overcomplete. In particular if

|o) (671
(B0’

there is no way the function P(c, ) can be uniquély defined. However, we can

p= / ad?B P(a, B) (6.1)

always impose some additional requirements on the function P, so that the ambiguity

disappears.

Glauber P-representation

One way to deal with (6.1) is to require |a) = |3*) then we get

b= / 0 P(o)|a)(a]. (6.2)

The number (o]} can be absorbed into the integral measure. It can be proven [160]
that for any density matrix p, there is a unique function P(a), which is called the
Glauber P-function.

With this representation it is particularly easy to write the averages of normally

ordered products of creation and annihilation operators. Indeed,

{(a'™a™) = /d2aa*ma"P(a). (6.3)
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Using the definition
|o) = exp(~—|a|*/2) exp(aa)|0),

it is not hard to demonstrate [160] that

ap < aP(a), alp « (a* - %) P(a), pa < (a - 8?):*) P(a), pa' « o*P(a).
(6.4)
These identities are sufficient to derive the time evolution of the distribution P from

the standard equation for the density matrix:

dp

In particular, for the case of a single site with
tg + L otalat
H=—pa'a+ 3¢ a(a'a — 1) (6.6)

the resulting master equation reads [147):

0P 0 9 Uueée ,
iy = —53(—#& + Ulef®a)P + 5 525 P—cec. (6.7)

Note that the classical equations of motion can be recovered as characteristics of
(6.7) by simply ignoring the second order derivatives with resp'ect to o and o*.
Also we would like to point out that absolutely the same equations will govern the
time behavior of the positive P representation, which is obtained from (6.1) with
the requirement that P(a, ) is positively defined. The only difference is that now
instead of o* we should use a new complex number G, which is independent of . So
P(a, B) is now a function of two complex or four real variables. The advantage of
the positive P-representation is that the diffusion matrix in (6.7) becomes positive
definite [160]. The price we pay is that the number of independent variables doubles.

It can be shown that a general Fokker-Planck equation with a positively de-

fined diffusion matrix'is equivalent to a system stochastic Langevin differential equa-
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tions [54], in particular if

= —Z 5 (@ )F + = 2 am o (B(z, )BT (z,1)) , F  (6.8)

then
d:l? 4§

—= Aj(z,?) + Bji(z, ) Ei(t), (6.9)

where E is the real noise source with a standard correlator E;(t)Eg(t) = d;x6(t —t').

So that for our particular case (6.7) is equivalent to [147]:

i}% = (—pa + Ulefe) + ViUom(t)
z‘d; = —(—pa + UlaPa) + V=ilTa*n(t) (6.10)

Obviously even if initially o and a* are complex conjugates, they evolve according
to independent paths and have independent noise sources (7, () and 72(t)). So the
positive P-representation must be used for the stochastic reformulation of (6.7).
Let us also mention that recently similar stochastic equations describing evolution
of interacting bosons were presented in [21, 22], where the authors showed that
one can get stochastic evolution not only using the coherent state basis, which is
identical to the positive P-representation as described above, but also using the Fock
(or number) basis. The main difficulty with this approach is that it heavily relies
on quartic interaction between the particles. This interaction does not yield higher

than second derivatives in (6.7) allowing the exact stochastic reformulation.

Wigner representation

From the definition (6.2) it is appealing to identify the Glauber P-function with
the classical probability. Indeed, as we already discussed the master equation (6.7)
reduces to the classical GP equation in the limit, when we can neglect by nonlinear

terms. However, it is possible to make a better classical approximation. As it is
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obvious from (6.3), the Glauber P-function maps normal-ordered quantum; operators
into c-numbers, while the general principles of quantum mechanics require that the
symmetrized versions of classical operators should be quantized [104].

Let us note that the P-representation can be also obtained as a Fourier transform

of the normally ordered characteristic function [160]:

]. *_a*
P(e) = 2 [ e =), (6.11)
where
xw(n) = Tr {pere'ee}. (6.12)
Instead we can define the symmetrized version of xn(n):

x(m) = Tr { pere'-ma (6.13)

and its Fourier transform:

W(a) = # / dne™ " x(n). (6.14)

The latter is nothing but a Wigner function written in the coherent state basis.
It is easy to convince oneself that the symmetrized expectation values of operators

correspond to the averaging of the classical numbers with the Wigner weight (comp.

with (6.3)):
({aT’"a"}sym) = /dzaa*ma"W(a). (6.15)
The analogue of (6.4) becomes also symmetric:
10 19
= f Y
ap < (a+ 2804*) W(a), a'p & (a 28a> W(a) (6.16)

and similarly for the hermitean conjugates. With these rules it is easy to obtain the

final master equation describing the time evolution of the Wigner function:

oW 0 2 U
i = %-( pa+ Ul a)W—i———a—a—anc.c.. (6.17)
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The classical limit corresponds to |a| > 1 because only in this regime it is possible to
ignore the fact that the commutator [af,a] is not equal to zero. From this prospect
it ié clear that the nonlinear term in (6.17) is much smaller than that in (6.7). This
term is precisely responsible for the deviations of trajectories from classical paths
(which are just the characteristics of the linear in derivatives master equation). So
if quantum fluctuations are small one can hope that the truncated Fokker-Plank

equation for the Wigner function:

OW o) 9
i ™ _5(—"” + Ula)*a)W —c.c. (6.18)

is much better than the corresponding version appearing in the P-representation. The
main idea of this approximation is to leave quantum fluctuations at the initial time,
determining W (¢ = 0), but ignore their effect completely on the classical equations
of motion. We will see in the next section that this can be also justified using the
path integral derivation of the dynamics of the system. We note that this is precisely
the approximation we used in the previous chapter to derive the “Schrodinger cat”
evolution. The main drawback of (6.17) is that it is unknown how to go beyond GP
dynamics. Contrary to (6.7) there is no simple stochastic representation of (6.17).
On the other hand it is not necessary to make any assumptions about the precise
form of the interaction. It is clear that the corrections to the classical trajectories
must be perturbative. It turns out that they can be straightforwardly derived using

functional integrals (see Sec.6.2).

6.1.2 Keldysh formulation of quantum dynamics

A very powerful approach to non-equilibrium system is based on the diagrammatic

technique suggested by Keldysh [81]. The basic idea is that expectation of any
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observable can be written as:

Q1)) = Te{ ()02}, (6.19)

where

p(t) = Ty &1 petttt (6.20)

is the time—dei)endent density matrix with Tk . being a time ordering operator along
the Keldysh contour going from 0 to ¢ and returning back to 0. Similarly to standard
static problems [1], expression (6.19) can be rewritten in the path integral represen-
tation using the coherent state basis [109]. The main difference between static and
dynamic cases comes from the fact that instead of one “forward” time evolution in
the former, we clearly havé to evolve the density operator from the initial time to the
final and then come back. Instead, one can use a single time interval but define two
operators as(t) and ay(t), which live in the forward and backward contours respec-
tively [76]. We will omit the details of the derivation here, because we essentially
repeat all the necessary steps in the next section. We will just note that the final

form for the noninteracting part of the action appearing in the Keldysh technique

is [76]:
t t A1-1
S(acl,aq) = 2/ f/fdtldtz(azl(tl)’a;(tl)) 0 . [2? ] X acl(tZ)
to Jio [DR] [D—I] ot aq(tz)
' (6.21)

Here D denote noninteracting propagators (see [76] for the details), ay (t) =1/2(as(t)+
as(t)) and ag(t) = 1/2(as(t) —as(t)) are the so called classical and quantum combina-
tions. The names “classical” and “quantum” are not accidental since in the classical
evolution all trajectories are uniquely defined and the backward path should be ex-
actly identical to the forward one. So Iaq(t) # 0 comes due to quantum fluctuations.

We would like to point out that the initial density matrix is encoded in the Keldysh
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propagator DX. The times ¢y and ¢ 7 are usually taken to be —oo and oo respectively,
while (2 is evaluated at some finite ¢. This is very convenient for studying steady state
properties, where the details of the initial density matrix p are completely forgotten,
however quite impractical for describing the short time evolution.

The interacting part of the action also differs from the more conventional one.

Thus for the quartic interaction it reads:
t
St = 2U / dtya (t)at () (a4 (0) + a2(tr)) + cec. (6.22)
0

The classical equations of motion can be easily recovered as a saddle point of the
action: 65/6a; = 0 and 6S/ba}y = 0, which indeed results in the following solu-
tion: ag = 0 and ay = ay(t) is the solution of the GP equations. We would like
to point out, that even though GP equations naturally appear in the saddle-point
approximation, it is somewhat misleading to identify them with the evolution of the
classical field. Indeed, the GP equations make sense only if the initial conditions
are specified, however recall that in the Keldysh formulation those are completely
absorbed into the quantum propagator. Instead one has to compute the functional
integral over all possible quantum fields with all possible boundary conditions. To
recover the semiclassical limit it is necessary to integrate out quantum fluctuations

in the linearized action, which results in [76]:

Sulag) =2 / / dt1dtaas () (LAaa) DN DX DR LR au)) oalts).  (6.23)

where £#4[a,;] denote retarded or advanced (complex conjugate) versions of the GP
differential operator. The only way to proceed with any calculations using (6.23) is
to do a perturbation theory in the interactions, because only in the non-interacting
case we can recover a tractable quadratic classical propagator. But this is not what
we want. Our goal is to recover in the classical limit the dynamics governed by GP

equations for any strength of interaction.
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We will not go into further details of the Keldysh technique. It is a well developed
area with many applications. The discussion above was aiming to point out, that as
all diagramatic techniques, the Keldysh formulation is based on the Gaussian action,
or equivalently on the smallness of interactions. It is extremely hard to obtain even
simple GP dynamics there, because it would involve the summation over all classical

vertexes [76], which is virtually impossible.

6.2 Quantum corrections to classical dynamics

This section is the key part for the this and preceding two chapters. Here we will
develop a perturbative approach to the semiclassical evolution. We are not making
any underlying assumptions on the classical equations of motion themselves: they
can be either stable or unstable, can contain interactions with arbitrary space and
time dependence, etc. The main result of this work is that the quantum corrections
manifest themselves in two ways: (i) we find the the truncated Wigner approximation
naturally arises in the path integral formulation of the problem, i.e. the short-time
dynamics is asymptotically described by the classical equations of motion with the
initial conditions distributed according to the Wigner transform of the initial density
matrix; the classical observable is the symmetrized version of the quantum operator
with fields substituted by c-numbers (see also discussion preceding (5.24)), (ii) there
are quantum scattering processes, which are represented as a nonlinear response of
the observable to the infinitesimal transform of the field along its classical trajectory.
For many situations it is sufficient to ignore quantum scattering completely, consid-
ering only the evolution along multiple classical paths. We would like to emphasize
that any harmonic action (in particular Bogoliubov’s approximation) is completely

described by the truncated Wigner approximation, i.e. by classical dynamics with
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appropriate initial conditions. Moreover to recover Bogoliubov’s approximation it is
sufficient to linearize classical GP equations around the stationary solution. As we
saw in the previous chapter this linearization is not adequate for problems with un-
stéble dynamics. Quantum scattering actually modifies the semiclassical trajectories
themselves. But this modification is conceptually simple. In the first approxima-
tion there is only one scattering event (although distributed over the whole time of
evolution), i.e., one has to add a small perturbation only once (for a local in time in-
teraction) during the classical evolution and calculate the (nonlinear) response of the
observable at the end of the classical evolution. In the second order of perturbation
theory there are two scattering events, etc. The whole picture thus resembles the
perturbative approach to the ordinary scattering problem in the Feynman path inte-
gral representation. Although in this chapter we mostly concentrate on the problem
of interacting bosons, the results are very general. They are applicable to any type
of evolution, where the classical equations of motion arise as the saddle point of the
action. Let us also note that the classical evolution with distributed initial conditions
is equivalent to taking into account all classical vortices in the conventional Keldysh
technique [76]. Each quantum scattering event is equivalent to adding a quantum
vortex. The perturbative approach we develop here should be recovered also in the
Fokker-Planck master equation for the Wigner function (6.17). However, to obtain
nonlinear response of the observable, one must consider corrections to the distribu-
tion function in terms of functional derivatives with respect to the fields, so that the
response is recovered upon integrating by parts the product of the distribution func-
tion and the observable. While this must be certainly possible to do, we will see that
the functional integral derivation gives a very simple and elegant way of deriving the
desired equations. Finally we would like to point out that similar ideas were recently

developed by Filinov et all in the context of interacting fermions [43, 44, 45].
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Let us assume that the system is described by some Hamiltonian: 'H(a}, aj,t),
which in general depends on time and is expressed as a polynomial in boson operators
a' and a. It does not matter whether a is continuous in space or a discrete field sitting
on a lattice. We also assume that the initial state of the sysﬁem is given by a density

matrix po:

o= P(x) [x){x, (6.24)

where |x) represents some basis and P(x) is the probability to be in a particular
state (this P should not be confused with the Glauber P-function, because the basis
we use here is quite arbitrary). If the initial state is pure, the sum contains only one
term. While the precise form of H is not important, we will keep in mind the boson-
Hubbard model for the specific illustrations. Then the classical limit is obtained as
the number of bosons per site IV tends to infinity. So we will develop an expansion
in terms of 1/N. The time dependent average of any operator is given according to

the standard quantum mechanical formulas:
Qt) = P(x) (x| T o€t o MNrQe=t s Trldr ) (6.25)
X

Note that contrary to (6.19) we ascribe dynamics to the operator  rather then to

the density matrix p. In the coherent state basis (6.25) reads:

—a* * ; * —a*
Q(t) =/DafDab (apolpolaso) e ®Fo%s0tafoss1+itlas0} )AT | o=a}qare

a* ~a, —a} ¥ —1—iH ,ar A —a¥ o qp
(a0, b, )™ 2B a+oiqmro-1-i(@0.8iq_1)AT | o=afomo  (5,26)

where At =1/Q and Q@ — oo. Here H(ay,, @}, 7) is the normal ordered hamiltonian
| ‘H with operators a and a' substituted by complex numbers a;; and ay, respectively.
The expression above is intentionally written in the discrete form, since we want to
take special care of the boundary effects. Instea,a of the fields ay and a, propagating

forward and backward in time, it is convenient to introduce their classical (%) and
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quantum (7) combinations: ay =9 + 1/2, a, = ¥ — n/2. Note that the definitions
of 1 and 7 are slightly different from those of ay and a, used in [76] (see also the
text after 6.21). But the key thing that the in the classical limit n(7) = 0 and (1)
coincides with the classical field is unaffected by the particular choice. After taking

the limit A7 — 0 in (6.26) we derive:

t)* t
(@) ~ [ Dar)Du(r) o — Lol + By ey + LoL ye) - 12
e—|¢olz—%lnolz—%In(t)l2e%(na¢o—no¢6 )efo‘ drg* (T) L[ T)=n () L* [,3*,7)
t 2n+1 aonyg * m*2n+1—m
. FMHH (Y, Y, ) Tyt
. 27
exp <Z /0 dT; ;, Gy Intm Qnml(2n + 1 — m)l | (6.27)
where L(,%*, ) stands for the classical (GP) differential operator acting on the
field (¢):
dy; | OH((T),¥*(7))
; * 7] = . 2
ﬁ][¢’¢ aT] dT +1 5’(,[@(7') (6 8)

Note again that the operator £ as well as fields ¥ and 7 contain spatial indices
which we suppressed in (6.27) to simplify notations. Equating (6.28) to zero gives
the classical equations of motion. In particular, if H is given by the normal ordered
version of (4.1) with dj and a;- substituted by v¥; and 9] respectively, then the
equation L;[1,%*, 7] = 0 is equivalent to the Gross-Pitaevskii equation (4.36). Let
us explain now in some detail how we arrive from (6.26) to (6.27). There are several
different contributions to the exponent in (6.26), which we call S. The first one

comes from the terms, which do not involve hamiltonian H:

Q-1
S1 = Y (aF4(argr1 — arq) — afy(abg — Gyg—1)) + @roas1 — Thoaso
g=1
- a}Qan - azQabQ + azQabQ_l - azoabo + a’}QabQ. : (629)

Here g denotes the discrete time, while the spatial indices are suppressed. The first

sum in the continuum limit transforms to the integral:

Q-
Zl 0} o(@f 410 4)—05 o (Abg—apg—1) — /t dr (a;(T)aaf_('z') —a;(7) Bab('r)) , (6.30)
=1 0 or or
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which under substitutions ay — % + 1/2, ay — ¥ — 1/2 and integrating by parts

becomes:
/0th (77 ) g'(r) n(r ﬁdg( )> + ¥*(t)n(t) — ¥omo- (6.31)

The boundary term in (6.29) in the continuum limit becomes:

aalasa—s0) ~ioso = —Itol'~ T8+ L wno-tmo)—w () - TOL. (632)

Combining all these terms we derive:

B AN (o WY Co A WP O P VR
5i= [ ar (0 252 —n(r) 250 ) o I8 OE 4 2 i)
‘ (6.33)
The second contribution to the exponent of (6.26) comes from the terms containing

hamiltonian. However, since all of them are proportional to A7 the continuum limit

becomes trivial and does not give any additional boundary terms:

S =/ dr(H(as(7), a3(7), 7) — H(as(7), aj(7), 7)) =/o a

(Hso+ w4 T 0 -rwn) - B2, ) -T0, 7)) 030

Finally, the last step in our derivation is the expansion of the expression above in

powers of n:

N o, 1 n o _ OH(b,Y*)  OH(b,Y*) ,
H(¢+§a¢ +317)_H(¢_§a¢ —_2_)7-) = 8’(!1 n+ a,w* n

2n+1 32n+1H(¢, 'l)b* 7_) nmn*2n+l—m
+ Z a,(/)mw* n+l-m 22nm[(2n +1- m)l )

(6.35)

n>1 m=0
We purposely separated the terms linear in 7 and n* because they enter classical
equations of motion and the higher powers contribute quantum corrections. Com-
bining (6.29), (6.34), and (6.35) we indeed recover (6.27).

Let us discuss how quantum fluctuations enter the classical dynamics. From equa-

tion (6.27) we see there are three different contributions. The first one comes from
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integrating out 7(t) and results only in the modification of the observable operator:

Qa = Q" +17/2,9 —n/2)). (6.36)

Here the average is taken over n with the measure exp(—|n|?/2). Note that the
original operator {2 must be written in the normal ordered form. It is easy to check
that integrating out fluctuations according to (6.36) is equivalent to rewriting 2 in
the symmetrized form and substitu{;ing a and af by 1 and ¥* as we discuss in the
text above and below (5.27). The second contribution originates from the field ng
corresponding to the initial time. Because of the coupling to %)y, this fluctuation

introduces a probability distribution for the classical initial conditions:
(Yo, Y5) = /dngdno(% — %O'IPW)O o+ %‘l)e—lwolz—%lnolz e%(néwo—no%)’ (6.37)

Note that p(to, 15) is nothing but a Wigner transform of the density matrix in the
coherent state representation [53, 160] and therefore it is not a positively defined
quantity. Sometimes p(vo, ¥%) has a weird nonlocal behavior and the semiclassical
limit is achieved in a somewhat nonintuitive way [53], see also the discussion given
in the previous chapter. If we ignore corrections to the classical equations of motion
coming from higher powers of the quantum field 7, then the time dependence of the
observable {2 will be given simply by (5.23), which because of its importance we write

down again:
0(0) = [ dbidop(io, 40t vo, 85), (6.38)

where Q¢ (t, %0, %3) is evaluated on the classical field which is subject to a given
initial condition 9(0) = 9. This expression constitutes so called truncated Wigner
approximation frequently used in quantum optics [160].

The third most complicated contribution of quantum fluctuations comes from the

last multiplier in (6.27) and represents quantum scattering processes. Clearly this
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term is nonzero only if there is an interaction between the bosons, i.e. H contains
terms of the order of three or higher in the boson fields a and af. For simplicity,
let us restrict the following analysis only on the case of a two particle short range
interaction. After the construction is clear, the generalization on other cases becomes
trivial. Then

Hint = U—ét)- Za}aj(a;aj - 1) (6.39)
with j being a discrete or continuous coJordinate. The quantum scattering part of

the action reads:

5, = / ar 2T (g (ryn(r) + 9 (7)) ()P (6.40)

Because S, contains third (or higher) power of the quantum field 7 we can treat it

perturbatively so that:

/dlbodipop (0, %p) [1 - ZZ/ Ulr) ( )5—27;(—%3————6%() c..c.>
/ / drdr’ T)U(T) (1/) (T)W -—c.c.)

(’d’k( )82fk(7")afk() cc) } Qulf, £, 1) fzo’ (6.41)

where f;(7) is the infinitesimal perturbation applied to the classical trajectory %; at

time 7:
Yi (1) = ¥;(7) + fi(1), ¥5(r) = ¥5(7) + f7 (7). (6.42)‘

Let us briefly describe how we arrive to this representation. Expanding (6.27) in

powers of 7 gives the following integrals:

/ d,,?:n:men‘f‘(¢(T+6T)—¢(T)+iH(¢*(T),w(T),‘r)), (6.43)

where H is the classical Hamiltonian of the nonlinear Schrédinger (or GP) equation,

not to be confused with . Next we use the change of variables:

V(1) = (Tq-1) — iHW(7g-1), Tg—1) + F(7q) = Ya(rq) + f(75) (6.44)
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and a simple identity:

/ e dy = —2mi™6™ (o). (6.45)

Note that the transform from (7,;) to f(7,) is linear and gives no Jacobian for
any interaction. The exactly same idea can be used to integrate out 7,. From
the structure of (6.41) it is obvious that each term in the expansion gives an extra
prefactor of 1/N, which is the classical parameter for the boson Hubbard model. So
the first quantum correction to the trajectory appears as a nonlinear response to
the displacement of the classical field at an arbitrary moment of time (and space)
integrated over time (space). The classical equations of motion themselves need not
be linear. It is trivial to generalize (6.41) for the interaction nonlocal in space or
time. The only difference is that the field 9 and its derivatives over f and f* would
carry different spatial or time indices. The variables f and f* in (6.41) are treated
independently. In numerical evaluations it is more convenient to use:

8 _10 id4 8 108 id
of ~ 20Rf 2037’ 8f*  20Wf | 209f

(6.46)

Then (6.41) becomes:

Q(t) =/d¢5dwop(¢0a¢o [1__2/ drU(r (6§Rf2(7') 33‘?;@))

X (S’l/)j(T)ﬁj(ﬂ = §R¢j(7’)5‘§7;(—7':5'> +] Qal(f, f*,t)‘ . (6.47)

=0

We would like to make a few comments about equations (6.41) and (6.47). In our
specific example we used the number of bosons per well N as a dimensionless semi-
classical parameter. Clearly each term in the expansion in those equations brings an
extra factor of 1/N. The absence of % anywhere, may be confusing since the classical
limit certainly corresponds to 2z — 0. However, this should not be surprising since
here and quite often in the atomic physics the Planck’s constant is either completely

absorbed into energies, which are measured in Hz, or into time. In conventional
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units 4! appears as a prefactor in the action justifying the saddle-point or the clas-
sical approximation. In the same way the number of bosons per site N appears as
a prefactor in the exponent of (6.27) after rescaling v — +/Nv and n — /Nn.
So in general any expansion in powers of 7 is in fact the expansion in powers of A.
The other important remark is that at small times the deviation from the classical
dynamics due to the quantum scattering behaves as O(f(t)/N), where f(t) is some
function of time, which vanishes at ¢t — 0. This proves that the truncated Wigner
approximation, where the quantum scattering is completely ignored gives the ezact
short-time asymptotical behavior of the full quantum dynamics. This very remark-
able result is to be contrasted with those obtained within the Keldysh technique,
where the short time scales are usually unaccessible.

To illustrate the current approach let us consider a couple of exactly solvable
examples. Suppose there are two condensates with a unit tunneling amplitude and
a modulated in time strength of interaction (see eq. (5.30)): U(t) = N~!sin(2t) (or
equivalently A(t) = sin(2t)) and U(t) = —N~1sin%(t) (A(t) = —sin?(¢)). The factor
of 1/N is inserted to get a unique classical limit at N — oo (see chapter 4). Let us also
assume that the bosons are initially in the noninteracting ground (i.e. symmetric)
state. In the simple GP picture nothing is going to happen with time in both cases,
because classically the initial state is the ground state for any strength of interaction.
However, quantum mechanically this is not true, so we expect that the system will
evolve in time exciting some bosons into the higher energy levels. Note that although
U(t) becomes negative for certain periods of time, the semiclassical symmetric state
is always stable. The instability appears only for a stronger interaction A < —1
(see chapter 5). Thus the examples mimic the evaporation, or loss of atoms from
the condensate to the higher excited states. In the first one we have a kind of

parametric resonance with no average interaction, while in the second example we
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also introduce a mean attractive U. As an observable we will use the number variance
defined in (5.31). We omit the details of the calculation here since they are identical
to those performed in Sec. 5.2. The resulting evolution for the case of eight bosons

per site is plotted in figures 6.1 and 6.2.

A(t)=sin(2t)

— Exact '
--—-GP _ /.
- — ~First Approximation

----- Second Approximation

o
(o)
1

o
I
1

Number Variance
o
N

0.0+

Figure 6.1: Number variance as a function of time for the case of eight bosons
per site. The GP result gives identically zero. The first approximation includes
only fluctuations at the boundaries of the time domain as described in the text and
is equivalent to TWA. The second approximation includes also a single quantum
scattering event. It is hard to distinguish by eye the difference between the exact
result and the first approximation in the graph.

Clearly the GP approximation is completely wrong for both examples. However,

a purely classical dynamics with the appropriate (Wigner) distribution of initial
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A(t)=-sin’(t)

0.30
Exact
. --—--GP
0.254 - — -First Approximation
N PR EXELE Second Approximation

Number Variance

Time

Figure 6.2: Same as in figure 6.1, but for a different dependence of the interaction
on time.

conditions gives a very good result for the first example and a reasonable one for
the second. Since the number variance is not small in both cases, the Bogoliubov’s
approximation is not justified. If we include one quantum scattering event then
the agreement with the exact result becomes remarkably better showing that the
perturbative scheme presented here indeed works.

Let us now summarize and discuss the derived results. We developed a pertur-
bation theory to the classical equations of motion. We found the two types of cor-

rections. The first one (which is equivalent to the truncated Wigner approximation)
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does not affect the evolution equations themselves but requires to take an average
over the ensemble of trajectories with the initial conditions distributed according to
the Wigner transform of the initial density matrix. The observable is the classical
counterpart of the symmetrizequuantum operator. The second type of corrections
are quantum scattering processes, which manifest themselves as a nonlinear response
to the infinitesimal change of the fields along their classical evolution (see (6.41)).
We would like to point out again that the widely used Bogoliubov’s approximation,
or more generally any expansion of the action up to second order in fields is entirely
contained in the TWA. Moreover, as we saw in the previous chapter, the truncated
Wigner approximation is more powerful then the Bogoliubov’s description of the
dynamics.

Although we never discussed here the coupling to the thermal bath (or more
generally to the external noise), it is very easy and straightforward to incorporate
this into our picture. For example, in the simple representation of the bath as a set
of harmonic oscillators, one obtains a dissipative term, which can be directly added
to the GP equations and a quadratic term in the quantum fields, which is equivalent
to a random force with a Gaussian distribution [19]. In general, there will be other
terms in the action as well, but all of them can be treated perturbatively in the same
way as we explained irrespective of their origin. So they will result in some kinds
of nonlinear responses to the classical, now stochastic, evolution. Note also, that
the effects of dissipation or random forces will wash out all the quantum scattering
processes which occur a long time (longer then the relaxation time) prior to the
observation. Clearly the response to an infinitesimal perturbation will decay with
time if we have such processes. So the theory can be easily extended to describe the
evolution to steady states. One have to be cautious though in the low temperature

limit, because generically all the relaxation prdcesses are frozen out and the time

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 6. QUANTUM CORRECTIONS TO CLASSICAL EVOLUTION 138

scale for the scattering leading to equilibrium goes to infinity. This implies that as
T — 0 more and more quantum scattering events have to be considered to correctly
describe the equilibrium. So this theory would give some kind of high temperature
expansion. If one is interested in non-equilibrium dynamics, then the limit of the
applicability of the perturbative expansion of the given order will be set either by the
time of evolution or by the scattering time in a bath, whatever is shorter. Certainly
further careful analysis of this approach for the systems interacting with the bath is
required and it is a subject of the future work.

Finally let us spend a few words on the numerical implementation of the calcu-
lations. The solution of the classical equations themselves is very straightforward.
The averaging over the initial conditions can be easily done with Monte-Carlo meth-
ods and the convergence time either slowly increases with the size of the system or
saturates depending on the particular problem. But in any case it does not grow
exponentially in size as would be the case for the full quantum solution. The quan-
tum scattering part requires evaluating nonlinear response, which might be tricky
for a nonlinear system of differential equations, but this part is also straightforward
and well controlled numerically. We would like to point out that contrary to exact
stochastic schemes, this method starts directly from the classical equations of motion,
which may be very complicated themselves and shows how to add quantum correc-
tions step by step. So it certainly must be very efficient if the quantum fluctuations
are relatively weak. Thus the description of the unstable “cat” dynamics considered
in the previous chapter, which is very straightforward in the present scheme can
be hardly efficiently achieved using stochastic equations. We believe this method
is a competing alternative both to the schemes based on the conventional diagram-
matic technique, which is not very suitable for strongly interacting systems, and to

the stochastic methods, which can usually deal with a limited number if degrees of
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freedom.
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Chapter 7

Summary and future extensions

This work consists of two major parts focusing on scattering of quasiparticles in
cuprate superconductors and on the properties of the dynamics of the interacting
boson system. Despite apparent distinctions they are not completely disconnected.
It is widely accepted that the underlying model describing HTSc superconductors
is precisely the Hubbard model, only with fermions instead of bosons. Currently
interacting atoms with Fermi statistics are actively studied both theoretically [66,
106] and experimentally [34, 60, 139, 152]. Because fermions with small repulsive
or attractive interactions can condense to produce BCS-like or conventional boson
superfluids [106], there are many similarities between the behavior of Fermi and Bose
systems at low temperatures. Dynamics of interacting fermion systems is certainly
an interesting extension of the present work. Now it looks that both theoretical and
experimental research on ultra cold fermions in optical lattices is the way to resolve
the paradigm that the superconductivity in cuprates arises from the doping of a
half-filled Mott insulator described by the fermion Hubbard model in two dimensions.
Another connection between high-temperature superconductors and interacting Bo‘se

system emerges in the description of magnetic vortices in terms of the boson Hubbard

140
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model [93, 110]. The vortices can either torm traditional Abrikosov’s lattices or
be placed into artificial periodic arrays of columnar pins [18]. In the latter case
their hopping from one pin two another is exactly mapped to the imaginary time
dynamics of the boson Hubbard model {93] with possibly non-hermitean hopping. If
both vortex and quasiparticle degrees of freedom are taken into account, then the
problem becomes particularly interesting.

In the context of the present work we addressed rather specific issues which
were related to particular experiments. Thus we showed that the Kondo effect in
cuprates can give a consistent explanation of the experimentally observed oscillations
of the electron density of states [114]. We also showed that the observed period four
modulation of the density of states near vortices or isolated defects [64, 65] can be
directly related to the dynamic period eight spin-density waves and suggested some
tests which would either confirm or contradict to this proposal. The study of the
dynamics of interacting bosons was also motivated by the experiments [154]. We gave
an explanation of the restoration of the coherence after the bosons were suddenly
allowed to tunnel between different sites. However, the work motivated by those
experiments have risen interesting theoretical issues. Thus we developed a mean-field
theory of the Kondo effect in the systems with vanishing density of states and showed
that the large N calculations give a picture consistent with sophisticated numerical
renormalization group studies even for the spin one half, ﬁhere N = 2. But because
of its simplicity, the mean field approach allowed us to solve the problem with non-
local spin-spin coupling and realistic band-structure. Such calculations are either not
accessible or extremely involved for the exact computational methods. The study of
the dynamics of interacting bosons revealed other problems of the applicability of
the classical GP equations. From comparison with exactly solvable model we found

out that the time scale becomes a very important issue of the validity of the classical

[
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equations of motion. This lead us to further investigation of the effect of quantum
fluctuations on time evolution. We showed that the natural extension of the classical
dynamics requires averaging of the observable over multiple classical trajectories with
initial conditions distributed according to the Wigner transform of the initial density
matrix. This approach gives asymptotically exact behavior of the observable at small
times but eventually breaks down. The time scale when it happens depends on the
details of the evolution and is shorter if many quantum states are excited, which
is the case for a sudden perturbation. The further corrections appear as quantum
scattering events in the same spirit as in the conventional scattering problem of free
particles. These corrections modify trajectories, which are no longer classical.

The natural extension of the work on the time evolution would be to include bath
degrees of freedom. The issues of relaxation and decoherence are of the primary im-
portance in real systems. They are ultimately responsible for bringing the system
into the thermal equilibrium. A very successful approach to attack this problem is
to represent the bath as a continuum of harmonic oscillators linearly coupled to the
system and then integrate them out [19]. Such procedure introduces a dissipative
term and fluctuating forces into the classical equations of motion. The main cur-
rent theoretical difficulty with the emerging Langevin equations is that they directly
applicable only to the noninteracting system of harmonic oscillators. If there are
intrinsic interactions then one has to face a problem of adding internal quantum
fluctuations as we saw in the Chapter 6. As long as this point is understood it
becomes straightforward to reformulate dynamics for the open interacting systems.
It would be certainly an important extension of the current work. While the exact
picture is still to appear, it is intuitively clear that the quantum scattering events will
be important if the time scale associated with them (which is essentially independent

of temperature) becomes larger then either the time of observation or the relaxation
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time due to the thermal bath. So the classical picture should be generically valid
either for finite time or at sufficiently high temperatures. It would be very impor-
tant to quantify these vague ideas. Ultimately the competition between quantum
and classical scattering processes is responsible for the decoherence of the quantum
states. Understanding the details of the loss of coherence at finite time scales is a
primary task for the field of quantum computing.

Non-equilibrium dynamics near the classical limit suggests other natural exten-
sions whenever the mean field solution adequately describes static properties. For
example the formation of the Kondo screening, behavior of the superconducting gap
under a sudden perturbation, dynamics of Josephson junctions, etc. belong to this
class of problems. While the standard approach relies on dynamical self-consistent
equations of a specific order parameter, it is usually very hard to justify this ap-
proximation and to go beyond. The method developed here seems to be particularly
suitable to attack these problems. Another challenging task would be extrapolation
of the nonequilibrium dynamics to the imaginary time evolution, or to equilibrium
problems, where quantum effects are relatively weak. One straightforward way to
access at least the ground state of the interacting system is to adiabatically evolve a
ground state of an exactly solvable model, e.g. noninteracting limit, to the desired
regime of parameters using the approach developed here.

We mentioned only several possible future directions, while there are certainly
more of them: I would be extremely happy if the results presented here will have
further applications and will help to attack even few of problems which condensed

matter and atomic community are currently facing.
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Appendix A

Mean field ground state of the boson lattice system
in a harmonic potential

The problem of the Mott insulator transitions for infinite arrays of bosons have been
extensively studied during the last decade, see for example [46, 52, 131]. It was
shown [131] that the mean filed calculétion qualitatively captures the two possible
phases and gives a good estimate for the phase boundary. Recently, using quantum
Monte-Carlo methods, an exact ground s’céte for the system of bosons in a parabolic
potential was found [13]. It was shown that near the expected transition, the global
compressibility does not vanish due to the spatial inhomogeneity. However, still the
bosons form local insulating domains separated by narrow superfluid regions. The
Monte Carlo approach, though very powerful, is incapable to solving the problem
with many bosons per well. Therefore we think that for qualitative understanding
of the ground state as a function of the interaction strength, it is worthwhile to do
a mean field calculation.

The details of the derivation of the mean field equations can be found in Ref. [131].

Here we will only outline the principal steps.

144
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The mean field Hamiltonian obtained from (4.1) is

N U
Hms = — Z J(bja;[ + bja;) + (V; — ;L)a;'-aj + Ea;'-aj(a;aj - 1), (A1)
J
where p is the .chemical potential. The variational free energy is that of H,s plus
additional contributions which depend upon the complex variational parameters b;

[131]. Minimizing this free energy, yields the optimum values of b;:

ajp1 + aj-1)

{
b; = e (A.2)

where the average is taken over the density matrix (or the ground state in the zero

temperature limit) of (A.1). We also define the order parameter

J

The self consistent evaluation of the superfluid mean field b; is straightforward,
and the resulting order parameter is plotted in fig A.1 for T = 0. The graph (a)
corresponds to few bosons per lattice site. If the interaction (U) is strong enough,
then the order parameter forms a domain structure similar to that predicted in [13].
For a large number of bosons per well, the quantum fluctuations start playing a
role when the ratio of the interaction U and the hopping J becomes of the order of
the number of bosons in the central well (N ~ p/U), and the smooth GP shape of
boson density (p) breaks down. For very strong interactions, the actual profile of p
becomes sensitive to small variations of the mean density of bosons per central well

(see figure A.1).
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Figure A.1: Mean field order parameter for different interactions in a parabolic
potential (V; = £52/2) at T = 0. Graph (a) corresponds to few bosons per site and

the other two graphs to many bosons.
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